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Abstract

The Hamilton—Jacobi skeleton, also known as the medial axis, is a powerful shape descriptor that represents binary objects in
terms of the centres of maximal inscribed discs. Despite its broad applicability, the medial axis suffers from sensitivity to noise:
Minor boundary variations can lead to disproportionately large and undesirable expansions of the skeleton. Classical pruning
methods mitigate this shortcoming by systematically removing extraneous skeletal branches. This sequential simplification
of skeletons resembles the principle of sparsification scale-spaces that embed images into a family of reconstructions from
increasingly sparse pixel representations. We combine both worlds by introducing skeletonisation scale-spaces: They leverage
sparsification of the medial axis to achieve hierarchical simplification of shapes. Unlike conventional pruning, our framework
inherently satisfies key scale-space properties, such as hierarchical architecture, controllable simplification, and equivariance
to geometric transformations. We provide a rigorous theoretical foundation in both continuous and discrete formulations and
extend the concept further with densification. By growing the skeleton successively instead of shrinking it, we allow inverse
progression from coarse to fine scales. Densification scale-spaces can even reach beyond the original skeleton to produce
overcomplete shape representations with relevancy for practical applications. Through proof-of-concept experiments, we
demonstrate the effectiveness of our framework for practical tasks including robust skeletonisation, shape compression, and
stiffness enhancement for additive manufacturing.

Keywords Skeleton - Medial axis - Scale-space - Sparsification - Densification

1 Introduction

Classical scale-spaces embed images into a family of hier-
archically simplified versions of the original. Such image
evolutions are typically based on partial differential equa-
tions (PDEs) [ 1-5] which remove information by smoothing,
thus simplifying the image. Cardenas et al. [6] have intro-
duced sparsification as an alternative: They create coarser
scales by explicitly removing image pixels. At each scale,
they interpolate the missing image parts to create a sequence
of complete images. On one hand, these scale-spaces share
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many important properties with classical scale-spaces. On
the other hand, they also open up new applications for scale-
space theory such as image compression.

In the field of shape analysis [7], notions of hierarchical
simplification that resemble sparsification are well-known
in a different context. Shapes can be equivalently described
by the medial axis introduced by Blum [8] as a symmetry-
based, central shape descriptor intended to mimic biological
sensory processes. Due to its appearance as a thin set of
connected lines and arcs centred in the shape, the medial
axis is also referred to as the skeleton. Unfortunately, it
is highly sensitive to perturbations on the shape boundary,
which lead to unwanted branches in the skeleton. Therefore,
so-called pruning techniques [9-14] have been proposed.
They sequentially remove parts of the skeleton. The sim-
ilarity to the sparsification processes of Cérdenas et al. [6]
suggests that there might be hitherto unexplored connections
to scale-space theory.

This is surprising, since shape analysis has been known
to be closely connected to scale-space theory. Significant
research efforts have been dedicated to the exploration of
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morphological scale-spaces [1, 15-19]. Here, simplifying
shape evolutions are derived from the basic erosion and dila-
tion operators [20]. Thus, in contrast to the skeleton view
point, they operate on the shape outline instead of a central
shape descriptor. While multi-scale ideas have been previ-
ously connected to the medial axis transform [21-26], these
focus on counteracting noise or on generalisations of the
shape descriptor. In contrast, we aim to build a new scale-
space theory on the combined concepts of skeletonisation
and sparsification.

1.1 Our Contribution

We propose a scale-space framework that combines the ideas
of image sparsification [6] and multi-scale shape analy-
sis: Our shape sparsification transfers classical scale-space
properties [1] such as hierarchical architecture, quantifiable
simplification, and equivariances to the medial axis setting
[8]. To this end, we consider sparsified skeletons instead
of sparsified images and derive theoretical guarantees that
apply to shape descriptors and their associated binary images.
Furthermore, we complement the sparsification idea by a
densification counterpart: By extending the original skele-
ton, we can reach finer skeleton scales that go beyond the
initial scale corresponding to the original shape. With proof-
of-concept examples, we illustrate how our theory supports a
variety of different practical applications ranging from com-
pression over skeleton robustification to pre-processing for
3-D printing.

Beyond a more rigorous discussion of theoretical back-
ground and a more detailed review of related work, we extend
our previous conference contribution [27] on skeletonisation
scale-spaces in the following ways:

1. We propose a fully continuous scale-space theory and
discuss differences between continuous, discrete, and
semi-discrete skeletonisation scale-spaces in more detail.

2. With extended experiments for compression and branch
pruning, we provide more in-depth quantitative results for
potential practical applications.

3. Densification adds a whole new paradigm to our frame-
work. A generalised bottom-up scale-space can not only
grow a skeleton from a single point, but also allows to add
finer scales beyond the original skeleton.

4. We illustrate the usefulness of densification scale-spaces
with a practical application for stiffness enhancement
[28].

1.2 Related Work
Research on the medial axis transform and scale-space the-

ory provide the foundation for our work. We rely on classical
definitions and fundamental properties from both fields. In
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the following we provide a short overview of the litera-
ture on skeleton pruning and thinning, as well as its image
counter-part of sparsification and densification. These two
fields inspire concrete implementations and practical appli-
cations of our scale-space framework.

1.2.1 Medial Axis Transform

As noted by Hajtasz [29], the underlying concepts of the
medial axis were already studied by Erdos [30] before the
term itself was coined. Blum [8] rediscovered the medial axis
as an alternative to Euclidean geometry, which he deemed
too specific, and topology, which he saw as too general. The
idea of a central shape descriptor was motivated by the so-
called grass-fire analogy, where prairie fires spread from the
boundaries. The skeleton is formed by shock locations where
these propagating fronts meet inside of the object. From these
points, the object can be reconstructed [31]. The evolution
of the propagating front in the grass-fire model is closely
related to the Eikonal equation, which can be solved by fast
marching methods [32] or in terms of viscosity solutions [33].
However, solving the Eikonal equation alone does not suffice
to compute the skeleton since the locations of the shocks need
to be explicitly identified [34].

Relations between the shape boundary and the medial axis
have also been explored by Kuijper and Olsen [35] as well as
Damon [36]. The medial axis is a subset of the more general
symmetry sets [37], which are closely related, but not part
of our theoretical framework. Therefore, we refer to [21, 23,
38] for a more detailed review of this literature. For our pur-
pose, classification of skeleton points into categories like end
or branching points is crucial for our concrete task-specific
scale-spaces. Here, we rely on the work of Giblin and Kimia
[39].

Our work is not the first to connect skeletons to multi-
scale ideas. In Sect. 1.2.3 we discuss pruning and thinning
algorithms separately as prime examples that come closest
to our own notion of skeleton sparsification. Additionally,
Pizer et al. [21] and Saha et al. [23] also provide an overview
of more broadly related methods that use PDEs for shock
computation [40] or use the concept of cores [26]. The lat-
ter uses the notion of medialness, a relaxation of the strict
binary conditions of the medial axis by observing evidence
for points being approximately centred in a shape in a disc-
shaped neighbourhood. The radius of this neighbourhood
defines a scale-parameter and cores are defined via traces in
such a scale-space. Like similar concepts such as the multi-
scale medial axis of Pizer et al. [25] or the learning-based
approach of Kokkinos [24], the focus differs from our own
work: We develop a scale-space theory by explicitly applying
sparsification techniques to the skeleton.

The medial axis transform has a wide range of practical
applications that use either 2-D or 3-D [38] skeletons. Clas-
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sically, the medial axis has been used in computer vision
for tasks like object recognition and shape matching [41],
but there are also applications in physics simulations [42],
compression [43], CAD modelling [44] or 3-D printing [28].

1.2.2 Scale-Space Theory

Classical scale-spaces as introduced by Iijima [2] rely on
Gaussian blur to gradually remove image features with
increasing scale. Such evolutions can be expressed by a lin-
ear partial differential equation (PDE). This theory has been
studied in great detail [1, 2, 45—48] and has been extended
to nonlinear [4, 5] or pseudodifferential evolutions [49-52].
Beyond linear and nonlinear diffusion processes, variational
models have been studied in a scale-space context as well.
The total variation (TV) flow is a particularly well-known
alternative nonlinear evolution that has been studied exten-
sively [53, 54]. More general variational approaches to image
and shape evolution have been considered for instance in
shape space [55]. While we do not rely on PDEs or variational
methods in this work and restrict ourselves to operations on
skeletons, the core principles of classical scale-space theory
are highly relevant. We build our theory on the architectural,
invariance, and information reduction concepts introduced
by Alvarez et al. [1].

