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1. Introduction

Let D = {z € C: |z|] <1} be the open unit disk, let T = {z € C: |z| =1} be its
boundary and D, = D \ {0}. We denote by Hol(ID) the space of analytic functions on D,
equipped with the topology of local uniform convergence. Let X be a Banach space that
is continuously contained in Hol(ID) and that contains the polynomials. Given a finite
sequence o = (A1,..., \n) € DY, Nikolski [10] defined the X-zero capacity of o as

capy (o) = inf{|f[x : f(0) =1, flo =0},

where flo = 0 means that f(\;) = 0 for all ¢ = 1,..., N taking into account possible
multiplicities. Namely, if ¢ = (A1,..., A1, A2, .3 A2y, Ay e v, Ag) € DY where each
A; is repeated according to its multiplicity m; > 1, then f|o = 0 means that

fFO) =) =Ff"N) = =fm"DN) =0, i=1,..,s.

The latter quantity is closely related on one hand to the problem of uniqueness sets for
the function space X and on the other hand to condition numbers of large matrices and
inverses, as observed by Nikolski [10, Section 1]. We briefly review these connections
here.

1.1. Motivation from complex analysis: sets of zeros/uniqueness

From the point of view of complex analysis, the X-zero capacities are closely related
to the problem of characterizing uniqueness sets for the function space X; here o is said
to be a uniqueness set for X if f € X, flo =0 = f = 0. Following [10], assume that
the function space X satisfies the following Fatou property: if f,, € X, sup,, |fn]x < o0
and lim, o fn(2) = f(2) for z € D, then f € X. Then it is not hard to see that an
infinite sequence o = (\;);>1 € D is a uniqueness sequence for X if and only if

sup{capy(on)} = oo, (1.1)
N

where oy = (M), is the truncation of o of order N. For example, let X be the
algebra H*° of bounded holomorphic functions in D endowed with the norm | f| g =
sup¢ep |f(¢)]. It is known [10, Theorem 3.12] that given oy = (X)), € DY,

1

_. 1.2
T, Al 2

capye(on) =

Denoting by
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the finite Blaschke product associated with oy, observe that the right-hand side in (1.2)
is achieved by the test function f = B/B(0), which is admissible for the conditions in
the infimum defining the capacity of on. Thus, an application of the above criterion
(1.1) leads to the well-known Blaschke condition: an infinite sequence o = (\;);>1 € D$°
is a uniqueness sequence for H* if and only if

Z(l — |Ai]) = o0.

i>1
1.2. Motivation in operator theory/matriz analysis

Let T be an invertible operator acting on a Banach space or an N x N invertible
matrix with complex entries acting on CV equipped with some norm. We seek upper
bounds on the norm of the inverse T-!. Assume that the minimal polynomial of T is
given by

m(z) = mr(z) = H(Z - i),

where 0 = ()\i)g\il € DY and we assumed for simplicity that degms = N. Following

[10], assume that our Banach space X C Hol(D) is an in fact an algebra, and write
A = X. Assume further that

(1) T admits a C-functional calculus on A, i.e.there exists a bounded homomorphism
f = f(T) extending the polynomial functional calculus and a constant C' > 0 such
that

IF M <Clfla,  fei

(2) the shift operator S : f +— zf, the backward shift operator S* : f f%f(o) and the
generalized backward shift operators f — f;%()\’\) are bounded on A for all A € D.

These assumptions are mild and satisfied by all the algebras A considered below. Noticing

m(0)—m 1

that the analytic polynomial P = =m(0) interpolates the function > on o we observe

that
T~!' = P(T) = (P +mh)(T)
for any h € A. Applying assumption (1) to the above operator we obtain
|77 < CIP +mh|a

and taking the infimum over all h € A and using our assumptions on A, we get
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177! < Cint { Igl, : glo = Plo = -|o}. (13)

Now, if f € A satisfies f(0) =1 and f|o = 0, then g := S*(1— f) = —S*(f) is admissible
for the last infimum, and so

|77 < C1S™|am acap (o). (1.4)
In particular (1.3) and (1.4) are applied (among other situations) in [10] to the cases of:

o Hilbert space contractions, A the disc algebra and C' = 1;
e Banach space contractions, A the Wiener algebra of absolutely convergent Tay-
lor/Fourier series,

A=W ={f=3 f(k)" € Hol(D): |fly =D_If(k)| < oo},

k>0 k>0

and once again C' = 1;
e Tadmor-Ritt type matrices or power-bounded matrices on Hilbert spaces and A the
Besov algebra

1
A=BYy = 1 € HolD): Iflsy, = 15O+ [ 14)]pydo <ot
0

where £,(¢) = f(p¢), ¢ € T.

Outline of the paper In Section 2 below we first review Nikolski’s upper estimates on

capy (o) where X is a general Besov space BS,, s > 0, (p,q) € [1,00]?, see below for

@
their definition. We also relate the special case I&}Z, q) = (00, 1) to applications in operator
theory/matrix analysis and especially to Schéffer’s question on norms of inverses.

