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Abstract
In 2022, Gromada and Matsuda classified undirected quantum graphs on the matrix
algebra M2 (Gromada in Lett Math Phys 112:122, 2022; Matsuda in J Math Phys.
63:092201, 2022). Later, Wasilweski provided a solid theory of directed quantum
graphs (Wasilewski in 29:1281–1317, 2024) which was formerly only established for
undirected quantum graphs. Using this framework we extend the results of Matsuda
and Gromada, and present a complete classification of directed quantum graphs on
M2. Most prominently, we observe that there is a far bigger range of directed quantum
graphs than of undirected quantum graphs on M2. Moreover, for quantum graphs
on a nontracial quantum set (M2, ψ) we illustrate the difference between GNS- and
KMS-undirected quantum graphs.

Mathematics Subject Classification Mathematics Subject Classification Primary
46L89; Secondary 05C50 . 81P45

1 Introduction

Quantumgraphs are a generalization of ordinary graphswhere the vertex set {1, . . . , n}
is replaced with a quantum set (B, ψ) consisting of a finite dimensional C∗-algebra
B and a particular faithful functional ψ on B. Ordinary graphs are retained as the
special case where B = C

n and ψ(ei ) = 1
n for i = 1, . . . , n. The edge relation of

an ordinary graph can be generalized to the quantum graph setting in three different
ways:As a B ′-B ′-bimodule S ⊂ B(H) given an embedding B ⊂ B(H), as a projection
P ∈ B ⊗ Bop or as a particular linear map A : B → B. The latter is usually called
a quantum adjacency matrix. Three important properties of quantum graphs are (1)
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being undirected, (2) being tracial, meaning thatψ is a tracial functional, and (3) being
reflexive/loopfree1.

Let us give a short and selective summary of the history of quantum graphs. They
were first introduced by Duan, Severini andWinter in the context of quantum informa-
tion theorywhere they allow generalizing confusability graphs of classical information
channels to the quantum world [1]. At about the same time, Weaver proposed a more
general framework of quantum relations [2]. Musto, Reutter and Verdon, finally, intro-
duced the notion of a quantum adjacency matrix [3], and proved that the three ways
to define quantum graphs are equivalent when ψ is tracial and the quantum graph is
undirected. Extending this, Daws proved the same equivalence in the more general
situation when ψ is not necessarily tracial [4]. With the consistent use of the KMS-
inner product, Wasilewski at last covered also the case of not necessarily undirected
quantum graphs [5]. This is what a directed quantum graph refers to. In our work,
we do not require quantum graphs to be undirected, so all our quantum graphs are
directed by default.

The smallest non-commutative finite-dimensionalC*-algebra is the complexmatrix
algebra M2. In order to obtain a better understanding of quantum graphs it is therefore
a natural starting point to try and describe all quantum graphs on quantum sets of the
form (M2, ψ). This has been done for undirected quantum graphs by Gromada and
Matsuda [6, 7].

The present paper is concernedwith the complete classification of directed quantum
graphs on M2, i.e. we solve the following problem:

Describe all directed quantum graphs on (M2, ψ) up to isomorphism.

Thus, we consider all faithful positive functionals ψ on M2 which turn (M2, ψ) into
a quantum set. There is exactly one such functional ψ = τ that is tracial, and the
nontracial admissible functionals ψq are indexed by a parameter q ∈ (0, 1). For the
purposes of classification, the quantum graphs on (M2, ψq) for different q can be
treated at the same time. Therefore, we mainly need to distinguish between the tracial
case (M2, τ ) and the nontracial cases (M2, ψq).

Let us discuss the prior work of Gromada and Matsuda [6, 7]. Independently of
each other, they classified undirected quantum graphs on (M2, ψ) in different general-
ity. While Matsuda considered reflexive/loopfree quantum graphs for both tracial and
nontracial quantum sets (M2, ψ), Gromada classified non-reflexive quantum graphs
on tracial (M2, ψ). They found that there are up to isomorphism only four reflex-
ive/loopfree quantum graphs on (M2, ψ) for both tracial and nontracial quantum
sets (M2, ψ). Further, Matsuda showed that these quantum graphs are each quan-
tum isomorphic to a classical graph on four vertices. For our classification, we use
Gromada’s approach, classifying quantum graphs on (M2, ψ) via their quantum edge
space S ⊂ M2.

In what follows, we would like to highlight some special cases of our classification
which might be particularly insightful. The difference between the classification of
undirected and directed quantum graphs is best seen in the special case of tracial and
loopfree quantum graphs on (M2, τ ), where τ is the unique tracial functional that turns

1 The reflexive quantum graphs on a fixed quantum set (B, ψ) are in a 1-1-correspondence with loopfree
quantum graphs.
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M2 into a quantum set. Whereas there is exactly one undirected quantum graph with
exactly one quantum edge on (M2, τ ), the corresponding directed quantum graphs
are parametrized by a parameter β ∈ [0, 1] with β = 0 giving the previously known
undirected quantum graph.

Theorem 1.1 (Theorem 5.2, Lemma 3.10) Let G be a loopfree quantum graph on the
(tracial) quantum set (M2, τ ).

1. If G has exactly one quantum edge, then it is isomorphic to exactly one of the
quantum graphs G(1B)

0,β from Proposition 5.3 with β ∈ [0, 1] given by the quantum
adjacency matrix

A(1B)
0,β = 1

1 + β2

⎛
⎜⎜⎝

0 0 0 (1 + β)2

0 0 1 − β2 0
0 1 − β2 0 0

(1 − β)2 0 0 0

⎞
⎟⎟⎠ .

The quantum graph G(1B)
0,β is undirected if and only if β = 0, and has spectrum

σβ = 1

1 + β2

{
1 − β2, 1 − β2, β2 − 1, β2 − 1

}
.

2. If G has two quantum edges, then it is isomorphic to the loopfree complement2 of
one of the quantum graphs from (1).

3. If G has three quantum edges, then it is the complete loopfree quantum graph on
(M2, τ ).

More generally, we classify all quantum graphs on (M2, τ ) with Theorems 5.2 and
6.2. Dropping the condition that G is loopfree introduces further parameters in the
quantum adjacency matrix.

We would like to highlight that at the time of Matsuda’s and Gromada’s classifi-
cation, the theory of directed quantum graphs was not fully settled. Crucially, in this
generality the equivalence of the different definitions of quantum graphs was only
proved by Wasilewski in [5]. There he also introduced a new definition for undirected
quantumgraphs on nontracial quantum sets, which amounts to taking theKMS-adjoint
of the quantum adjacency matrix instead of the GNS-adjoint, see Sect. 2.4 for a dis-
cussion. When ψ is tracial these two concepts coincide. Generally, however, they are
different, and this is best illustrated by the classification of nontracial loopfree quan-
tum graphs on M2. Again these directed quantum graphs are parametrized by one or
more parameters.

Theorem 1.2 (Theorem 7.2, Lemma 3.10) Let G be a loopfree quantum graph on
(M2, ψq).

1. If G has exactly one quantum edge, then it is isomorphic to exactly one of the
following quantum graphs.

2 Loopfree complements of quantum graphs are introduced in Definition 3.8.
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(a) The quantum graphG(q,1B)
0 fromProposition 7.3 given by the adjacencymatrix

A(q,1B)
0 =

⎛
⎜⎜⎝
q−2 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 q2

⎞
⎟⎟⎠ .

This quantum graph is both GNS- and KMS-undirected.
(b) The quantum graph G(q,1C)

0,β,γ from Proposition 7.4 with β ∈ [−1, 1] and γ ∈ C

such that

|β| < 1 �⇒ γ ≥ 0,

|β| = 1 �⇒ arg(γ ) ∈ [0, π),

given by the quantum adjacency matrix

A(q,1C)
0,β,γ = c−1

⎛
⎜⎜⎜⎝

q−4|γ |2 q− 3
2 β+γ q− 3

2 β+γ qβ2+
q− 5

2 β−γ −q−2|γ |2 β+β− −q
1
2 β+γ

q
3
2 β−γ β+β− −q−2|γ |2 −q

1
2 β+γ

q−1β2− −q− 1
2 β−γ −q− 1

2 β−γ |γ |2

⎞
⎟⎟⎟⎠ ,

where β+ = 1 + β, β− = 1 − β and

c = 1

1 + q2

((
q−2 + 1

)
|γ |2 + 2q

(
1 + β2

))
.

This quantum graph is not GNS-undirected, and it is KMS-undirected if and
only if β = 0 (and γ ≥ 0).

2. If G has two quantum edges, then it is isomorphic to the loopfree complement of
one of the quantum graphs from (1).

3. If G has three quantum edges, then it is the complete loopfree quantum graph on
(M2, ψq).

The quantum graph G(q,1B)
0 has been described by Matsuda, while the quantum

graphsG(q,1)
0,0,γ withγ ≥ 0 yield amultitude ofKMS-undirected but notGNS-undirected

quantum graphs on (M2, ψq). More generally, we classify all quantum graphs on
(M2, ψq) with Theorems 7.2 and 8.2.

1.1 Outline

The rest of this paper is organized as follows: In Sect. 2 we recall key concepts such as
quantum sets and quantum graphs based mainly on [5]. In Sect. 3 we discuss isomor-
phisms of quantum graphs. Then, Sect. 4 contains the main technical preparation for
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the later work: a classification of lines in C
2 and C

3 up to certain orthogonal transfor-
mations. With that in hand, we classify tracial quantum graphs on M2 in Sects. 5 and
6—first the quantum graphs with one quantum edge and then the non-loopfree quan-
tum graphs with two quantum edges. Due to Lemma 3.11, this is sufficient to obtain
the complete classification for tracial quantum graphs. In Sects. 7 and 8 we repeat
these arguments for the more general case of nontracial quantum graphs. Lastly, in
Sect. 9 we summarize the complete classification and provide a tabular overview.

2 Preliminaries

2.1 Notational conventions

Throughout this paper we denote the matrix algebra of n×n complex matrices by Mn

and we write ei j with i, j = 1, . . . , n for its standard generators. The unit matrix of
dimension n ∈ N is denoted by In . Further, we write Tr for the unnormalized trace on
Mn where the dimension n is clear from the context. We denote by O(n) (SO(n)) the
group of (special) orthogonal matrices on Mn . The C∗-algebra of bounded operators
on a Hilbert space H is denoted B(H).

2.2 Quantum sets

Let us consider a pair (B, ψ) of a finite-dimensional C∗-algebra B and a faithful
positive functional ψ on B. This comes equipped with the multiplication map m :
B⊗ B → B, (x, y) �→ xy and the GNS-inner product 〈x, y〉 = ψ(x∗y) for x, y ∈ B.
The latter gives B the structure of a Hilbert space which we denote L2(B) and which is
called the GNS-Hilbert space. With respect to this additional structure, one considers
the adjointm∗ : B → B⊗B ofm which is determined by 〈m∗(a), b⊗c〉L2(B)⊗L2(B) =
〈a, bc〉L2(B) for all a, b, c ∈ B. This map is called the comultiplication on (B, ψ). We
prefer to view bothm andm∗ as linear maps between C∗-algebras and not as bounded
operators between Hilbert spaces. Further, the map ε : C → B, λ �→ λ1B is called
the unit of (B, ψ) and ψ : B → C is called the counit.

We call the pair (B, ψ) a quantum set ifmm∗ = IdB . This terminology goes back to
[3, Terminology 3.1], where it is additionally required that the functional ψ is tracial.
We do without this latter condition, and call the quantum set (B, ψ) tracial if ψ is
tracial. Alternatively to mm∗ = IdB one can ask that ψ is a δ-form, i.e. ψ(1) = 1 and
mm∗ = δ2IdB for δ ≥ 0. This approach is also common in the literature on quantum
graphs; see e.g. [4, 6–9]. However, we follow [4, 5] in askingmm∗ = IdB . If B = Mn ,
then the difference is only a scalar factor as the following proposition shows.

Proposition 2.1 ([5, Proposition 2.3]) Let ψ = αTr(ρ ·) with ρ ∈ Mn and α ∈ C be
a faithful positive functional on Mn. Then

m∗(ei jρ−1) = 1

α

∑
k

eikρ
−1 ⊗ ek jρ

−1 and mm∗ = Tr(ρ−1)

α
Idn .

123



28 Page 6 of 49 N. Kiefer, B. Schäfer

In particular,ψ is a δ-form forα = (Tr(ρ))−1while it satisfies the conditionmm∗ = Id
for α = Tr(ρ−1).

Proof The first statement is part of [5, Proposition 2.3] and the second statement
follows immediately. ��

In this work, we are only interested in quantum sets on M2, i.e. quantum sets of
the form (M2, ψ) for some faithful positive functional ψ with mm∗ = Id2. These
functionals are classified as follows.

Proposition 2.2 Any faithful positive functional ψ : M2 → C with mm∗ = Id is
unitarily equivalent to exactly one of the functionals ψq with q ∈ (0, 1] given by

ψq : M2 → C, X =
2∑

i, j=1

xi j ei j �→ Tr(ρq X) = (1 + q2)(q−2x11 + x22),

where

ρq = (1 + q2)diag(q−2, 1) =
(

1+q2

q2
0

0 1 + q2

)
.

