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1 Alan Bundy
University of Edinburgh, Scotland

Evening Talk: Deduction Systems and Proof Planning

Course: Proof Planning

Tutorial: Proof Planning with XBARNACLE
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|Common Structure in Proofs 1: R.ipplingl

Associativity of Addition
Induction Hypothesis:
z+(y+z)=(x+y)+=z
Induction Conclusion:
(2) ++2)=(s(x) +v)+2
s(z+w+2) = s(z+y) +=
s(@+@+2) = o(@+y)+2)
z+@W+z)=(+y)+=z

where s(z) =z + 1.

Wave Rules:
() +va sw+v)!

() =sv)tsv=v
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Additivity of Even Numbers
Induction Hypothesis:
Induction Conclusion:

Wave Rules:
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Common Structure in Proofs 3:

Equation Solving

4.log 2+log,z=5 cosz +sin’r = —1

homogenization homogenization

|#ﬂ+log2::=5 cosz+1—cos’z = -1

change of unknown change of unknown

7\ 7\
y=logz %+y=5 y=cosz y+1-y?=-1
I | I I
isolation  poly norm form isolation  poly norm form
| I I |
z=2" yP-5y+4=0 L y¥-y—2=0
I T=cos 'y I
. +2.7.n .
quadratic quadratic
I I
y=1vy=4 y=-1lvy=2

%

o

|Proof Plans: What Are They?I

e Attempt to capture common structure of family of
proofs.

e Used to guide search for new proofs from same family.

e Three parts: tactic, method and critics.
Tactic is computer program for applying rules of
inference.
Method is meta-logical specification of tactic.
Critic analyses failure and suggests patch.

e Use Al plan formation to construct special-purpose
proof plan for conjecture using general-purpose
sub-proof plans.

e Allows flexible application of heuristics.

e Understanding gained suggests extensions of heuristics.
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lGeneral—Purpose Proof Pla.nsl

A Strategy for Inductive Proof: ind_strat

Preconditions:
Declarative: Rippling must be possible in step cases.

Procedural: Look-ahead to choose induction rule that
will permit rippling.

.

J

Alan Bundy
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lSpecial—Purpose Proof PlanI

Commutativity of +

.
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ICritic: Lemma Speculation'

e Conjecture:
rev(rev(L)) = L

¢ Wave-Rule:

rev( H:T T) = rev(T) <>H:: nilT

e Induction Conclusion:

+

rev(rev( h:: ¢ T)) = h:ut

rev( rev(t) <> (h : nil) 1‘) = hut'

blocked

o Pattern Sought:
+
rev( X <>Y T) = F(rev(X),X,Y)
¢ Lemma Discovered:

res( X <>Y )= rev(Y) <> rev(X) |

-

4 )

|Overview of Lemma Speculation CriticI

Critic Invocation:

Critic Applied:

/
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|Empirica.1 Success of Proof Pla.nning'

Implemented in Clam/AClam and Qmega proof
planners.

Successfully tested on a wide range domains:

induction, analysis, residue classes, diagonalisation,
summing series, equational reasoning, process algebras,
transfinite ordinals, completeness proofs, ...

Applied outwith mathematics: computer configuration
and bridge.

Solution of eureka problems using critics,

e.g. lemma discovery and generalisation.

Applications to software/hardware
verification/synthesis/transformation.

e.g. verification of Gordon computer,

construction of loop invariants via critics.

Qmega linked to 3™ party provers, CAS, constraint
solvers, etc.

Alan Bundy
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lExpla.natory Role of Proof Pla.nsI

Understanding wholc proof vs understanding dctails.

proof plan vs logical proof.

Common structurc in proofs.
common proof plans.

Old proofs guidc scarch for new ones.
use proof plan as guide.

Intcresting vs routine proof steps

outside proof plan vs inside.

Intuition of theoremhood.
have proof plan but no logical proof.
Varying lcarning abilities.

have concepts to build proof plan.

Alan Bundy
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[Criteria for Assessing Proof Pla.nsI

Correctness: Associated tactic will construct proof step.
Intuitiveness: Plan feels right.

Psychological Validity: Plan agrees with experiments on

humans.

Expectancy: The more accurately success can be predicted
the better.

Generality: The more proofs are accounted for by the plan
the better.

Prescriptiveness: The lcss scarch the tactic generates the
better.

Simplicity: The simplecr the tactic the better.
Efficiency: The chcaper the tactic the better.

Parsimony: The fewer proof plans the better.

Alan Bundy
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[Advantages of Proof Planning
least-commitment devices: meta-variables and constraints.

e Multi-level proof explanation: supports interaction.
agent-based proof planning.

e Reduction in search: larger steps, fewer options.
e Framework for inter-operating reasoners.

¢ Non-standard proof exploration,

Alan Bundy

-16 -



/

032 ‘Aouejoadxs ‘Auourisred ‘Ayifersusl uoryeoridde jualijiq

‘uorjponiisuod uepd jooxd onjewrojny e
"S[9A9] 19y31y pe sdeqiad — (oIeas Jo asn IO e
"SIOU0S®aI FUI)ORIIUT I0] QIAA IR JO 9S[) ®

"uo1pONIYSU0d Jooid 9[qIXay Jo uorjejo[dxa IO e

SUOI0_II(] 2ININY

‘jooxd £10Ad 10] weld jooid e

‘Buruny}-19a0 Jo 1ofue(y o

"Surpue)sispun wewny o} IoLLIeq ® USY} dIe YIIYM
‘syuoij-oaem ‘69 ‘sjdoduod mau jusAul 0} pasu

‘sue[d Jooid mou I0AOOSIp 0} jIom pIe[] e
‘surdjyed poyedonue Auo :Aydipuaiss jo yoeq e

"SOI}LIO pue spoyjeur 0} pajiul :ssaudja[dwod Jo sso e

Suruue[d Jooid Jo seSejueApeSI(]

-18 -

(]
—17 - ' Alan Bundy

Alan Bundy

'sue[d jooid jo uorjoni)suod oryewojne 10§ pedN e
"SO1)1I0 pue spoyjouwr Jooid Ul yoIeas aIOUI 10 PISN e
"SI9U0SeaI Jo uoryerado-1ajur syroddng e

'Jooxd 3o uorjonijsuoo aqixay syroddng e

'sjooxd urejdxes pue aping oy pas() e

"a1njonags jooxd [da3[-13 nux apiaoad suerd jooi] e

UOISN[OU0))

/

-19 -

Alan Bundy



‘spoyjaul [eurioj ul suoryedijqo jooid 10] papasu og
‘uoryestigjourered 10 sdoo[ [IIm SHNIID DIUOIPI[D e
‘surexgord 19)ndurod SAISINOSI 10 9A1)RIS) @
079 ‘se01) ‘sjes ‘s3s1| ‘srequunu :sadLyejep 9AISINOSI e

:ut 63 ‘uorjjedar ynoqe
Suruosea: 10§ paimba1 uorjonpur [esryeurayjyewr £q JooiJ

90URIRJU] SAIJONPUJ 10 PAON Y],

-

y3mquipy Jo A}sIdALU)
sJpuliojup
® " jouosmiq o

Apung uery

UB[J © pUe SW9[qOI] oWOQ
:1 Sutuuelq jooid

[ ]
- ' Alan Bundy -

Alan Bundy

— <)
- = EE v
g + g s &
w M 2 u
-+ V O
‘g 2 3 N T
o o s = o
a zZ = Iz =N
© + + S = A A
W o~ e(S\ vV V
z 2 T = 36
=} ) Y] .s
5 S 2
k : ]

Add Two Numbers:
Append Two Lists:

Even Numbers:
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A Proof Plan for Induction

permit rippling.

Preconditions
Procedural: Look-ahead to choose induction rule that will

Declarative: Rippling must be possible in step cases.
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Wave Rule:

Wave Occurrences:

Induction Variable:

t is best choice since it has the fewest flaws.

Induction Rule:

|Ripple Analysisl

1 1
(X2Y )<>Z=> X:(Y<>2)

Vt,l, m:list(nat). t Tt (¢ s m)=(1 T )<>m

variable l occurrences
t all unflawed
l some unflawed, some flawed
m all flawed

wave-front induction rule
t
Xz,
t
Xy uXpun...
s <>
T . 8
X suggests ... :: ... induction rule.
)
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Failure of Rippling Analysis'

Conjecture:
Vt, L:list(7). even(len(t <> l)) & even(len(l <> t))
Wave-Rules:
1 t
X:2Y <>Z= X:(Y<>2)
)
even( s(s(X)) ) = even(X)
1 t
len( H:T )= s(len(T))
1 t
len(L<> H=:T )= s(len(L <>T))
Step Case: using ... : ... induction on t.

! )

even(len( h:t <> l)) o even(len(l <> h:t

even(len( h: (t <> 1) T)) > even( s(len(l <> t))T)

even( s(len(t <> 1)) ' ) &> even( s(len(l <> t)) T)

~ s ~

blocked
because only one-level look-ahead.

blocked

N
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|Overview of Induction Revision Criticl

Critic Invocation:

Critic Applied:

N

~

Alan Bundy
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E Patch: Lemma Speculationl
lOverview of Lemma Speculation Critic'

Blocked Goal:

Critic Invocation:

T

B

even(s(n + s(n)

focus on innermost wave-front.
Schematic Wave-Rule:
X+ sY) = Fx+1)!

Continued Ripple:

Critic Applied:

even( s(F(n + n)) T)

even(n + n)

where F' = s.
Final Wave-Rule:
X+ s(Y) = s(x+v)'

which must now be proved.