Regarding our goal of constructing hierarchical shape evo-
lutions, the class of morphological scale-spaces [1, 15-19]
is closer to our on work than the aforementioned Gaussian
category. The basic building blocks of morphological scale-
spaces are dilation and erosion [20] operations. In a binary
image, these supremum and infimum operations affect the
boundary of the shape and thus naturally lead to boundary
evolutions. Our framework shares similarities with some of
these scale-spaces, for instance the hierarchical shrinking of
objects for increasingly coarser scales. However, we define
our evolution entirely on the skeleton as an equivalent shape
descriptor instead of modifying the boundary.

1.2.3 Skeleton Pruning and Thinning

The sequential removal of skeleton parts has been studied
for two major purposes: Thinning addresses the fact that dis-
crete skeletons obtained by practical methods of computation
do not necessarily have the desired one-pixel width. Prun-
ing approaches focus instead of removing spurious skeleton
branches that arise from noisy shape boundaries. Both can
be used in tandem, typically thinning the skeleton first and
applying pruning afterwards. Some algorithms attempt to
address both goals simultaneously by integrating thinning
and pruning criteria into a single framework [56-59].
Thinning: At first glance, thinning methods [56-60] seem
closely related to our sparsification since they remove indi-
vidual pixels step-by-step. However, they are a method

of discrete skeleton computation. Thus, they successively
remove points from the original shape based on some cri-
terion of medialness. This ensures that the final skeleton is
thin (one pixel width). In contrast, we remove points from the
already computed skeleton. However, for the computation of
our initial skeleton in our experiments on discrete data, we
use maximal disc thinning [59]. It is a homotopic thinning
method that preserves the connectivity of the initial shape
and removes shape pixels ordered by their distance from the
boundary. Skeleton end points define a stopping criterion for
the algorithm and rely on the maximal disc identification
method of Remy and Thiel [61].

Pruning: In contrast to thinning, branch pruning methods
[9-14] are not limited to the discrete setting. Small bumps
or kinks in the object boundary can have a large impact on
the skeleton, adding substantial branches both in the con-
tinuous and the discrete setting. Since pruning approaches
remove parts of the skeleton, they are more closely related
to our sparsification scale-spaces. We generalise the removal
of skeleton points, but also show that classical branch prun-
ing is one of the practical applications that is covered by our
scale-space theory Sect. 4. In particular, our experiments are
inspired by the hierarchic branch pruning of Ogniewicz [11].

1.2.4 Sparsification and Densification

Our scale-space framework is inspired by two previous pub-
lications that successively remove image content to define a
family of simplified images. Cardenas et al. [6] use spatial
sparsification: They remove image pixels to transition from
one scale to the next. These techniques originate from so-
called spatial optimisation problems in image compression
and sparse data representation [62—64]. Here, a set of optimal
known data points has to be chosen for image reconstruction
with interpolation methods such as PDE-based inpainting.
Similar concepts have also been used for a sparsification
of the co-domain. Quantisation scale-spaces [65] reduce the
number of different grey values to construct a multi-scale
family of images.

The opposite notion of densification [66-68] is well-
known in spatial optimisation as well. Such approaches typ-
ically start with an empty image and greedily add pixels that
are most important for the image reconstruction. Compared
to sparsification, these approaches are often more robust to
noise, since the initially chosen pixels have a global impact
instead of the highly localised influence of individual pixels
in a dense known data set. For our skeletonisation scale-
spaces, we leverage both of the aforementioned paradigms.

1.3 Organisation

Section 2 provides the theoretical background required for
our new scale-spaces in Sect. 3, which we adapt to specific
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applications in Sect. 4. We conclude with a discussion and
outlook on future work in Sect. 5.

2 Review: Skeletonisation

For our shape sparsification scale-spaces, we consider
binary images that arise for instance from segmentation or
object detection algorithms. They separate the image into the
background represented by value 0 and the object marked
by value 1. In the continuous setting with an image domain
Q c R?, we write images as functions f : Q — {0, 1}. We
denote the set of object pointsby O = {x € Q | f(x) = 1}.
Thus, the binary image f can be interpreted as the indicator
function of the object set O, i.e. f = xo.

In particular, we assume that O is bounded and closed.
Thus the set is compact and the boundary 9 O is included in
O. While we can describe the object either by the set O or
its boundary 9 O, we require an alternative shape descriptor
for our scale-space framework.

The medial axis transform (MAT) of Blum [8] is the
foundation on which we build our shape sparsification scale-
spaces. In order to define it, we require a distance d(x, y)
for x, y € Q, which we assume to be Euclidean. The MAT
is a symmetric shape descriptor with respect to the bound-
ary. Therefore, we first define the distance map, which maps
each spatial location in the image domain to its distance to
the object boundary 0 0.

Definition 1 (Distance Map D) The distance map denotes
the minimum distance to the boundary 0 O according to

D:0—R, x+ mind(x,y) @))
yeao

The distance map values for each location x € €2 coincide
with the radii of the largest discs that fit into the object if
centred at x.

Definition 2 (Inscribed Disc Bp()) We denote the largest
disc with centre x that is fully contained in O by

Bpx)(x) :=={y e | d(x,y) < D(x)} @)

These discs are useful for defining the medial axis X C
O. It contains all points that are centred in the object O,
which means that they have equal distance from at least two
boundary points. Thus, all medial axis points x are centres
of inscribed discs that touch the image boundary at least at
two points. This corresponds exactly to the subset of largest
inscribed discs which are not contained in any other inscribed
disc with a different centre y. This allows us to define the
medial axis or skeleton.

@ Springer

Definition 3 (Skeleton %) The skeleton or medial axis (MA)
Y is defined as the set of centres of inscribed discs of maximal
radius [70]:

Yi:={xeO | VyeO\{x}:Bpw(x) Z Bpy(»}.

In case the object O is not connected, each component of
O will have its own separate skeleton. Note that the skeleton
definition also does not require smoothness assumptions on
the boundary of O. In our scale-space framework, we will not
only consider a single static object and corresponding skele-
ton, but whole families of these pairs. Therefore we explicitly
introduce notations for mapping images to skeletons and vice
versa.

Definition 4 (Skeleton, Reconstruction, and Object Trans-

form)

e The skeleton transform S(f) = X maps the image f to
its skeleton X as defined in Def. 3.

e The object transform O(X) maps a skeleton back to the
corresponding object according to

0®) = Bow (). 3)

xex

e The reconstruction transform TR(X) maps the recon-
structed skeleton back to a binary image R(X) : Q2 —
{0, 1} with

1 forx € O(X)

4
0 else @

R(E)(x) := i

According to the classical definitions of Blum [8] and
Pfaltz and Rosenfeld [70], all three transforms are well-
posed. However, in the discrete setting, uniqueness cannot
always be guaranteed. We discuss these aspects in the fol-
lowing Sects. 2.1 and 2.2 and consider the respective impact
on our scale-space frameworks in Sect. 3.

Note that the transforms also imply that we can interpret
operations on the skeleton in terms of their effect on the object
and vice versa. Removing or inserting skeleton points mod-
ifies the set ¥ and therefore changes the associated object
O = O(X). Conversely, modifying the object and recom-
puting its skeleton via the skeleton transform S leads to a
modified skeleton structure. Thus both representations are
coupled through the transforms S and O. Operations per-
formed in one domain induce corresponding changes in the
other.

Typically, a single skeleton point x carries more infor-
mation than an object point since it represents the whole
section of the shape covered by the corresponding disc Bp x).
However, its influence on the overall shape on removal also
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(a) apple-8 (b) distance map

Fig. 1 Skeleton examples for images apple-8 and apple-9 of the CE-
Shape-1 database [69]. In (a), the discrete skeleton of the black shape is
marked in red. The corresponding distance map (b) indicates large dis-
tances to the boundary by bright grey values. The skeleton corresponds
to ridges of the distance map inside of the object. The false colour
representation of the overlap (c) illustrates how many skeleton points

depends heavily on the rest of the skeleton. We address in
more detail with the unique impact criterion in Definition 13.
Conversely, a very small impact on the overall shape, e.g.
removing single pixels at the boundary, can have a signifi-
cant impact on the skeleton as illustrated in Fig. 1a, d.

2.1 Central Skeleton Properties

The following four central properties of skeletons are all rel-
evant for our scale-space considerations. All of them can be
already found directly or indirectly in the original publica-
tion of Blum [8], even though formal proofs were provided
later in some cases.