In Section 3 we formulate the main results of the paper. Theorem 2, which corresponds
to the special case (p,q) = (00, 1), exhibits an explicit sequence ¢* for which we derive
a quantitative lower bound on capgo (0*) and thereby almost prove the sharpness of
Nikolski’s upper bound in this case. Theorem 3 improves Nikolski’s upper bounds on
capgqu(o) for a range of parameters, while in Theorem 4 the sharpness of these new
bounds is discussed.

In Section 4 we prove Lemma 6, which is our main tool for bounding the capacities
from below. In Section 5 we prove Theorem 2. The proofs of the lower bounds in Theo-
rem 4 are provided in Section 6. Finally, in Section 7 we prove the upper bounds stated
in Theorem 3. The proof is based on estimates of Besov norms of finite Blaschke products
(Proposition 10) which may be of independent interest.
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2. Known results and open questions
2.1. Capacities in Besov spaces

The case where X is an analytic Besov space X = B  is considered in [10]. Let s > 0,
1 <p, qg<ooand let
1 1/q

A 1 p)m—s—1/a <an aq <
- O/(( ) 1], e | <ot

Bpg = f€HolD): |f]

where fpm)(() = f0")(p¢), m being a nonnegative integer such that m > s (the choice
of m is not essential and the norms for different m-s are equivalent). We need to make
the obvious modification for ¢ = co. The space B, , equipped with the norm

Bb

E:VW )+ 111
k=0

is a Banach space. We refer to [5,13,20] for general properties of Besov spaces. Note that
for 1 < ¢ < oo we have f, — f in the norm of B, , as p — 1—.

In the present paper we deal with Besov spaces with zero smoothness s = 0. In this
case we take m = 1 and

1/q

1
* 1
"f"l’j’g - / 1_ q ||f HLP(T) 3 1 SQ<OOa
0
||f”zsg _ = sup (1=p)lfpllze(r)-
’ 0<p<1

Note that BY, ., coincides with the classical Bloch space.
It is shown [10, Theorem 3.26] that given 1 < p, ¢ < 0o, s > 0 and o € DY the

following upper estimate holds

NS

N )
Hi:l |)‘i|

capgs (o) <c

where ¢ = ¢(s, q), and that if s = 0 then
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(log N)*/

N . 2.1
T, [l 1

capsy (0) < c

where ¢ > 0 is a numerical constant. It is also shown that for s > 0 these estimates
are asymptotically sharp in the following sense [10, Theorem 3.31]: there exist constants
c=c(s,p,q) > 0and K = K(s,p,q) > 0 such that for any o = (\1,...,\y) € DV,
s>0,1<p,q<o0,

N® N
capgs (0) 2 c—x—— <1 + K — H(l + |)\z|)> .
' [Tiz: Al i=1

The sharpness of the upper bound in (2.1) is left as an open question in [10].
2.2. Norms of inverses and Schdffer’s question

Let |-| denote the operator norm induced on My, the space of complex N x N
matrices, by a Banach space norm on CV. What is the smallest constant Sy so that

|detT| - |77 < Sy [T V!

holds for any invertible matrix 7' € My and any operator norm |-|? Schéffer [17, The-
orem 3.8] proved that

Sy < VeN,

but he conjectured that Sy should in fact be bounded, as it is the case for Hilbert space.
This conjecture was disproved in the early 90’s by E. Gluskin, M. Meyer, and A. Pajor
[7]. Later, Queffélec [15] showed that the v/N bound is essentially optimal for arbitrary
Banach spaces, but both arguments are non-constructive. An explicit construction giving
a /N lower bound was recently given in [19]. For a detailed account on the history of
Schéffer’s question, the reader is referred to [19]. A key tool in the works cited above is
the equality

N

SN = sup H'AL| (Ca‘pW (Ala"'a)\N) - 1)7 (22)
iy A )EDN 37

due to Gluskin, Meyer and Pajor. It connects Schéffer’s question to capacity in the
Wiener algebra and shows that (1.4) is essentially sharp in this case.

It is natural to consider Schéffer’s question for operator classes different from Hilbert
or Banach space contractions. In particular, following [10], we may consider the following
classes, which admit a Besov B, ;-functional calculus.
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(1) Power bounded operators on Hilbert space, i.e.operators T on Hilbert space satisfying

sup HT’“H = Cpp < 00.
k>0

Peller [14] proved that | f(T)] < kgcgb | flgo_, for every analytic polynomial f,
where k¢ is the Grothendieck constant. Combining (1.4) with Nikolski’s upper esti-
mate (2.1) for ¢ = 1, we obtain the upper bounds

ka Cgb log N

T_1 §01~capo ()\1,...,)\N)§C3 s
il o [TRRY

(2.3)

where ¢; > 0 is an absolute constant and (\;)¥; is the sequence of eigenvalues of 7.
(2) Tadmor—Ritt operators on Banach space, i.e.operators T acting on a Banach space
and satisfying the resolvent estimate

sup |¢ — 1] H(( — T)*l” = Crpr < 00.
I¢I>1

According to P. Vitse’s functional calculus [22, Theorem 2.5] we have |f(T)] <
300C5 g | fll 5o | for every analytic polynomial f, and following the same reasoning
as above this yields

300C3.; log N
Hf\; il

where ¢o > 0 is an absolute constant. In fact, thanks to work of Schwenninger [18],

177 <2 capgo | (A1, AN) < e , (2.4)

the dependence on C'rg can be improved from C%R to Crr(logCrgr + 1).