_ ey )

Alan Bundy - 18 - Alan Bundy - 14 -

4 hEd

IRippling Failure: Missing Sinkl

Conjecture:

A1)

H # L

Vt:list(T). rev(t) = grev(t, nil)
Wave-Rules:

rev( H : TT) = rev(T) <> H :: m'lT

(

grev( h:t L ,nil)

grev(H : T t ,L) = grev(T, H L:l)

Induction Conclusion:
rev( h: tT)=q'r'e'v( Bt tT,nil)
T

Failure of Ripple Preconditions

7
grev(H:7T ,L)= qgrev(T,

rev(t) <> h:: 'nilT = grev( izt ,nil)

missing sink

4. Inserted inwards wave-fronts contain a sink or an outwards wave-front.

1. The induction conclusion contains a wave-front.
3. Any condition is provable — trivially, no condition.

2. A wave-rule applies to this wave-front.

e Preconditions 1, 2 and 3 are ':
e Precondition 4 is false:

. A\l

nill’)

Eiirer

grev(t, this

Alan Bundy -185 - Alan Bundy - 106 -
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Results: Selected Conjectures II

lResults: Selected Conjectures 2'

No Conjecture i) (ii) No Conjecture (ii) (i) | (iv)
T3 len(X <>Y) =len(Y) + len(X) L1 T27 rev(X) = grev(X, nil) G1

T4 len(X <> X) = double(len(X)) L2 T29 rev(grev(X,nil)) = X G3,G4

T5 len(rev(X)) = len(X) L3 T30 rev(rev(X) <> nil) = X G5,G6

T8 | nth(X,n™ (Y, 2)) = n(Y,n* (X, Z)) L4, L5 T32 rotate(len(X), X) = X G9

T10 rev(rev(X)) =X L8 T33 fac(X) = qfac(X,1) G10

T11 rev(rev(X) <> rev(Y)) =Y <> X L9, L10 T35 ezp(X,Y) = qezp(X,Y,1) G12

T12 grev(X,Y) =rev(X)<>Y L11 T36 XeY2Xe(Y<>2) *
T13 half(X + X) = X L1 T39 Xenh(Y,Z)»X€eZ *
T14 ordered(isort(X)) L12 T40 XCY o (XuY=Y) R
T16 even(X + X) L1 T42 XeY s Xe(YUZ) *
T21 rotate(len(X), X <>Y)=Y <> X L11,L13 T45 X € insert(X,Y) *
T22 | even(len(X <>Y)) & even(len(Y <> X)) | * L14 T48 len(isort(X)) = len(X) L18 *
T23 | half(len(X <>Y)) = half(len(Y <> X)) | *+ | L5 T49 X cisort(Y) 5 X €Y L19 N
T26 half(X +Y) = half(Y + X) * L17 T50 | count(X,isort(Y)) = count(X,Y) | L20, L21 *

-

(i) induction revision, (ii) lemma discovery

Alan Bundy
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|Results: Selected Lemmata'

NS

(ii) lemma discovery, (iii) generalization, (iv) casesplit

Alan Bundy

/

Alan Bundy

-

No Lemma

L1 X +8(Y) = s(X +Y) [Results: Generalizations |

L3 len(X <> Y :: nil) = s(len(X))

L5 | nth(s(V),nth(s(W), X :: Y :: Z)) = nt*(s(V),nt* (W, X :: Z)) No Generalization Lemmata
L8 rev(X <> (Y ::nil)) =Y :: rev(X) Gl rev(X) <> Y =grev(X,Y) L22
L10 rev((X <> Y :nil) <> nil) =Y :: rev(X <> nil) G2 | revflat(X) <>Y = grevflat(X,Y) L22
L11 X<>unl)<>Z=X<>(Y:2) G3 rev(grev(X,Y)) =rev(Y) <> X L11
L12 ordered(Y) — ordered(insert(X,Y)) G4 rev(grev(X,rev(Y))) =Y <> X L8,L11
L14 even(len(W <> Z)) = even(len(W <> X :: Y :: Z)) G5 | rev(rev(X)<>Y)=rev(Y)<>X L11
L15 len(X <> Y :: Z :: nil) = s(s(len(X))) G6 | rev(rev(X) <>rev(Y))=Y <> X L8,L11
L16 even(X +Y) = even(X + s(s(Y))) G7 | grev(grev(X,Y),nil) =rev(Y) <> X L11
L17 half(X + 8(s(Y))) = s(half(X +7Y)) G8 | grev(grev(X,rev(Y)),nil)=Y <> X | L8L11
L18 len(insert(X,Y)) = s(len(Y)) G9 | rotate(len(X),X <>Y)=Y <> X | L11,L22
L19 X#Y = (X €insert(Y,Z2) - X € 2) G10 fac(X) *Y = gqfac(X,Y) L23
L20 count(X,insert(X,Y)) = s(count(X,Y)) G11 (X*Y)+ Z =muli(X,Y,2) L24
L21 X #Y = (count(X, insert(Y, Z)) = count(X, Z)) G12 exp(X,Y) * Z = gezp(X,Y, Z) L23
L22 (X<>Y)<>Z=X<>¥<>2)

L23 (X+Y)+Z=X+(Y +2)

L24 X+Y)+Z=X+(Y +2)

Alan Bundy
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University of Bialystok, Poland

Course: MizAR: Development of a Large Mathematical Li-
brary
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Mizar

The development of large
mathematical library

Czestaw Bylinski — University of Biatystok
E-mail: bylinski@math.uwb.edu.pl

project url: http://www.mizar.org

The Mizar Project

The Mizar Project is an attempt to create a
computer system for writing, checking and
accumulating whole mathematics.

Mizar is the name of the language that is both

rigorous and close to mathematical vernacular,
designed by Andrzej Trybulec.

Mizar is the computer system for checking and
collecting articles written in Mizar.

Mizared mathematical knowledge is collected in
the Mizar Mathematical Library (MML).
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A bit of history

» The project Mizar started almost 30 years ago (1973) in
Poland under the leadership of Andrzej Trybulec.

e Its original goal was to design and implement of software
environment to assist the process of preparing
mathematical papers.The project can be seen as an attempt
to develop software environment for writing traditional
mathematical papers, where classical logic and set theory
form the basis of all future developments.

 After several year of experiments with Mizar Languages
and its implementations ( 1980 - Mizar 2, Mizar MSE -
1981, 1987 - Mizar 4) in 1988 the design of the language
was completed by A. Trybulec. This language is named
simply Mizar.

The elements of the Mizar system

* The system has been equipped with the following:

1. Mizar language

2. Mizar proof checker called verifier is a computer system
for verifying correctness and logical validity of Mizar
texts.

3. The mathematical knowledge base called Mizar
Mathematical Library (MML),

4. Other programs for automated text processing as required
to create, develope and review of the Mizar
Mathematical Library,

5. The program used to automatic TeX typesetting for
Formalized Mathematics , a proof-checked journal.
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The logical basis of Mizar

The logic of Mizar is classical

The proofs are written in natural deduction style developed
by Stanistaw Jaskowski in 1934,

Definitions allow for the introduction of constructors for
types, terms, adjectives, and atomic formulae.

Proofs consists of a sequence of steps, each step justified
by facts proved in earlier steps or separate lemmas,
theorems, or schemas of theorems

The proof-checker — the notion of an obvious inference
instead using some fixed set of inference rules

The Mizar Language features

Human readable, machine verificable proofs.

The Mizar language has been derived from common
language used in mathematical proofs and therefore is very
rich.

The Mizar Language includes the following features:
comprehensive, definitional facilities, type hierarchy,
structured types, attributes, and built-in fragments of
arithmetics and set theory.

The Mizar language is a multi-sorted (typed) first-order
predicate logic with functions, schemata, and second-order
free variables, both feasible for humans and interpretable
for computers.
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The Mizar System

The PC Mizar system is implemented on an Intel x86
based computers.

Now we distribute releases for MS Windows and Intel-
based Linux and Solaris.

The whole Mizar system including verifier is coded in
Pascal using Free Pascal (Borland Delphi 4.0).

Current version of the system: 6.1.13
The Mizar System for download is available at:
http://www.mizar.org/system/

Mizar Mathematical Library

The main effort in the Mizar Project has been in building
the mathematical library of mizared articles (a scripts in
mizar language).

Mizared mathematical knowledge is collected in the Mizar
Mathematical Library (MML).

The development of MML started with axiomatics of
Tarski-Grothendieck set theory and axiomatic description
of built-in notions.

We collected till now more than 720 Mizar articles.

The cross-references allowed in Mizar enable to use
proved mathematical facts and defined notions in new
articles.
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Preparing a Mizar article

The user is require to give a full and explicit constuction of
formal proof in Mizar Language

The source text is prepared using any ASCII editor and
typically includes from 1500 to 5000 lines.

The text is run through the Accomodator The directives
from the Environment Declaration guide the production of
the environment, specific for the article. The environment
is produced from the available data base.

Now the Verifier is ready to start checking. The output
gives remarks on unaccepted fragments of the source text.

These three steps are repeated in a loop until no errors are
flagged and the author is satisfied with the resulting text.

Submitting a Mizar article into
MML

When finished, an article is submitted to the Library
Committee of Association of Mizar_Users for inclusion into
the Mizar Mathematical Library. http://www.mizar.org/
The contributed article is subjected to a review and if
needed the author must revise his paper.

The contents of accepted papers are extracted by the
Exporter utility and incorporated into the public data base
(MML) distributed with Mizar system to all Mizar users.




Basic tools of the Mizar System

Accommodator processes the Environment Declaration
part of a Mizar text and creates the Environment to this text
from the Data Base (MML).

Verifier process the Text Proper part of a Mizar test and
as a result create the report on errors in A article.Verifier
has no direct communication with the Data Base and
verifies the correctness of the Mizar text using only
knowledge stored in the Environment.

Extractor separates reusable knowledge from the Mizar
text and stores it into Data Base (MML).

Mizar abstracts

For every article an abstract was created by a tool called
Abstractor.

An abstract includes a presentation of all the items that can
be referenced from other articles. All justifications are
removed.

All abstracts are published in a paper journal Formalized
Mathematics,

The electronic journal Journal of Formalized Mathematics

(http://www.mizar.org/JFM/) allows for browsing the
MML through hyperlinks.




