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Abstract

We use the LLV algebra to describe the action of a finite order automorphism on the
total cohomology of a manifold of OG10 type. As an application, we prove that no
Enriques manifolds arise as étale quotients of hyper-Kihler manifolds of OG10 type.
This answers a question raised in [10].

Mathematics Subject Classification 14J42 (14J50)

1 Introduction

The celebrated Beauville-Bogomolov decomposition theorem states that any complex
Kihler manifold with a numerically trivial canonical bundle decomposes, after a finite
étale morphism, into a product of three types of varieties: hyper-Kéhler manifolds,
strict Calabi—Yau manifolds, and abelian varieties. These three building blocks have
been the subject of extensive study over the past decades, with hyper-Kihler manifolds
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(discovered in the 1980s) attracting particular attention due to their rich geometry and
connection to various fields of mathematics.

Recently, attention has shifted towards understanding complex Kéhler manifolds
with numerically trivial canonical bundle in greater generality. In this context, Enriques
manifolds have been introduced independently by [3, 8] with slightly different defi-
nitions. For the result in the current paper, we adopt the definition given in [8]. This
excludes the case where the universal cover is Calabi-Yau, which was allowed in the
definition of [4].

Definition 1.1 An Enriques manifold is a connected complex manifold that is not
simply connected and whose universal cover is a hyper-Kihler manifold.

Various results related to these manifolds have been established: the Torelli Theorem
[9, 11], the termination of flips [5], and the Kawamata-Morrison cone conjecture for
all Enriques manifolds of prime index [10]. Also, singular counterparts have been
introduced and analyzed [2, 5].

Unlike the two-dimensional case, where Enriques surfaces are well-understood
and have a degree-2 universal cover, higher dimensional Enriques manifolds exhibit
greater complexity. Examples of index 2, 3 and 4 are constructed starting from a hyper-
Kihler manifold of K3 type or of K, (A) type [3, 8]. Nevertheless, to date, these
are all the degrees for which examples of Enriques manifolds are known. It is then
crucial to produce more examples of Enriques manifolds or to demonstrate that certain
deformation types of hyper-Kihler manifolds cannot cover Enriques manifolds.

In this paper, we address the latter goal by proving that no Enriques manifold
can arise as an étale quotient of a hyper-Kahler manifold deformation equivalent to
O’Grady’s ten-dimensional example, answering a question of [10].

1.1 Results

The work of Verbitsky [13—15] and Looijenga-Lunts [7] showed that the cohomology
H*(X, Q) of a hyper-Kihler manifold X admits a natural action of the Lie algebra
g = s0(4, bo(X) — 2) generalizing the action of s/(2) given by the hard Lefschetz
Theorem. The algebra g can be identified with the special orthogonal algebra of the
Mukai completion V = H?(X, Q) @ U where U is the hyperbolic plane.

The decomposition in g-representations for the known deformation families of
hyper-Kéhler manifolds is computed in [6]. If X is a hyper-K&hler manifold of OG10
type, then

H*(X,Q) ~ Vi5) @ Via.2) (1)

where V(s is the Verbitsky component, which is isomorphic to the largest submodule
of Sym5 V, and V2 ) is the largest irreducible submodule of Symz(AzV).
Given a finite order automorphism ¢ of X we define an isometry y on the Mukai
completion V = H?(X) @ U by setting
Vigr =¢*|lgz and  yly =idy.

Any such y naturally induces an automorphism y,, on any g-representation V,,.
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As a first result we determine, with an ambiguity for an even order automorphism,
the dimension of the ¢*-invariant part of H*(X, Q) in terms of the invariant part
on H*(X, Q). If ¢ is a linear automorphism on a vector space W, we denote by
Eig(p, W, 1) the eigenspace relative to the eigenvalue A and by eig(¢, W, 1) its dimen-
sion.

Theorem 1.2 Let X be an irreducible holomorphic symplectic manifold of OG10 type,
and let ¢ € Aut(X) be an automorphism of finite order, then the following relations
hold.

e [ford(p) is even, then one of the following equalities hold true:
(a) eig(p™, H*(X,Q), 1) = eig(ys), Vis), D +eigve,2), Vi), D;
(b) eig(p*, H*(X,Q), 1) = eig(ys), Vis), ) —eig(v2,2), Vi2,2), D.
e [ford(p) is odd, then:

(c) eig(e*, H*(X,Q), 1) = eig(y(s5), Vi5), 1) +eig(y2,2), V2,2, D.