The sharpness of the right-hand side in (2.3) and (2.4) is an open question both from the
point of view of operators/matrices and from the one of capacities. Note that we have
the following (strict) inclusions:

W cB,,CH>® (2.5)

(see [5,13] or [11, Section B.8.7]). Observe that BY, ; is actually contained in the disc
algebra. From the perspective of capacities (2.5) implies that for any sequence o =
(A1, An) € DY we have

cap (o) < c3capgy | (o) < eqcapy, (o) (2.6)

where ¢3,c4 > 0 are absolute constants. Observe that in view of (2.6) and (2.2) any
sequence o € DY such that Hfil |Ail - capgo_ (o) grows unboundedly in N will auto-
matically give a counterexample to Schéffer’s original question.
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3. Main results

Throughout this paper, we will use the following standard notation. For two positive
functions f,g we say that f is dominated by g, denoted by f < g, if there is a constant
¢ > 0 such that f < ¢g for all admissible variables. We say that f and g are comparable,
denoted by f =< g, if both f < g and g < f.

The main goals of this paper are to

(1) Provide an example of a sequence 0* = (\1,...,A\y) € DY such that Hi\il [Aql -
cappo_ (c*) almost (up to a double logarithmic factor) approaches Nikolski’s upper
bound log N.

(2) Improve Nikolski’s upper bound (2.1) on Hf\il | A - capBg,q(U) identifying three re-
gions of (p,q) € [1,00]? with a different behavior of this quantity (see Theorem 3
below). For all (p, q) with p # co our estimates give a smaller growth than the esti-
mates in [10], and for a range of parameters, namely for 1 < ¢ < p < oo and p > 2,
they are best possible.

3.1. A lower estimate on capgo_ ()
Our approach to bounding capgo (o) from below uses duality. To estimate capgo (o)
from below, we estimate the Besov seminorm in BY  of finite Blaschke products from

above. The key inequality, which will be proved in Lemma 6, is

N
1 1= AP

capgo (o) 2 5 ; (3.1)
! [Ty Al 1Bl
where 0 = (A1, ..., \y) is an arbitrary sequence in DY, and B = B, is the finite Blaschke
product associated to o. To conclude we consider n > 2 and for K =1,...,n we put
.. —k
o = (r,(cn)ezz”pk)?il e D, r =1 -1/m)? .
We put N = Y"7_, 2% < 2" and define the sequence o* = (A1,...,Ay) € DY by
c* = (01,02, ...,0n). (3.2)
Denoting by B* the Blaschke product associated with o* we have
L
B*(2) = _ 3.3
&=l (33)

where a = 1 — % We will prove the following result.
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Proposition 1. The Blaschke product B* satisfies

< log logN.

A4

1B 3
Taking into account that H;V:1 |\;| < e~ and combining (3.1) with (3.4) we obtain
the following theorem.

Theorem 2. Let o* € DY and B* be defined by (3.2) and (3.3). Then

N
log N

il - Nz

TI - cave (09 2 2

As a consequence regarding Schéffer’s question, Theorem 2 implies (taking into ac-
count (2.6)) that

N

log N
[N > 080
i=1| 1‘ Ca’pW(U )N IOgIOgN

From this, following arguments in [19], one obtains another explicit counterexample to
Schéffer’s question, acting as multiplication by z on the quotient W/B*W of the Wiener
algebra. One can identify the dual space of W/B*W with the space of rational functions
of degree at most N with poles at 1/ 5\3- for j =1,..., N, equipped with the supremum
norm of the Taylor coefficients. Then, as in [19, Theorem 8], one obtains another explicit
matrix that serves as a counterexample to Schéffer’s question.

3.2. Upper bounds on capgo (o) for general values of (p,q) € [1,c0]?

In the following statements the constants in < relations may depend on p, ¢, but not
on N.

Theorem 3. Given (p,q) € [1,00]? and 0 = (A1,...,An) € DY, the following upper
estimates on cappo q(a) hold depending on the region to which (p,q) belongs.
1) If (p,q) € [1,2]? (Region I), then

(log N)l/q71/2
N
[Tz [Ad]

2)If1<p<qg<ooandq>2 (Region II), then

capgy (o) <

1

“Poy, (7) S
=1 7
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3)If1<q<p<ooandp>2 (Region III), then

(1og N)l/qfl/p
N
Hi:l |)‘z|

Remark. The upper bound in part 2 of Theorem 3 is attained by any sequence o =
(A1,...,An) € DY such that [\;| >1—1/N foralli=1,...,N.

¢apgo (0) <

3.3. Lower estimates on capgo (o)
P,q

In the following theorem we derive quantitive lower estimates on capgo (0*) for 1 <
p,q
g < p < co. This proves, in particular, the sharpness of Theorem 3 for (p,q) in Region
IIT if p < 0.