The Mizar Mathematical Library

¢ The Mizar Mathematical Library is based on Tarski-
Grothendieckset theory, which consists of the Zermelo-
Fraenkel (ZF) set theory complemented by Tarski's axiom.

 The task of building a rich mathematical library is
currently the main effort of the Mizar community.

» The systematic collection of Mizar articles started at the
beginning of 1989.

* The Mizar language and associated software evolve.

 The library has evolved; new and improved versions of the
entire library are periodically produced.

The Mizar Mathematical Library

Statistics

* A large body of mathematics has alredy been formalized in
the Mizar Language and proof-checked by the Mizar
verifier

* 32000 theorems

e 6 000 definitions

e 672 schemes

e 728 articles (50 MB)

* 385 000 cross-references between articles

e 120 authors, about 20 of them active on a long term basis
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The Mizar Mathematical Library

Most of the library texts formalizes the fundamentals of
introductory mathematics. Some of the texts contribute
more advanced results.

The proof of the Jordan curve theory is being continued

The mizar formalization of a book : A Compedium of
Continous Lattices by G. Giers, K.H. Hoffman, K. Keimel,
j.D. Lawson, M. Mislove, and D. S. Scott, Springer Verlag,
1980. The work is not completed. The current state of
formalization is described at: http://megrez.mizar.org/ccl/.
The work was done by 16 author in 57 mizar articles.

Some examples of theorems
stored in MML

Euler's Theorem and Small Fermat's Theorem [EULER_2],
The Chinese Re

mainder Theorem [WSIERP_1],

The de 1'Hospital Theorem [L_HOSPIT],

Average Value Theorems for Real Functions of One
Variable (the Rolle Theorem) [ROLLE],

Heine-Borel's Covering Theorem also known as the Borel-
Lebesgue theorem [HEINE],

Fundamental Theorem of Algebra [POLYNOMS].




Some examples of theorems
stored in MML

The Theorem of Weierstrass [WEIERSTR],

Hahn-Banach Theorem in the Vector Space over the Field
of Real Numbers przestrzeni rzeczywistych [HAHNBAN],

The Hahn Banach Theorem in the Vector Space over the
Field of Complex Numbers [HAHNBAN1],

Birkhoff Theorem for Many Sorted Algebras
[BIRKHOFF],

Yoneda Embedding [YONEDA_1],
Countable Sets and Hessenberg's Theorem [CARD_4],

Some examples of theorems
stored in MML

The Theorem of Weierstrass [WEIERSTR],

Fixpoints in Complete Lattices (Tarski-Knastera theorem
about the existence of fixpoints) [KNASTER],
Representation Theorem for Boolean Algebras (Stone’s
otheorem) [LOPCLSET],

On Paracompactness of Metrizable Spaces [PCOMPS_2],
Koonig's Lemma which claims that there is a infinite

branch of a finite-order tree if the tree has arbitrary long
finite chains) [TREES_2],

Koonig's Theorem (about the sum and product of any
number of cardinals) [CARD_3],
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The Mizar Mathematical Library

e The more detailed information about
articles stored in MML is available
http://www.mizar.org/JFM

 Information on Mizar system is available
http://www.mizar.org/

http://mizar.uwb.edu.pl

Axiomatics of the Mizar
Mathematical Library

* axioms constitute :

 everything is a set,

* the axiom of extensionality,

* the axiom of pairs,

¢ the axiom of unions,

* the axiom of power sets

* the axiom of regularity,

* the Fraenkel scheme of substitution, and\item
e the Tarski's axiom

10
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Tarski Axiom

The last axiom claims that for every set A there is
a set B satisfying the following conditions:

A € B,
for every element X of B subsets of X belong to B,
for every element X of B holds 2X in B, and

for every subset X of B, X € B or X is equipotent
with B.

The Cumulative Contribution in
the Consecutive Years

BE

\

11
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The Size of Contribution by
Countries

O Poland

O Japan

B Canada

B China

B Germany

M Russia

B Spain

@ Czech Republic
M Holland

O USA

The Size of Contribution by
Authors

1200000

1000000

800000

600000

Bytes

400000

200000

0
Authors

12
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The Most Active Authors

1. G. Bancerek 1038979,67
2.Y. Nakamura 824414,08
3. A. Trybulec 809791,25
4. A. Komilowicz 501380,50
5. P. Rudnicki 416192,58
6.R. Milewski 415386,50
7.C. Bylinski 361727,17
8.J. Chen 346127,00
9. W. Trybulec 284702,00
10.J. Kotowicz 280174,33
11. A. Grabowski 219682,33

12.C. Schwarzweller 167909,00
13.M. Muzalewski  167303,83

14.Z. Kammo 146470,00
15.]. Bialas 136155,50
16. A. Naumowicz 127116,00
17.N. Asamoto 119951,58

18.K. Prazmowski  116099,75
19. S. Kobayashi 111855,50
20. A. Darmochwal  108777,33
21.Y. Shidama 103691,33
22.N. Endou 95713,00

The Distribution of References

ANEANANANA AN
AN AN
I — A N NN

AN NN AN

§ i

ANANANA AN

References
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2001
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1991
1993
1995 Y
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13



- 3T -

The Number of the Authors

1A

The Number of References
to the Authors
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14
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3 Jacques Calmet
Unwversity of Karlsruhe, Germany

Course: Introduction to Computer Algebra Systems
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Introduction to Computer Algebra Systems

Jacques .Calmet
University of Karlsruhe

A - Topics

1. Generalized versus specialized CAS,

2. Data structures, normal and canonical forms,
3. Simplification,

4. Basic concepts in algebraic algorithm design.

B- Literature

Topic 1

Michael J. Wester (ed.) ,Computer Algebra Systems - A Practical Guide*,
John Wiley & Sons (1999).

H. van Hulzen and J. Calmet in ,Computer Algebra“. Eds B. Buchberger, G.E.
Collins and R. Loos, Springer Verlag, 2" edition (1983).

Topic 2 and 3

B. F. Caviness, ,On Canonical Forms and Simplification“. PhD thesis,
Carnegie-Mellon University, May 1968.

R.J. Fateman, ,Essays in Algebraic Simplification“. PhD thesis, MIT, Project
Mac, April 1972.

Topic 4

J.D. Lipson, ,Elements of Algebra and Algebraic Computing“.
Benjamin/Cummings (1981).

K.O. Geddes, S.R. Czapor and G. Labahn, Algorithms for Computer Algebra),
Kluwer Academic Publication (1992).

Many other books are now available. Some authors are: J. von zur Gathen,
J.H. Davenport et al. (the first published book on Computer Algebra, R.
Zippel, A. Cohen, M. Mignotte, A.G. Akritas), G. Gonnet.

Jacques Calmet, Computer Algebra script (in German) at:
http://iaks-www.ira.uka.de/iaks-calmet/vorlesungen/compalg00/ca96-1.ps.gz
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3 Arjeh Cohen
Technical University Eindhoven, Netherlands

Course: Integrating Proof and Group Theory
Evening Talk: Mathematical Services on the Web
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Calculemus Summer School

Type Theory for Formalizing Maths
Herman Geuvers
Nijmegen University, NL

'HA:s

(sort) Fs1:s9 if (s1,82) € A (var) 3 ifz ¢l
F'FA:s THEM:C .

{eak) IoAFM:C fz¢l
F'HA: Lz:AFB: .

() H,N_:Hr».‘wm“mw 2 if (51,82, 83) € R

\) Fz:AFM:B TFHIz:AB:s
' Mz:A.M :1lz:A.B

) F'FM:IIz:AB TEN:A
(app T'+ MN : B[N/z

'-FM:A ﬂTm”m\»

(conv) T-M:B

Q

Pure Type Systems
Determined by a triple (S,.A, R) with

e S the set of sorts
e A the set of axioms, ACS xS
o R theset of rules, RCS XS XS
If s9 = s3in (s, 89, 83) € R, we write (s1,82) € R.

Pseudoterms:

T ==& |Var|(IIVar:T.T) | (AVar:T.T) | TT.

Examples of PTSs

cc
S Prop, Type
A Prop : Type
R (Prop, Prop), (Prop, Type), (Type, Prop), (Type, Type)

CcC®
S Prop, ﬁ.%m..ws.m_z
A Prop : Type, Type; : Type; ;1
R (Prop, Prop), (Prop, Type;), (Type;, Prop)
(Type;, Type;, Typeyax(s )
Recall that (Type; Typeg, Typep) is inconsistent (AU)
Similarly (Type; 41 Type;, Type;)) would be inconsistent.
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The Extended Calculus of Constructions has in addition
e Cumulativity: Prop C Typeg C Type; C ..., so

I'FA:Prop T'FA: Type;
I'-A:Typey ' A:Type;y

e Y-types:
CHA:Prop I z:A-B:Prop ' A:Type; I'z:AF B : Type;

'+ Xz:A.B : Prop '+ Xz:A.B : Type

max(i,j)
For ¢ : Prop

o We have 11A:Type;. : Prop, but

e We do not have £ A:Type;.¢ : Prop.

Note: The type theory of Coq has in addition Set : Type and
rules (Set, Set), (Type;, Set), (Set, Prop).

The type of groups over A, Group(A), is

Group(A) := Y 0:A+A—AXe:ALinv:A—A.
(Mz,y,z:A.(xoy)oz=1z0(yo 2))A
(Mz:A.eoz = z)A
(Mz:A.(inv ) o z = e).
If t : Group(A), we can extract the elements of the group struc-
ture by projections: mt : A>A—A, m(mot) : A
If f: A>A—A a: Aand h : A=A with p;,py and p3
proof-terms of the associated group-axioms, then

Cn, Am.. A}J AN:, Aﬁw-ﬁwvvvvv : O_‘O:_uA\C.

Use 3-types for mathematical structures:
theory of groups: Given A : Type, a group over A is a tuple
consisting of
o: AA-A
e: A
inv: A—A
such that the following types are inhabited.