Moreover, iford(¢) € {2, 3}, theneig(¢™, H*(X, Q), 1) isapolynomial in the variable
eig(p*, H*(X, Q), 1) appearing in Table 1.

A straightforward application of Theorem 1.2 gives the main result of the paper.

Corollary 1.3 There is no Enriques manifold whose universal covering space is a
hyper-Kdhler manifold of OG10 type.

2 Preliminaries

In this section, we recall basic facts on Enriques manifolds and on the LLV-algebra.

2.1 Enriques manifolds

The definition that we refer to is Definition 1.1. For the sake of clarification, it coin-
cides with the definition of weak Enriques varieties in [3, §2.2] with the additional
assumption of being irreducible with universal cover not strict Calabi-Yau, leaving
the only possibility for the universal cover to be hyper-Kéhler. Consider a compact
hyper-Kidhler manifold X of dimension 2n, n > 2, and let f be an automorphism
of X of order d > 2 such that the cyclic group generated by (f) acts freely on X.
It follows that f acts purely non-symplectic, i.e., there exists a primitive d-th root
of the unity ¢, with d > 2, such that the action of f on the symplectic form oy is
given by f*(ox) = ¢ox. By aresult of Beauville ([1, Proposition 6]) the variety X is
necessarily projective. The étale quotient Y = X /(f) is a smooth projective Enriques
manifold of index d.

2.2 The LLV algebra

If o € H*(X, Q) is a Kihler class, there is an associated Lefschetz operator L, =
w U —. It forms an sl(2)-triple {L,, i, A,} where A, is the dual Lefschetz operator,
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and h: H*(X, Q) — H*(X, Q) is the degree operator & - x = (k — dim X)x for
x € H*(X, Q). For any class « € H>(X, Q), the operator L, is still well defined and
the existence (and uniqueness) of an operator A, satisfying the relation [Ly, Ay] = £
is an open condition in H 2(X,Q) by the Jacobson—Morozov Theorem.

Definition 2.1 The Looijenga—Lunts—Verbitsky (LLV) algebra g of X is the Lie sub-
algebra of gl(H*(X, Q)) generated by all the s[(2)-triples associated with classes
o« € HX(X, Q).

The Lie algebra g is a semisimple algebra defined over Q. Work of Verbitsky [14] and
Looijenga-Lunts [7] shows that g can be identified with the special orthogonal algebra
of the Mukai completion V = H?(X, Q) @ U where U is the hyperbolic plane. In
particular, it is isomorphic to the Lie algebra so(4, by (X) — 2).

A remarkable fact is that the Lie algebra g and the decomposition of H*(X, Q)
in irreducible g-representations are diffeomorphism invariants of X, and hence they
depend only on the deformation class of X. The irreducible g-representations are
indexed by their highest weights, which are non-negative integral linear combinations
of the fundamental weights. An irreducible g-representation with highest weight p
will be denoted by V,.

If X is a manifold of OG10 type, then the LLV algebra g is a Lie algebra of type
D. The decomposition

H*(X,Q) = Vis5) @ Vi o)

in irreducible g-representations has been computed in [6, Theorem 1.2 (iv)]. We refer
to [6, Appendix A.2] for a detailed description of the weights. Here the representation
V(s) is naturally identified with the image of the map Sym* H 2(X,Q) » H*(X,Q),
and it is called the Verbitsky component, according to the original paper [14].

3 Proofs

In this section we give the complete proofs of the main results, namely Theorem 1.2
and Corollary 1.3.

Notation

Since we only consider cohomology groups of OG10 type manifolds with rational
coefficients, we simplify the notation by writing H* for the full cohomology H* (X, Q)
and similarly by H? for the cohomology group H?(X, Q). If V is a Q-vector space,
then we denote by V¢ the space V ® C.

For an automorphism y on a vector space V, we denote the eigenspace correspond-
ing to the eigenvalue A € C by Eig(y, V, 1), omitting the explicit mention of y when
there is no risk of confusion.

Remark 3.1 Given a Lie algebra g acting on a vector space V, we observe that the
smallest g-submodule containing a subset W C V is given by

g-W= {Zg” - gi2 -+~ &ij; - xi such that x; € W, g;; € g, and the sum is ﬁnite}.
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Proposition 3.1 There exist unique g-submodules A, B C H*(X) such that A >~ Vs
and B >~ V(3 ), so that

H*(X,QQ=A®B 2)

as g-representations.