We write τ := ψ1 and note τ = 2Tr.

Proof It is well known (see e.g. [7, 10]) that every faithful state on M2 is unitarily
equivalent to one of the Powers states

ωq : M2 → C, X =
2∑

i, j=1

xi j ei j �→ 1

1 + q2
(x11 + q2x22).

where q ∈ (0, 1]. These states are δ-forms with δ = q +q−1, see e.g. [7, Lemma 3.4].
Thus, every faithful positive functional ψ on M2 with mm∗ = Id2 is up to unitary
equivalence of the form (q + q−1)2ωq for some q ∈ (0, 1]. The statement follows by
observing

(q + q−1)2

1 + q2
(x11 + q2x22) = (q−1(1 + q2))2

1 + q2
(x11 + q2x22) = (1 + q2)(q−2x11 + x22).

��
For q = 1 one obtains the tracial quantum space (M2, τ ), while for q < 1 the

functional ψq is not tracial. This has a significant impact on the automorphism group
of (M2, ψq) which we collect in the next proposition. The automorphism group of
a quantum set (B, ψ) consists of all ∗-automorphisms π of the C∗-algebra B which
preserve the functional ψ in the sense that ψ ◦ π = ψ . In Definition 3.1 we will more
generally introduce isomorphisms between quantum graphs.

Recall the Pauli matrices

σ0 = I2, σ1 =
(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
and σ3 =

(
1 0
0 −1

)
.
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Proposition 2.3 The automorphism group of (M2, ψq) is up to isomorphism

• SO(3), the special orthogonal group in three dimensions if q = 1 with group
action given by

R · (x0σ0 + x1σ1 + x2σ2 + x3σ3) = x0σ0 + x ′
1σ1 + x ′

2σ2 + x ′
3σ3

where σ0, σ1, σ2, σ3 are the Pauli matrices, R ∈ SO(3), x0, x1, x2, x3 ∈ C,
x ′
1, x

′
2, x

′
3 ∈ C and ⎛

⎝
x ′
1
x ′
2
x ′
3

⎞
⎠ = R

⎛
⎝
x1
x2
x3

⎞
⎠ ,

• SO(2), the special orthogonal group in two dimensions if q ∈ (0, 1) with group
action given by

R · (x0σ0 + x1σ1 + x2σ2 + x3σ3) = x0σ0 + x ′
1σ1 + x ′

2σ2 + x3σ3

where R ∈ SO(2), x0, x1, x2, x3, x ′
1, x

′
2 ∈ C and

(
x ′
1
x ′
2

)
= R

(
x1
x2

)
.

Proof For the first statement, note that every isomorphism preserves the trace. There-
fore, the automorphism group of (M2, τ ) is nothing else but the automorphism group
of M2. It is well known that this group is SO(3) with the action from above, see e.g.
[10].

For the second claim let q ∈ (0, 1). Since ψq(e11) �= ψq(e22), any automorphism
ϕ : M2 → M2 of (M2, ψq) must preserve the two projections e11 and e22. Writing ϕ

as conjugation U · U∗ for a unitary matrix U ∈ U(2), it follows that U is diagonal.
By multiplying with a suitable scalar if necessary, we may assume

U = diag(λ, 1)

for some λ = a + ib ∈ S1. Then one checks

UσiU
∗ = σi

for i = 0, 3, as well as

Uσ1U
∗ =

(
0 λ

λ 0

)
= aσ1 + bσ2 and Uσ2U

∗ =
(
0 −iλ
iλ 0

)
= −bσ1 + aσ2.

��
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2.3 Quantum graphs

The main objects of this paper are quantum graphs. They can be defined in three
different ways, and we present these different definitions without giving preference to
one. To begin with, we discuss general quantum graphs on quantum sets (B, ψ), but
later we focus on quantum graphs on a matrix algebra Mn .

Definition 2.4 A quantum graph G on a quantum set (B, ψ) is given by either of the
following:

1. Given an embedding B ⊂ B(H), a B ′-B ′-bimodule3 S ⊂ B(H) which we call a
quantum edge space,

2. A linear map A : B → B such that A(x∗) = A(x)∗ holds for all x ∈ B and

m(A ⊗ A)m∗ = A,

which we call a quantum adjacency matrix4,
3. A projection P ∈ B ⊗ Bop which we call a quantum edge projection5.

If the quantum set (B, ψ) is tracial we call the quantum graphG tracial as well. Further,
we call the dimension of S as a vector space the number of quantum edges of G, and
refer to [6, Section 2.3] for a detailed discussion of quantum edges of quantum graphs.

There are 1-1-correspondences between quantum edge spaces, adjacency matrices
and edge projections. These go back to [2, 3] and have been discussed in various
places. In the case of tracial or nontracial quantum sets different correspondences
have been described by Daws andWasilewski [4, 5]. In this paper, we consistently use
the framework of Wasilewski. Then, the applicable correspondences are compactly
explained in [5, Section 3.4].

In fact, we will only be interested in quantum sets of the form (Mn, ψ), and we
further specialize on the case where the quantum edge space S ⊂ B(H) is considered
with respect to the natural embedding Mn ⊂ B(Cn). In particular, the condition that
S is a B ′-B ′-submodule simplifies to asking that S is some operator space in Mn since
B ′ = C.

Before proceeding, we need to discuss alternative inner products on Mn besides
the GNS-inner product induced by the faithful positive functional ψ . Evidently, there
is a positive definite matrix ρ such that ψ = Tr(ρ ·). Then, the KMS-inner product
induced by ψ is given by

〈x, y〉KMS
ψ = ψ

(
x∗ρ

1
2 yρ− 1

2

)
= Tr(x∗ρ

1
2 yρ

1
2 ).

3 We denote with B′ the commutant of B in B(H). Then S ⊂ B(H) is a B′-B′-bimodule if and only if, it
is an operator space that satisfies B′S = {b′x : b′ ∈ B′, x ∈ S} ⊂ S, and similarly SB′ ⊂ S.
4 In the presence of m(A ⊗ A)m∗ = A the first condition A(x∗) = A(x)∗ is equivalent to A being
completely positive, see [7].
5 Bop is the opposite algebra of B, meaning that it is a copy of the set B together with the natural vector
space structure and multiplication given by aopbop = (ba)op. Following [5] we denote the elements of Bop

by bop for b ∈ B.
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Further, we will need the KMS-inner product induced by the functional

ψ−1 = Tr(ρ−1 ·)
Tr(ρ−1)

.

Since mm∗ = Idn entails Tr(ρ−1) = 1 (see Proposition 2.1), this is given by

〈x, y〉KMS
ψ−1 = Tr(x∗ρ− 1

2 yρ− 1
2 ).

Now, the correspondence between quantum edge spaces S and quantum adjacency
matrices A is as follows.

Proposition 2.5 (S �→ A, [5, Proposition 3.30]) Let (Xi )i be an orthonormal basis
of the quantum edge space S ⊂ Mn with respect to the KMS-inner product induced
by ψ−1. Then, the map

A : Mn → Mn, x �→
∑
i

ρ− 1
4 Xiρ

1
4 xρ

1
4 X∗

i ρ
− 1

4

is a quantum adjacency matrix, and the assignment S �→ A gives a well-defined6

1-1-correspondence between quantum edge spaces and quantum adjacency matrices.

Remark 2.6 The linear spaces Mn and C
n2 are naturally identified via the map vec :

Mn � ei j �→ f(i−1)n+ j ∈ C
n2 where the fi with i = 1, . . . , n2 are the standard

generators of C
n2 . Then, a linear map on Mn is identified with a linear map on C

n2

which in turn is nothing else but ann2×n2-matrix.Generally, one has for any R, S, X ∈
Mn

vec(RXS) = (R ⊗ St )vec(X),

see e.g. [11, Section 1.1.2]. Here St is the transposed of S and⊗ denotes the Kronecker
product given by

[R ⊗ S](i−1)n+ j,(k−1)n+� = Rik S j�.

Thus we can identify the adjacency matrix A : Mn → Mn from the previous propo-
sition with the n2 × n2-matrix

A :=
∑
i

(ρ− 1
4 Xiρ

1
4 ) ⊗ (ρ

1
4 X∗

i ρ
− 1

4 )t =
∑
i

(ρ− 1
4 Xiρ

1
4 ) ⊗ (ρ− 1

4 Xiρ
1
4 ).

The next proposition describes the correspondence between quantum edge spaces
and quantum edge projections.

6 This means that A does only depend on the space S and not on the choice of KMS-orthonormal basis.
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Proposition 2.7 (S �→ P , [5, Proposition 3.29]) Let (Xi )i be an orthonormal basis
of the quantum edge space S ⊂ Mn with respect to the KMS inner product induced
by ψ−1 and define P ∈ Mn ⊗ Mop

n as7

P =
∑
i,k,l

ρ− 1
4 Xieklρ

− 1
4 ⊗

(
ρ− 1

4 X∗
i elkρ

− 1
4

)op
.

Then P is a quantum edge projection, and the assignment S �→ P gives a
well-defined 1:1-correspondence between quantum edge spaces and quantum edge
projections.

Example 2.8 Let us present three easy examples of quantum graphs.

1. The empty quantumgraph on (Mn, ψ) is given by the quantumedge space S = {0}.
2. The trivial quantum graph on (Mn, ψ) is given by the quantum edge space S =

span{In} or equivalently by the quantum adjacency matrix A = In2 . It is a reflexive
and undirected quantum graph with one quantum edge.

3. The complete quantum graph on (Mn, ψ) is given by the quantum edge space
S = Mn . This is quantum graph with the maximal number of n2 quantum edges.

2.4 Properties of quantum graphs

There are two important pairs of properties of quantum graphs which are sometimes
part of their definition. These are being directed/undirected and being reflex-
ive/loopfree. For instance [3, 4] asks that their quantum graphs be always undirected
while [7] focuses in his classification on undirected and reflexive quantum graphs. At
this point, we only discuss these properties for quantum graphs on quantum sets of
the form (Mn, ψ) for we are only interested in quantum graphs on M2. As before, let
ρ ∈ Mn be the positive matrix with ψ(·) = Tr(ρ ·).

Let us first present the definition of reflexive and loopfree quantum graphs. This
definition is well-known, see e.g. [7, Definion 2.19], [6, Section 1.3].

Definition 2.9 Let G be a quantum graph on (Mn, ψ) with quantum edge space S ⊂
Mn , quantum adjacency matrix A : Mn → Mn and quantum edge projection P ∈
Mn⊗Mop

n .We say thatG is reflexive (or has all loops) if one of the following equivalent
conditions is satisfied.

1. In ∈ S,
2. m(A ⊗ Idn)m∗ = Idn ,
3. m((Id ⊗ σ i

2
)P) = In where σz : Mn → Mn, x �→ ρi z xρ−i z for all z ∈ C.

On the other hand, we say that G is loopfree (or irreflexive) if one of the following
holds.

1. In ∈ S⊥ where the complement is taken with respect to the KMS-inner product
induced by ψ−1,8

7 Note that the formula in [5, Proposition 3.29] contains a scalar factor 1
Tr(ρ−1)

. However, as mm∗ = Idn ,

we have Tr(ρ−1) = 1, and therefore we can do without this factor.
8 Using the definition of ψ−1 this is equivalent to Tr(xρ−1) = 0 for all x ∈ S.
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2. m(A ⊗ Idn)m∗ = 0,
3. m((Id ⊗ σ i

2
)P) = 0.

Proposition 2.10 The conditions in the previous definition are indeed equivalent.

Proof We show that the three conditions are equivalent, respectively.
For “(1) ⇔ (2)” let (Xi )

s
i=0 be an orthonormal basis of S with respect to the

KMS-inner product induced by ψ−1. Without loss of generality, we may assume
〈Xi , In〉KMS

ψ−1 = 0 for all i > 0. Then, one has In ∈ S if and only if X0 = In , and

In ∈ S⊥ if and only if 〈X0, In〉KMS
ψ−1 = 0. Using Propositions 2.1 and 2.5 one has for

all matrix units eac ∈ Mn

m(A ⊗ Idn)m
∗(eacρ−1) =

∑
b

A(eabρ
−1)ebcρ

−1

=
∑
b

(∑
i

ρ− 1
4 Xiρ

1
4

(
eabρ

−1
)

ρ
1
4 X∗

i ρ
− 1

4

)
ebcρ

−1

=
∑
i

ρ− 1
4 Xiρ

1
4

(∑
b

eabρ
− 3

4 X∗
i ρ

− 1
4 ebc

)
ρ−1.

For every index i one observes∑
b

eabρ
− 3

4 X∗
i ρ

− 1
4 ebc = Tr

(
ρ− 3

4 X∗
i ρ

− 1
4

)
eac

= Tr
(
X∗
i ρ

− 1
2 Inρ

− 1
2

)
eac

= 〈Xi , In〉KMS
ψ−1 eac.

Using 〈Xi , In〉KMS
ψ−1 = 0 for i > 0 it follows

m(A ⊗ Idn)m
∗(eacρ−1) = ρ− 1

4 X0ρ
1
4 〈X0, In〉KMS

ψ−1 eacρ
−1.