Nz,y,zA.(zoy)oz = zo(yo2),
[lz:A.eozx = z,
Nz:A.(invz)oz = e.
Type of group-structures over A, Group-Str(A), is
(A—>A—A) x (A x (A—=A))

We would like to use names for the projections:
Coq has labelled record types (type dependent)

e Record My_type : Set :=
{11 : type_1
1.2 : type_.2

1.3 : type.3 }.
If X : My_type, then (1_1 X) : type_1.

we we

o Also with dependent types: 1_1 may occur in type_2.
If X : My_type, then

(1.2 X) : type_2 [(1_1 X)/1_1]



e Record Group : Type :=

{ crr : Set;
op :  Ccrr -> crr -> crr;
unit : crr;
inv : crr -> crr;
assoc : (x,y,z:crr)

(op (op x y) z) = (op x (op y 2))

}.

IfX : Group, then (op X) : (crr X) -> (crr X) -> (crr X).

The record types can be defined in Coq using inductive types.
Note: Group is in Type and not in Set

Functions and Algorithms
e Set theory (and logic): a function f : A—B is a relation
R C A X B such that Vz:A.3'y:B.Rx y.
“functions as graphs”
e In Type theory, we have functions-as-graphs, but also functions-
as-algorithms: f : A—B.
Functions as algorithms also compute: 3 and ¢ rules:
(Az:A.M)N — g M[N/z],
Recbf0 — ¢ b,
Recb f(Sz) — ¢ fx(Rech f z).
Terms of type A— B denote algorithms, whose operational se-
mantics is given by the reduction rules.

Type theory can be seen as a small programming language esp.
if we have inductive types (with primitive recursion)

n

Allowing
'FA:Type I'z:AF B : Prop

['FXz:A.B : Prop
leads to inconsistency:

o Define (2 := S A:Set. £ R: A~ A—Prop.wf(R)
wf(R) denotes that R is well-founded.

o Define < on Q by

(A, R) < (B, Q) := R can be embedded into ) under some b : B
Then

— < is well-founded on 2
— If (A, R) well-founded, then (4, R) < (Q, <)
so contradiction: ... < (©2,<) < (Q,<) < (2, <).

Poincaré Principle

An equality involving a computation does not require a
proof.

In type theory: if ¢ = g by evaluation (computing an algorithm),
then this is a trivial equality, proved by reflexivity.
This is made precise by the conversion rule:
F'FM: A
'M:B

Can we actually use the programming power of CIC when for-
malizing mathematics?

A= B

Yes. For automation: replacing a proof obligation by a compu-
tation
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Reflection Suppose

e We have a class of problems with a syntactic encoding as a
data type, say via the type Problem.
Example: equalities between expressions over a group
Then the syntactic encoding is

Inductive E : Set :=

evar : nat -> E
| eone : E
| eop :E->E->E

| einv : E -> E
e We have a decoding function [—] : Problem — Prop

e We have a decision function Dec : Problem — {0, 1}
e We can prove Ok : Vp:Problem((Dec(p) = 1) — [p])

Implicit Syntax and Coercions

e Implicit Syntax: If the type checker can infer some arguments,
we can leave them away:
Write (f ? a b) insteadof (f S a b) iff : (S:Set)S->S->S
Also: define F:=(f ?) and write (F a b).

e Coercions: The user can tell the type checker to use specific
terms as coercions.

Coercion k : A >-> Bdeclaresthetermk : A -> Bas
a coercion.

—If £ a can not be typed, the type checker will try to type
check (k £f) aand £ (k a).

— If we declare a variable x : A and A is not a type, the type
checker will check if (k A) is a type.

Coercions can be composed.

To verify P (from the class of problems):
e Find a p : Problem such that [p] = P.
e Then Dec(p) yields either 1 or 0
o If Dec(p) = 1), then we have a proof of P (using Ok)
o If Dec(p) = 0, we obtain no information about P (it ‘fails')

Note: if Dec is complete:
Vp:Problem((Dec(p) = 1) « [p])
then Dec(p) = 0 yields a proof of —P.

Coercions and structures

Record CMonoid : Type :=
{ m_crr :> CSemi_grp;
m_proof : (Commutative m_crr (sg_op m_crr))
/\ (IsUnit m_crr (sg_unit m_crr) (sg_op m_crr))

.

e A monoid is now a tuple ({(S,=g,7),a, f,p),q)
IfM : Monoid, the carrier of Mis (crr(sg_crr(m_crr M)))
Nasty !!
=> We want to use the structure M as synonym for the carrier
set (crr(sg_crr(m_crr M))).
=> The maps crr, sg_crr, m_crr should be left implicit.

e The notation m_crr :> Semi_grp declares the coercion
m_crr : Monoid >-> Semi_grp.
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Setoids

How to represent the notion of set?

Note: A set is not just a type, because

M : A is decidable whereas t € X is undecidable

A setoid is a pair [A, =] with

e A : Set,

e = : A—(A—Prop) an equivalence relation over A
Function space setoid (the setoid of setoid functions)
[A3B, =, s, ] is defined by

ASB = ©f:A»B.(z,y:A(z =4 v)-((f 2) =B (f¥))),
f=4559 =1z,y:A(z=4y)(m fz)=p(mgy)

Given [A,=4] and predicate P on A define the sub-setoid
[A,;=al | P = [E:A(P x),=4|P]
=4|P is =4 restricted to P: for ¢, : Lz:A.(P z),
q(=alP) 7 = (m1 g) =4 (m\ 7)
NB We do not require the predicate P to respect =4: In taking
a subsetoid we may remove elements from the =-classes.

Example (rational numbers): Let A := int X nat
We define, for (z,p), (v, q):A,

(z,p) =4 (v,9) = z(g+1)=ylp+1)
Take the predicate P on A defined by
Q(z,p) = ged(z,p+1)=1.
o The subsetoid [A,=4]|P is isomorphic to [A,=4]

o All equivalence classes are reduced to a one element set

Two mathematical constructions: quotient and subset for se-
toids.

Q is an equivalence relation over the setoid [A, =4] if
e Q) : A—+(A—Prop) is an equivalence relation,
e=4CQ, ieVz,y:A.(z =4 y)>(Q z y).
The quotient setoid [A, =4]/Q is defined as
(4, Q]
Easy exercise:
If the setoid function f : [A, =4] — B, =p] respects Q

(ie. Vz,y:A.(Q z y)=((f ) =B (f ¥)))

it induces a setoid function from [A,=4]/Q to [B,=pg].

Objects depending on proofs
What should the type of the reciprocal?
given that the reciprocal of 0 is not defined.

o Let recip : A— A with the property
Vz:A.z # 0 — multz(recipz) = 1

o Either leave recip0 undefined (Mizar) or make an arbitrary
choice for it (HOL-light). But it should be undefined

o Type theoretic solution
recip: (Ex:A.z #0) > A
o Then recip is only defined on the subset of elements that are

non-zero:

recip takes as input a pair (a, p) with p : a # 0 and returns
recip(a, p) : A.
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e How to understand the dependency of this object (of type A)
on the proof p?

Possible solution: setoids
e Take a setoid [A,=4] as the carrier of a field
e The operations on the field are taken to be setoid functions

e The field-properties are now denoted using the setoid equality.
For the reciprocal:

recip : [A,=4] | (Az:A.z #4 0) — [A,=4],
a setoid function from the subsetoid of non-zeros to [4, =4]

Note recip still takes a pair of an object and a proof (a,p) and
returns recip(a, p) : A.
But recip is now a setoid function which implies

fp:a#40,9:a+#40, then recip(a,p) =4 recip(a, q)

n

Intensionality versus Extensionality

The equality in the side condition in the conv rule is called the
definitional equality
It can be intensional or extensional.

Extensional equality requires the following rules:

F'FM,N:Ao5B Tlkp:Ne:A(Mz = Nzx)
(ext)
'HM=N:A-B
An°=<v _.J—INU\» MJ_I\w”mu.m.

'HP:B
e Intensional equality of functions = equality of algorithms
(the way the function is presented to us (syntax))

e Extensional equality of functions = equality of graphs
(the (set-theoretic) meaning of the function (semantics))

”

e The value of recip(a, p) does not depend on the actual p

e One only has to ascertain that such a term exists.

Proof Irrelevance principle: for an object t(p) : A, with p: ¢ a
sub-term of ¢,

t(p) = t(q) forallp.q: ¢
The setoid equality obeys this principle.

29

Adding the rule (ext) renders TCP undecidable:

Suppose H : (A—B)—Prop and z : (H f); then
z:(Hg)iffthereisap:llx:Afr=gz

So, to solve this TCP, we need to solve a TIP.

The interactive theorem prover Nuprl is based on extensional
type theory.

24
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Fundamental Theorem of Algebra: Overview of the FTA project (Motivation)

Every non-constant polynomial o Formalize a large piece of real mathematics.
£(2) = anz™ + n:Ln:L 4. taz+ag e Library for basic algebra and analysis, to be used by others
with coefficients in C has 3 root e Investigate the current limitations
(a z € C such that f(z) =0). e Try to manage this project. Three sequential /parallel phases:
e Overview / Motivation Mathematical proof |IATEX document (lots of details)

Constructive proof
* Pr Theory development [ Coq file (just defs and statements of lemmas)

e Axiomatic reasoning

e Completely formalized in the theorem prover Coq Proof development |Coq file (proofs filled in)
e Some details of the proof Try to keep these phases consistent!
® Real numbers e Constructive proof: reals are (potentially) infinite objects; al-
gorithm.
Constructive proof Axiomatic reasoning
e Procedure for (always) finding a root. o First define an algebraic hierarchy
e Equality on R is not decidable. (semi-groups, monoids, groups, rings, fields, ordered fields)
(Not: Vz,yeR (z=1y)V(z #Yy)) . e Advantages: Reuse of proven results; reuse of notation
o Constructively, a polynomial o R is a Cauchy-complete Archimedean ordered field.
f(2) = anz™ + ap_12" 1 +... + a1z + ag eC:=RxR
is non-constant if e A concrete instantiation for R has been constructed (Niqui)

ag # 0 for some k > 0.