Proof From the original paper of Verbitsky [14] the submodule V(s is naturally iden-
tified with the image of the natural morphism Sym* H?(X, Q) — H*(X, Q), which
can be described also as g - H*(X, Q). Let B, B’ be two g-submodules of H*(X, Q)
isomorphic to V2 7). Then the composition

B — H*(X,Q) > H*(X,Q)/B ~ Vs

is the zero morphism by Schur’s lemma. Hence B coincides with the kernel of the
projection, that is B’. a

Proposition 3.2 Let ¢ € Aut(X) be of finite order. Then ¢* preserves the LLV decom-
position (2), i.e. p*(A) = A and ¢*(B) = B, so that

eig(p™, H*(X, Q), 1) = eig(p®, A, 1) +eig(p™, B, 1).

Proof As A = g- H° we can write any element x € A as
x=ﬂ+2ail U---Ua;,

for some 8 € HO and o € H?, so that we compute

e x =" B+ Z‘P*“il U---Ug'a;,

and conclude that p*x € A, as wanted.
Now we turn our attention to the g-submodule B =~ V|, ). First, notice that the
direct sum

H'%X, Q) = (A nH'x, @)) ® (B nH"x, Q))

is orthogonal with respect to the intersection form. Indeed, the intersection product of
an element a € A N H' with an element b € B N H'? can be expressed in terms of
the g-action on b, and B N H?® = 0. As ¢* acts as an isometry for the intersection
form and ¢*(A) = A, forany x € BN H'0 we have o*x € BN H'V As B ~ V2,2
is irreducible, we can write B = g - x for any nonzero elementx € B N H 1050 that
any element y € B can be written as finite sum of elements of the form:

8182 8r X
where g; = Ly or g; = Ag forsome a, B € H2(X, Q). We compute
" (Lg - x) = " (@Ux) = 9" U p*x = Lyrg - ¢*x
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and similarly for the dual Lefschetz operator Ag := *~! o Lg o * for some g € H,
ie. *(Ag - x) = Ayprg - ¢*x. We conclude that ¢*y € B as it is the finite sum of

where g/ € g and ¢*x € B as discussed above. O

We now discuss the interaction between the g-action and the action on H*(X) of an
automorphism ¢. Let V = H 2(X, Q) ® U be the Mukai extension. Let us define an
automorphism y on V by setting

Yigr =¢" g2, ylv =idy. 3)
This induces an automorphism y,, on any g-representation V,,.

Proposition 3.3 Ler ¢ € Aut(X) be of finite order ord(¢) = n.
If n is even, then

either eig(¢™, B, 1) = eig(y(2,2), V(2,2), 1)
oreig(e®, B, 1) = eig(—v2.2), V2,2). D).

If n is odd, then
eig(e™, B, 1) = eig(y2,2), Vi2,2), .

Proof Let ¢ € Aut(X) be any automorphism of order n. Let f be any isomorphism

B > V(2,2) of g-representations. Then ¥ := f o p* o f ~!is an automorphism of
V(2,2) which satisfies

Y(Ly-x) = Lga*ot P (x)

and f|: Eig(e, B, 1) = Eig(y, V(2,2), 1). Let y be defined as in Eq. (3), and let y(2 2)
be the induced automorphism on V(3 7). We have

v2,2)(La - X) = Lo - ¥2,2)(X).

One has tl.lat V(r.lz,z) = id, and the composition ¥ o »"~! is an automorphism of
g-representations, indeed

—1 —1
w [e] )/{é’z)(La . x) = '(//‘(L((p*)nfla . x)) = L(p*(go*)”71(1 X = Lo{ : Ilf ] )/é’z)(x)
By Schur’s lemma every g-isomorphism of V| ) differs by a non-trivial constant,
in particular i o y(”z_zl) =1vo y(g 12) = XA-idy,,, forsome 2 € Q*,sothatyy = A-y(2,2).
By the equality

Aiid= (- ye)" =y" =id

we getthat A = 1ifnisodd, and A = 1 or A = —1 if n is even. This shows the claim.
O
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Lemma 3.4 Iford(¢) = 2 withr := eig(¢p*, H?, 1), then

88 5 1447 , 10538
-t +

28500. 4
: . r + 28500 )

. 2 4
eig(v2.2), V2,2, 1) = 3"
Iford(p) = 3 with 2r := eig(p*, H?, 1), then
9 597
eig(y2.2), V), 1) = §r4 —60r3 + Trz — 675r + 13158. 5)

Proof A computation in representation theory gives the following isomorphism of
g-representations
Sym? A%V ~ Sym? V @ A*V @ V(2.9).