Property S1 (Equivalent Shape Descriptor) In the contin-
uous setting, the skeleton X, together with the radii of the
maximal inscribed discs provides an equivalent represen-
tation of the object, that is O(X) = O. Consequentially,
in this setting, skeleton and reconstruction transforms are
truly inverse transforms with R(S(f))) = f [70]. Further-
more, O(X) defines a continuous mapping of any set X. This
implies that if X is compact, then the reconstruction O(X)
is compact as well. This is relevant when we build multiple
reconstructions on sparsified skeletons X C X.

Property S2 (Thin Set) The medial axis of any closed set
consists of thin curves. Mathematically speaking, it has a
Hausdorff measure of zero [29, 30]: H(X) = 0.

Property S3 (Homotopy) The skeleton transform preserves
the connectivity of the original shape [39, 71].

Property S4 (Equivariance under Euclidean Motion) Con-
sider Euclidean transformations 7 that consist of translation,
rotation, reflection, or uniform scaling. Then, the skeleton
transform & commutes with the Euclidean transformation:

ST () =TS

effe

(c) overlap (d) apple-9

reconstruct the same object point: blue indicates the lowest amount of
reconstruction overlap and red the highest. a, d together show the impact
of boundary perturbations on the skeleton. The leaf and stem at the top
of the apple create large additional branches by adding bumps to the
boundary of the elliptic shape, while apple-9 introduces new cavities to
the boundary that also create additional skeleton branches

2.2 Discrete Setting

In Sect. 3 we discuss not only continuous scale-spaces, but
also their discrete or semi-discrete variants. In a spatially dis-
crete setting, we transition from the continuous domain €2 of
image coordinates to animage with a finite resolutionzn, xn,.
In this case, we use a vectorial notation f € {0, 1} where
the indices Q2p = {1, ..., n} correspond to a row-by-row
sequence of the n = ny - ny pixels. We transfer Definitions
1 and 2 to the discrete setting by replacing 2 by Qp and
using the Euclidean distance between pixel centres. Then,
the skeleton from Definition 3 and the transforms from Defi-
nition 4 carry over as well. However, not all of the properties
are preserved.

On a discrete pixel grid, neither the exact positions of
the medial axis points nor the shape of discs can be repro-
duced exactly. Thus, enforcing a thin skeleton in the sense
of property S2 with one pixel width might also imply that
not all points of the original shape are covered by discrete
discs. Therefore, reconstructions according to Definition 4
do not necessarily reconstruct the full object, i.e. the case
O(X) # O and R(S(f)) # f can occur.

The equivariance Property S2 still holds for on-grid
translations, reflections, and rotations in 90° degree steps.
However, rescaling operations and rotations by other angles
affect the discrete boundary of the object. For these cases
there is no guarantee that computing the skeleton from the
transformed shape is identical to transforming the discrete
skeleton. This may even vary depending on the algorithm
used to compute the discrete skeleton. The choice of this
algorithm also affects Property S2. In our work, we always
use homotopy preserving skeleton computations, namely the
maximal disc thinning algorithm [59]. For such homotopy
preservation, the following definitions are vital:

Definition 5 (Endpoints, Branching Points, Simple Points,
and Arcs) Let a 4-neighbourhood contain left, right, upper,
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and lower adjacent pixels, while an 8-neighbourhood addi-
tionally contains the diagonally adjacent pixels.

e An endpoint x of X has either: 1.) zero or one skeleton
points in their 8-neighbourhood; 2.) two skeleton points
in its 8-neighbourhood which are adjacent to one another;
3.) three skeleton points in its 8-neighbourhood that are
either all above, below, left, or right of x. We denote the
set of endpoints by E(X).

e A branching point of X has at least three skeleton points
in its 8-neighbourhood which are not horizontally or ver-
tically adjacent. We denote the set of branching points by
B(%).

e A simple point is a skeleton point which is neither an
endpoint nor a branching point. We write S(X) := X \
(E(X)U B(%)).

e We define A(X) as the set of all arcs/branches. Each of its
elements A = {ay, ..., a;} C X fulfils two properties:
1.) The arc is connected, i.e. for each i the points a; and
aj+ are 8-neighbours. 2.) Exactly a1 and ay are end- or
branching points, the rest of the a; are simple.

In some cases the skeleton may consist solely of closed
loops without endpoints or branching points, for instance for
shapes with holes such as an annulus. In this case we have
E(X) = ¥ and B(X) = (, so Definition 5 does not yield
any arcs. We treat such special cases appropriately in our
framework (e.g. in Algorithm 1).

These definitions are also relevant for practical applica-
tions such as shape matching. Moreover, we require them
for our task-specific scale-spaces and quality measures in
Sect. 4.

3 Skeletonisation Scale-Spaces

In the following, we transfer the concept of sparsification
scale-spaces to the medial axis and propose a new class of
scale-spaces. Intentionally, we keep our new class of skele-
tonisation scale-spaces very general. In particular, we keep
the amount of requirements for our frameworks very low. As
adrawback of this approach, in this section we are only able to
provide generic simplification guarantees. This is well worth
the cost however, since we also enjoy the liberty of designing
sparsification or densification paths with very small amounts
of restrictions. In Sect. 4, we make use of these opportu-
nities with a diverse set of application-specific scale-spaces
that illustrate how we can equip our foundational frameworks
with additional requirements that yield meaningful simplifi-
cation guarantees.

For sparsification scale-spaces, Cardenas et al. [6] have
so far only provided a fully discrete theory where both the
spatial domain of image pixels and the scale are discrete. In
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contrast, we cover the full spectrum of continuous, discrete,
and semi-discrete theory. We discuss the fully continuous
and discrete setting in detail. To avoid redundancies, we treat
space-continuous and scale-continuous semi-discrete scale-
spaces jointly in Sect. 3.4.

3.1 Fully Continuous Skeleton Sparsification
Scale-Spaces

We construct a scale-space by sequentially removing skele-
ton points from the initial skeleton X (0) := S(f) obtained
from the binary image f : Q — {0, 1} containing the dis-
crete object O = {x € Q | f(x) = 1}. With the artificial
time parameter r > 0 we represent the evolution of the skele-
ton X (¢) starting with initial time r = 0. For increasing ¢, we
transition to coarser scales.

Definition 6 (Skeleton Evolution) Given the initial skele-
ton X(0), a continuous sparsification path % : [0, 00) —
P(X2(0)) is a function that maps any positive time ¢ to an
element of the power set P(X(0)) of the initial skeleton.
This powerset contains all possible subsets of the skeleton
that can result from subsequent removal of skeleton points.
The evolution needs to fulfil the following requirements:

1. CR1 (nested skeletons): The skeletons X () are nested
over time, i.e. X (fp) C X(t1) fort, > 1.

2. CR2 (enveloping disc): There exists an enveloping
closed disc: D(¢) with linearly decreasing radius r(¢) :=
max{—rt - s + ro, 0} with ro > 0 and s > 0, and centre
cp ¢ X(0) such that at any time ¢ > 0, the skeleton X (¢)
is included in the enveloping disc:: X (¢) C D(z).

Since we want our scale-space framework to cover a broad
range of relevant evolutions, we keep the requirements very
general. The nested skeleton criterion CR1 ensure that once a
skeleton point has been removed, it is never added back. The
enveloping disc criterion CR2 is less intuitive, but we discuss
why we took this specific design choice in Sect. 3.1.2. CR2
is an auxiliary construction designed to guarantee a minimal
shrinkage speed s and makes the discrete and continuous
setting more consistent. As such, we can choose the disc
centre freely outside of the skeleton. Based on the skeleton
evolution, we define the sparsification path that indicates,
which parts of the skeleton are removed.

Definition 7 (Continuous Sparsification Path) Given a skele-
ton X, a continuous sparsification path P [0, 00) x
[0, 00) — P(X) is a function that maps a time frame with
start 11 and end #, > t; to the subset P(t1, tp) of the skeleton
¥ that is removed in this time frame:

P(t1, ) :=Z(t) \ Z(r2)
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In particular, for all # > 0 it holds that P(z,t) = @. We can
now define our scale-space.