»7 n
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Completely formalized in the theorem prover Coq

Sets and Basics 41 kb
Algebra (upto Ordered Fields) 165 kb
Reals 52 kb
Polynomials 113 kb
Real-valued functions / Basic Analysis 30 kb
Complex numbers 98 kb
FTA proof 70 kb
Construction of R (Niqui) 309 kb
Rational Tactic 49 kb
This is the size of our input files (definitions, lemmas, tactic

scripts)

The classical FTA proof

Suppose |f(z)| is minimal with |f(2)| # 0.

We construct a zy with |f(zg)| < |f(2)|-

We may assume that the minimum is reached for z = 0.

(@) = ag + agz* + O(zF*1)

with aj, the first coefficient that's not 0.

Now take

zp:=¢€k ..

ag
with € € Ry .
If € is small enough, the part O AN%iv will be negligible and
we get a 2 # 0 for which
k
a
7o)l = ao+ax (ed/=22) = aoll =€) <17(0)]

kil

Some details of the proof
e Which proof to formalize?

e There are various constructive proofs of FTA:
Weyl; Brouwer-de Loor; Bishop; Kneser (also in Troelstra and
van Dalen).

e We have followed the Kneser proof.

e It can be seen as a constructive version of ‘the’ classical FTA
proof.

The constructive FTA proof
Define an algorithm
Given z € C, construct a sequence z, 2, 21, ... going to the
root.
Problem: in the definition
=€k -
Qg

e ¢ must be small enough to neglect O AN%iv
e ¢ must be large enough to reach the root.
Solution: write
f(x)=ap+ Enp.w + other terms

and find k and 2 such that |ag||z|* is big enough w.r.t. the
other terms and small enough compared to |ag|.

kol



Main Lemma

Given |ag| > 0, |ai|,-.-,|an—1]| = 0.an =1, therearer € Ry
and k € {1,...,n} such that
r"* < |ag|

92
372 |ag| < laglr® < |ag|
] - k
Tiyigklailr’ < (1=37")|aglr

Now take

So Enmw points opposite to ag. Then
|f(2)] < q-|ag]
2
with g =1— 372" —n,

27

Real Numbers in Coq:

e Axiomatic: a ‘Real Number Structure’ is a
Cauchy-complete Archimedean ordered field.

o Prove FTA ‘for all real numbers structures’'.

e Construct a model to show that real number structures exist.
(Cauchy sequences over an Arch. ordered field, say Q)

e Prove that any two real number structures are isomorphic.

s

From this one constructs a sequence (2;);eN in C such that

|f(zi)| < q'laol
|2i41 — 2| < (g*|aol)
This is a Cauchy sequence with limit a root of f.

1/n

U

Axioms for Real Numbers:
o Algebraic hierarchy based on Constructive Setoids.
e Apartness # as basic
r=y & ~(x #vy)
sHy > (s #)V(yH2)
Tz
THY >YHz
o Field operation reciprocal
1/—:(Ex:F.x #0) = (Zz:F.x #0)
e Cauchy sequences over Field F":

g : nat = F'is Cauchy if
Ve:F59.3N:NVYm > N(|gm — gn| <€)
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The algebraic hierarchy of the FTA project

o In proving FTA, we have to deal with real numbers, complex
numbers and polynomials

e Many of the properties we use are generic and algebraic.

o To be able to reuse results (also for future developments) we
have defined a hierarchy of algebraic structures.

e Basic level: constructive setoids, (A, # 4,=4), with A : Set,
# 4 an apartness and =4 an equivalence relation.

o Next level: semi-groups, (S,+), with S a setoid and + an
associative binary operation on S.

7

Proofs by computation / Reflection
Needed for the proof of FTA:

Proofs of equalities between rational expressions like

1 + 1 2z
T+y T—y swlew

are obtained by partial reflection.

Following the reflection method:

[-l:E—-R
with E the type of rational expressions. So E contains a con-
structor erecip : E -> E

But in the case of rational expressions, the [—] can not be total.
~+ partial reflection.

Inheritance via Coercions
We have the following coercions.

OrdField >-> Field >-> Ring >-> Group

Group >-> Monoid >-> Semi_grp >-> Setoid

o All properties of groups are inherited by rings, fields, etc.
e Also notation is inherited:
x[+]y
denotes the addition of x and y for x,y:G from any semi-
group (or monoid, group, ring,...) G.

® The coercions must form a tree, so there is no real multiple
inheritance:
E.g. it is not possible to define rings in such a way that it
inherits both from its additive group and its multiplicative
monoid.

n

Axioms for Real Numbers ctd.:
o All Cauchy sequences have a limit:
SeqLim : (Xg:nat— F.Cauchy g) = F

CauchyProp : Vg:nat— F.(Cauchy g) —
Ve:FS0.dN:N.Vm > N.(|gm — (SeqLim g)| < €)

o Axiom of Archimedes: (there are no non-standard elements)
Vz:F.3n:N(n > z)

NB: The axiom of Archimedes proves that ‘c-Cauchy sequences'’
and ‘1-Cauchy sequences’ coincide (similar for limits):
Vizz g:nat = Fis a w-nmcng sequence if

1

VE:NIN:NVm > N(|gm — gn| < P )

An



Construction of a Real Number Structure:

e Construct Q := {(p, n) | p:Z, n:N}

with intended interpretation (p,n) — ;2.

o Define all operations and relations, turning Q into an Archimedean
constructive ordered field. ;

o For F' an (Archimedean) constructive ordered field, define the
Cauchy completion of F', CSeqp.
h < g := 3e: F50.AN:NVm > N.(gm — hm > €).
Im - mlwz. if m>N
where N is such that Vm > N.|gy,| > € for some € > 0.

Il

o Prove that CSeqp is a Real Number Structure.

a

Categoricity of Real Number Structures ctd.:
o All Real Number Structures are isomorphic to @z“

Seq lim

QN———> RN
Injpo._
e Injp : Q — R canonically maps rationals into R.
eSeq: R— @z“ For z : R, define the Q-sequences
{2i}2) (increasing) and {r;}3°, (decreasing), such that
L Vr:N(rn — gn = (ro — q0) (§)")
2.¥n:N(Injp(gn) < z < Injr(rn))

A7

Categoricity of Real Number Structures:
e A morphism between R and Ry is a ¢ : R = Ry that

1. is strongly extensional: Vz,y : Ry. o(z)#¢(y) = z#y.
2. preserves order, addition and multiplication.

o A morphism preserves ‘all’ structure (Cauchy property, limits,

(Use: Yy € Ro.3z € Ry(p(z) < y).)

® Ry ~ Ry if ¢ : R} = Ry for some bijective morphism (.

49

Some Conclusions:

o Real mathematics, involving both a bit of algebra and a bit of
analysis can be formalised completely within a theorem prover
(Coq).

o Setting up a basic library and some good proof automation
procedures is a substantial part of the work.

e Computationally, the behaviour of the algorithm depends mainly
on the representation of the reals.

e The non-determinism in the root-finding algorithm (non-continuity
of the root-finding function) lies in the taking of a k-th root
in C.

e How to present a proof?? Curry Howard: proofs-as-terms
Converse??

A4
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Some Conclusions:

o Real mathematics, involving both a bit of algebra and a bit of
analysis can be formalised completely within a theorem prover

(Coq).

o Setting up a basic library and some good proof automation
procedures is a substantial part of the work.

o Computationally, the behaviour of the algorithm depends mainly
on the representation of the reals.

e The non-determinism in the root-finding algorithm (non-continuity
of the root-finding function) lies in the taking of a k-th root
in C.

e How to present a proof?? Curry-Howard: proofs-as-terms
Converse: Hurry-Coward: present terms as ‘readable’ proofs

as
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+ Mathematical Models

« Formal Methods

» Temporal Logic

» Temporal Logic of Actions (TLA)

Mathematical Models

Sets, Relations, Functions
more specific: Axiomatic Set Theory

* A={a a,a, ..) finite/infinite (basic) sets
- ={0,1,2 ..} example: natural numbers
e AgxA,x ..xA,, cross product (n-fold)
- <@y 3, ... 3> € AgxA;x .. xA,, n-tuple
* R cAgxA,x ..xA,, n-ary relation

e f:AgxA;x ..xA,, =B n-ary (total) function

R P L
matical Modeling

Mathematical Description of
Syntax and Semantics

« Syntax: description of the system

Each description is finite (finite set)
(program-) texts: grammars

structural description: finite (mathematical)
structures = represented in the computer

tools: visualization

syntactic analysis: is the description correct?
= syntax analysis, “typecheck”

Mathematical Description of
Syntax and Semantics

« Semantics: Description of the behavior of a given system
- (typically) infinite mathematical structures

- mathematical methods for the description of semantic
assignments

Analysis: The proof of semantic properties (of a behavior)
is the central concern of “Formal Methods™ = Uniqueness




« Finite State Transition Systems (Automata)
- Finite Transductors : basic concepts

- State-Charts
- Communicating Sequential Processes (CSP)

= Programming Languages (Semantics)
- concurrent imperative programs

« Data Structures : later

requirements definition

Formal Methods

Predictable safety properties
« exclusion of unsafe states

» failsafe performance
= correct functioning in spite of failures

« (Data) Security
= protection against abuse (attacks)

The Softw Creator?