This can be readily checked on Sage [12] with the following lines'
D=WeylCharacterRing ("D13") ;
V.exterior_power (2) .symmetric_power (2)

V.exterior_power (4)
V.symmetric_power (2)

We firstly treat the case of an involution y on V, so that eig(y, V, 1) = r + 2 where
r = eig(e*, H*, 1). We define V. = Eig(V, 1) and V_ = Eig(V, —1) and we
compute

Sym2 V= Symz(V+ eV = Sym2 Vi Sym2 VeV Ve
———

Eig(1) Eig(—1)

thus
eig(Sym? V, 1) = r? — 22r + 303. (6)
Analagously, one computes
(A*V), = AV @ (AVE @ APVo) @ AYV_

from which it follows that

1 44 689 4510
eig(A4V,1):§r4—?r3+Tr2— 3

r 4+ 10902.

Similarly as before, we have

(A?V), = AV @ A%V_

! We thank Jieao Song for explaining this to us.
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which has dimension
eig(A%V, 1) = r? — 22r + 277.
One can easily check that
Eig(Sym? A%V, 1) = Sym?>((A%V)4) & Sym2((A%V)_)
and compute
eig(Sym? A2V, 1) = r* — 44r3 + 71372 + 5038r + 39679.

Finally, putting all together we get

eig(V.), 1) = eig(Sym? A%V, 1) — eig(A*V, 1) — eig(Sym? V, 1) =

24 88 5 1447 , N 10538

=—r"— —r

28500.
3 3 3 T

We now treat the case of order 3. We consider the decomposition
VveC=V,e V.o Vr

in eigenspaces relative to 1, ¢, ¢ respectively, where ¢ is a primitive third root of
unity. Notice that as the action of ¢* on H 2(X) is integral, we have eig(¢™*, Hé, ¢) =

eig(p*, HZ,7). Thus, dim H2(X,Q)¥" is even and we denote it by 2r, so that

eig(p*, H>(X, C), ¢) = eig(p*, H*(X, C), ) = 12—randeig(¢*, V¢, ) = 12—r.
This gives the following decomposition

Eig(A*V, 1) = A*Vi @ (APVe @ (Ve @ Vp)) @ (A Vi @ (AP Ve @ APVp)) @ ((A%V, ® A% V),
from which we get

69 , 783 943
- 7r3 + Tﬂ - 7 +5380.

eig(A4V, 1) = §r4
Moreover, we have
Eig(Sym® V., 1) = Sym* V, & (V; ® V).
and, since dim V = 2r + 2, it immediately follows that
eig(Sym? V, 1) = 3r% — 19r + 147.
Similarly, we have

Eig(A*V, 1) = A*V, & (V; ® V5)
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and from the relation

dim(A%V) —eig(A%V, 1)
2 9

eig(A%V, ) =
we get
eig(A%V, 1) = 3r2 — 21r + 145
and

eig(A°V,¢) = 5" + 7r+90.

Letting (A%V),, (AZV); and (AZV)E be the corresponding eigenspaces, we get
. 20p2 _ 200 A2 2 2v/y_
Eig(Sym?(A2V), 1) = Sym*((A*V)4) @ (A*V) ® (A2V)p)

from which it directly follows that

27 189 1989 2331
a1 2

eig(Sym>(A%V), 1) = 7 > i 18685.

Putting everything together we obtain the following formula

eig(Vi2.2). 1) = eig(Sym*(A?V), 1) — eig(Sym*(V), 1) — eig(A*V, 1) =

9 597
- 5;»4 —60r° + 7;»2 — 675r + 13158,

and this finishes the proof.
Os

Proof (Theorem 1.2) Let ¢ be an involution on a manifold X of OG10 type. Then,
by Proposition 3.1 we find g-subrepresentations A, B C H*(X), such that A ~
V), B >~ V(2,2) and H*(X) = A @ B. By Proposition 3.2 the action of ¢* respects
this decomposition, hence we have

eig(e™, H*(X), 1) = eig(¢*, A, 1) + eig(¢™, B, 1).