Definition 8 (Continuous Skeleton Sparsification Scale-Space)
Consider the binary image f : 2 — {0, 1} with domain €,
skeleton ¥ = S(f), reconstruction R(X) and sparsification
path P(-,-). The continuous skeleton sparsification scale-
space is the family (u(z), X(¢)) of images u(¢, x) : [0, 0c0) x
Q — {0, 1} and evolving skeletons X : [0, c0) — P(X)
obeying

1. Z(0) =% =8(f),
2. X(t) = £(0) \ P(0,1) fort > 0,
3. u(?) ;= R(Z(@)) and O(r) := O(Z(¢t)) fort > 0.

3.1.1 Continuous Scale-Space Properties

Most of the properties C1-C6 discussed in the following ver-
ify classical scale-space concepts of Alvarez et al. [1]. The
presence of corresponding architectural, simplification, and
equivariance features identifies our newly constructed frame-
work as a scale-space. Only Property C4 is entirely specific
to our shape analysis case since it verifies that sparsification
does not destroy important skeleton characteristics. All other
properties have classical scale-space analogues.

Property C1 (Original Skeleton and Image as Initial State)
By Definition 8, we have X (0) = S(f) = X. Due to Prop-
erty S1 of the medial axis transform, u(0) = R(X(0)) =

RSN =T

Property C2 (Causality) We can equivalently reach the
skeleton-image-pair (u(¢), X(¢)) in a step of size ¢ from time
0 or in a step of size t — ¢ from time 7 < t. This holds
according to Definitions 7 and 8 since
S0\ P0,1) =%(1) = Z(1) \ P(i,1). )
In fact, due to the nested set property CR1, we always have
P(ty,13) C P(t1,13) fort; < 1) < 13.

Property C3 (Lyapunov Sequences) Scale-spaces need quan-
tifiable simplification over time. Due to the generality of our
framework, we only prove generic Lyapunov sequences here.
For concrete applications in Sect. 4, we can find Lyapunov
sequences that reflect task-specific measures of simplifica-
tion. A simple Lyapunov sequence can be defined via the
object area.

Proposition 1 (Decreasing Object Area) The object area
a(t) == "H(O(t)) interms of its Hausdorff measure decreases
over time t, i.e. a(tz) < a(t) forty > .

Proof For a time t, > t, we have (x) : X(f) C X (1) due
to requirement CR 1. Therefore, we can infer

(%)
0zEm) = |J Bow@® C |J Bowx) =0E®)

xeX(n) xeX(n)

6)

From O(X (1)) € O(X(t1)) we can conclude a(fp) < a(ty).
[m}

Instead of the area, we can also use the diameter
dia(O(X2(¢))) of the reconstructed object to define a Lya-
punov sequence. For a closed set S C €2 we define

dia(S) := max{d(x, y) | x,y € S},

where d (i, j) is the Euclidean distance.

Proposition 2 (Decreasing Object Diameter) The object
diameter decreases with increasing time t, i.e. for ty > t] >
0, we have

dia(O(2(12))) < dia(O(Z(1))). (7
Proof Assume that dia(O(X(#,))) > dia(O(X(t1))). Then,
there are x, y € O(X(1p)) with d(x, y) > dia(O(XZ(¢1))).
However, we know that for 1, > #;, we have O(X (1)) C
O(X(t1)) according to our previous proof for Proposition 1.
Therefore, we also have x, y € O(X(#1)) which contradicts
our assumption. Thus, the object diameter at f, cannot be
larger than the diameter at time #;. O

Property C4 (Skeleton Properties) The properties S1 (equiv-
alent shape descriptor) and S2 (thin set) remain fulfilled under
sparsification. We cover the equivariances S2 separately.

S1 : By definition, u(t) = R(X(1)).

S2 : Forall t > 0, we have () C ¥ and H(X) =
0. Therefore, also H(X(¢)) = 0 and thus all evolving
skeletons are thin sets.

Note that we intentionally do not require the homotopy
preservation Property S2 to be fulfilled for all of our scale-
spaces. This means that due to sparsification, a shape can
potentially get disconnected. In Sect. 4.2, we show how addi-
tional requirements can add this property if desired.

Property C5 (Equivariance) In Sect. 2.1 we have reviewed
the inherent equivariance property S2 of the medial axis:
The MAT commutes with any Euclidean transformation 7,
including translation, rotation, reflection, and scaling. In
Property C4, we have also established that the reconstruction
criterion u(t) = R(X(¢)) holds for all ¢. Thus, for all ¢ > 0,
we have skeleton/image pairs for which the equivariance
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S(T (u(t))) = T(Sw())) = 7 (X(t)) holds. Consequen-
tially, the equivariances transfer directly from the MAT to
the whole scale-space evolution: if we apply the transform 7°
to f at time ¢ = 0, the image skeleton pairs are transformed
accordingly by 7.

Property C6 (Empty Image as Steady State) We know that
the enveloping disc D is centred in ¢p ¢ X. Let ry,;, denote
the minimal distance of ¢p to the set . At time T > @
we thus get D(T) N X(0) = @. Since X(T) C X(0), the
requirement X (7') C D(T) can only be fulfilled for £ (7)) =
). Thus, the reconstruction is an empty image as well with
object O () = ¥ and we reach an empty steady state in finite
time.

3.1.2 Impact of the Enveloping disc Requirement

If we consider the proofs of our six scale-space properties,
the enveloping disc requirement of Definition 7 has only an
impact on Property 6, the steady state. It ensures that the
skeleton is removed completely in finite time and thus the
final reconstruction is an empty image. Alternatively, we
could require the nesting property CR1 to enforce proper
subsets X (f) C X(#1) forr, > 11.

However, the intersection of all X(#) would still be non-
empty and (given a shrinking diameter) would converge to
a single skeleton point. While this would constitute a valid
steady state evolution in line with typical scale-spaces, it
would deviate from the discrete case which has an empty
steady state as we discuss in Sect. 3.2. Here, for the sake of
consistency, we have chosen to enforce empty steady states
for both. Alternatively, we could also modify the require-
ments for discrete scale-spaces such that their steady state
becomes a single skeleton point.

Note that the linear shrinkage of the enveloping disc is
not an overly restrictive requirement for possible sparsifica-
tion paths. It is an auxiliary construction that only influences
the implicit parametrisation of the artificial time variable.
Nonlinear and asymmetric shrinkage of the skeleton is not
ruled out by the definition, as long as this shrinkage is overall
fast enough relative to the reference speed s provided by the
shrinkage of the enveloping disc. Thus, with an appropriate
choice of s and cp, all skeleton sparsification paths of interest
are possible.

3.2 Fully Discrete Skeleton Sparsification
Scale-Spaces

The fully discrete setting is relevant for our practical imple-
mentations in Sect. 4. Here we consider an n x ny discrete
binary image f € {0, 1}»"» with discrete image domain
Qp = {1,...,nyny}. In contrast to the fully continuous
setting, it is more convenient to explicitly define the sparsi-

@ Springer

fication path first, especially since we are going to use it as a
design criterion for the scale-space later on.

Definition 9 (Discrete Sparsification Path) Given a skeleton
¥ C p, a sparsification path P = (Py, ..., P,) with
m € N7 is an ordered collection of non-empty sets that form
a partition of X, i.e.:

1. P, 0,
2. kNP =0,k £1¢
3. UZ’:1 Py =%

Based on this finite number of sparsification steps, we can
define the scale-space. It is not only discrete in space, but
also has a discrete scale parameter .

Definition 10 (Discrete Skeleton Sparsification Scale-Space)

Consider the discrete binary image f € {0, 1}*"y with
domain Qp, skeleton ¥ = S(f), reconstruction R(X)
and sparsification path P = (Py, ..., P,) partitioning X,
m € NT. The discrete skeletonisation scale-space is the fam-
ily (ug, X¢)j., of images u, and skeletons X, obeying

1. p:= 3% =S8(f),
2. %= \Ul_, P
3. up :=R(Zy¢) and Oy = O(Xy)

for¢ e {1,...,m},
for ¢ € {0, ..., m}.

As in the continuous case, the sparsification path defines
which points to prune in the transition from scale £ to scale £+
1. However, the number m of path sets uniquely determines
the finite number m 4 1 of discrete scales. Both the number
of steps and the composition of the sets can be freely chosen
as long as the partition condition is fulfilled. Note that we
also require Py # ¥ and therefore at least one skeleton point
is removed per sparsification steps. This implies a maximum
of m < |X| sparsification steps.

3.3 Discrete Scale-Space Properties

The following properties D1-D6 are discrete counterparts to
C1-C6 from the continuous setting. Many of the properties
carry over in very similar fashion, but there are a few notable
exceptions.

Property D1 (Original Skeleton as Initial State) As in the
continuous setting, o = S(f) at scale £ = 0 is the skele-
ton of the original object due to Definition 10. However, as
we have pointed out in Sect. 2.2, there is no guarantee that
R(X) = f in the discrete setting. Thus, the initial image ug
is typically only an approximation to f.