Structured text
Enrichment through diagrams / formulas
Formal syntax

Formal (syntax and) semantics
= basis for analysis

Transaction Collection and Fosing

Cotmesien

A sy i s anat b plished ko o sy sm cpsermsors send mserface

with sach ether for deta collection and Wraasemssson

+ A cycle mmmm be run regwiarly 10 collect, process mad repart produ
activiey

* The sysom st be sble i process les of “om w and w0l 0w
Iransactions nd irunatt e 801 o0 W8 WamRaCtiGas 10 the SpprOPrIEC
fe—

Valtdation sud Update

The following functions are required:

Transaction Exoeptions

* Tremsactions wilh ervers will be roparied back ko scquerery. s
e

wpropn

* Errors will resuh form an usrowtsble DIN, an invalid MAC or if the
ramaction is found ko be duplicae

* Tramsactions with errors will be recarded as ol seitled, mad el o the
sysicm epermor/accurer ki lhe reconciliation repert

Transaction Validanon

S
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Controlling the Complexity

« System Description + Requirements (Specification)
- Abstraction
- Mathematical Objectifying
« Technical realization (refinements)
- Proof of correctness
- Intermediate stages

« Decomposition into independent units (modularization)

System Description and Requirements
« Abstraction: abandon from irrelevant details of the
technical (Software, Hardware) realization
= Decisive mistakes are often made in earlier stages of
the development (concept phase).

* Objectifying
- Mathematical models
- Formal description and proof of intended properties
= Computation (cf. other disciplines of engineering)

From Requirements Specification to Implementation

+ Inclusion of technical concepts
- Control structures, definite data structures, communication
- Correctness proof (verification)

= All Inputs

* Step-by-step strategies
- Several abstract intermediate levels
- Only the last level corresponds to the technical platform
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Modularization: Decomposition into sub-problems

« Formal Basics of Modularization — Description in

- Independent Subsystems

- Mechanisms of cooperation

- Correctness
* Modular Development

- Modular specification und validation

< Semantic interpretation of (certain) symbols depends on
worlds, w € W.
= Distinguish statements that are incidentally true (in some
worlds) from statements that are necessarily true (in all

Temporal Logic

reachable/visible worlds).

+ Formulas ¢ are interpreted in worlds: [¢],,, ., . Where
val : V — D is a value assignment for global (or rigid)
variables.
= Interpretation over a fixed domain D.
= In some modal systems domains (quantification!) depend

on worlds.

* Reachability relation R ¢ W x W.
« Syntax: Extend rules (for propositional or first-order) formulas
by:If ¢ isa formula so is .p. (W.R).val , ¢ & (W R) val ., ¢ foral w

= "¢ is necessarily true.”

+ (W.R),val ., .¢p & forallworlds w" satisfying wRw " : (WR) . ¢ o (WR)val . ¢ forall val
(W.R), val ..o

+ The dual (modal) operator : .9  =—.,—@ 9 & (WR) . ¢ forallstructures (W, R

= "¢ is possibly true.”

i<
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e A
odal Logic

« Valid formulas ( . ¢):

-o (@AY © 0 Ay

m(wp v oay) = (0 v y)

- (e o y)> 9 oy

* Rule of necessitation (Hilbert-style axiomatization):

=Not: ¢ = .o

* Barcan formula (quantification over global variables using a
fixed domain):

(Vv) . = J(VV)e

sl St

« Main topic of modal logic: Characterization of properties of R
by (modal) axioms.
= reflexivity, transitivity, symmetry

« Reflexivity: For all structures (W, R), where R is reflexive
@ — ¢ isavalid formula, thatis (W, R) . .¢ — ¢,

(and vice versa).

« Transitivity: For all structures ( W, R), where R is transitive
@ — ..¢ isavalid formula (and vice versa).

= Application of temporal logic to formal development:
Compution sequences (of programs or abstract systems)
- abstract specifications: tispec a formula that describes the
behaviour of a system

programs: tiprog a formula that describes the execution

sequences of a (concurrent) program

properties (of systems and programs): tlspec — prop,
tiprog — prop

refinement (implementation): tiprog — tispec,

tispec, — tispec,

« Example (property): .The local (flexible, state dependent)
variable y always becomes O after x has been set to 0.

.= [x=0] 5.5 [y=0] -..

- [x=0] 5. [y=0] - ..

Formalization: , (x=0 — ,y=0))

« Discrete versus continuous:

- discrete: time as a totally ordered set (S, <) is isomorphic
to (.. <).
= used in most temporal logics (and this course)

- continuous: dense structures (isomorphic to (. , <))

= sometimes used for quantitative analysis in real-time

systems




* Branching versus linear time:

- linear-time: at each moment (state) there is only one
future (= sequence of future states)
= in this course: Linear Temporal Logic (LTL)

- branching-time: at each moment (state) there can be a
split into several futures
= tree-like structures
= excurs

« Time structure: For a set of states s € S consider infinite
sequences of states s : , — S. Weuse s, fors(i).
s|, denotes the it suffix ofs.
Properties: discrete, there exists an initial state with no
predecessors, infinite into the future
« Linearity: Each possible computation of a possibly
indeterministic system is considered separately.
= Implicit quantification over all computations
= We are reasoning about a fixed computation but we do not
know which it is. The next state cannot be "computed" like

in formal execution.

Example: The program x := x+ 1 . y := y + 1 generates
the sequences:

[x=0,y=0] =2 [x=1y=0] - [x=1y=1]
and

[x=0,y=0] 5 [x=0,y=1 - [x=1x=1]

Knowing x = 0 A y = O what is the next state? In linear
time logics we cannot consider both alternatives.

Semantics (only future)

+ In addition to the variables v € V some symbols have a
fixed meaning in all states. Use a first-order structure
(model) M to interpret these symbols.

« Satisfaction:s, (M val) . ¢
« For first-order formulas ¢ :

s.(Mval) . ¢ & [Blmvanas, =t
First-order formulas are interpreted in the initial state.

Semantics of (some) basic future temporal operators (( M, val)

omitted):
* always:
s, .9 o 8|, , ¢ forall i
* atnext:
S . .p & 8|, .9

« unless (waiting for):
s .(¢pWy) & s, , ¢ forall i or
for some j s ., y and
s, . ¢ foral k <j

Semantics of (some) derived future temporal operators:

* eventually:

s, .¢ & s/, ¢ forsome |
* until:
s . (pUyY & forsome j s, . y and

s, . ¢ forall k <j

« can be defined by the basic operators.
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Additional important valid formulas: ¢

P O,
Y [ s 4
vUo— .9 R
R Y [N Y 4
LI 2R Y 4 DI 2R a2 4
PO 9 R A AU 4

(WM UG o (vUg
(oveo ov .y
eUGBvY o(pUB) vieUy

(prv) Ubo (pUB)A(vUS)

Semantics (also past):

* Consider s,( M, val) ,, ¢ and define
s.(Mval) . ¢ & s (Mval) ., ¢
(the anchored version)

* Rewrite semantics of future operators using s ., ¢.
For example:
S, @8, 09 foral i2j

Additional important valid formulas:

(oveeo ov.y (PAW o oAy
(p-We 9o .y
(PAY) o @Ay

eU(0Ay) 5 (pUB) AlpUW

(o= ¥W-(0- ¥
(P> W= ((pUB) »(vUe)
P olpv..9)
pUvoyvien Uy

D}

(pUB)v(yUB)>(pvy U

(oW (9> ¥
(oo -(6U@ (60U W)
N C Y )]

Semantics of (some) basic past temporal operators (( M, val)
omitted):
« uptilnow (has-always-been):

$ ., .90 &8s , ¢ forall 0sj<i
« atlast (previous):
$ ,, .9 & i>0ands, , ¢
* backto:
s ., (¢pBy) & s ,, 9 forall 0sj <i or
forsome O0s/si s ,, y and
s ., ¢ forall I<ksgi

DF)

Need past operators:

« Safety: A safety formula is a formula equivalent to a formula
of the form ,¢ , where ¢ is a past formula.

* Guarantee: A guarantee formula is a formula equivalent to a
formula of the form ,p , where ¢ is a past formula.

 Obligation: An obligation formula is a formula equivalent to a

formulaof theform E ( .¢, v .¥,). where the ¢, and

Osisn

are past formulas.

* Response: A response formula is a formula equivalent to a
formula of the form , ,¢ , where ¢ is a past formula.

« Persistence: A persistence formula is a formula equivalent to
a formula of the form . .¢ , where ¢ is a past formula.

= Reactivity: A reactivity formula is a formuia equivalent to a
formula of the form E

osisn

(o0, v +4w) where the ¢ and
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The Temporal Logic
of Actions

(TLA)

« Concurrent programs (¢, « C,). distributed and reactive
systems: infinite sequences of states:
(S0.5y,Sz.-..) (behaviours )

- No termination (operating systems, control systems)

- A transition (s,,s,.,) is an execution step (of one of the
components).

- TLA: specifying behaviours, reasoning about behaviours.

¢ Imperative programs transform states (St):
Clclc St xst
- s: X-— D, where X is a set of program variables and
D is a domain of values

- C [c]is typically a partial function. Desired property:
termination for certain initial states.

- Logics: Floyd-Hoare Logic, Dynamic Logic.

- No intermediate states.

* Notation
- St- the set of infinite sequences of states
(S0.51.550-2)
- Stn the set of sequences of length n :
[ )

Ste = [€9)]
- St = eny StO

- For se Stn , St= and i <n:& =8,
(the i'th element of s)

- For se Stn , St=:

8|, = (5,5, ....) for seSt-

and s|, = (s;....S,.,) for se St» and j <n
- For s,€ St" and s,€ St~ , Stm:

S8, = (S Sy 1 SoeeSppeen) fOF $,€ St-

and 8, . $; = (S,,....5  Sppeer 2 )

for s, Stm
- Stuttering equivalence is the finest equivalence relation
~ ¢ St=xSt=, such that for all s,8,€ St=
andall seSt:s, ,(s).5,~83,,(55) .8,

[Tnae
L

T

¢ A language (for TLA) is given by L = (Sig.V.X), where

- Sig = (Z,F.R) is a first-order signature

- V isa Z-sorted set of rigid (logical, global) variables

- X isa Z-sorted set of flexible (local) variables, such that
VaXne, . Fa =

- Rigid variables are interpreted (evaluated) under states s.
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« For a given set of flexible variables X, X’ = {x’| xe X}

is the corresponding set of primed variables.
X’ is not just an additional set of variables but an
additional set Y together with an one-to-one mapping
prime: X =Y.
Primed variables refer to the second state of a state
transition. '
- Compare Z-notions.
The set of variables (of L) is U = VuXuU X",

DF3

1

A transition predicate is a first-order formula
over Sig and U, Fm (Sig.U).