Theorem 4. Let 0* € DY and B* be defined by (3.2) and (3.3), and let (p,q) € [1,00]?
be such that 1 < q < p < oo. Then

N
[T il - capsy (0%) Z (log N)o=/P - p < o0, (3.5)
=1
N
(log N)'/
Ail - Nz = 3.6
11;[1| il by, ,(77) 2 loglog N (36)

In particular, for (p,q) in Region III and p < oo,

N
[T 1%l - capgs  (0%) = (log N)V/a= /P, (3.7)
=1

However, for 1 < ¢ < p < 2 there is still a certain gap between the upper and lower
estimates for the capacities:

N
(log N)Y/a-1/r < H I\ - caps q(U*) < (log N)/a-1/2,
i=1

Let us consider the diagonal case 1 < ¢ = p < 2. Rudin [16] showed that there exists a
Blaschke product that is not contained in BY |, see also [12]. Vinogradov [21, Theorem
3.11] extended Rudin’s result to ngp for p € (0,2). These results perhaps suggest that the
expression in the middle might be unbounded for 1 < ¢ = p < 2. Indeed, unboundedness
would follow if we knew that there are Blaschke sequences that are not zero sets for
Bgﬁp. However, the existence of such Blaschke sequences appears to be an open question.

Results about zero sets for BY | also for p > 2, can be found in [6].

PP
Instead, we will give a different, qualitative argument showing that, in case 1 < g =

p < 2, the expression in the middle may be unbounded.
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Theorem 5. For each N € N there exists a finite sequence o € DY such that for all
1 <p<2, we have

lim H [\l - cappo (on) = o0.

N—o0
AEoN

It will be convenient to extend the definition of capB;;’q(U) to possibly infinite se-
quences o in the obvious way. The infimum over the empty set is understood to be +oo,
so that capps (o) = 400 in case o is a uniqueness set for B, ,- Our approach to bound
capB%q(U) from below is based on a duality method. Namely, the key step of the proof
is the following lemma:

Lemma 6. Given 1 < p,q < 0o and a finite sequence o in D, we have

1- H)\Ea ‘)“2
|Bollgo, =
p

’ql

[T 1M -capsy_ (o) 2

A€o

where B, is the Blaschke product with the zero set o and p', q' are the exponents conjugate
to p,q. The same estimate is true for arbitrary Blaschke sequences o in D, in case
I<p=qg<2

To prove the lower estimate (3.5) it remains to apply Lemma 6 to o = o* and estimate
from above the Besov seminorm of B*. Namely we prove the following.

Proposition 7. If 1 < p < g < oo, then

1
* || * < -
||B ||Bng ~ (IOgN)l/pfl/q’ p> 1,
loglog N
* || * <
HB ||B(1’1q ~ (10g N)l—l/q'

The idea of the proof of Theorem 5 is also to use duality. In case p = 1, the dual norm
turns out to be the Bloch semi-norm. An obstacle to this strategy is a result of Baranov,
Kayumov, and Nasyrov [4], according to which the Bloch semi-norm of finite Blaschke
products is bounded below by a universal constant. Instead, we will work with infinite
Blaschke products, and carry out an approximation argument.

4. Proof of Lemma 6

We first prove Lemma 6. Let (-, -) denote the Cauchy sesquilinear form: given two
functions g € HP and h € H?' | let

<mm:/ﬁ@azmma

T
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where m denotes the normalized Lebesgue measure on T. We require the following basic
duality result for Besov spaces.

Lemma 8. Let 1 < p,q < co. There exists a constant C' > 0 such that for all functions f
and g that are analytic in a neighborhood of D, we have

(£ < 1S OllgO] + Clf g, lgllzo,

/

where p',q' are the exponents conjugate to p,q.

Proof. Denote by (h, g) the scalar product on the Bergman space A% defined by

(h, g) = / hug@dA(),  h ge A%
D

where dA(u) = @ is the normalized planar Lebesgue measure on ID. We recall the
simplest form of Green’s formula,

(6, 1) = (¢, S"¥) + $(0)(0), (4.1)

where S* is the backward shift operator S*f = (f — f(0))/z and ¢,9 are functions
that are analytic in a neighborhood of D. We will also need to use the following integral
formula. Recall that the fractional differentiation operator D,, —1 < a < 00, is defined
by D, (%) = %zﬁ j=20,1,2,..., and extends linearly and continuously to
the whole space Hol(D). Then, for functions f, g analytic in a neighborhood of D and
—1 < a < oo, we have

[ s = @+ 1) [ Dafg@ (1-10?) @, @2)
D D

see [8, Lemma 1.20].
Let f,g be analytic in a neighborhood of D. Applying (4.1) we get

(f, 9)=(f", S*g) + £(0)g(0).

Then we apply (4.2) to (f/, S*g) = (S*g, f') with o = 1:

(5", £) =2 [ Di(S"9) W FTw) (1 [ul?) dAw)
D

=2 [p (1) | [ D500 FT2Im(2) | .