Property D2 (Causality) By following the sparsification
path P = (Py,..., Py), ascale £ € {0,...,m} can be



Journal of Mathematical Imaging and Vision (2026) 68:39

Page 9 of 21 39

reached either from the initial scale O or from any interme-
diate scale k € {0, ..., £ — 1}. Similarly to the continuous
case, we use Definition 10 to verify

¢ k L £
Ez=Eo\UPi=<20\UPi>\ U r==0U A

i=1 i=1 i=k+1 i=k+1

®)

In the discrete setting, the time spans are replaced by a con-
crete number of steps: Scale £ can be reached in € steps from
the initial scale or in £ — k steps from scale k.

Property D3 (Lyapunov Sequences) The same two generic
Lyapunov sequences as in the continuous setting apply. The
proof for the decreasing object diameter remains unchanged
and therefore, we do not repeat it here. For the decreasing
object area, we have slight adaptations due to deviations in
the definitions, but the proof remains very similar. Here, the
image areais simply defined by the cardinality |-| of the object
set.

Proposition 3 (Decreasing Object Area) The area ap; :=
|O¢| of the object decreases as the scale parameter (
increases, i.e. ay < ay fork > £.

Proof Forthepath P = (P, ...
P41 and thus

, Pp)wehave Xy = Xy U

U Bpx)(x) U U Bpx)(x).

X€Xqq1 X€Ppy1

U Bpx)(x) =

xXeXy

Therefore, we can derive

O =

xXeXy xXeXyq

Thus, we can conclude a; = |O(Z¢)| > |O(Zp+1)| = ap+1-
O

In general the object area is not strictly decreasing.
Although each sparsification step removes at least one skele-
ton point (Ppy1 # ), the reconstructed object may remain
unchanged if all discs associated with the removed points are
fully covered by discs of the remaining skeleton.

Property D4 (Skeleton Properties) The property follows
from the corresponding properties of the discrete skeletoni-
sation and reconstruction operators.

Even though discrete skeletons do not necessarily fulfil
the reconstruction criterion S1, uy = R(X,) is fulfilled by
Definition 10. Since the object is created from the sparsified
skeleton itself, there are no discretisation artefacts beyond
the potential mismatch to the original shape as discussed in
Property DI.

U Bow® 2 [ Bow@®) =0(Ze).

By definition, the initial skeleton ¥ has one pixel thick-
ness. Removing pixels cannot increase this thickness and
therefore, the property S2 is preserved for all X,, £ €
{0, ..., m}.

Together, these properties ensure that the skeletonisation
and reconstruction operators are consistent with each other
in the discrete setting, analogous to the continuous case dis-
cussed in Property C4.

As in the continuous setting, removing skeleton points
without additional constraints can disconnect the skeleton
graph and thus change the topology of the skeleton. The
homotopy preservation according to S2 is thus not generally
fulfilled.

Property D5 (Equivariance) As in the continuous setting,
the equivariance properties directly carry over from the
medial axis to the scale-space evolution. However, follow-
ing our discussion of discrete skeletons in Sect. 2.2, this does
not apply to all Euclidean transformations, only to on-grid
translations, 90° rotations, and mirroring along image axes.

Property D6 (Empty Image as Steady State) Since Py, ..., P,

partition ¥ and ¥y = X by Definition 9 and 10, we can
immediately conclude £, = T\ [ Jj_, Pr =X\ Z = 0.
Since the final skeleton in empty, the steady state is an empty
image.

In summary, the discrete scale-spaces capture all major
properties of the continuous setting. Only discretisation
artefacts in the reconstruction and Euclidean transforma-
tions limit properties D1 and D4 slightly compared to
their continuous counterparts. This shows that our discrete
implementations capture the main ideas of the proposed
scale-space framework. While several properties carry over
directly to the discrete setting, others only hold in a weaker
form or require additional considerations due to discretisa-
tion effects.

3.4 A Note on Semi-Discrete Skeletonisation
Scale-Spaces

It is also possible to construct scale-spaces that are time-
discrete and space-continuous or vice versa. Since properties
and proofs closely resemble a combination of C1-C6 and
D1-D6, we do not discuss them here in detail to avoid redun-
dancies.

The time-continuous and space-discrete case inherits the
drawbacks of both the fully discrete and the fully continuous
scale-space: Equivariances and initial state are weakened by
spatial discretisation artefacts. Moreover, the time continu-
ous setting requires an additional criterion like the enveloping
shrinking discs to make it consistent with the time-discrete
steady state.
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As expected, the second semi-discrete scale-space enjoys
the benefits of both worlds. Since it is spatially continuous,
it inherits full Euclidean equivariance and a perfect recon-
struction of the initial shape. Since the scale parameter is
discrete, we can define the sparsification path directly as in
Definition 9. We only need to replace the discrete image f
and the domain 2 p by their continuous counterparts. In our
previous conference publication [27], we have discussed this
case jointly with the fully discrete scale-space framework.

3.5 Skeleton Densification Scale-Spaces

All previous scale-space frameworks were motivated by the
sparsification paradigm that was also applied by Cérdenas
et al. [6]. This is a top-down strategy, which starts with the
full known data and gradually reduces it until nothing is left.
However, in the literature on data optimisation, where spar-
sification has its origins, there is also an inverse counterpart:
Densification [66—68] starts with an empty image and adds
new known data in every step. In data optimisation, both
strategies co-exist since they have different strengths and
weaknesses (see Sect. 1.2.4). We want our scale-space theory
to cover as many existing practical applications as possible.
Therefore, we define densification scale-spaces as an alter-
native to sparsification.

To avoid redundancies to previous sections, we limit our-
selves to the fully discrete theory and only discuss noteworthy
differences. A fully continuous or semi-discrete theory can
be constructed in an analogous way.

3.5.1 Densification Scale-Spaces

In a straight-forward way we can define a densification
scale-space by inverting the role of the sparsification path.
We require a densification path to adhere to the same
requirements as in Definition 9: The sets Py, ..., Py, are all
non-empty and form a partition of the skeleton . However,
our initial skeleton Xy = ¢ is now empty and the densifica-
tion path specifies which points are added to the skeleton to
transition from scale £ to £ + 1. This leads us to the following
scale-space definition.

Definition 11 (Discrete Skeleton Densification Scale-Space)
Consider the discrete binary image f € {0, 1}"*"» with
domain Qp, skeleton ¥ = S(f), reconstruction R(X)
and sparsification path P = (P, ..., Py,) partitioning X,
m € NT. The discrete skeletonisation scale-space is the fam-
ily (uy, 25)2"20 of images uy and skeletons X, obeying

1. Eo = @,
2. % =%oUU_ Pui.
3. Uy = R(E/@) and Og = O(Ee)

fort e {1,...,m},
for¢ € {0, ..., m}.
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The causality property D2, the skeleton properties D4 and
equivariances D5 all carry over from sparsification scale-
spaces directly with the same arguments. All other properties
are only slightly adjusted to the new setting.

Property DD1: (Empty Skeleton and Image as Initial
State)

By definition, £9 = ¢ at scale £ = 0 and thus the corre-
sponding reconstructed image uo = R(¥) is empty as well.
Property DD3: (Generalised Lyapunov-type Sequences)
The object diameter and object area are increasing. While
Lyapunov sequences are typically decreasing, the reverse
direction of the densification space has increasing sequences
as a natural counterpart to the densification setting. The
corresponding proofs carry over from D3 with minimal adap-
tations.

Property DD6: (Original Skeleton as Steady State)

Since Pi,..., P, partition ¥, we obtain %, = ¥o U
UL, Pi = ¥ according to Definition 11. The correspond-
ing image u, = 7R(X) approximates the original object
according to the discrete skeletonisation algorithm used to
compute X.

3.5.2 Extended Densification

The previous section shows that our theory extends to the
inverse counterpart of sparsification. This result alone is not
very surprising, but it also means that both directions in the
scale-space are equally well-posed. In classical scale-space
theory this is typically not the case. Going from fine to coarse
scales is usually well-posed, but going from coarse to fine
scales is often problematic due to ambiguities: For instance,
a skeleton consisting of a single point could be a legitimate
subset of an infinite number of larger skeletons containing
said point. All of them constitute valid densifications of the
initial skeleton. This noteworthy fact also opens up some
entirely new perspectives.