Consequently, we have m(A ⊗ Idn)m∗ = Idn if and only if, In ∈ S, and similarly
m(A ⊗ Idn)m∗ = 0 if and only if, In ∈ S⊥.

The equivalence “(1) ⇔ (3)” can be seen very similarly. Indeed, with Proposition
2.7 and (Xi )

s
i=0 as above, it suffices to note

m((Id ⊗ σ i
2
)P) = m

⎛
⎝∑

i,k,l

ρ− 1
4 Xieklρ

− 1
4 ⊗

(
ρ− 1

2

(
ρ− 1

4 X∗
i elkρ

− 1
4

)
ρ

1
2

)op
⎞
⎠

=
∑
i,k,l

ρ− 1
4 Xieklρ

−1X∗
i elkρ

1
4

= ρ− 1
4 X0ρ

1
4 〈X0, In〉KMS

ψ−1 .

��
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The definition of undirected quantum graphs is well-known in the tracial case. For
quantum graphs on nontracial quantum sets, the definition can be based on either the
GNS-inner product or alternatively the KMS-inner product. The former approach has
been discussed in [4], while the use of the KMS-inner product has been pioneered in
[5].

Definition 2.11 Let G be a quantum graph on (Mn, ψ). We say that G is GNS-
undirected if one of the following equivalent conditions is satisfied:

1. S = S∗ and ρSρ−1 = S
2. σ(P) = P and P = (σz ⊗ σz)(P) for all z ∈ C, where

σ(x ⊗ y) = x ⊗ y and σz(x) = ρi z xρ−i z

for all x, y ∈ Mn and z ∈ C,
3. A = A∗, where A∗ is the adjoint of A viewed as a bounded operator on the

GNS-space L2(Mn, ψ).

On the other hand, G is called KMS-undirected if one of the following equivalent
conditions is true:

1. S = S∗,
2. σ(P) = P ,
3. A = A∗, where A∗ is the adjoint of A viewed as a bounded operator on the

KMS-space L2
KMS(Mn, ψ).

If ψ is tracial, G is GNS-undirected if and only if it is KMS-undirected, and in this
case we simply call G undirected.

Proposition 2.12 The conditions in the previous definition are indeed equivalent.

Proof The equivalence of the three statements for KMS-undirectedness can be directly
found in Wasilewski’s paper [5]. Indeed, the equivalence between (2) and (3) follows
from [5, Proposition 3.7 (iv)]. Further, (1) ⇔ (2) follows from [5, Proposition 3.29].

It remains to show that the three statements for GNS-undirectedness are equivalent.
This has been proved by Daws in [4], but we need to reprove it here in Wasilewski’s
framework. The following proof was suggested to us by Wasilewski.

We use the observation that a GNS-self-adjoint linear map commutes with all
modular operators σz for z ∈ C [5, Lemma 2.1]. It follows easily that A is GNS-self-
adjoint if and only if it is KMS-self-adjoint and commutes with all σz . In view of the
equivalent characterizations of GNS-undirectedness, it only remains to prove that the
following are equivalent:

(a) A commutes with all σz ,
(b) S = ρSρ−1,
(c) P = (σz ⊗ σz)(P) for all z ∈ C.

Using functional calculus one checks that these statements are equivalent to a) A
commutes with σ1, b) S = ρi Sρ−i and c) P = (σ1 ⊗ σ1)(P), respectively. We show
that these are equivalent.
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(a) ⇔ (b) Let {X j } be an ONB of S. Then we get from Proposition 2.5 and (a)

A(x) = (σ1 ◦ A ◦ σ−1)(x) =
∑
j

ρiρ− 1
4 X jρ

1
4 ρ−i xρiρ

1
4 X∗

jρ
− 1

4 ρ−i .

It is not hard to check that {ρi X jρ
−i } is again an ONB with respect to the KMS-inner

product induced by ψ−1. Hence, one obtains S = ρi Sρ−i from Proposition 2.5.
Conversely, the same formula as above shows that S = ρi Sρ−i entails that A

commutes with σi .
(b) ⇔ (c) Let {X j } be an ONB of S as above. From Proposition 2.7 and (b) we get

(σ1 ⊗ σ1)(P) =
∑
j,k,l

ρiρ− 1
4 X jeklρ

− 1
4 ρ−i ⊗

(
ρiρ− 1

4 X∗
j elkρ

− 1
4 ρ−i

)op = P.

Thus, P commutes with (ρi ⊗ ρi ). Conversely, one can use (σ1 ⊗ σ1)(P) = P to
prove S = ρi Sρ−i similarly as above. ��
Example 2.13 Recall the examples of Example 2.8. Both the trivial and complete
quantum graph on Mn are reflexive, GNS-undirected and KMS-undirected.

3 Quantum graph isomorphism

In this section, we discuss when two quantum graphs are isomorphic. This is not be
confused with quantum isomorphism of quantum graphs. Note that we described the
automorphism groups of (M2, τ ) and (M2, ψq) for q ∈ (0, 1) already in Proposition
2.3.

Definition 3.1 Let G and Ĝ be quantum graphs on quantum sets (B, ψ) and (B̂, ψ̂)

with quantum edge spaces S, Ŝ, quantum adjacency matrices A, Â and quantum edge
projections P , P̂ , respectively. A ∗-isomorphism π : B → B̂ is

1. An isomorphism of the quantum sets (B, ψ) and (B̂, ψ̂) if

ψ̂ ◦ π = ψ,

2. An isomorphismof the quantumgraphsG and Ĝ if additionally one of the following
equivalent conditions holds:

(a) π(S) = Ŝ,
(b) π ◦ A = Â ◦ π ,
(c) (π ⊗ πop)P = P̂ .

Proposition 3.2 The conditions in the previous definition are indeed equivalent.

We only prove the equivalence of the three conditions for quantum graph isomor-
phisms in the case where B = B̂ = Mn and the quantum edge spaces S, Ŝ are chosen
with respect to the embedding Mn ⊂ B(Cn). Indeed, this is the only case that we will
use later on. It is no problem to prove the statement more generally.
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Proof Let U ∈ Mn be a unitary matrix with π(x) = UxU∗ for all x ∈ Mn , and let
(Xi )i be an orthonormal basis of S with respect to the KMS-inner product induced by
ψ−1. Further, let ρ, ρ̂ ∈ Mn be positive definite matrices with

ψ = Tr(ρ ·), ψ̂ = Tr(ρ̂ ·).

Observe Uρ = ρ̂U since

Tr(ρ ·) = ψ = ψ̂ ◦ π = Tr(ρ̂U ·U∗) = Tr(U∗ρ̂U ·)

entails ρ = U∗ρ̂U . Further, observe that two matrices X ,Y ∈ Mn are orthogonal
with respect to 〈·, ·〉KMS

ψ−1 if and only ifUXU∗ andUYU∗ are orthogonal with respect
to 〈·, ·〉KMS

ψ̂−1 . Indeed,

〈UXU∗,UYU∗〉KMS
ψ̂−1 = Tr(UX∗U∗ρ̂− 1

2UYU∗ρ̂− 1
2 )

= Tr(UX∗U∗Uρ− 1
2 Yρ− 1

2U∗)
= 〈X ,Y 〉KMS

ψ−1 .

Thus, (Xi )i ⊂ Mn is an orthonormal basis of S with respect to the KMS-inner product
induced by ψ−1 if and only if (π(Xi ))i = (UXiU∗)i is an orthonormal basis of π(S)

with respect to the KMS-inner product induced by ψ̂−1.
To prove “(a) ⇒ (b)” assume Ŝ = π(S) and recall from Proposition 2.5

A(x) =
∑
i

ρ− 1
4 Xiρ

1
4 xρ

1
4 X∗

i ρ
− 1

4 ,

Â(x) =
∑
i

ρ̂− 1
4 (UXiU

∗)ρ̂
1
4 x ρ̂

1
4 (UX∗

i U
∗)ρ̂− 1

4 .

Using again Uρ = ρ̂U one obtains for all x ∈ Mn

π ◦ A(x) =
∑
i

Uρ− 1
4 Xiρ

1
4 xρ

1
4 X∗

i ρ
− 1

4U∗

=
∑
i

ρ̂− 1
4UXiU

∗ρ̂
1
4UxU∗ρ̂

1
4UX∗

i U
∗ρ̂− 1

4

= Â ◦ π(x).

For “(b) ⇒ (a)” observe

Â(x) = Â ◦ π ◦ π−1(x)

= π ◦ A ◦ π−1(x)

=
∑
i

Uρ− 1
4 Xiρ

1
4 (U∗xU )ρ

1
4 X∗

i ρ
− 1

4U∗

=
∑
i

ρ̂− 1
4UXiU

∗ρ̂
1
4 x ρ̂

1
4UX∗

i U
∗ρ̂− 1

4 ,
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where (UXiU∗)i is an orthonormal set with respect to the KMS-inner product induced
by ψ̂−1. Consequently, it follows from Proposition 2.5 that

Ŝ = span
{
UXiU

∗ : i} = π(S).

The equivalence “(a) ⇔ (c)” is shown very similarly. Indeed, it suffices to observe
with Proposition 2.7

(π ⊗ πop)P =
∑
i,k,�

Uρ− 1
4 Xiek�ρ

− 1
4U∗ ⊗

(
Uρ− 1

4 X∗
i e�kρ

− 1
4U∗)op

=
∑
i,k,�

ρ̂− 1
4 (UXiU

∗)Uek�U
∗ρ̂− 1

4 ⊗
(
ρ̂− 1

4 (UX∗
i U

∗)Ue�kU
∗ρ̂− 1

4

)op

=
∑
i,k,�

ρ̂− 1
4 (UXiU

∗)ek�ρ̂− 1
4 ⊗

(
ρ̂− 1

4 (UX∗
i U

∗)e�k ρ̂
− 1

4

)op
.

For the final equality, we use that (Uek�U∗)k,� provides an alternative set of matrix
elements for Mn and the statement from Proposition 2.7 does not depend on the
particular matrix elements. ��

3.1 Pauli spaces of quantum graphs onM2

To classify the quantum graphs on (M2, ψq) for q ∈ (0, 1] we will use the quantum
edge space picture. In view of Definition 3.1, this means that we need to classify all
subspaces S ⊂ M2 up to the equivalence relation

S1 ∼q S2 :⇔ π(S1) = S2 for some π ∈ Aut(M2, ψq).

Following the approach of [6] we use the basis of M2 given by the Pauli matrices
to reformulate this problem in a more accessible way. Indeed, in Proposition 2.3 we
described the action of the automorphism groups of (M2, ψq) foresightedly in terms
of the Pauli matrices.

First, we discuss the tracial case. For that, recall ψ1 = τ = 2Tr.

Definition 3.3 For a quantum graph G on (M2, τ ) with quantum edge space S ⊂ M2
set

V :=
{(
x0 x1 x2 x3

)t ∈ C
4 : x0σ0 + x1σ1 + x2σ2 + x3σ3 ∈ S

}
.

For the purposes of this paper, we call V the Pauli space of G.
Lemma 3.4 Two quantum graphs G1,G2 on (M2, τ ) with Pauli spaces V1, V2 ⊂ C

4,
respectively, are isomorphic if and only if there is a rotation R ∈ SO(3) such that

[
1 0
0 R

]
V1 = V2.
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Further, we denote the standard basis ofC4 by (e0, e1, e2, e3)matching the coordinate
notation. Then, G1 is loopfree if and only if V1 ⊥ e0.

Proof The first statement follows directly from Proposition 2.3 and Definition 3.1. By
Definition 2.9 the quantum graph G1 with quantum edge space S is non-loopfree if
and only if I2 ⊥ S with respect to the KMS-inner product induced by τ−1. One easily
checks

〈I2, σi 〉KMS
τ−1 = 1

2
Tr (σi ) = 0

for i = 1, 2, 3. Thus, G1 is loopfree if and only if V1 ⊥ e0. ��
For nontracial quantum graphs on (M2, ψq) with q ∈ (0, 1) we use a slightly

different basis.

Definition 3.5 Let G be a quantum graph on (M2, ψq) with quantum edge space S ⊂
M2. Set

V (q) :=
{(
x0 x1 x2 x3

)t ∈ C
4 : x0σ0 + x1σ1 + x2σ2 + x3σ

(q)
3 ∈ S

}
,

where

σ
(q)
3 :=

(
q−2 0
0 −1

)
.

For the purposes of this paper, we call V (q) the q-adjusted Pauli space of G.
The advantage of the q-adjusted Pauli space is that it is easier to tell from V (q) if

the corresponding quantum graph is loopfree.

Lemma 3.6 Two quantum graphs G1,G2 on (M2, ψq) for q ∈ (0, 1) with q-adjusted

Pauli spaces V (q)
1 , V (q)

2 ⊂ C
4, respectively, are isomorphic if and only if there is a

rotation R ∈ SO(2) such that

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦ V (q)

1 = V (q)
2 or equivalently

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦ V1 = V2.

Further, G1 is loopfree if and only if V (q)
1 ⊥ e0 holds with respect to the standard

inner product on C
4.