0 T
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By Holder’s inequality

/ Dy(579)(p) P (p2)dm(2)| < 17211 e (D1 (7))l 1
T

Since D1 (5*g) = 3(S*g+¢’) and (5*g)(z) = 1 fol tg'(tz) dt, it follows that | D1(S*g)|| 1.0 S

I ~

llg'|| ;.o - The preceding estimates therefore give

1
(5*g, )] < / (1= ) 14l o dp.
0

Then (again by Holder’s inequality) we get

(5%, )1 S 1l oliso, -
) P ,q

’

as desired. O

Proof of Lemma 6. Suppose first that o is a finite sequence in Dy, say |o| = N. Let f
be a function that is analytic in a neighborhood of D such that f(0) = 1 and f}o =0.
Then we have (writing B = B,,)

Cf0)
VB = B0) T Tho

On the other hand, Lemma 8 shows that

(£ B) < 1O IBO)|+ Cllflg 1B, = [TIA+Clf g 1B,

A€o
Thus,
. 1T, AP
H AL ||f||ng > W (4.3)
A€o ' 82/)q/

Now, let f € Bqu be an arbitrary function such that f(0) = 1 and f}a =0.Let0<r<1
be such that %0 C D. Then f, vanishes on %0, hence by what has already been proved,

. 1_T2NH U‘)\'Q
TN H ‘)“ : ||frHBqu > CHBl As

A€o _U||Eg/7q/

Recall that ||fr||Eg , < || fllsg - Moreover, B1, converges to B, uniformly in a neighbor-

hood of D as  — 1. So taking the limit » — 1, we conclude that (4.3) holds for arbitrary
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f e Bg,q satisfying f(0) = 1 and f|a = 0. Taking the infimum over all admissible
functions f, we obtain the lemma for finite sequences.

Let now 1 < p = ¢ < 2 and let o be a possibly infinite Blaschke sequence. Let B = B,
and let f € Bg,p be a function vanishing on ¢ with f(0) = 1. We apply Lemma 8 to the
functions f, and B, to obtain the bound

(e B < 1BO)| +Cl g 1Bl

for all r < 1.

The classical Littlewood-Paley inequality shows that B) , ¢ H? C H' (see [9, Theo-
rem 6] and also [21, Lemma 1.4]), so f, — f in the norm of H'. Moreover, B € H* and
B, — B weak-+ in H*. From this, it follows that

<f’B> - <fT'7BT‘> = <va _Br> + <f_ f7'7BT'> —0

as r — 1. Thus,

(fs B) < 1BO)| + Cllfllsg , I1B]l50,

Using that f € H' vanishes on o, we may factor f = Bg for some g € H'. Then

1

(f;B) =(9,1) = 9(0) = BO)’

Combining the last two formulas and taking the infimum over all admissible f € B°
again yields the desired inequality. O

5. Proof of Theorem 2
5.1. Proof of Proposition 1

For simplicity we write B instead of B* throughout the proof. Then N = deg B =< 2".
For the zeros z1,...zy of B we have

N
H |zj| = a™ < e .
j=1

For z € D, |z| = r, we have

|<22“—1 L (5.1)
— a2 :

Using that [|(1 —bz")71|%. = (1 —b?)~! for b € [0,1), we find that
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2
n
. ka_1<1—7“)1—a k2"—1 1—1r
(1—T)/|B,(T€Zt>|dt§2ﬂ—zz r W 22 arzk
s k=1
Let us first estimate this quantity for 0 <r < % In this case
_ng 2k — 1 1-r . ligk—T“ <1
1—ar? ~n ~n’
k=1
From now one we assume that r =1 — 2@ , where s > 1, and we write
_ZQk 2’“1 - _ Z2k 2’*1 - Z ok . le _ — 5, +5,.
1 _ 2k T _
—ar —ar n, - T ar?

“t 0<x<1,t>0, we have

1\
ok _ok—s
=(1—— < .

I and so

Since (1 —z)t <e

Therefore, for k > [s] + 1 we have 12" < e

n

1 k—s

Sy < = k—s_—2 <

23 E 2" e S
k=[s]+1

S

For k < [s] we use the inequality

—S8 1
2 > e —14+=>2F 4
n n

Thus,
[s] [s] 2]4:75

S5 — ZZk L7 lzm
k=1 n

We split this sum into two more sums, over k such that 2°7* < 1 and 2¥=% > 1 Then
we have
logn

log log no_
nlog?2’

1
2](‘,—8_ _ 2](, S 29 k <2
Z n+n Z nlog2 ~

1 1
1<k<s— gggg” sfﬁgkg[s]

1
S1 S =
n

S|

Thus, we have shown that
logn < loglog N
nlog2 ~ logN

+

1
* < =
1Blise ., <
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5.2. Proof of Theorem 2

Applying Lemma 6 to o = ¢* with (p,q) = (00, 1) we obtain
N

1
[T M- capss, (6%) 2 e
, Bl

because vazl |\i] = a™ < e~ L. It remains to apply Proposition 1. O
6. Proofs of Theorem 4 and Theorem 5
6.1. Proof of Proposition 7

As in the proof of Proposition 1, for simplicity we write B instead of B* throughout
the proof.