The steady-state in sparsification is final by design. All
points have been removed and there is no interesting infor-
mation left in the empty image. In contrast, densification
stops when the full skeleton is reached. This is a natural
stopping point, but there are still interesting points left to be
added. While the skeleton might give a full representation
of the original object (in the continuous setting), this is not
necessarily the case for discrete skeletons. There are many
practical reasons why one might want to add more points.
For instance, this could be the densification counter-part to
pruning: Instead of removing erroneous branches, one could
correct overly strict thinning applied by the skeletonisation
algorithm. It might also be interesting to consider the tran-
sition to more general descriptors such as symmetry sets,
a superset of skeletons. In Sect. 4, we highlight a recursive
extension of the skeleton that adds additional points that yield
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a shape representation that is overcomplete, but relevant, e.g.,
for 3-D printing.

Such generalisations of the skeleton scale-spaces can be
obtained by simply lifting the requirement that the densifica-
tion path forms a partition of the original skeleton, extending
it to the whole object instead.

Definition 12 (Extended Densification Path) Given an object
O C Qp, an extended densification path P = (Py, ..., Py)
with m € N7 is an ordered collection of non-empty sets that
form a partition of O, i.e.:

1. Pp # 4,
2. Pk NP =0,k £¢,
3. and L, Pr = O.

At first glance, this seems like a full departure from skele-
tons to a pure shape densification. However, the scale-space
definition still uses the reconstruction transform from an
overcomplete skeleton T'. The definition of such a scale-
space is identical to Definition 11 except for the relaxed
definition of the densification path. Still, we have g := @,
Y=y U Ule P;,and uy := R(Xy) for £ € {0, ..., m}.

The initial state DD1, causality DD2, Lyapunov Sequences

DD3, and equivariances DD5 are all not affected by this
change, which follows with the same arguments as before.
Property DD4: (Skeleton Properties)
By definition, u; = R(X,). Thus, the reconstruction prop-
erty still applies. In particular, for all £, we still have R(X;) C
O since I' C O. All discs around object points with radii
given by the distance map are fully contained in the object
0.

However, S2 is not fulfilled any more since I" since the
extended representation I' is not restricted to thin skele-
ton pixels. During densification additional pixels from the
reconstructed object may be inserted, so that I' can locally
become thicker than a discrete thin skeleton. This behaviour
is illustrated later in Sect. 4.5, where the densification with
extension progressively fills parts of the reconstructed object.
Property DD6: (Full Shape and Original Image as Steady
State) Since Py, ..., P, partition O, we obtain I';, = O and
thus u,, = R(O) = f.Both the final overcomplete skeleton
I" and its reconstruction are identical to the original object.
Note that for a pixel on the object boundary we consider
a reconstruction with discs that contain only the boundary
pixel itself.

Surprisingly, this sweeping generalisation of the skeleton-
isation scale-spaces preserves most of its properties.

4 Task-Specific Skeletonisation Scale-Spaces

So far, our frameworks mostly focus on strong architec-
tural and equivariance properties. In practical applications,

it is also desirable to have task-specific, quantifiable sim-
plification. This guarantees that the scale-space provides a
coarse-to-fine representation that is useful for the task to be
solved.

In this section we demonstrate with proof-of-concept
examples from different fields that our framework is highly
adaptable. We present three classical applications: branch
pruning as a pre-processing step of shape recognition, shape
compression, and stiffness enhancement for 3-D printing.
The first two applications rely on sparsification and have
been published previously in our conference publication [27].
We have considerably extended the evaluations for these
methods. For compression, we also add densification exper-
iments as an alternative. With stiffness enhancement, we
demonstrate how we can push the limits of our extended
densification framework to provide a scale-space theory for
applications that go beyond the classical definition of the
medial axis.

4.1 Evaluation Design

While each of our practical examples has different focus,
our experiments share common implementation details, data
sets, and evaluation metrics. For the sake of reproducibility,
we discuss these technical details first.

4.1.1 Skeletonisation Implementation

We require discrete skeletons as a starting point. As discussed
in Sect. 2.2, all discrete skeletons are approximations and thus
the exact definition of the discrete skeleton set ¥ depends
significantly on the method of computation. For all of our
experiments, we use the same algorithm, namely maximal
disc thinning [59] based on the skeleton membership criteria
of Remy and Thiel [61]. This method guarantees that the
skeleton has a one pixel width and preserves the homotopy of
the original shape. Both for the skeleton computation and the
reconstruction we require distance maps, which we compute
with the method of Meijster et al. [72]. For the reconstruction
itself, we rely on a simple disc drawing algorithm according
to Definition 4. A sample implementation is available on
Zenodo [73].

4.1.2 Data Sets

As aninputto our algorithm, we require binary shapes. There-
fore, we consider two test datasets: BSDS500 [74] contains
ground truth segmentation data for real-world images. This
database acts as an example for a typical pipeline in which
our scale-space framework would constitute an intermedi-
ate step. Before our algorithm is deployed, a segmentation
approach extracts a binary shape from a real-world image
(see Fig. 2). Our skeleton would then typically feed into other
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Fig.2 We use test images from original

segmentation skeleton

two databases. a With one
example from the BSDS500
[74] data set, we illustrate a use
case where skeletonisation is
part of a pipeline that extracts
binary shapes from real-world
images. b The 1400 images of
CE-Shape-1 [69] are the
foundation for our quantitative
evaluation. Here, we show four

examples to illustrate typical bat-1

beetle-20

(a) Image 69020 of BSDS500
pocket-9

shapes. They vary significantly
in motive, skeleton complexity
and image resolution (Color
figure online)

algorithms, e.g. for shape matching. For our visual compar-
isons, we have extract individual objects from the ground
truth segmentations for our visual comparison.

For our quantitative experiments, we rely on the MPEG7
core experiment CE-Shape-1 database [69] instead. It con-
tains a variety of different classes of synthetic shape images
that can be directly used without the need for further pre-
processing.

4.1.3 Quality Criteria

An obvious quality measure for skeletons is the reconstruc-
tion error as the sum of false negative and false positives in
a discrete reconstruction of the initial object O. However,
there are a few more quality criteria that are useful for our
task-specific scale-spaces [59].

The reconstruction error & is the number of missing object
points

Er:=100| — 10¢l. ©))

Note that this error only considers false negatives in the
object representation. False positives cannot occur by def-
inition since we only use this measure for reconstructions
from subsets of the full skeleton.

Skeleton minimality relates skeleton points |X;| to the num-
ber |O¢| reconstructed image points.

[ 2]

My = .
[O¢|

(10)

Skeleton complexity is the total number of significant points
in the skeleton:

Ce:=[E(Zo)| + |B(Zo)]. (11)

@ Springer

(b) Selected Images of CE-Shape-1

This definition relies on the notions of endpoints E and
branching points B (see Definition 5).

4.1.4 Baseline: Random Sparsification

As a baseline for our task-specific scale-spaces we con-
sider a sparsification path that at each scale ¢ selects a point
x € Xy uniformly at random. This sparsification path is com-
pletely independent of the structure of the object and does
not follow any goals. Following the taxonomy of Cardenas
et al. [6], we call such a scale-space uncommitted. All our
application-specific scale-spaces take the shape or topology
of the original object into account and are therefore commit-
ted.

Note that even this simple uncommitted sparsification path
yields a scale-space that obeys the properties D1-D6 from
Sect. 3.3.

4.2 Skeletonisation Scale-Spaces for Branch Pruning

First, we investigate classical skeleton pruning [9-14] as a
special case of our sparsification framework. Since this is
often a preprocessing step for applications such as shape
matching, the homotopy preservation property S2 from
Sect. 2.1 is important here. The connectivity of the object
should be preserved. This constitutes a constraint for our
sparsification path.

In addition, end- and branching points from Definition 5
are semantically important for shape matching. Since end-
points and branching points mark where individual arcs of
the skeleton intersect or end, they are more relevant for shape
recognition than simple points. Thus, skeleton complexity as
defined in Sect. 4.1.3 is a good criterion for simplification.

Pruning also aims to remove so-called spurious branches
that are the result of small boundary perturbations. These
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Algorithm 1: Branch Pruning Path

Algorithm 2: Skeleton Compression Path

10« 0;
2 while |X;| > 0 do
/* Consider branches with endpoints or

full skeleton. */
3 Ag < {A e A(Xy) | E(Ze) NA #@},if Ac = () then
Ag < {2}
/* Select branch with smallest
reconstruction impact. */
4 Amin < argminAeAg [Le.Al 3
/* Remove whole branch excluding
branching points. */
5 | Pep1 < {ai € Amin | ai € B(Z0)}, Zet1 < Z¢ \ Py,
L <—0+1;

can have a large effect on skeleton minimality since they
can increase the size of the skeleton significantly without
contributing much to the object reconstruction. We formalise
this in terms of the reconstruction impact.