As explained in Proposition 3.3, the action of ¢* on B is compatible with the action
of ¥2,2) on V(2 7). Then one gets either

eig(p®, B, 1) = eig(y(2,2), V2,2), 1)

or
eig(p®, B, 1) = eig(—ye.2). V2,2, 1) = eig(ye,2). V2,2, —1)
=dim V(2,2) — eig(¥2,2), V2,2, 1
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and the actual computation of the latter one in term of r := dim H 2(x, Q)‘/)* is an
elementary exercise in representation theory, carried out in Lemma 3.4.

The computation of eig(p*, A, 1) can be carried out similarly, or more directly using
that AN H2*(X, Q) = Symk H?(X, Q) for k < 5 together with Poincaré duality and
the well-known formula Sym*(W; @ W,) = @i+j:k Sym’ (W) ® Sym/ (W,). One
gets:

2 22 6182 194833

ig(p*, A, 1) = —r° — —r* +170r° — 2 35702.
eig(e ) 15r 3 rT+ r 3 re+ 15 r+

From Proposition 3.3 it follows that by summing to the latter the polynomial of

Lemma 3.4 one gets

2 20 422 4735 47381
elg(p”. H*(X. Q). ) = wor’ = ot 4 =57 = 25

r + 64202,

which is precisely the claim for an involution in case a). In the same way, by subtracting
the polynomial of Lemma 3.4 one gets

598

Tﬂ — 254372 + r + 7202,

i 2 247523
eig(¢*, H* (X, Q), 1) = Ers — 8t + 1

which is the claim for an involution in case b).

The same argument can be applied when ¢ is an automorphism of order 3. In
this case we have a decomposition of H2(X, C) in eigenspaces for the eigenvalues
1, ¢, E In particular, as observed above we have eig(H 2 ©*, 1)) = 2r for an integer
0 < r < 12. The same computation as before shows that

357

27 63
eig(p*, A, 1) = %rS —18r* + Tr3 — 16812 — S+ 46674

and summing this to the polynomial in Eq. (5) one gets

27 27 117 261 3438
—rP - P -

eig(e™, H*(X,Q), 1)) = 20 > 2 3 Tr + 59832,

which concludes the proof. O

Proof (Corollary 1.3) Assume X is a hyper-Kdhler manifold of OG10 type,and X — Y
an étale morphism given by taking the quotient by a finite group G realizing Y as an
Enriques manifold. As observed in [3], if d denotes the order of G, one has:

d-x(Y,0y) =x(X,0x)=dimX/2+1=6.

In order to prove the statement it suffices to consider groups G = (¢) of order 2 and
3 acting on X.
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Table 1 Possible polynomials f(r) := eig(¢™*, H*, 1) in terms of r defined as in the table

ord(¢) f(r) r
a2 Zrd - W44 422,3 _4735,2 L AT, 464202, 1 =eig(p*, HA(X. Q). 1)
b 2 Zrd =8t 4 3983 — 2543, W33, 4 7202 r = eig(p*, H*(X, Q). 1)
o 3 Ford — Ht 4 U134 21,2 3438, 4 50832 2r = eig(e*, HX(X,Q), 1)

If ord(p) = 2, then
176904 = dimH*(X, Q) = e(X) =2-e(Y) = 2 - eig(e™, H*(X), 1).

The possible values of the right hand side are explicitly computed in Theorem 1.2 (see
Table 1) in terms of r := eig(¢p*, HZ(X), 1). One verifies that there does not exist an
integer 0 < r <24 = dim H 2(X , ), that satisfies such an equality. This shows that
no hyper-Kihler manifolds of OG10 type have 2 : 1 étale quotients.

Reasoning in a similar way for an order 3 automorphism ¢, one gets

176904 = dimH*(X, Q) = e(X) = 3 - dimH*(Y, Q) = 3 - eig(e™, H*(X), 1).

The possible values of the latter are computed in terms of 2r := eig(¢*, H*(X), 1)
in Theorem 1.2 (see Table 1). As before, one gets no integer solution. This shows that
no hyper-Kihler manifolds of OG10 type have 3 : 1 étale quotients. O

Remark 3.2 The decomposition (1) holds in slightly more general settings, as shown
in [6, Theorem 3.26]. Consequently, Corollary 1.3 could be restated as follows:

There does not exist an Enriques manifold whose universal covering space is a
hyper-Kihler tenfold X satisfying the following properties:

by (X) =24,
e(X) = 176904,
HoY(X, Q) =0 (.e., X has no cohomology in odd degree).
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