Proof The first statement follows again from Proposition 2.3 and Definition 3.1. For
the final claim, observe

〈I2, σ (q)
3 〉KMS

ψ−1
q

= 1

1 + q2
Tr

((
q 0
0 1

)(
q−2 0
0 −1

)(
q 0
0 1

))
= 0.
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Analogously, one checks 〈I2, σi 〉KMS
ψ−1
q

= 0 for i = 1, 2. Thus, G1 is loopfree if and

only if V (q)
1 ⊥ e0. ��

Remark 3.7 Note that we consider the spaces V , V (q) ⊂ C
4 associated to a quantum

graph G on (M2, τ ), (M2, ψq), respectively, as equipped with the standard inner prod-
uct of C

4. On the other hand, the quantum edge space S ⊂ Mn is often equipped with
the KMS-inner product induced by ψ−1, e.g. in the definition of reflexive/loopfree
quantum graphs and in the next section in the definition of complement graphs of G.

3.2 Complements of quantum graphs

The aim of this paper is to classify all directed and undirected quantum graphs on M2.
For that, it suffices to classify quantum graphs with one or two quantum edges, for the
other ones are obtained as complements from these quantum graphs. Let us discuss
this in more detail.

In what follows, we describe quantum graphs only by their quantum edge space and
do not discuss the related quantum adjacency matrices and quantum edge projections.

Definition 3.8 Let G be a quantum graph on the quantum set (Mn, ψ) with quantum
edge space S ⊂ Mn . Further, let S⊥ be the orthogonal complement of S with respect
to the KMS-inner product induced by ψ−1.

1. We call the quantum graph G⊥ with quantum edge space S⊥ the complement
quantum graph of G.

2. If G is loopfree, i.e. In ⊥ S, then G⊥ is reflexive, and we can write

S⊥ = S′ ⊕ CIn

as an orthogonal direct sum with respect to the KMS-inner product induced by
ψ−1. We call the quantum graph G′ with quantum edge space S′ the loopfree
complement quantum graph of G.

Remark 3.9 The complement of the quantum graph G can equivalently be described
in terms of its quantum adjacency matrix. In fact, if G has quantum adjacency matrix
A : Mn → Mn then G⊥ has quantum adjacency matrix J − A, where J is the quantum
adjacency matrix of the complete quantum graph.

To see this, let {Xi }∪{Y j } be an ONB of Mn with respect to the KMS-inner product
induced by ψ−1 such that {Xi } is an ONB of S, where S is the quantum edge space
of G. Then, according to Proposition 2.5 the quantum adjacency matrix A⊥ of G⊥ is
given by

A⊥ : x �→
∑
j

ρ− 1
4 Y jρ

1
4 xρ

1
4 Y ∗

j ρ
− 1

4

=
⎛
⎝∑

i

ρ− 1
4 Xiρ

1
4 xρ

1
4 X∗

i ρ
− 1

4 +
∑
j

ρ− 1
4 Y jρ

1
4 xρ

1
4 Y ∗

j ρ
− 1

4

⎞
⎠
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−
∑
i

ρ− 1
4 Xiρ

1
4 xρ

1
4 X∗

i ρ
− 1

4

= J (x) − A(x).

Let us mention that such constructions were used by Gromada in [6, Example 1.18].

Lemma 3.10 With the notation from the previous Definition 3.8 we have the following.

1. The assignment G �→ G⊥ defines a 1-1 correspondence between the isomorphism
classes of quantum graphs with k quantum edges and quantum graphs with n2 − k
quantum edges on (Mn, ψ) for all k = 0, . . . , n2.

2. The assignment G �→ G′ defines a 1-1 correspondence between the isomorphism
classes of loopfree quantum graphs with k quantum edges and loopfree quantum
graphs with n2 − k − 1 quantum edges on (Mn, ψ) for all k = 0, . . . , n2 − 1.

Proof Ad (1). Evidently, if G has k quantum edges, then G⊥ has n2−k quantum edges,
and the assignment G �→ G⊥ is bijective. Thus, it remains to show that the mapping
preserves isomorphism classes. For that, assume G1 ∼= G2 for two quantum graphs
with quantum edge spaces S1, S2 ⊂ Mn , respectively. Then there is an automorphism
π : Mn → Mn of the quantum set (Mn, ψ) such that π(S1) = S2. It follows directly
that π(S⊥

1 ) = π(S⊥
2 ) since π preserves the KMS-inner product induced by ψ−1 (see

the proof of Definition 3.1). Hence, π is an isomorphism of G⊥
1 and G⊥

2 .
Ad (2). As before the claim about the number of quantum edges is evident. It

remains to prove that G �→ G′ preserves isomorphism classes. Let G1 ∼= G2 and π as
above, and assume that the two quantum graphs are loopfree. Since π(In) = In , one
obtains from π(S⊥

1 ) = S⊥
2 immediately

π(S′
1) ⊕ CIn = π(S′

1 ⊕ CIn) = π(S⊥
1 ) = S⊥

2 = S′
2 ⊕ CIn,

where all direct sums are orthogonal. Consequently, π(S′
1) = S′

2 and G′
1

∼= G′
2. ��

Remark 3.11 In view of the previous lemma, for a complete classification of quantum
graphs on (M2, ψ) it suffices to classify quantum graphs with one quantum edge
and non-loopfree quantum graphs with two quantum edges. Indeed, there is only one
quantum graph with zero quantum edges, namely the empty quantum graph with
quantum edge space S = {0}. Further, all loopfree quantum graphs with two quantum
edges are by Lemma 3.10 of the form G′ where G is a loopfree quantum graph with
one quantum edge. Next, all quantum graphs with three quantum edges are of the form
G⊥ for quantum graphs G with one quantum edge. Finally, there is only one quantum
graph with four quantum edges, namely the complete quantum graph.

4 Classification of lines in C
2 and C

3

In this section we prepare later work by classifying lines in C
2 and C

3 up to particular
orthogonal transformations.
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4.1 Lines inC
2 and theMöbius transformation

In this section we classify the lines in C
2 up to a rotation R ∈ SO(2) and up to an

orthogonal transformation R ∈ O(2), respectively. The central tool for this is the
Möbius transformation which defines an action of GL2(C) on Ĉ := C ∪ {∞} via

(
a b
c d

)
· z = az + b

cz + d
.

We will use the following two facts:

1. To any nonzero vector u = (z1 z2
)t ∈ C

2 we may associate the number

ϕ(u) := z1
z2

in the complex sphere Ĉ. This number completely describes the line span{u}, and
for any two nonzero vectors u1, u2 ∈ C

2 one has

u1 ∈ span{u2} ⇔ ϕ(u1) = ϕ(u2).

2. For any matrix X ∈ GL2(C) and vector u ∈ C
2 one has

ϕ(Xu) = X · ϕ(u).

Lemma 4.1 Let v ∈ C
2 \ {0}.

1. There is a unique β ∈ [−1, 1] such that

Rv ∈ span

{(
1
iβ

)}

holds for some R ∈ SO(2).
2. There is a unique β ∈ [0, 1] such that

Rv ∈ span

{(
1
iβ

)}

holds for some R ∈ O(2).

Proof Due to the properties of the Möbius transformation discussed above, we have

Rv ∈ span{vβ} ⇔ R · ϕ(v) = ϕ(vβ)

for all R ∈ O(2) and vβ := (
1 iβ

)t ∈ C
2. Hence, to prove the two statements we

need to consider the orbits of the action of SO(2) and O(2), respectively, on Ĉ given
by the Möbius transformation.
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Ad (1). Any special orthogonal matrix R ∈ SO(2) is of the form

R =
(

a b
−b a

)

for some a + ib ∈ S1 with a, b ∈ R. For the matrix

P :=
(
1 −i
1 i

)

one has

P

(
a b

−b a

)
P−1 =

(
a + ib 0

0 a − ib

)
.

Writing a + ib = eit , it follows for all z ∈ Ĉ

(
P

(
a b

−b a

)
P−1

)
· z = eit z

e−i t
= e2i t z.

Using that, we get for any two z1, z2 ∈ Ĉ

R · z1 = z2 for some R ∈ SO(2)

⇔ (PRP−1) · (P · z1) = P · z2 for some R ∈ SO(2)

⇔ e2i t (P · z1) = P · z2 for some t ∈ R

⇔ |P · z1| = |P · z2|,

where we use the convention |∞| = ∞. Thus, the orbits of SO(2) � Ĉ are exactly

Or = {P−1 · z : |z| = r} with r ∈ [0,∞].

A system of representatives is given by the numbers −iβ−1 with β ∈ [−1, 1]. Indeed,
we have

−iβ−1 = P−1 · (P · (−iβ−1)) with P · (−iβ−1) = −iβ−1 − i

−iβ−1 + i
= 1 + β

1 − β
,

and the latter term defines a bijective map from [−1, 1] to [0,∞]. Since for the vector
vβ := (1 iβ

)t ∈ C
2 we have ϕ(vβ) = 1

iβ = −iβ−1 the statement follows.
Ad (2). Any matrix in O(2) is of the form

(−1 0
0 1

)ε

R with ε ∈ {0, 1}, R ∈ SO(2).
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In order to classify the orbits of the action O(2) � Ĉ given by the Möbius transfor-
mation we, therefore, need only find out which orbits Or of SO(2) � Ĉ are linked by
the matrix diag(−1, 1). For any z ∈ Ĉ one has

(
P

(−1 0
0 1

)
P−1

)
· z =

(
0 −1

−1 0

)
· z = −1

−z
= 1

z
.

Hence, for any z1, z2 ∈ Ĉ it is

diag(−1, 1) · z1 = z2

⇔
(
Pdiag(−1, 1)P−1

)
· (P · z1) = P · z2

⇔ (P · z1)−1 = P · z2,

and for any z ∈ Ĉ the numbers P−1 ·z and P−1 ·z−1 are in the same orbit of O(2) � Ĉ.
Consequently, the orbits of this action are exactly

O ′
r := {P−1 · z : |z| ∈ {r , r−1}} with r ∈ [1,∞].

A system of representatives is given by {−iβ−1 : β ∈ [0, 1]} since for β ∈ [0, 1] the
term

P · (−iβ−1) = 1 + β

1 − β

ranges over [1,∞]. The statement follows in the same way as above. ��
The previous proof has a very visual interpretation: Every line span{u}with u ∈ C

2

corresponds to a point on the Riemann sphere. After applying the transformation P ,
the action of SO(2) ∼= S1 corresponds to spinning this sphere around the axis through
the points 0 and ∞. The group O(2) is obtained from SO(2) by adding the generator
diag(−1, 1) whose action on the sphere swaps the upper and lower half sphere.

4.2 Vectors inC
2 andC

3 up to a real rotation

In this section, we prepare the lemmas which will be crucial to our later classification
of quantum graphs. Building on the previous section, we find canonical spanning
vectors of lines in C

3 and C
2 up to a real rotation. For later purposes we also list all

real rotations which preserve these canonical vectors.

Lemma 4.2 For every non-vanishing vector v ∈ C
3 there exists some λ ∈ C and

R ∈ SO(3) such that one has

λRv =
⎛
⎝

1
iβ
0

⎞
⎠
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for some β ∈ [0, 1]. Similarly, for every non-vanishing v ∈ C
2 there exists some

λ ∈ C and R ∈ SO(2) such that

λRv =
(
1
iβ

)

holds for some β ∈ [−1, 1].
Proof Let v = x+iy for real vectors x, y ∈ R

3. Clearly, there is a rotation R1 ∈ SO(3)

such that R1x ∈ span{e1} = span
{(
1 0
)t}. Let R1y =: (y1 y2 y3

)t . Then there is a

rotation R2 ∈ SO(2) which sends
(
y2 y3

)t into span
{(
1 0
)t}. Consequently, we have

[
1 0
0 R2

]
R1v =

⎛
⎝
a + ib
ic
0

⎞
⎠

for some real numbers a, b, c ∈ R. Finally, by Lemma 4.1(2) there exists some orthog-
onal matrix R3 ∈ O(2) and β ∈ [0, 1] such that

R3

(
a + ib
ic

)
∈ span

{(
1
iβ

)}
.

By choosing κ ∈ {1,−1} and λ ∈ C suitably we obtain

[
R3 0
0 κ

]
∈ SO(3) and λ

[
R3 0
0 κ

] [
1 0
0 R2

]
R1v =

⎛
⎝

1
iβ
0

⎞
⎠ .

The last statement follows directly from Lemma 4.1. ��
Lemma 4.3 For β, β ′ ∈ [0, 1], λ ∈ C and R ∈ SO(3) we have

λR

⎛
⎝

1
iβ
0

⎞
⎠ =

⎛
⎝

1
iβ ′
0

⎞
⎠ (1)

if and only if β = β ′ and one of the following is true.