Step 1: the case ¢ = co. Note that the case p = 1 is already covered by Proposition 1.
We start with the case 1 < p < 2. We have to prove that

1/p
1

sup (1—r) /|B’(reit)|pdt < Tog N)177 (6.1)

0<r<1
It follows from (5.1) that

27 27 n p
) 1 E_ (1 77")
R / it k,2"—1
I:=(1 —r)p/|B (re®)|Pdt < / (E E 2% —|1 —arzkeﬂk"?) dt.

0 0 k=1

Since for 0 < p/2 < 1 and any ag > 0 one has

(Zo) < (5.

we conclude that

2 )
n 2k 2k 71 ))p/2
TS / (;; 11— aT2k612kt‘p dt
0 =
27 L
< i/ 2’€ 2k —1(1 ))p/2(21r2 —1(1 _T))p/zdt
~ np o aeresztlp‘l —ar? ei21t|p
0 SJIsn
27 - ,
< i/ Qk 2" _1(1 — T))p/2(2]r21_1(1‘_ T))p/th
~ pp k<j< 1 —ar? e t|p(1 — ar?')p :
0 SIsn
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After integration with respect to ¢t and using a well-known estimate of Forelli and Rudin
(see [8, Theorem 1.7]) we get

(2kr2k_1(1 — r))p/2(2jr2j_1(1 —r))P/2
(1 —ar?*)p=1(1 — ar?’)p

1
Igﬁ Z

k<j<n
D i Uk e i )
T k<j<n (1 —ar?*)p=1/2(1 — ar? )p=1/2

np (1 —ar?")p=1/2

1 ( u (2’“r2k1(1r))zﬂ/2>2.
e

=1

Thus, we need to show that

g_ 1y (22— L
T /2 —ar2®Vye-1/2 = /g’
np/2 = (1 —ar?")p=t/ vn

If r < 1/2, then, clearly, S < n P2 <=2 Now, let r =1 — 1/2°% where s > 1. If
k> [s]+1, then r2" < e=2"" < 1/e and

n k.28 —1 2 n
L (2 T (1 B T))p/ < 1 Z (21075672'“_5);)/2 < i
np/Q (1 — a/r2k )P_1/2 ~ np/2 ~ np/2
k=[s]+1 k=[s]+1

Note that 72" = (1 —1/2%)2" > (1 — 1/2)2 for k < [s] and, therefore, as in the proof of
Proposition 1,

k

11 —a7“2k| >r % —a= r2 14 1/n> 28 4 1/n.

As in the proof of Proposition 1 we split the sum into two parts. For 1 < k < s — llzi 5
we have 2¥=¢ < 1/n and, therefore,
k_
1 Z 2k, (1 —r))P/2 <1 np1/2 Z o(k—s)p/2
np/2 (1 —ar2)p=1/2 ~ pp/2
k<s—logn/log?2 k<s—logn/log?2
< np/271/22(7 logn/log2)p/2 __ n71/2.
Finally, for s — 112% < k < [s] we have 2F=% > 1/n and so
g
k281 2

1 > (@2 -2 1 3 o(h=8)p/29(s—k) (p—1/2)
nP/Q (]_ — aer)Pfl/Q ~ np/2

s—logn/log2<k<[s] s—logn/log2<k<[s]

< p—P/29(logn/log2)(p—1)/2 _ [, —1/2
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Thus, we have shown that S < n=2 for 1 < p <2, and so

1
I = 1—7" /|B/’l"€ )‘pdt<S m

The estimate remains true for p > 2 since by the Schwarz—Pick inequality, we have
| B (re®)[? < (1 —12)>7P|B'(re™)|2.

Step 2: the case 1 < p < g < co. We have to show that

1 o q/p

) 1
_ a1 (o) |P < -
/(1 r) /|B (re**)|Pdt dr < (log N)#/—T
0 0

(respectively < % in case p = 1). It follows from (6.1) that for 1 < p < oo

1-1/N? q/p 1-1/N?
1 dr 1
(1- B'(re')|Pdt dr < ——— <
/ g / 1B "~ (log N)#/» / L=r " (log N)o/»=1"
0 0

while for p = 1 we have by Proposition 1 that

1—-1/N? o q )
: loglog N )?
_ .\q—1 / it < ( g log
/ (1-7) /|B (re’)|dt | dr < Tog N)i—1°
0 0
On the other hand, note that, since f027r| Hldt < f |B'(e®t)|dt = 2w N, we have
by the Schwarz—Pick inequality
27 1 27 9 N
1o it\|p (o it 4
/|B (re*)|Pdt < 7(1 — 7 /|B (re**)|dt < —(1 — T
0 0
Therefore,
1 a/p 1
/ (1-7) /|B ret)|Pdt dr < NU/P / (1- r)q_l_Q(p_l)/pdr
1-1/N? 1—-1/N?2

1
1
— na/p _ N/l < n—a/p —
N / (I—7) <N 0((logN)q/P—1)'
1—1/N?