Definition 13 (Reconstruction Impact) For a set of skeleton
points S € ¥, and £ € {0, ..., m} we define the reconstruc-
tion impact Iy s by

Iys == O¢\ ( U BD(i)(i))-

iex\S

12)

Thus, our goals for designing a reconstruction path is
removing whole branches of the skeleton without discon-
necting it and avoiding increases in skeleton complexity. If
we have multiple choices for branches to remove, we want
to choose the ones with the least reconstruction impact first,
since those are most likely to arise from boundary pertur-
bations. We incorporate these goals into our branch pruning
path described by Algorithm 1. In the following, we show
that the additional requirements of this pruning path lead to
skeleton complexity as a new Lyapunov sequence for our
task-specific scale-space.

Proposition 4 (Skeleton Complexity is a Lyapunov Sequence)
Skeleton complexity decreases with increasing scale ¢, i.e.
Co = Cpq1.

Proof Forascale ¢ € {0, ..., m — 1}, there are the following
possible cases for the next step Py4; in the sparsification
path:

Casel :] Py has exactly two endpoints, which are both
removed. The branch is not connected to other skeleton
components and thus cannot influence other points. Then
Co41=Cp —2 < Cy.

Case? : By Algorithm 1, Py has exactly one endpoint,
which is removed. The arc is connected to a branching
point. Its role can change to an end or simple point, but

1 £ <= 0, r € N user parameter (points to remove per step) ;
2 while |X;| > 0 do
3 k < |Z¢|, s < min(r, |Z¢]);
/* Order all skeleton points by
reconstruction influence. */
4 Let{ci, ..., ck} = Zg with [Ig¢,| < pc;| fori < j;
/* Remove s points with smallest impact
on reconstruction. */
5 | Pepr < {cr, o e By <= Ze\ Peg, £ <= L+ 1;

this cannot increase complexity. Thus, Cp+1 < C¢ — 1 <
Ce.

Case3 : Py+1 = X¢. The remaining skeleton is removed,
thus C@+1 =0<Cy.

4.3 Skeletonisation Scale-Spaces for Compression

For shape compression [43], homotopy preservation is not
relevant. We merely want to represent the initial shape as
accurately as possible with as few skeleton points as pos-
sible. More sophisticated versions of such a task-specific
scale-space could also incorporate coding aspects such as the
entropy of the remaining skeleton points, but this is beyond
the scope of our proof of concept. We refer to Miihlhaus [43]
for such considerations. Instead, we solely rely on the recon-
struction impact from Definition 13. By removing S from the
skeleton X, we remove /; s from the object and thus obtain
in every step
Ov+1=0¢\ Ips. (13)
Since we want to minimise a loss of object points for every
skeleton part removed, we have to minimise |/ s| in every
step. Consequentially, our Algorithm 2 defines a skeleton
compression path that minimises this error. Here, we use the
shorthand notation I, ; := Iy {;j foragivenpixelindexi € X.
By design, the relative error constitutes a Lyapunov
sequence as a corollary to Proposition 3 since | Oy| is shrink-
ing and thus the relative error is increasing with the scale.
This is to be expected, but not a particularly useful property
for a compression algorithm. However, we can also guarantee
that the increase in error for every step is indeed minimal.

Proposition 5 (Minimal Relative Error Increase) Among all
possible sparsification paths, forall £ € {0, ..., m — 1}, the
increase in relative error Eg1 — &g is minimal for a skeleton
compression scale-space.

According to Eq. (13), we have |Ogy 1| = |O¢| — |I¢, P, |-
Moreover, Algorithm 2 selects the next step Py of the spar-
sification path such that |/p,_, | is minimised over all possible
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choices of Py 1. Therefore, each step yields the minimal pos-
sible increase in reconstruction error.

Additionally, we want a small number of skeleton points to
represent a large number of object points. This is reflected by
the skeleton minimality from Sect. 4.1.3. It also constitutes
a Lyapunov sequence for our compression scale-spaces.

Proposition 6 (Skeleton Minimality is a Lyapunov Sequence)
Skeleton minimality decreases with increasing scale ¢, i.e.

My > Mgy

Proof First, we decompose M according to the sparsifica-
tion path from Definition 10 and the reconstruction impact
from Eq. (13). This yields

Xl 1 Ze ]l 4 | Pegal

M= =8 = .
[O¢l  |O¢+1| + e Py |

(14)

Furthermore, due to the sorting in Algorithm 2, the average
unique area of the removed points in Py 1 is smaller or equal
to the average unique area of the remaining skeleton points
in Xpy1,i.e.

|IZ,P1{+1 | <
[Pet1l

|I€,Ez+|| < [O¢ 1]
[Zer1l 1241l

15)

Combining both Eq. (14) and Eq. (15), we can show our
claim by

e, ppi | 120411

[0¢41] = Proi] (16)
< Ol [Post| = e, ppy | 120411 (17
— |Ze4111O0e41] + 101 | | Peyrl
> e Py | 1 Zet1] + 120411 |Op41] (18)
> [Op41l (|1 Ze41] + [ Pesa)
> |Zeg1l (e, pryy | +10e411) (19)
— [Zer1] + [ Pogrl . [Zot1] 20)
[O¢v1l + e, Py | — 10041
& M= M. @)
O

4.3.1 A Note on Densification for Compression

Note that we have also implemented a densification alter-
native to this compression scale-space. The algorithm starts
with an empty skeleton and greedily adds the skeleton point
in every step that has the largest unique impact on the
reconstructed object. This yields a similar trade-off between
skeleton size and reconstruction error as the sparsification.
Quality-wise, both approaches are on par.

However, in this case, densification is inherently a worse
choice due to its prohibitive runtime. We implement both

@ Springer

sparsification and densification with caching techniques that
avoid costly re-computations of the unique influence as much
as possible. However, there is an inherent difference between
both approaches: In the top-down sparsification approach, we
benefit from the fact that in the beginning when the skeleton
is highly populated, the local influence is small. As it begins
to increase, the number of candidates that need to be updated
shrinks.

In densification, this relationship is reversed. It is much
more costly to update the influence of many potential candi-
dates when the skeleton is still sparse and the influence area
large. We have observed multiple orders of magnitude higher
runtimes for densification in our experiments. Therefore, we
do not recommend it in practice and exclude it from our more
detailed evaluations.

4.4 Comparative Evaluation of Sparsification

In the following, we compare our branch pruning and
compression scale-spaces against the random sparsification
baseline and investigate if they fulfil the goals we set for each
application.

4.4.1 Branch Pruning

Figure 3 shows a visual example of branch pruning contrasted
to random and compressive sparsification. As the example
confirms, the topology is preserved as intended. The kanga-
roo object has a hole in it and therefore, the skeleton contains
aloop. Since we aim to reduce skeleton complexity, branches
with endpoints are prioritised in the pruning: If only a sin-
gle branch connected to a loop is left, removing the branch
reduces complexity to zero while removing the loop turns
one branching point into an end point and keeps minimality
constant at two. Both steps would adhere to skeleton min-
imality as the Lyapunov sequence, but we try to greedily
decrease complexity. Thus, as expected, the loop is the last
surviving structure of the skeleton. Other branches are pruned
one by one according to their impact on the reconstruction.
Even with only two branches left, a large part of the shape is
retained.

A clear trade-off can be seen in this example. The preserva-
tion of homotopy comes at the price of a higher reconstruction
error compared to the random or compression sparsification.
On the other hand, skeleton complexity is significantly lower
for the branch pruning. For applications like shape match-
ing, these metrics are much more important than an accurate
reconstruction of the original shape. Therefore, our scale-
space is indeed task-adaptive.
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Fig.3 Comparison of 1074 points
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602 points 189 points

sparsification paths on image

(a) random sparsification
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grouped by branch pruning
steps. Endpoints are marked in
red, branch points in blue. £
denotes the reconstruction error
and C skeleton complexity.
Branch pruning preserves
homotopy and reduces
complexity at the cost of a
higher reconstruction error
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4.4.2 Compression

In Figs. 3 and 4, we see that our compression scale-space
outperforms both the sparsification baseline and the branch
pruning in terms of reconstruction quality. Here, we are only
interested in getting the best trade-off between the number
of skeleton points that we need to store and the reconstruc-
tion error. Lifting the homotopy requirement and prioritising
skeleton minimality over skeleton complexity allows supe-
rior performance in this regard. This is also confirmed by the
quantitative results in Fig. 5. We can see that compression
scale-space lead to an error reduction of up to 80% compared
to branch pruning and up to 50% compared to the baseline
at the same skeleton size.