(a) β = 1, λ = x + iy ∈ S1 (x, y ∈ R) and R =
⎛
⎝
x −y 0
y x 0
0 0 1

⎞
⎠,

(b) β ∈ (0, 1), λ = ±1 and R =
⎛
⎝

λ 0 0
0 λ 0
0 0 1

⎞
⎠,

(c) β = 0, λ = ±1 and R =
[

λ 0
0 Q

]
for some Q ∈ O(2) with det(Q) = λ.
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Proof First, it is a simple calculation to check that (a), (b) and (c) entail (1). Write

R =
⎛
⎝
a b ∗
c d ∗
e f ∗

⎞
⎠

with a, b, c, d, e, f ∈ R. Then (1) reads

λR

⎛
⎝

1
iβ
0

⎞
⎠ = λ

⎛
⎝
a + ibβ
c + idβ

e + i f β

⎞
⎠ =

⎛
⎝

1
iβ ′
0

⎞
⎠ . (2)

For β = 0, one easily checks that (1) holds if and only if (c) from the statement is
true. Thus, we assume from now on β �= 0. Then the equality in the third component
in (2) entails e = f = 0. Since the matrix R is orthogonal with determinant 1, R must
be of the form

R =
⎛
⎝

a b 0
∓b ±a 0
0 0 ±1

⎞
⎠

with a2 + b2 = 1. Then (1) becomes

λR

⎛
⎝

1
iβ
0

⎞
⎠ = λ

⎛
⎝

a + ibβ
∓b + (±iaβ)

0

⎞
⎠ =

⎛
⎝

1
iβ ′
0

⎞
⎠ .

Equality in the first component yields

λ = 1

a + ibβ
.

Then the second component gives us

∓b + (±iaβ)

a + ibβ
= (∓b + (±iaβ))(a − ibβ)

a2 + b2β2 = ∓ab + (±abβ2) + i(±a2β + (±b2β))

a2 + b2β2

= iβ ′.

Looking at the real and imaginary part of this equation separately, we arrive at

0 = ∓ab + (±abβ2) = ±ab(β2 − 1), (3)

±β ′ = a2β + b2β

a2 + b2β2 = β

a2 + b2β2 . (4)

We do a case distinction to discuss the solutions a, b, β, β ′ to these equations.

123



28 Page 24 of 49 N. Kiefer, B. Schäfer

1. If β = 1, then (3) is satisfied by all a, b ∈ R with a2 + b2 = 1. The equation (4)
is equivalent to

±β ′ = β = 1.

Since β, β ′ ∈ [0, 1] the sign in the above equation must be positive, and we obtain
β ′ = β as well as

R =
⎛
⎝

a b 0
−b a 0
0 0 1

⎞
⎠ .

Further, we have λ = 1
a+ib = a − ib, and this proves (a).

2. If β �= 1 and a �= 0, then (3) entails b = 0. Consequently, we must have a ∈
{−1, 1} since a + ib ∈ S1 is orthogonal, and (4) tells us

±β ′ = β.

As before, the sign in this equation must be positive, and we get β ′ = β as well as

R =
⎛
⎝

−1 0 0
0 −1 0
0 0 1

⎞
⎠ or R =

⎛
⎝
1 0 0
0 1 0
0 0 1

⎞
⎠

depending on whether a = 1 or a = −1. Further, λ = 1
a and thus (b) from the

statement holds.
3. If β �= 1 and a = 0, then b ∈ {−1, 1} and (4) yields

±β ′ = 1

β
.

(Recall that we assume β �= 0.) This contradicts the assumption that both β and
β ′ are in [0, 1], and therefore this case is not applicable. ��
For the classification of nontracial quantum graphs we will need the following very

similar lemma.

Lemma 4.4 For β, β ′ ∈ [−1, 1], λ ∈ C and R ∈ SO(2) we have

λR

(
1
iβ

)
=
(

1
iβ ′
)

(5)

if and only if β = β ′ and one of the following is true.

(a) β = ±1, λ = x + iy ∈ S1 (x, y ∈ R) and R =
(

x −β y
β y x

)
,

(b) β ∈ (−1, 1), λ = ±1 and R = λI2.
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Proof The proof is very similar to the previous lemma. First, one checks that (a) and
(b) entail (5). Now, if β = 0, then one immediately observes (5) implies (b). To prove
this implication for general β, write

R :=
(

a b
−b a

)

with a + ib ∈ S1. Similarly as in the previous proof, the equation (5) is equivalent to

λ = 1

a + ibβ

and

0 = −ab + (abβ2) = ab(β2 − 1), (6)

β ′ = a2β + b2β

a2 + b2β2 = β

a2 + b2β2 . (7)

Let us make a case distinction.

1. If β = ±1, then (6) is satisfied by all a + ib ∈ S1. The equation (7) yields

β ′ = β

and further we have λ = 1
a+ibβ = a − ibβ. Thus, we obtain (a).

2. If |β| < 1 and a �= 0, then (6) entails b = 0. Consequently, we must have
a ∈ {−1, 1} since a + ib ∈ S1 and (7) tells us

β ′ = β.

Thus, we obtain (b) with λ = 1
a+ibβ = a.

3. If 0 �= |β| < 1 and a = 0, then we must have b = ±1. Hence, (7) yields

β ′ = 1

β
.

This contradicts the assumption that both β and β ′ are in [−1, 1]. Therefore this
case is not applicable. ��

5 Tracial quantum graphs with one quantum edge

In this section, we classify all quantum graphs on (M2, τ ) = (M2, 2Tr) with one
quantum edge. As discussed in Sect. 3.1, for that we need to classify all lines V ⊂ C

4

up to a real rotation of the last three components. With the help of Lemmas 4.2 and
4.3 one obtains the following result.
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Lemma 5.1 For every line in V ⊂ C
4 exactly one of the following is true.

(A) It is V = span{e0} = span
{(
1 0 0 0

)t} =: V (1A).

(B) There are α ∈ C and β ∈ [0, 1] such that

[
1 0
0 R

]
V = span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

α

1
iβ
0

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

=: V (1B)
α,β

holds for some R ∈ SO(3) and

β = 1 �⇒ α ∈ [0,∞),

β ∈ [0, 1) �⇒ arg(α) ∈ [0, π).
(∗)

Denote the index set J (1B) := {(α, β) : (∗) is fulfilled}.
Further, the numbers α and β in (B) are unique.

Proof If V = span{e0}, then (A) is obviously true. Further, we have

[
1 0
0 R

]
span{e0} = span{e0}

for all R ∈ SO(3) and therefore (B) is false. It remains to consider the case where
V �= span{e0}. Then there is some vector

v =

⎛
⎜⎜⎝

v0
v1
v2
v3

⎞
⎟⎟⎠ ∈ V with v′ :=

⎛
⎝

v1
v2
v3

⎞
⎠ �= 0.

Note that v spans V since the latter is a one-dimensional vector space. By Lemma 4.2
there is a β ∈ [0, 1] with

(
1 iβ 0

)t = λRv′,

for some λ ∈ C and R ∈ SO(3). Let α ∈ C be given by

⎛
⎜⎜⎝

α

1
iβ
0

⎞
⎟⎟⎠ = λ

[
1 0
0 R

]
v.

123



Complete classification of directed quantum graphs… Page 27 of 49 28

We discuss the uniqueness of α ∈ C and β ∈ [0, 1]. For that, assume that we have

⎛
⎜⎜⎝

α

1
iβ
0

⎞
⎟⎟⎠ = λ′

[
1 0
0 R′

]
⎛
⎜⎜⎝

α′
1
iβ ′
0

⎞
⎟⎟⎠

for some λ′ ∈ C, R′ ∈ SO(3), α′ ∈ C and β ′ ∈ [0, 1]. By Lemma 4.3 the latter
equation holds if and only if one of the following is true.

(a) β = 1, λ′ = x + iy ∈ S1 (x, y ∈ R) and R =
⎛
⎝
x −y 0
y x 0
0 0 1

⎞
⎠.

(b) β ∈ (0, 1), λ′ = ±1 and R =
⎛
⎝

λ′ 0 0
0 λ′ 0
0 0 1

⎞
⎠,

(c) β = 0, λ′ = ±1 and R =
[

λ′ 0
0 Q

]
for some Q ∈ O(2) with det(Q) = λ′.

In all cases we have β = β ′ as well as α = λ′α′. Thus, in the case β = 1, the number
α is unique up to a multiplication with a scalar from S1; while in the latter cases α is
unique up to sign. ��

Using the previous lemma, we can classify the tracial quantum graphs with one
quantum edge.

Theorem 5.2 Let G(1A) and G(1B)
α,β be the quantum graphs with Pauli spaces V (1A) and

V (1B)
α,β , respectively. Any quantum graph G on (M2, τ ) with exactly one quantum edge

is isomorphic to either G(1A), the trivial quantum graph from Example 2.8, or exactly
one of the quantum graphs G(1B)

α,β with (α, β) ∈ J (1B).

Proof Let G be an arbitrary quantum graph on (M2, τ ) with one quantum edge. By
Lemma 5.1 its Pauli space V is either span{e0} or of the form

V =
[
1 0
0 R

]
V (1B)

α,β

for some R ∈ SO(3) and unique (α, β) ∈ J (1B). In the first case, G is the trivial graph
with self-loops forming the one quantum edge. Otherwise, Lemma 3.4 yields that G
is isomorphic to G(1B)

α,β . ��
In Example 2.13 we already discussed the properties of the trivial graph G(1A). Let

us now also investigate the quantum graphs G(1B)
α,β with (α, β) ∈ J (2).

Proposition 5.3 Let (α, β) ∈ J (1B) and denote β+ := 1 + β and β− = 1 − β. The
quantum graph G(1B)

α,β has the quantum edge space

S(1B)
α,β = span

{(
α β+
β− α

)}
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and the quantum adjacency matrix

A(1B)
α,β = c−1

⎛
⎜⎜⎝

|α|2 αβ+ αβ+ β2+
αβ− |α|2 β−β+ αβ+
αβ− β−β+ |α|2 αβ+
β2− αβ− αβ− |α|2

⎞
⎟⎟⎠ ,

where c := |α|2 + 1 + β2 with respect to the standard basis of C
4 (see Remark 2.6).

Its spectrum is

1

|α|2 + 1 + β2

{ ∣∣∣∣α +
√
1 − β2

∣∣∣∣
2

,

(
α −

√
1 − β2

)(
α +

√
1 − β2

)
,

∣∣∣∣α −
√
1 − β2

∣∣∣∣
2

,

(
α +

√
1 − β2

)(
α −

√
1 − β2

)}
.

The quantum graph G(1B)
α,β is

• (GNS- respectively KMS-) undirected if and only if α ∈ R and β = 0.
• Never reflexive,
• Loopfree if and only if α = 0.

Proof In this proof, let us omit the indices α, β and (1B) for the sake of brevity, i.e.
we denote G(1B)

α,β simply by G. Using the definition of the Pauli space of a quantum
graph from Sect. 3.1, the quantum edge space of G is given by

span {ασ0 + σ1 + iβσ2} = span

{(
α 1 + β

1 − β α

)}
.

Set

T :=
(

α β+
β− α

)

and recall that τ = 2Tr = Tr(ρ ·) with

ρ =
(
2 0
0 2

)
.

Thus, τ−1 = 1/2 Tr and the KMS-inner product induced by τ−1 is given by

〈x, y〉KMS
τ−1 = 1

2
Tr(x∗y).

The norm of T with respect to the KMS-inner product induced by τ−1 is

‖T ‖2 = 〈T , T 〉KMS
τ−1 = 1

2
Tr

((
α β−
β+ α

)(
α β+
β− α

))
= |α|2 + 1 + β2 = c.
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Thus, {c−1/2T } is an orthonormal basis of S, and, after identifying the quantum adja-
cency matrix A : M2 → M2 with a matrix A ∈ M4 according to Proposition 2.5 and
Remark 2.6, we have

A = c−1 (T ⊗ T
) = c−1

(
α β+
β− α

)
⊗
(

α β+
β− α

)
.

A simple calculation of the Kronecker product yields the desired expression for A. It
is easy to check that the spectrum of T consists of the two numbers

α +
√
1 − β2 and α −

√
1 − β2.

Therefore, the spectrum of A = c−1
(
T ⊗ T

)
is the set

c−1
{
α +

√
1 − β2, α −

√
1 − β2

}
·
{
α +

√
1 − β2, α −

√
1 − β2

}
,

where the elements of the set on the right-hand side are pairwise multiplied with the
elements of the set on the left-hand side.

Recall that, in the tracial setting, a quantum graph is GNS-undirected if and only
if it is KMS-undirected if and only if the quantum edge space is self-adjoint. Since
S = span{T }, this condition is equivalent to

(
α β−
β+ α

)
= λ

(
α β+
β− α

)

for some λ ∈ C. Since β−, β+ ∈ [0, 2] the equations β+ = λβ− and β− = λβ+
are fulfilled if and only if λ = 1 and β = 0, and thus, α ∈ R. Next, the graph G
is reflexive if and only if I2 ∈ S. Since β+ �= 0 for all β ∈ [0, 1] this is not true
and thus, the quantum graph G is not reflexive. Finally, G is loopfree if and only if
〈I2, T 〉KMS

τ−1 = α = 0. ��
Remark 5.4 As a special case we retain from Theorem 5.2 a classification of all
undirected quantum graphs on (M2, τ ). Up to isomorphism there are exactly two
(GNS-/KMS-)undirected quantum graphs on (M2, τ ): the trivial quantum graph G(1A)

and the quantum graph G(1B)
0,0 with quantum adjacency matrix

A(1B)
0,0 =

⎛
⎜⎜⎝
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞
⎟⎟⎠ ,

see Proposition 5.3. One can check that this aligns perfectly with Matsuda’s and
Gromada’s classification of tracial undirected quantum graphs onM2, see [7, Theorem
3.1] and [6, Theorem 3.11].
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6 Non-loopfree tracial quantum graphs with two quantum edges

In this section, we classify all non-loopfree quantum graphs on (M2, τ ) = (M2, 2Tr)
with two quantum edges. In view of Remark 3.11, together with the classification of
quantum graphs on (M2, τ )with one quantum edge this yields a complete classificaton
of quantum graphs on (M2, τ ).