Combining the above estimates we come to the conclusion of the proposition. 0O
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6.2. Proof of Theorem

As in the proof of Theorem 2, we apply Lemma 6 to ¢ = ¢*. This gives

al 1
|Xil - cappo (07) 2 o
E Z 1810,
P ,q
again because Hf\[:l [Ai] = a™ < e~L. It remains to apply Proposition 7 (with p’,q’ in

place of p,q) to prove the lower bounds (3.5) and (3.6). The upper estimate in (3.7)
follows from Theorem 3. 0O

6.3. Proof of Theorem 5

To pass from infinite to finite Blaschke sequences, we require the following continuity
property of capacity.

Lemma 9. Let 1 < p,q < oo. Let 0 C D\ {0} be an infinite sequence. For N € N, let o
consist of the first N points of . Then

capgy (0) = Jim capgy (on).

Proof. For simplicity, we abbreviate cap = cappo - The inequality cap(on) < cap(o) is
trivial, so it suffices to show that cap(c) < liminfx_, o cap(on). Clearly, we may assume
that the limit inferior is finite.

If ¢ > liminf N, o cap(on ), then by definition of capacity, there exist a sequence (Ny,)
tending to infinity and functions fy, € By , such that fy, vanishes on oy,, fn, (0) =1
and | fl|gg < ¢ for all k. Then (fn,)r is a normal family, so a subsequence converges
locally uniformly on D to a holomorphic function f. By Fatou’s lemma, f € Bgﬂ with
Ifllgy, < ¢, and f vanishes on o and f(0) = 1. Thus, cap(o) <c. O

Proof of Theorem 5. Let 2 < g < co. Then, for f € BY, , N BY,, we have

1 1
— — -2 *q—2 *2
Ja- oo < [0 L0 = e o < U152 1A
0 0

Recalling that B9, = H? with equivalence of norms, we conclude that there exists a
constant C' > 0 so that for any Blaschke product B, we have

1—2
1Bl , < CYIBI" g .

(This also follows from the Littlewood—Paley inequality.) Note that the inequality triv-
ially holds for ¢ = co as well.
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Let e > 0. It follows from a theorem of Aleksandrov, Anderson, and Nicolau [,
Theorem 2] that there exists an infinite Blaschke product B with ||Bl|z < e. By

precomposing B with a conformal automorphism, we may assume that |B(0)| = 5. By
/1= 2 .
the preceding estimate with ¢ = p’, we have || B[ < CYP' '~ so Lemma 6 implies
o’ ,p’
that there exists a constant ¢ > 0 such that

1 21
J¢apsy (o) > cer

We distinguish two cases. If capgo (0) < 0o, then Lemma 9 yields a finite subsequence
pP,p
o' C o such that capgg (0') > gcapgg (o). Note that []\c, [Nl = T, [Al = 1/2, s0
2

H Al - capgo (0") > cev "
p,p
A€o’

If capgo (o) = 0o, then Lemma 9 directly yields a finite sequence ¢’ C o satisfying the
p,p
last inequality. Since € > 0 was arbitrary, the result follows. 0O

7. Proofs of the upper bounds
An obvious choice of a test function for an estimate of the capacity from above is

-1
J = Bo/Bs(0) = (~)V (I, M)
gives sharp estimates in many situations. To use f as a test function in the proof of

B,, 0 = (A1,...,An). Surprisingly, this function

Theorem 3 we need first to obtain some estimates for the norms of finite Blaschke
products in Besov spaces which may be of independent interest.

7.1. Estimates for the 627(1 norms of finite Blaschke products

Proposition 10. Let (p, q) € [1,00]2, o = (A1,...,\y) € DY and B = B,.
1) If (p,q) € [1,2]2, then

1By, < (log N)Y/a1/2.
2)If1<p<qg<ooandq>2, then
1Bllsg, <1
3)If1<qg<p<ooandp>2, then
1B]sy, < (log N)M/a=1/7.
4) If 1 < g < oo and p = 0o, then

1/q
|Bllsg, < N4
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The constants in the relations < depend only on p, q, but not on N and o. Moreover, in
all inequalities the dependence on the growth on N is best possible.

Note that there is an essential difference between the case p < co and p = oo, where
the growth is much faster.

In the proof of Proposition 10 we will need several simple estimates, the first of which
can be found in [3]. We will give their proofs for the sake of completeness.

Lemma 11. Let B be a Blaschke product of degree N. Then

1 27
, log N)1=P/2 1 <p<2,
Ja=or [1etipatay < 1) =ps (71)
J J 1, 2 <p<oo,
and, for p €[0,1) and 1 < p < oo,
2m
B (pe")|Pdt < —————. 7.2
0/| (e Pt S s (72)
Proof. Since f027r |B'(pe't)|dt < 2wN, p € [0,1], we conclude that
1 27
/ /\B'(pe”)ldtdpS L
1-1/N 0
Note that
1 2m 0o
; n
[o=) [1r e attp =7y lanl <alfe < lfl (73)
0 0 n=1

for any function f(2) =3, 5, an2" in the Hardy space H 2. Therefore,

1-1/N 2x
| [t
0 0
1-1/N 27 1-1/N 27
) o 1/2 dtdp \ V/?
S (1= p)|B'(pe")|*dtdp -,
0 0 0 0
S(log N2,

Thus, the inequality is already proved for p = 2 (simply apply (7.3) to B) and p = 1. For
1 < p < 2 inequality (7.1) follows from the Hélder inequality with exponents (p — 1)1
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and (2 — p)~! (note that p = 2(p — 1) +2 — p) and the estimates for exponents 1 and
2. Finally, for p > 2 it follows from the estimate (1 — |2|?)|B'(2)| < 1, z € D, that
(1- p)p*1||B/’J||’L’p(T) <(1- p)HB;)H%z(T) and we can again apply (7.3).