- First-order quantification over U = VU X U X’ allowed!

- Transition predicates are evaluated (to a truth value) under
a pair of states. They describe steps of a computation
(actions ).

- Exampie:

z’ = max (x, ged (y. 2))

A state predicate is a transition predicate that contains no
primed variables.

- First-order formula over Sig and U \X'

- State-predicates are evaluated under a state. They describe
properties of states (assertions).

- Example:

« A transition function is a first-order term (expression)
over Sig and U, Tm (Sig.U).

Transition functions are evaluated (to a value from some
domain) under a pair of states (s, s ") (two elements
interval).

- Example:

max (x*, ged(y, Z))

1

« A state function is a transition function that contains no
primed variables.

- First-order term over Sig and U \X".
- State-functions are evaluated under a state.
- Example:

ged (y. z)

|I
'
.

« A constant function is a state function with no flexible
variables.

« A constant predicateis a state predicate with no flexible
variables.
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« The set of (simple) behaviour predicates (TLA-formulas) is the
smallest set such that:
- If I is a state predicate, then I1 isa behaviour predicate.
- If A is a transition predicate and ¢ is a state function, then
. [A ], is a behaviour predicate.
- If @ isa behaviour predicate, then —® isa behaviour
predicate.
If ®,, ®, are behaviour predicates, then (&, A ®,),

(®,v @), (®,— @), and (¥, ®,) are behaviour
predicates.

 Behaviour predicates ctd.

- If @ is abehaviour predicate, then .® is a behaviour

predicate.
- If veV and & is a behaviour predicate, then Jv.®

and Vv.® are behaviour predicates.

« For transition functions (state functions) ¢ and transition
predicates (state predicates) IT the sets of free variables,
FV,(¢). FV, (M & U are defined as in first-order logic.

« 'For transition functions ¢ (state functions) and transition

predicates (state predicates) I1 the substitution of a function

y for all free occurrences of uel, ¢[y/u] and
I [y/u ), respectively, is defined as in first-order logic.

« For state function ¢ and state predicates Il

¢’ = ¢[x"/x]...[x",/x,] and
M= Ty Y] e 1Y 'n /Y]

where
FV, () n X = {x,....x,) and

FU M) A X = (YooY

« For behaviour predicates ® the set of free variables,
FViemp (®) € VU X is defined recursively by

FViemp (M) = FV,, (1)

FViemp (+ [A)9) = (x | xeX and xeFV, (A)

or x'eFV, (A)) v FV, (¢)

FYiomp (@) = FViem, (@)

emp.

= FViomp (@g - @) = FVipmy, (@9 U FViepm,, (@)
= Flemp (0 @) = FVion, (@)
= Fiemp BV @) = FVpy, (DXV])

State functions and predicates:
© [¢) : Val xSt 5D

[ ¢ ]’ms = [ ¢ ]"mss

o [N ) : Val xSt >{t f)

[ n ]’uls - [ n ]"ms.s

10
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Transition functions and predicates:
* [g)r : Val xSt xSt =D

[0 vatsg sy = [8le watsg.sp

o [@]r: Val xSt xSt - {t, f}

[°]"mso;, = [o] (valsgsy)

« For alanguage L= (Sig.V.X) as above let M = (D,/)

be a Sig -model. Val = [V — D] (the set of all value
assignments)

» For states s, s, € St and value assignment val € Val the
combined assignment E (val,s,.s,) : U — D is defined by:

E (val,s,.s,) (X) = Sy(x)
E (val,s,s,) (X) = s,(x)
E (val,s,.s,) (v) = val (v)

Semantics of behaviour predicates:
[®) : val xSt-— {t. )
(NP = [ ),
* [MA] )y =t < forall | 20 :
[Ave=0Tm,, =t
[0l =t @ [@FL. =
L G L

[@ )P0 =t and [0, ], =t

e [ @]t =t & forall j 20 : [0, =t
als teif

* [Bv. o), = t < forsome val’,, val :
vals

[®)ara = t where

val’ ,,val : & forall vzv: val'(u) = val(u)

Stuttering indices : J[A], , e JdAl,A.aLlA],
= typically ¢, = x;

* (A >v|. iy T2 J[=A lo,,. #n

Eventually: @ : & —.—~®

« Enabled predicate:
Enabled (A): & 3x’, ... x',.A, where
FV,(A)n X’ = {x'}...x",}

c® , ¥ : & (P> .,V (leadsto)

i<

Theorem:
If s and s’ are stuttering equivalent,

then [0, . = [0],..

= Behaviour predicates (as defined above) cannot distinguish
between stuttering equivalent behaviours.

11
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* Hour clock (HC) : a clock that displays (only) hours.
 Data:

Nat (natural numbers)
- mod : Nat x Nat — Nat
mod (n, v)

- in_hourp : Nat

: signed remainder after division by non-zero v

in_hourp (v) : v is an admissible (display) value

* A behaviour
[hr=11] - [hr=12] > [hr=1] - [hr=2] > ... where
- hre X (a flexible variable).
- [hr = 11] represents a state s e St, where s (hr) = 11.
The remaining flexible variables have arbitrary values and
change in an arbitrary way.

If = [hr=11] and s, = [hr=12] and 5,5 S,,
then s, (x) # s, (x) is possible.

« A tick of the clock is given by the transition predicate (action)
HC_nxt :: = hr’= (mod (hr, 12) +1),
where 12 stands for (the constant function)

succ (succ ( ... succ (0) ...))

Describing the behaviour of the clock:
in_hourp (hr) A .[HC_nxt],,
- in_hourp (hr) describes the initial state.
- +[HC_nxt ], describes the state transitions.
* A (safety) property of the hour clock: ,in_hourp (hr)

¢ Hour minute clock (MC): a clock that displays hours and minutes.
« Data:
Nat (natural numbers)
- mod : Nat x Nat — Nat

mod (n, v)
- in_hourp : Nat

: signed remainder after division by non-zero v .

in_hourp (v) : v is an admissible (display) value of hours.
- in_minutep : Nat
in_minutep (v) : v is an admissible (display) value of minutes.

* A behaviour
hr =11 hr =11 hr=12 hr =12
min = 58 min = 59 min =0 min = 1
where
- hr, min e X (flexible variables)
- hr=11
min = 58 represents a state s e St,

where s (hr) = 11 and s(min) = 58

* A tick of the clock is given by the transition predicate (action)

MC_nxt v MC_min, where

MC_nxt :: = min =59 A HC_nxt A min’= 0 and

MC_min :: = min #59 A min’ = (min + 1) A Unchanged (hr ).
« Describing the behaviour of the hour clock:

(in_hourp (hr) A in_minutep (min)) A

«[MC_nxt v MC_min ], min

- (in_hourp (hr)  in_minutep (min)) describes the initial

state.

- J[MC_nxt v MC_min ], m, describes the state transitions.

12
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« Weak Fairness :
. ((.executed) v (.impossible))
= .(( .possible A (,—executed))

It cannot happen that an operation is (from some point on)

constantly possible but never executed (taken).
-Using ..( D A®) & .0, A, ., (linearity) we get
.« « impossible v , ,executed.
impossible : —~Enabled ((A ), , ). executed :(A), ,
- Weak Fairness in TLA (for an action A ):
WF, o (A) & .. —Enabled (A),, o) v «v (A)y

o

« Strong Fairness :
. ((.executed) v (.impossible))
—.((+ possible A (.-executed))
- It cannot happen that an operation is (from some point on)
is infinitely often possible but never taken.

- Rewriting yield: (. ,impossible) v (. .executed)
- Strong Fairness in TLA (for an action A ):
SF gy.0n(A) © . Enabled (A), ., ) v o (A)

" n

e Problem: , ,hr = 12 (liveness ) does not hold for all behaviours
(of the hour clock).

- [HC_nxt],, allows for steps where hr = hr’.

- [hr=11] > [hr=11] = [hr=11] = [hr=12] - ...
does not matter.

- But
[hr=11] = [hr=11] = [hr=11] = [r=11] > ...
yields a problem.

- +HC_nxt is not a TLA -formula!

« Solution (first attempt): add
vohr=1An..A..,hr=120r
+ «(HC_nxt ), to the specification.
- Adding arbitrary formulas (of this kind) leads to new
problems.
= machine closed behaviours.
- A general solution: introduce a kind of scheduler
* has to be invariant under stuttering,
* has to be machine closed,
* has to be as liberal as possible.

* Hour clock
- HC_nxt is always enabled.
- WF, (HC_nxt) & ., .(HC_nxt),,

* Hour minute clock
- (MC_nxt v MC_min) is always enabled.
- WFpy o (MC_nxt v MC_min)
o o AMC_NXE )y i v o o (MC_NXL )y i

s it A (A, ., AF
- Init is a state predicate.
- A is the next-state relation. Often A = A, v... vA_.
- ¢,.....9, is the stuttering index.
Often ¢, = x; forall 1 <i sn.
- F describes constrains. F is a conjunction of
WF,, ., (A) and SF, _, (A) formulas.
In cases where A = A, v... v A, each conjunct is
WF, o (A)or SF , (A) for 1sisn.