Non-loopfree quantum graphs with two quantum edges are given by two-
dimensional Pauli spaces V ⊂ C

4 which are not orthogonal to span{e0} where we
denote the standard basis of C

4 by (e0, e1, e2, e3). Similarly to the previous section,
we use Lemmas 4.2 and 4.3 to classify these spaces up to a real rotation of the last
three components.

Lemma 6.1 Let V ⊂ C
4 be a plane with V �⊥ e0. Then there are unique numbers

β ∈ [0, 1], γ, δ ∈ C such that

[
1 0
0 R

]
V = span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

0
1
iβ
0

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

1
iβγ

γ

δ

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

=: V (2)
β,γ,δ

holds for some R ∈ SO(3), and

β = 0,
γ

δ
�= ±i �⇒ arg(γ ) ∈ [0, π), arg(δ) = arg(γ ) + π, |δ| ≤ |γ |,

β = 0,
γ

δ
= ±i �⇒ γ ∈ [0,∞), arg(δ) = arg(γ ) + π, |δ| ≤ γ,

β ∈ (0, 1) �⇒ arg(γ ) ∈ [0, π),

β = 1 �⇒ γ ∈ [0,∞).

(∗)

Denote the index set J (2) := {(β, γ, δ) : (∗) is fulfilled}.
Proof Since V is not orthogonal to e0 there is an (up to a scalar factor) unique vector
v ∈ C

3 such that

v =:

⎛
⎜⎜⎝

0
v1
v2
v3

⎞
⎟⎟⎠ ∈ V .

Indeed, if there were two linear independent such vectors v, v′ ∈ C
3, then span{v, v′}

would be a two-dimensional subspace of V . Since dim(V ) = 2, it would follow that
V is orthogonal to e0 – contradicting the assumption. Since v is orthogonal to e0, by
Lemma 4.2 there exists a number β ∈ [0, 1] such that

⎛
⎜⎜⎝

0
1
iβ
0

⎞
⎟⎟⎠ = λ

[
1 0
0 R

]
v
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holds for some λ ∈ C and an R ∈ SO(3). Let w ∈ V be another vector that is orthog-
onal to v and such that V = span{v,w}. Then w has non-vanishing first component.
Without loss of generality, we may assume that its first component is w1 = 1. Using
v ⊥ w one can check that there are numbers γ, δ ∈ C such that

⎛
⎜⎜⎝

1
iβγ

γ

δ

⎞
⎟⎟⎠ =

[
1 0
0 R

]
w.

It remains to investigate uniqueness of β, γ, δ. Assume that

span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

0
1
iβ
0

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

1
iβγ

γ

δ

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

=
[
1 0
0 R

]
span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

0
1
iβ ′
0

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

1
iβ ′γ ′
γ ′
δ′

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

holds for some R ∈ SO(3), β ′ ∈ [0, 1] and γ ′, δ′ ∈ C. Looking at the first components
of the spanning vectors one checks that this is equivalent to

⎛
⎜⎜⎝

0
1
iβ
0

⎞
⎟⎟⎠ = λ′

[
1 0
0 R

]
⎛
⎜⎜⎝

0
1
iβ ′
0

⎞
⎟⎟⎠ and

⎛
⎜⎜⎝

1
iβγ

γ

δ

⎞
⎟⎟⎠ =

[
1 0
0 R

]
⎛
⎜⎜⎝

1
iβ ′γ ′
γ ′
δ′

⎞
⎟⎟⎠

for some λ′ ∈ C. The first equation and Lemma 4.3 entail β ′ = β. It remains to
investigate uniqueness of the numbers γ, δ ∈ C with

⎛
⎝

1
iβ
0

⎞
⎠ = λ′R

⎛
⎝

1
iβ
0

⎞
⎠ and

⎛
⎝
iβγ

γ

δ

⎞
⎠ = R

⎛
⎝
iβγ ′
γ ′
δ′

⎞
⎠ . (8)

By Lemma 4.3 the first equality holds if and only if one of the following is true.

(a) β = 1, λ′ = x + iy ∈ S1 (x, y ∈ R) and R =
⎛
⎝
x −y 0
y x 0
0 0 1

⎞
⎠. In this case, one checks

that the second equation in (8) is equivalent to γ = λ′γ ′ and δ = δ′. Thus, the pair
(γ, δ) can be chosen uniquely such that γ ≥ 0.

(b) β ∈ (0, 1), λ′ = ±1 and R =
⎛
⎝

λ′ 0 0
0 λ′ 0
0 0 1

⎞
⎠. In this case the second equation is

equivalent to γ = λ′γ ′ and δ = δ′. Thus, the pair (γ, δ) can be chosen uniquely
such that arg(γ ) ∈ [0, π).
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(c) β = 0, λ′ = ±1 and R =
[

λ′ 0
0 Q

]
∈ SO(3) for some Q ∈ O(2)with det(Q) = λ′.

In this case, the second equality is equivalent to

(
γ

δ

)
= Q

(
γ ′
δ′
)

.

By Lemma 4.1 we can choose Q ∈ O(2) such that

κ

(
1
iη

)
= Q

(
γ ′
δ′
)

holds for some κ ∈ C and η ∈ [0, 1], where η is unique by Lemma 4.4. By the
same lemma, the number κ is unique up to scalar multiplication from S1 if η = 1
and unique up to a sign if η < 1. The first case applies if and only if γ /δ = ±i .
Indeed, the map ϕ from Sect. 4.1 that sends a vector from C

2 to the quotient of its
first and second component satisfies

ϕ

((
1
i

))
= −i

and an inspection of the Möbius transform from Sect. 4.1 shows

ϕ(u) = −i ⇔ ∃T ∈ O(2) : ϕ(Tu) = ±i

for all u ∈ C
2 \ {0}. It follows that the pair (γ, δ) can be chosen uniquely such that

arg(γ ) ∈ [0, π) , arg(δ) = arg(γ ) + π and |δ| ≤ |γ |

and additionally γ ≥ 0 if γ /δ = ±i . ��
Using the previous lemma, we can classify the tracial non-loopfree quantum graphs

with two quantum edges.

Theorem 6.2 Let G(2)
β,γ,δ be the quantum graph with Pauli space V (2)

β,γ,δ . Any non-
loopfree quantum graph G on (M2, τ ) with exactly two quantum edges is isomorphic
to exactly one of the quantum graphs G(2)

β,γ,δ where (β, γ, δ) ∈ J (2).

Proof Let G be a quantum graph on (M2, τ ) with Pauli space V ⊂ C
4. As G is non-

loopfree, we have V �⊥ e0 by Lemma 3.4. By Lemma 6.1 there exists a unique triple
(β, γ, δ) ∈ J (2) with

V =
[
1 0
0 R

]
V (2)

β,γ,δ

for some R ∈ SO(3). The statement follows from Lemma 3.4. ��
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According to the last theorem, we can describe all non-loopfree quantum graphs
with two quantum edges by V (2)

β,γ,δ where (β, γ, δ) ∈ J (2).

Proposition 6.3 Let (β, γ, δ) ∈ J (2). Denote δ+ := 1 + δ ∈ C, δ− := 1 − δ ∈ C,
β+ := 1 + β and β− := 1 − β. The quantum graph G(2)

β,γ,δ has the quantum edge
space

S(2)
β,γ,δ = span

{(
0 β+

β− 0

)
,

(
δ+ −iγβ−

iγβ+ δ−

)}

and the quantum adjacency matrix

A(2)
β,γ,δ =c−1

1

⎛
⎜⎜⎝

0 0 0 β2+
0 0 β−β+ 0
0 β−β+ 0 0

β2− 0 0 0

⎞
⎟⎟⎠

+ c−1
2

⎛
⎜⎜⎝

|δ+|2 iγ β−δ+ −iγβ−δ+ |γ |2β2−
−iγ β+δ+ δ+δ− −|γ |2β−β+ −iγβ−δ−
iγβ+δ+ −|γ |2β−β+ δ+δ− iγ β−δ−
|γ |2β2+ iγβ+δ− −iγ β+δ− |δ−|2

⎞
⎟⎟⎠

where c1 := 1 + β2 and c2 := 1 + |δ|2 + |γ |2(1 + β2) with respect to the standard
basis of C

4 (see Remark 2.6). The quantum graph G(2)
β,γ,δ is

• (GNS- respectively KMS-) undirected if and only if β = 0 and γ, δ ∈ R,
• Reflexive if and only if δ = γ = 0,
• Never loopfree.

Proof The proof is similar to the proof of Proposition 5.3. To simplify notation, we
omit the indices in the proof. Using the definition of the Pauli space of a quantum
graph from Sect. 3.1, the quantum edge space of G is

S := span

{(
0 β+

β− 0

)
,

(
δ+ −iγβ−

iγβ+ δ−

)}
.

Denote

T1 :=
(

0 β+
β− 0

)
and T2 :=

(
δ+ −iγβ−

iγβ+ δ−

)
.

To calculate the adjacency matrix, we normalize T1 and T2 with respect to the KMS-
inner product and get

‖T1‖2 = 1

2
Tr

((
0 1 − β

1 + β 0

)(
0 1 + β

1 − β 0

))
= 1 + β2 = c1
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and

‖T2‖2 = 1

2
Tr

((
1 + δ −iγ (1 + β)

iγ (1 − β) 1 − δ

)(
1 + δ −iγ (1 − β)

iγ (1 + β) 1 − δ

))

= 1 + |δ|2 + |γ |2(1 + β2) = c2.

With Proposition 2.5 and Remark 2.6, we get the adjacency matrix

A := c−1
1

(
0 β+

β− 0

)
⊗
(

0 β+
β− 0

)
+ c−1

2

(
δ+ −iγβ−

iγβ+ δ−

)
⊗
(

δ+ iγ β−
−iγ β+ δ−

)
,

and the statement follows by calculating the Kronecker product.
Recall that the quantum graph G is undirected if and only if G is KMS-undirected

if and only if G is GNS-undirected. By Definition 2.11, this is equivalent to S = S∗.
Observe that T ∗

1 ∈ S is equivalent to T ∗
1 = μ1T1 + ν1T2 for some μ1, ν1 ∈ C.

Switching to the Pauli space this holds if and only if

⎛
⎜⎜⎝

0
1

−iβ
0

⎞
⎟⎟⎠ = μ1

⎛
⎜⎜⎝

0
1
iβ
0

⎞
⎟⎟⎠+ ν1

⎛
⎜⎜⎝

1
iβγ

γ

δ

⎞
⎟⎟⎠

which is equivalent to μ1 = 1, ν1 = 0 and β = 0. Analogously one has T ∗
2 =

μ2T1 + ν2T2 for some μ2, ν2 ∈ C if and only if

⎛
⎜⎜⎝
1
0
γ

δ

⎞
⎟⎟⎠ = μ2

⎛
⎜⎜⎝
0
1
0
0

⎞
⎟⎟⎠+ ν2

⎛
⎜⎜⎝
1
0
γ

δ

⎞
⎟⎟⎠

if and only if μ2 = 0, ν2 = 1 and γ, δ ∈ R. Thus, G is undirected if and only if β = 0
and γ, δ ∈ R.

Further, recall that G is reflexive if and only if I2 ∈ S. Equivalently, the equation

⎛
⎜⎜⎝
1
0
0
0

⎞
⎟⎟⎠ = μ

⎛
⎜⎜⎝

0
1
iβ
0

⎞
⎟⎟⎠+ ν

⎛
⎜⎜⎝

1
iβγ

γ

δ

⎞
⎟⎟⎠

is fulfilled for some μ, ν ∈ C if and only if ν = 1, μ = 0 and γ = δ = 0 since T1
and T2 are orthogonal. By assumption, the graph G is never loopfree. ��

Remark 6.4 In view of the previous proposition and Theorem 6.2 any reflexive quan-
tum graph with two quantum edges on (M2, τ ) is isomorphic to exactly one of the
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quantum graphs G(2)
β,0,0 with β ∈ [0, 1]. These quantum graphs have adjacency matrix

A(2)
β,0,0 =

⎛
⎜⎜⎜⎝

1 0 0 1+β
1−β

0 1 1 0
0 1 1 0

1−β
1+β

0 0 1

⎞
⎟⎟⎟⎠ .

The only undirected one of these quantum graphs is G(2)
0,0,0 with adjacency matrix

A(2)
0,0,0 =

⎛
⎜⎜⎝
1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1

⎞
⎟⎟⎠ .