4.4.3 Quantitative Evaluation

We evaluate reconstruction error £ and skeleton complexity
C for our three sparsification scale-spaces on the CE-Shape-1
database [69]. Since the objects and their associated skele-
tons have highly variable sizes, the number of discrete steps
in scale-space varies as well. Therefore, we cannot average
errors over the discrete scale. Instead, we normalise scale to
a 0 — 100 percentage scale.

C =126
£ =1825

C =260
£ =1825

C =188
£ =2080

The evolution of the error in Fig. 5a is consistent with the
visual evaluation from the previous sections. Branch prun-
ing trades homotopy and monotonically decreasing skeleton
complexity for a relatively high reconstruction error. In con-
trast, the greedy optimisation of our compression scale-space
guarantees the minimum increase in the error for every step in
scale-space. This is verified by its quantitative performance.
It is particularly effective for very coarse scales, where the
choices of the preserved skeleton points matter most.

In the case of pruning, the graph of the skeleton com-
plexity in Fig. 5b verifies the expectations that we have for
a Lyapunov sequence. It is a meaningful measure for shape
matching and declines monotonically. Both compression and
random sparsification feature an initial increase in complex-
ity followed by a decline for coarse scales. Since they are not
homotopy-preserving, both of these scale-spaces disconnect
the skeleton early on, thus creating new end points. However,
random sparsification does this without distinction of skele-
ton points, thus leading to a slightly distorted bell curve. The
increase and decline of complexity for compression how-
ever is linear. This arises from the fact that there is a certain
correlation between reconstruction impact and skeleton com-
plexity: Compression removes the skeleton points with the
least impact first. Neighbouring skeleton points often have
similar disc radii as well, thus their reconstruction discs are

@ Springer
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Fig.4 Comparison of
sparsification paths on image
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Compared to random
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Fig. 5 Quantitative evaluation on the 1400 images of the CE-Shape-
1 database [69]. a Branch pruning has the highest error due to its
preservation of homotopy and reduction of complexity. Compression
minimises the reconstruction error and thus performs best. b Branch
pruning performs best in terms of complexity since it minimises it
greedily. Compression implicitly limits the improve in complexity as
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scale percentage

(b) complexity

well since it removes the least significant points first which often form
connected branches in the skeleton. The coloured shading represents the
=+1 standard deviation band. All methods us 100 bins. Due to removal
of whole branches these are unevenly populated for pruning. We reduce
the noise with a Gaussian filter (¢ = 1.5) applied to all methods (Color
figure online)
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Algorithm 3: Stiffness Enhancement

/* Initialisation */
10« 0;
2 Ag < O;
3 <« %
4 while |I'y| < |O] do
/* Strengthen current skeleton by
dilation. */
/* N(x): 8-neighbourhood of x */
5 Iy < TyUN@) | xelh
/* Update auxiliary shape by subtracting
dilated skeleton. */
6 | App1 < Ae\Tgs
/* Add skeleton of current auxiliary
shape Ay to evolving generalised

skeleton. */
7 Iop1 < ﬁg USAy;
8 <0+ 1;

heavily overlapping. Therefore, if a skeleton point is insignif-
icant, there is a high chance of its neighbours also being
insignificant. Thus, it is likely that whole connected branches
are removed first.

Overall, the quantitative evaluation supports our visual
observations.

4.5 Stiffness Enhancement with Extended
Densification Scale-Spaces

In the following, we demonstrate that our extended densifi-
cation from Sect. 3.5.2 allows us to perform stiffening [28].
Given the outline of an object to be printed with a 3-D printer,
an iterative skeletonisation can improve the stability of the
printed object. They have validated that such an approach
actually improves the elastic stress properties.

Our highly generalised Definition 12 is flexible enough
to cover applications that go far beyond a standard skele-
tonisation. In Algorithm 3, our first iteration simply adds
the original skeleton of the shape to our extended evolving
skeleton set I'y. This forms the basis for the printed structures.
Then, in every step, we first strengthen the pre-existing struc-
ture by a one pixel dilation: We thicken the skeleton by adding
all direct non-skeleton neighbours. This is a step that high-
lights the generalisation capabilities of our framework: We

can intentionally sacrifice the thin skeleton property in order
to adopt the stiffness enhancement idea that relies on thicken-
ing main support structures. Then, we subtract this skeleton
from the object, creating an evolving auxiliary object A,. To
this auxiliary object, we apply the skeletonisation algorithm
again. By repeating these steps, in the transition from every
coarse to the next finer scale, we strengthen the existing sup-
port structures and add new thin support beams given by the
newly computed skeleton.

Figure 6 shows two examples of stiffness enhancement.
As intended, we populate the extended skeleton with new
support branches and iteratively strengthen already existing
branches.

5 Conclusions and Outlook

We leverage a combination of data optimisation strategies
[6, 62-68] and the medial axis transform [8] to establish a
new class of scale-space frameworks for shape analysis. With
only a few requirements, they offer a broad range of architec-
tural and simplification properties. Compared to many other
scale-spaces, they have no ill-posed direction: sparsification
and densification scale-spaces are equally well-posed coun-
terparts that allow two approaches for transitioning between
coarse and fine shape representations in opposite directions.
Together with the sparsification and densification paths as
flexible design tools, our framework allows a wide range
of practical applications. With proof-of-concept examples
from the areas of skeleton post-processing, shape compres-
sion, and 3-D printing, we have demonstrated how additional
requirements for the scale-space paths yield task-specific the-
oretical guarantees.

In the future, we plan to explore further practical applica-
tions. In particular, we want to investigate scale-spaces for
compression that also take coding cost into account, similar
to quantisation scale-spaces [65].
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Fig.6 Stiffness enhancement
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Appendix A Maximum Disc Thinning

For the discrete experiments in this paper we employ the
maximal disc thinning (MDT) to compute the initial skele-
tons. As the concepts of the object O, the distance transform
D, and homotopic thinning have already been introduced in
Sect. 2, we only summarise the algorithmic procedure here.
A detailed description and evaluation can be found in [59].

The method extends upon the original approach by Remy
and Thiel [61] which proposes to consider the centres of
inscribed discs with maximal radius as candidates for the
skeleton. However, MDT also incorporates the original grass-
fire idea of Blum [8] in a level set paradigm: From the
boundary inwards, it considers sets of points that have equal
values in the distance transform D (i.e. D is increasing with
each iteration).

= \
(a) device8-3
T T(/é{ ’—/i\« f |
[/ = Il
Algorithm 4: Maximal Disc Thinning
/* Inputs (precomputed): order (cached
ordering values according to D), ep
(endpoints identified with the RT
algorithm) */
/* hp: min-heap ordered by order[-], Ng, Naa:
8- and 5 x 5-neighbourhoods */
/* Prune spurious endpoint candidates. */
1 foreach p € O do
2 | if [{x € Naa(p) | ep[x] =TRUE}| < 2 then
3 | eplp] < FALSE;
/* Initialise heap with boundary points
marked for deletion. */
4 foreach p € 90 do
5 if isSimple(p) then
6 L insert p into hp with key order[p];
/* Homotopy preserving thinning with
maximal-disk endpoint protection */

All object points that are not skeleton candidates are
removed in each iteration, unless their removal destroys
the homotopy of the remaining shape. To avoid spurious
branches, isolated skeleton candidates are pruned if they have
no neighbouring candidates in a 5 x 5 window.

Algorithm 4 contains the pseudocode of the MDT algo-
rithm adapted from [59]. For the definition of simple and
end points, please refer to Definition 5. The helper function
isSimple and isEndpoint check the criteria of this definition.
Figure 7 illustrates MDT thinning on a toy example.

@ Springer

7 while |hp| > 0 do
8 p < popmin(hp);

9 if isSimple(p) and (—-isEndpoint(p) orep|p] = FALSE)

then

10 remove p from O;

11 foreach g € N3(p) do

12 if isSimple(q) then

13 L | insert ¢ into hp with key order[q];
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Fig.7 Toy illustration of thinning on a rectangle. The full rectangle of step 1 is reduced to its thin discrete skeleton in two steps. In each step, we

remove one level set of non-skeleton points as in the MDT algorithm
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