The estimate (7.2) is obvious:

2w 2w
. 1 - N
B (pe™|Pdt < ——— B (pe™)|dt < ——.
Bt s gy [18Ge it S gy O
0 0

Proof of Proposition 10. Let 1 < p < co. Then it follows from (7.1) that

1 2

log N)1=P/2 1<p<2
(1B, )" =27 [(1= /\Bxpe Patdp < 4 18 <p<
1, p =2
0
Also trivially || Bl|gy. < 1.
Now let 1 < ¢ < p < co. We write
1 e L T y q/p
* — /
318l 1= [ o (([18enpa) ap
0 0
; T ] q/p
o [ amot( fimeeora) dp=1 4 p
1-1/N 0

We show that Io < 1. Indeed, applying (7.2) we get

1 1
I < N/P / (1- p)q_l(l _ p)—Q(l—l/p)dp — N9/ / (1— p)—1+q/pdp <1.

1-1/N 1-1/N

To estimate I7, we apply the Holder inequality with exponents p/q and p/(p — ¢) to
get (with an obvious modification for p = ¢)

1-1/N 27 ¢ 1-1/N p—q
A b do \ 7"
ne( [ asor [iseran) ([ )
—p
0 0 0

Hence, for 1 < p < 2,
I S (log N)» (1= 95% = (log N)' %,

while for p > 2
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I < (log N)'%"

Thus, we have proved 3) and 1) for the case p > q.
If 1 <p< g < oo we simply have

1

1/q
181y, = ([ 0= 07 1B} e o

0
! 1/4q 1/q—1/2
<g<
S e R S
; 1, q=>2.

The case ¢ = oo is trivial by the Schwarz—Pick lemma. The proof of the statements 1)-3)
is completed.

4) Consider the case p = co. If B(z) = va i ;‘ then

where Bj(z) = [Tz % Hence,

1— N\
1By llse <
e Z (1= 1[Aslp)?

and, using again the fact that ||B)|lo < (1 —p)~", we get

1
(1Bl /1—qw3ww</wmwKN
0

Let us show that all estimates are sharp. The growth (log N)/9=1/? in the case 3) is
achieved by the product B* defined by (3.3). Indeed, for 1 < ¢ < p < oo,

N
||B*||Zkggﬁq > H [Ail -capgg,q(a*) > (log N)Y/a—1/p

i=1

by Theorem 4. In the case 2) the optimality of the estimate can be already seen on
B(z) = V.

For the case 1 < p,q < 2 one can use an example of a Blaschke product constructed
n [3]: there exists a Blaschke product of order N such that
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1-1/N 2r
/ /|B’(pe“)|dtdp > cy/log N,
0 0

where ¢ > 0 is an absolute constant; see the end of Section 2 in [3]. This construction
is based on deep results of R. Bafuelos and C.N. Moore [2] related to Makarov’s law
of the iterated logarithm. An easy application of the Holder inequality shows that for
1<pqg=<?2

1-1/N

[ =0 1B 2 (o Ny o2
0

Finally, let us show that the estimate in the case 4) also is best possible. Take \; =
1 — 277, Since the sequence ();) is an interpolating sequence for H, there exists § > 0
such that

5]
DYDY
for all j. Thus, if B denotes the Blaschke product with zeros Ay,..., Ay, then

B'\)| > ————s >

for j =1,...,N. It follows that ||B)|[o > 27 for p > X; and thus

Aj+1

N-1
LIS Sl RO AR E
j=1 X

7.2. Proof of Theorem &

Consider the simplest test function

B B
f: Z_ = (*1)N NU
B (0) [Tz
Then
1B s,

capgy (0) <

N )
Hi:l |)\z|

and the statement follows from Proposition 10 in all cases except p = oo (in Region III),
where an application of Proposition 10 will lead to a substantially worse growth order.
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To treat the case p = oo we use the test function from [10]. Put r = 1 — 1/N and
consider the finite Blaschke product B with zeros A1, ..., rAN,

Let

N B(TZ)
—N
rN Hi:l Ai

f(z)=(=1)

Clearly f satisfies f(0) =1 and f(\;) =0 for i = 1,...,n. Since 7"V < 1, we have

N
, _ . 1
[Tl 1/ o)) £ 1B/ (rpe™)] < .
i=1 P
Then, for 1 < g < oo,
1-1/N 1
al 1 ; dp dp
[ITl) Ik, = | 5+ | 72 SlsN.
4 0.q —p 1—r
=1 0 1-1/N

Theorem 3 is proved. 0O
Data availability
No data was used for the research described in the article.
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