7 Nontracial quantum graphs with one quantum edge

In this section, we classify the nontracial quantum graphs on (M2, ψq) for q ∈ (0, 1).
This is analogous to the classification of quantum graphs with one quantum edge on
(M2, τ ) from Sect. 5. In particular, we obtain undirected and/or loopfree quantum
graphs as special cases and we recover Matsuda’s result that there is exactly one GNS-
undirected loopfree quantum graph with one quantum edge on (M2, ψq) [7]. We also
observe that there exists a larger number of loopfree, KMS-undirected quantum graphs
with one quantum edge on (M2, ψq). In fact, these quantum graphs include the GNS-
undirected loopfree quantum graphs as well as a family of quantum graphs indexed
by a single nonnegative number γ ≥ 0, see Remark 7.5.

As usual, we start with a classification of Pauli spaces. Different to the previous
calculations, however, we aim at classifying the q-adjusted Pauli spaces from Defini-
tion 3.5. This makes no difference for the classification problem but allows for a better
handling of loopfree quantum graphs later on. Following Sect. 3.1, we are interested
in lines, i.e. one-dimensional subspaces, in C

4 up to a rotation of the middle two
components.

Lemma 7.1 For every line in V ∈ C
4 exactly one of the following is true.

(A) It is V = span{e0} = span
{(
1 0 0 0

)t} =: V (q,1A).

(B) There is an α ∈ C such that V = span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

α

0
0
1

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

=: V (q,1B)
α .

(C) There are α, γ ∈ C and β ∈ [−1, 1] such that

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦ V = span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

α

1
iβ
γ

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

=: V (q,1C)
α,β,γ
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holds for some R ∈ SO(2) and

β = ±1, α �= 0 �⇒ α ∈ (0,∞),

β = ±1, α = 0 �⇒ γ ∈ [0,∞),

β ∈ (−1, 1), α �= 0 �⇒ arg(α) ∈ [0, π),

β ∈ (−1, 1), α = 0 �⇒ arg(γ ) ∈ [0, π).

(∗)

Denote the index set J (q,1C) := {(α, β, γ ) : (∗) is fulfilled}.
Further, the numbers α, β, γ in (B) and/or (C), respectively, are unique.

Proof If V is orthogonal to span{e2, e3}, then it is not hard to check that either (A) or
(B) is true, and the number α in (B) is unique. Otherwise, we have V = span{v} for
some vector v ∈ C

4 such that its middle two components are not both vanishing. By
Lemma 4.1, there is a unique β ∈ [−1, 1] such that

⎛
⎜⎜⎝

α

1
iβ
γ

⎞
⎟⎟⎠ = λ

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦ v (9)

holds for some R ∈ SO(2), λ ∈ C and α, γ ∈ C. To investigate uniqueness of the
numbers α, γ , assume that we have

⎛
⎜⎜⎝

α

1
iβ
γ

⎞
⎟⎟⎠ = λ′

⎡
⎣
1 0 0
0 R′ 0
0 0 1

⎤
⎦

⎛
⎜⎜⎝

α′
1
iβ ′
γ ′

⎞
⎟⎟⎠ (10)

for some λ′ ∈ C, R′ ∈ SO(2) as well as α′, γ ′ ∈ C, β ′ ∈ [0, 1]. Lemma 4.4 tells us
that this holds if and only if one of the following is true.

(a) β = β ′ = ±1, λ′ = x + iy ∈ S1 and R′ =
(

x −β y
β y x

)
.

(b) β = β ′ ∈ (−1, 1), λ′ = ±1 and R′ = λ′I2.

In any event, it is β = β ′ as well as α = λ′α′ and γ = λ′γ ′. Thus, in the case β = ±1,
the numbers α and γ in (9) are unique up to multiplication with a scalar from S1; while
in the latter case α and γ are unique up to a sign. The statement follows immediately.
Indeed, by multiplying with a suitable scalar, in the first situation one can choose the
pair (α, γ ) canonically such that either α ∈ (0,∞) or γ ∈ [0,∞) if α = 0. In the
second situation one can choose the pair canonically such that arg(α) ∈ [0, π) or
arg(γ ) ∈ [0, π) if α = 0. ��

Using the previous lemma, we can classify the nontracial quantum graphs on
(M2, ψq) with one quantum edge.
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Theorem 7.2 LetG(q,1A),G(q,1B)
α andG(q,1C)

α,β,γ be the quantumgraphs on (M2, ψq)with

q-adjusted Pauli spaces V (q,1A), V (q,1B)
α and V (q,1C)

α,β,γ , respectively. Every quantum
graph G on (M2, ψq) with exactly one quantum edge is either the trivial quantum

graph G(q,1A) or isomorphic to exactly one of the quantum graphs G(q,1B)
α , G(q,1C)

α,β,γ

where α ∈ C and (α, β, γ ) ∈ J (q,1C).

Proof Let G be an arbitrary quantum graph on (M2, ψq) with q-adjusted Pauli space
V ⊂ C

4. By Lemma 3.6, another quantum graph G′ on (M2, ψq) with q-adjusted
Pauli space V ′ is isomorphic to G if and only if

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦ V ′ = V .

holds for some R ∈ SO(2). Consequently, the statement follows from Lemma 7.1. ��
In what follows, we discuss the quantum graphs G(q,1B)

α and G(q,1C)
α,β,γ in greater

detail. Let us start with the quantum graphs G(q,1B)
α .

Proposition 7.3 Let α ∈ C. The quantum graph G(q,1B)
α has quantum edge space

S(q,1B)
α = span

{(
α + q−2 0

0 α − 1

)}

and quantum adjacency matrix

A(q,1B)
α = c−1

⎛
⎜⎜⎝

|α + q−2|2 0 0 0
0 (α + q−2)(α − 1) 0 0
0 0 (α + q−2)(α − 1) 0
0 0 0 |α − 1|2

⎞
⎟⎟⎠ ,

where

c = 1

1 + q2

(
q2|α + q−2|2 + |α − 1|2

)
.

Its spectrum is

c
{
|α + q−2|2, (α + q−2)(α − 1), (α + q−2)(α − 1), |α − 1|2

}

with respect to the standard basis of C4 (see Remark 2.6). The quantum graph G(q,1B)
α

is

• GNS-undirected if and only if it is KMS-undirected if and only if α ∈ R,
• Never reflexive,
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• Loopfree if and only if α = 0.

Proof Let us skip the indices in the proof. The quantum edge space S is obtained
directly from the definition of the Pauli space. For

T :=
(

α + q−2 0
0 α − 1

)

one observes

(
‖T ‖KMS

ψ−1
q

)2

= 〈T , T 〉KMS
ψ−1
q

= Tr

(
T ∗ρ− 1

2
q Tρ

− 1
2

q

)

= 1

1 + q2

(
q2|α + q−2|2 + |α − 1|2

)
= c.

Then, the quantumadjacencymatrix canbe computedwithProposition2.5 andRemark
2.6

A = c−1(T ⊗ T ) = c−1(ρ
− 1

4
q Tρ

1
4
q ⊗ ρ

− 1
4

q Tρ
1
4
q ).

Its spectrum can be readily seen for it is a diagonal matrix. Finally, recall from Defi-
nition 2.11 that G is GNS-undirected if and only if S = S∗ and ρq Sρ−1

q = S. The first
condition is equivalent to asking α ∈ R, and the latter is always satisfied for

ρqTρ−1
q = T .

In particular, the quantumgraph isGNS-undirected if and only if it is KMS-undirected.
Further, the quantum graph G is never reflexive since q−2 �= −1 for all q ∈ (0, 1) and
thus, I2 /∈ S. Lastly, G is loopfree if and only if 〈T , I2〉KMS

ψ−1
q

= 0 which is equivalent

to α = 0. ��
Next, we investigate the quantum graphs G(q,1C)

α,β,γ with (α, β, γ ) ∈ J (1,qC).

Proposition 7.4 Let (α, β, γ ) ∈ J (1,qC) and denote β+ := 1 + β, β− := 1 − β,
α+ := α + q−2γ , α− := α − γ . The quantum graph G(q,1C)

α,β,γ has the quantum edge
space

S(q,1C)
α,β,γ = span

{(
α + q−2γ 1 + β

1 − β α − γ

)}

and quantum adjacency matrix

A(q,1C)
α,β,γ = c−1

⎛
⎜⎜⎜⎝

|α+|2 q
1
2 β+α+ q

1
2 β+α+ qβ2+

q− 1
2 β−α+ α+α− β+β− q

1
2 β+α−

q− 1
2 β−α+ β+β− α−α+ q

1
2 β+α−

q−1β2− q− 1
2 β−α− q− 1

2 β−α− |α−|2

⎞
⎟⎟⎟⎠ ,
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where

c := 1

1 + q2

(
q2|α+|2 + 2q(1 + β2) + |α−|2

)
.

Its spectrum is the set

c−1
{
|s+|2, s+s−, s+s−, |s−|2

}
,

for

s± := α + q−2 − 1

2
γ ±

√(
q−2 + 1

2

)2

γ 2 + 1 − β2.

The quantum graph G(q,1C)
α,β,γ is

• Not GNS-undirected,
• KMS-undirected if and only if β = 0 and α, γ ∈ R,
• Never reflexive,
• Loopfree if and only if α = 0.

Proof Let us omit the indices for the sake of brevity. The space S is obtained directly
from the Pauli space V . Let

T :=
(

α + q−2γ 1 + β

1 − β α − γ

)
=
(

α+ β+
β− α−

)
,

and observe S = span{T }. The norm of T with respect to the KMS-inner product
induced by ψ−1

q is given by

(
‖T ‖KMS

ψ−1
q

)2

= 1

1 + q2

(
q2|α+|2 + 2q(1 + β2) + |α−|2

)
= c

where the calculation is similar to the preceding lemma.Now,
{
c−1/2T

}
is an orthonor-

mal basis of S with respect to the KMS-inner product induced by ψ−1
q . Therefore,

Proposition 2.5 and Remark 2.6 yield

A = c

(
ρ

− 1
4

q Tρ
1
4
q

)
⊗
(

ρ
− 1

4
q Tρ

1
4
q

)
= c

((
α+ q

1
2 β+

q− 1
2 β− α−

)
⊗
(

α+ q
1
2 β+

q− 1
2 β− α−

))
,

and the statement follows by applying the Kronecker product. The spectrum of

(
α+ q

1
2 β+

q− 1
2 β− α−

)
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consists of the two numbers

s± := α + q−2 − 1

2
γ ±

√(
q−2 + 1

2

)2

γ 2 + 1 − β2

and the statement about the spectrum of Aα,β,γ follows immediately.
Finally, recall from Definition 2.11 that G is GNS-undirected if and only if S = S∗

and S = ρq Sρ−1
q . Since S = span{T }, this condition is equivalent to

(
α+ β−
β+ α−

)
= λ

(
α+ β+
β− α−

)
and

(
α+ q−2β+

q2β− α−

)
= μ

(
α+ β+
β− α−

)

for some λ,μ ∈ C. As β+, β− ∈ [0, 2] the first equation entails λ ∈ [0,∞), and thus
the equation holds if and only if β+ = β− and α+, α− ∈ R which is equivalent to
α, γ ∈ R andβ = 0. Then, however, the second equality asks q2 = q2β− = μβ− = μ

as well as q−2 = μ. This is impossible for q ∈ (0, 1). Hence, G is not GNS-undirected
for any admissible α, β, γ and q. However, the quantum graph is KMS-undirected
if and only if S = S∗ which holds if and only if β = 0 and α, γ ∈ R. Further,
β+ = β− = 0 is not possible for any β ∈ [−1, 1] and thus we have I2 /∈ S. Hence, G
is never reflexive. Lastly, G is loopfree if and only if 〈T , I2〉KMS

ψ−1
q

= 0. We choose the

q-adjusted Pauli space so that this is equivalent to α = 0. ��

Remark 7.5 The quantum graph G(q,1C)
α,β,γ is loopfree and KMS-undirected if and only

if β = 0, α = 0 and γ ∈ R. In fact, in this case it is γ ≥ 0 since (α, β, γ ) ∈ J (q,1C).
Thus, the loopfree KMS-undirected quantum graphs on (M2, ψq) are actually indexed
by a single non-negative number γ ≥ 0 and given by the quantum adjacency matrix

A(q,1)
0,0,γ = c

⎛
⎜⎜⎜⎝

|α+|2 q
1
2 β+α+ q

1
2 β+α+ qβ2+

q− 1
2 β−α+ α+α− β+β− q

1
2 β+α−

q− 1
2 β−α+ β+β− α−α+ q

1
2 β+α−

q−1β2− q− 1
2 β−α− q− 1

2 β−α− |α−|2

⎞
⎟⎟⎟⎠

= 1 + q2

(q−2 + 1)γ 2 + 2q

⎛
⎜⎜⎜⎝

q−4γ 2 q− 3
2 γ q− 3

2 γ q

q− 5
2 γ −q−2γ 2 1 −q

1
2 γ

q− 5
2 γ 1 −q−2γ 2 −q

1
2 γ

q−1 −q
1
2 γ −q

1
2 γ γ 2

⎞
⎟⎟⎟⎠ .

Remark 7.6 Let us discuss how the nontracial quantum graphs with one quantum edge
fits into Matsuda’s classification of GNS-undirected quantum graphs on (M2, ωq),
where ωq = 1

(q+q−1)2
ψq . In [7, Theorem 3.5(2)] the author proves that there exists

exactly one loopfree quantum graph with one quantum edge on (M2, ωq), and this
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quantum graph has the quantum adjacency matrix

A =

⎛
⎜⎜⎝
q−2 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 q2

⎞
⎟⎟⎠ .

Note that the original result is on reflexive (instead of loopfree) quantum graphs and
that Matsuda uses another basis of M2, but this can be easily adapted. Combining
our previous observations, up to isomorphism the only GNS-undirected and loopfree
quantum graph on (M2, ψq) is G(q,1B)

α with α = 0. Indeed, an inspection of Lemma
7.1 shows that there are no distinct quantum graphs on (M2, ψq)which are isomorphic

to this quantum graph G(q,1B)
0 . A detailed computation of the adjacencymatrix A(q,1B)

0
from Proposition 7.3 yields

A(q,1B)
0 =

⎛
⎜⎜⎝
q−2 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 q2

⎞
⎟⎟⎠ .

This is exactly as expected. Indeed, one can verify that A : M2 → M2 is a quantum
adjacency matrix on (M2, ψq) in our framework exactly if it is a quantum adjacency
matrix on (M2, ωq) in Matsuda’s framework.

8 Non-loopfree nontracial quantum graphs with two quantum edges

To complete the classificaton of nontracial quantum graphs it remains to investigate
the nontracial non-loopfree quantum graphs with two quantum edges. By Remark
3.11, together with Theorem 7.2 this yields the complete classification of nontracial
quantum graphs on M2.

Lemma 8.1 Let V ⊂ C
4 be a plane with V �⊥ e0 = span

{(
1 0 0 0

)t}
. Then there are

unique numbers β ∈ [−1, 1] and α, γ, δ ∈ C such that

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦ V = span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

0
1
iβ
δ

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

1
iαβ − γ δ

α

γ

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

=: V (q,2)
α,β,γ,δ

holds for some R ∈ SO(2) and

β = ±1, δ �= 0 �⇒ δ ∈ (0,∞),

β = ±1, δ = 0 �⇒ α ∈ [0,∞),

β ∈ (−1, 1), δ �= 0 �⇒ arg(δ) ∈ [0, π),

β ∈ (−1, 1), δ = 0 �⇒ arg(α) ∈ [0, π).

(∗)
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Denote the index set J (q,2) := {(α, β, γ, δ) : (∗) is fulfilled}.
Proof Up to scalar multiplication there is a unique non-vanishing vector v ∈ V of the
form

v =

⎛
⎜⎜⎝

0
v1
v2
v3

⎞
⎟⎟⎠ ∈ V .

Indeed, if there were two linearly independent vectors with vanishing first component,
they would span the whole space V – in contradiction to V �⊥ e0. Using Lemma 4.2
one finds a unique β ∈ [−1, 1] such that

(
v1
v2

)
= λR

(
1
iβ

)

holds for some λ ∈ C and R ∈ SO(2). Consequently, we have with δ := λv3

⎛
⎜⎜⎝

0
1
iβ
δ

⎞
⎟⎟⎠ = λ

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦ v.

Let w ∈ V be another vector that is orthogonal to v and such that V = span{v,w}.
Then w has non-vanishing first component since v is not orthogonal to e0 and without
loss of generality we may assume that its first component is w1 = 1. Using v ⊥ w

one readily checks that there are numbers α, γ ∈ C such that

⎛
⎜⎜⎝

1
iαβ − γ δ

α

γ

⎞
⎟⎟⎠ =

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦w.

It remains to investigate uniqueness of the numbers α, β, γ, δ ∈ C. For that, assume

span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

0
1
iβ
δ

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

1
iαβ − γ δ

α

γ

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

=
⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦ span

⎧⎪⎪⎨
⎪⎪⎩

⎛
⎜⎜⎝

0
1
iβ ′
δ′

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

1
iα′β ′ − γ ′δ′

α′
γ ′

⎞
⎟⎟⎠

⎫⎪⎪⎬
⎪⎪⎭

for some R ∈ SO(2) and β ′ ∈ [−1, 1], α′, γ ′, δ′ ∈ C. Looking at the first components
of the spanning vectors one readily checks

⎛
⎜⎜⎝

0
1
iβ
δ

⎞
⎟⎟⎠ = λ′

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦

⎛
⎜⎜⎝

0
1
iβ ′
δ′

⎞
⎟⎟⎠ (11)
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for some λ′ ∈ C and

⎛
⎜⎜⎝

1
iαβ − γ δ

α

γ

⎞
⎟⎟⎠ =

⎡
⎣
1 0 0
0 R 0
0 0 1

⎤
⎦

⎛
⎜⎜⎝

1
iα′β ′ − γ ′δ′

α′
γ ′

⎞
⎟⎟⎠ . (12)

The first equation entails δ = λ′δ′ as well as β = β ′ (due to Lemma 4.4), while the
second entails γ = γ ′. Thus, the numbers β, γ are unique. By Lemma 4.4 the two
equations hold if and only if – additional to β = β ′, γ = γ ′ and δ = λ′δ′ – one of the
following is true.

(a) β = ±1 and R =
(

x −β y
β y x

)
for x + iy = λ′ ∈ S1. By choosing λ′ appropriately

we can obtain δ ∈ [0,∞). If we had δ, δ′ ∈ (0,∞), then one checks immediately
λ′ = 1 and thus, R = I2 and α = α′. Thus, in this case, it follows that the numbers
α, β, γ, δ are unique if one asks δ ∈ [0,∞). If, on the other hand, δ = 0, then (12)
is equivalent to

α

(
iβ
1

)
= α′

(
x −β y

β y x

)(
iβ ′
1

)

A simple calculation shows that this is true if and only if α = λ′α′.
Thus, in that case one can choose α ∈ [0,∞), and the numbers α, β, γ, δ are
unique if one asks α ∈ [0,∞).

(b) β ∈ (−1, 1), λ′ = ±1 and R = λ′I2. In this case, the two equations entail α = ±α′
and δ = ±δ′.

The latter two cases show that the pair (α, δ) is unique up to a sign if β ∈ (−1, 1).
Altogether, the statement follows. ��

Using the previous lemma we arrive at the following classification of nontracial
non-loopfree quantum graphs with two quantum edges. Recall the q-adjusted Pauli
space from Definition 3.5.

Theorem 8.2 Let G(q,2)
α,β,γ,δ be the quantum graph on (M2, ψq) given by the q-adjusted

Pauli space V (q,2)
α,β,γ,δ where q ∈ (0, 1) . Every non-loopfree quantum graph G on

(M2, ψq) with exactly two quantum edges is isomorphic to exactly one of the quantum

graphs G(q,2)
α,β,γ,δ where (α, β, γ, δ) ∈ J (q,2).

Proof Let G be a quantum graph on (M2, ψq)with q-adjusted Pauli space V (q) ⊂ C
4.

As G is non-loopfree we have V �⊥ e0 by Lemma 3.6. Thus, Lemma 8.1 yields that G
is isomorphic to one of the quantum graphs G(q,2)

α,β,γ,δ . ��

Finally, let us investigate the quantum graphs G(q,2)
α,β,γ,δ .
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Proposition 8.3 The quantum graph G(q,2)
α,β,γ,δ has quantum edge space

S(q,2)
α,β,γ,δ = span

{(
q−2δ 1 + β

1 − β −δ

)
,

(
1 + q−2γ iα(β − 1) − γ δ

iα(β + 1) − γ δ 1 − γ

)}
.

It is

• Not GNS-undirected,
• KMS-undirected if and only if β = 0 and α, γ, δ ∈ R,
• Reflexive if and only if α = γ = 0,
• Never loopfree.

Proof To simplify notation,we omit the indices in the proof. Thefirst statement follows
directly from the definition of the q-adjusted Pauli space of G. Let

T1 :=
(
q−2δ 1 + β

1 − β −δ

)
and T2 :=

(
1 + q−2γ iα(β − 1) − γ δ

iα(β + 1) − γ δ 1 − γ

)
.

Recall thatG isKMS-undirected if and only if S∗ = S. This is equivalent to T ∗
1 , T ∗

2 ∈ S
which entails for one T ∗

1 = μ1T1 + ν1T2, respectively in the q-adjusted Pauli space

⎛
⎜⎜⎝

0
1

−iβ
δ

⎞
⎟⎟⎠ = μ1

⎛
⎜⎜⎝

0
1
iβ
δ

⎞
⎟⎟⎠+ ν1

⎛
⎜⎜⎝

1
iαβ − γ δ

α

γ

⎞
⎟⎟⎠

for some μ1, ν1 ∈ C. This holds if and only if μ1 = 1, ν1 = 0 and β = 0, δ ∈ R.
Using this in the analogous equation for T ∗

2 ∈ S one obtains the requirement T ∗
2 =

μ2T1 + ν2T2 which is equivalent to

⎛
⎜⎜⎝

1
−γ δ

α

γ

⎞
⎟⎟⎠ = μ2

⎛
⎜⎜⎝
0
1
0
δ

⎞
⎟⎟⎠+ ν2

⎛
⎜⎜⎝

1
−γ δ

α

γ

⎞
⎟⎟⎠

for some μ2, ν2 ∈ C. This holds if and only if

ν2 = 1, α = α, −γ δ = μ2 − γ δ and γ = μ2δ + γ.

The latter two equations are equivalent to

2iIm(γ δ) = γ δ − γ δ = μ2 and − 2iIm(γ ) = γ − γ = μ2δ.

If δ = 0, then this implies γ ∈ R. Otherwise, using δ ∈ R from above one has

−μ2δ = 2iIm(γ ) = 2iIm(γ δ)

δ
= μ2

δ
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which implies μ2 = 0 or −δ = 1
δ
. The latter is impossible for δ ∈ R, and thus we

obtainμ2 = 0 and γ ∈ R. Altogether, it follows that S = S∗ is equivalent toβ = 0 and
α, γ, δ ∈ R. The quantum graph G is GNS-undirected if additionally ρq Sρ−1

q = S.
However, one checks

ρqT1ρ
−1
q = ρq

(
q−2δ 1
1 −δ

)
ρ−1
q =

(
q−2δ q−2

q2 −δ

)
/∈ S.

Indeed, all matrices in S must have coinciding numbers in the upper right and lower
left matrix entry since that is true for both T1 and T2. However, as q ∈ (0, 1) this is
not true for ρqT1ρ−1

q . Thus, the quantum graph G is not GNS-undirected.
Next, recall that G is reflexive if I2 ∈ S. This is the case if and only if there are

μ, ν ∈ C with I2 = μT1 + νT2 which is equivalent to

⎛
⎜⎜⎝
1
0
0
0

⎞
⎟⎟⎠ = μ

⎛
⎜⎜⎝

0
1
iβ
δ

⎞
⎟⎟⎠+ ν

⎛
⎜⎜⎝

1
iαβ − γ δ

α

γ

⎞
⎟⎟⎠ ,

where we switch to the q-adjusted Pauli basis of M2 in the latter line. Evidently, the
equation is equivalent to μ = 0, ν = 1 and α = γ = 0 for the two featuring vectors
are orthogonal with respect to the usual scalar product on C

4. ��

9 Complete classification

In this section we discuss how the previous results combine into a complete classifica-
tion of directed quantum graphs on M2. This classification is compactly summarized
in Tables 1 and 2. There, we denote β+ = 1 + β and β− := 1 − β.

Evidently, a quantum graph G on a quantum set (M2, ψ) has zero to four quantum
edges, see Definition 2.4. In what follows, we discuss quantum graphs with zero, one,
two, three and four quantum edges separately.

If G has exactly zero quantum edges then it must be the empty quantum graph from
Example 2.8. On the other hand, if G has exactly four quantum edges then it must be
the complete quantum graph presented in the same example.

Quantum graphs with exactly one quantum edge have been classified in Sect. 5
(on the tracial quantum set) and in Sect. 7 (on non-tracial quantum sets). Indeed, any
(tracial) quantum graph on (M2, τ ) with exactly one quantum edge is isomorphic to
exactly one of the quantumgraphsG(1A) fromProposition 2.8 andG(1B)

α,β fromExample
2.8 and Proposition 5.3, respectively. On the other hand, (non-tracial) quantum graphs
on some (M2, ψq) with q ∈ (0, 1) with exactly one quantum edge are isomorphic to

exactly one of the quantum graphs G(q,1A), G(q,1B)
α and G(q,1C)

α,β,γ from Example 2.8,
Proposition 7.3 and Proposition 7.4, respectively.

Next, assume that G is a quantum graph with exactly two quantum edges. If G is
loopfree then G is the loopfree complement of a loopfree quantum graph with exactly
one quantum edge in the sense of Lemma3.10. So, let us assume thatG is non-loopfree.
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We discussed the tracial case in Sect. 6 where we obtained that G is isomorphic to
exactly one of the quantum graphs G(2)

β,γ,δ from Proposition 6.3. If G is non-tracial then

it is isomorphic to exactly one of the quantum graphs G(q,2)
α,β,γ,δ from Proposition 8.3.

Finally, the quantum graphs with exactly three quantum edges are obtained as
complements of the quantum graphs G(1A), G(1B)

α,β . G(q,1A), G(q,1B)
α and G(q,1C)

α,β,γ with
exactly one quantum edge by Lemma 3.10.
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