"

13
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e ., A l‘,\v.AvL . ovaA vR
revwy.A . .ovwya
VSE Inference Rules

re.v . A ' oA I, vA
e A L A§
rNeavy . A .o A v
Ty . A r.@.A_.L l‘,cp.v,_)AR
e -y . A s o - v A
ro(r) . A L r. e()a v R
I, (Vx)e(x) . A r . (vx)e(x) A
for an arbitrary term 7 where ¢ newin T , (Vx) @(x). A

re(c) . A 5 r.e(r)a
I.(3x)e(x) . A r . (@3x)e(x)A

where c newin I, (3x) ¢ (x) . A for an arbitrary term 1

—————— axiom
e . ¢. A

Additional structural rules.

Da<

D.1.2 D rules

AT F o Buid)

FEoma always right

A always Ieft

e Al and Ee wedect mvariant Tormmins

T2 A 4, ANTY FE
CHDed

o Al and Er sedet imarisot formnins (see D.4.2),

P Bl A) teava right adustion

D.1.2 0O rules

gl T A
DT A

AT - o Evld)

ook TF o7 A

always right

o Al manl Ev welect imaniant Toromilas.

ke A o ANTHE O EqfA)
rFond

o Al amd Ev soleet invonant Tornmlas (see .42,

always right induction

i<

D.1.4 unless rules

G T & Ty unless o). THe A
v unless v, T+ A

1, Joft.

3.8

T ] ight exit
I+ ¢ unless 3, A T

T d T O unbess ). 3

TF 7, unless o5, & unlees right step

14
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P o d. @ Al T}
Iy unbnas 2y,

Wy Vel o
S

wibess gt kudkuccion

o Altial, seheors iuvarian foonele, il slsar proserves unless ke,

o Auselrets mvatiunt fursaako of et sove ol

D15 Step rule

AT Kl A) ok

7 {4
v mape ol bres fexibile, d varinbbes oato o stk varsald
o AL, sl K, evbiet iscarsait G sl Lransfies Sanuules whids

aabe td itrasioa! Do sl stake.

D.1.6 Induction rule

Ve o iy = o]l Al ik ol Bvid)
I+ Vel A

teaporal induction 1

o o sdee faneton « for e s exist
® ¢y is new pigid varialshe ad

o ] badientos that the virbabde o oocaes B the Sornnids 2,

o e e inariant wader sestierng

* 2 wamw Dailde varudde

] b st ol g baovernt Tor s oot Benble ot pond
ariatdes: setarititug fevaas b ttupedal bagic i diffowr st S Sedets-
tubron i pescheste b (5[4

D.1.8 Confluence rule

Coly AT+ A
g, 00, THA S

D.2 Transition Rule

Ane AN+ 4 Bl A
e, &
KHaad bov) Mg o L ANT e Joe EN0A)
TN N A T F Oy

icnl always vight

@ b eark 01 T 10 A Aty jeeseane i ot
® i A e pedizate o Dnnades st eontain i proned vacishive

® 1y, b e el T’ Dameslen

o o onipe a8 froe oxiboe, ot vivididos onss s cezhil vt
» ¥, trandes Sunisbe ti nest siuis |

15



D32 emec alwoys

mSE PR GA
oA s T AT S Oy Brgld )
S e r P AT = D0y, Bvgid)
e Pl A

e AW

o Al al Eeg sboer el dornntdes which are invarsnt, 30 variadde i 3
Sterus,

D33 inv slways

Fm e = 2 P AT oy By (A
e P A, A
i b e B Al (10 D, By (AN
G dor = = P Al T1F Tnadd, B ()
r=1,P.0 oA

Iuv alwars

* Jondl = (g 2 A L naless g o= A Tt

& Ay annil By weboet ull bortnelas wdeh an howrianr, 1 variabs pe
stres.

D34 erec unless

P At 2 1% B P

Pio A1y = 2, P, i F Ding, Bagi)

e = TP AT Oy omleeee ol ol &)
PP S oy e g, O

e e

o Ay ond Py sodees all forvenlie whirh are waddenr, o vaoisbbs i 3
alwiter,

DA% ino unlens

Do = 1, P Al (T E 4, By 13)
TP e A
sncde g e 2 P AL (T D, Bay 13
Sodnr pe = e PoAL (T ool By ()

= = L BTy unleas (0 X by by

o Tanfind 1z fpe 20 %y b (v = 2 A Jue Y ys)

o Al oy md Evgey sobect nll fornmelas whick s invorkant, 1 varalile oo
SURILOLS,

i<

D38  exer eventually

tagnee t, P 3L LA
P = 2, T, Alp(D) = Bzl A}
PR A

» Fx[PT) explnits fairmevs romdivions in [ to cnete proerme condit o
Son pasgrram T,

o Aly wml Evy aibiet sl Sacamdas whadi aov & i vamahies i 3
Bl

D.3.T inv eventually

et P 0t A
Voo dwr At s 4, o P A (THF feaBley Byt S)
Sipe =7 8 0 Pl g (U F 1 (P T, By, (80
i dwu nt ety g s 7P Al (T B BBy, Byt Al
w=nPIHA

v vl

o Iy ow Tigle B4 <4

o Jkns = G pe = ¢ Alowat <2,

3«
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Filters which also map into next state
Ady w definl an fidbovs

- O
S = SFIE
AL WE T = WE(eNF]

Aldyl = Naail% Wi

By, i tbolboed ws fidlomwn
B (00} = Dp

Erlc) = AMrudyt otherwwse

Filtees which raapect stuttorbag variablo
Alz wodedinesd sn fallires
Mzlgal) = Ayl Sty

AlslTed =
Adzl 8F

- ¥ predivaty logie foruida
wun] flervera| @) T3
Mzl = atbrrwine

Filter which preserve unless formunlas

ATl i delinnst as folkows

Al () - D¢

ARl (SFI T} - SFigr)

AlCnl, (WF e l{T)) = WF(r]

At (o} =g ¥ is rigid

Alliwl (o) undess ¢y} = (Diey == 43 = 10, unboss Oy)
Atlnl, {2} = wi atherwaw

Proof Search
Annotated Reasoning

Proof capabilities are still not fully mechanized
Deduction migrated from the heart of Al to an assistant of
formal methods

Improvements come in small steps
.Deduction engineering” (Loveland):

- Strategy formulation

- Augumenting existing systems

- Composition of various techniques

+ Development of calculi:
e.g. resolution, matrices, paramodulation, superposition
* Avoiding redundancies in calculi
e.g. basic superposition, restart model elimination,
hyperresolution
« Efficent computations, efficient access to data
e.g. normalforms, term indexing

17
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JInefficient” (but ,human-readable) calculi

e.g. sequent-calculi, ND-calculi

« Calculus as an abstract machine, embedding of logics

« Tactics as macros / programs operating on this abstract
machine

* User as a meta-tactic

.Strategic knowledge™ is encoded into tactics

Proof planning using tactics
Additional declarative specification of tactics
Methods = Tactics + Pre- and Postconditions

* But:
Problem of weak postconditions
e.g. only type information is available: A |- A

— integrated plan generation and execution

« Possible solution: abstractions

Abstractions
- Formalizing pre- and postconditions
- Planning of abstract intermediate goals

level of abstraction

level of calculus

PI-abstractions:

.The abstraction of a proof denotes an abstract proof™
Example:
+ Use of term-rewriting-systems at calculus and abstract
level:
Correspondence between concrete and abstract rewriting
rules
* — Abstraction and substitutions commute
¢ — Abstraction and subterm-relation commute
« = abstraction on signature

Rippling to guide inductive proofs

Inductionhypothesis: X+y)+Z=Xx+(y+2)
Inductionconclusion: (S(X)+y)+z=5s(¥ +(y+2

Modification of the conclusion:
(s(x) +y) +z=15(x +(y+2
sS(x +yY) +zZ=9(x) +(y+2
s(x+y) +2 =s(¥ +(y+2
s((x +y) + 2 =s(x+(y+2)

« Abstraction is based on colors of symbols
« Success is measured by the location of red dots

(x+y)+z=(x+(y+2
(x+y+z=(x+(y+2
X +y)+2)=(x+(y+2)
x+y) +2)= (x+ (y + 2)

« Abstract rules: (-x +Yy) = -(x +Y)

i<

18
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-&uw‘aﬂt on Using Logic

s B L b *

L UL

Abstractions are definiert on
term + strategic information

Additional information changes during proof search

Integration of terms and strategic information
Terms annotated by additional information
Encoding of strategic information in logic

Maintaining terms and strategic information
with the help of a uniform calculus

* How to encode strategic knowledge in logic?
« Labelled Deductive Systems (Gabbay):

- a label tis attached to a formulaA
calculi operate on pairs t:A

- no labels for subterms
- no fixed language for labels
- no general support for using labels

Annotations
- Each occurrence of a symbol can store information

- Information is encoded in 1st order terms (annotation
signature and variables)

- Encoding information into annotations of individual
symbol occurrences

- uniform maintenance within an annotated logic

Idea: information is maintained by an enlarged
inferernce mechanism

g-or

§ —2t s[deom 0@
4 4 4
. q-or |
$ ————+S[0 o) 310 e

.

annotated substitutions correspond to substitutions in
the underlying calculus (Soundness):

6®)| = 6[(jt]) = o(t)

annotated substitutions instantiate also annotations
(strategic information)

annotated substitution is composed of

- substitution for terms

- substitutions for annotations

however: both parts are not independent!

« Annotation of the rewrite rules and the notion of
substitution determine the information flow

+ g and r contain pattern of information that is instantiated
during rewriting

q-r

'l /
P-6@Qq)..)>PK-6F).) g (- @™") - g @w)

19



« Logic for annotations and terms are independent
« Annotations and terms can be instantiated independently
« Annotations of variables determine the combination

e e B el

f(g"‘c’(a"“”)) - gktci(ak(b))

« Relations between different parts of formulas:
- rippling, difference -reduction-approaches
- window-technique (Isabelle)
- reuse of proofs
- origin-tracking

* Management of information during proof search
- normalform of terms
- efficient simplification

e Linguistics

3«

Calculi:

* 1st-order logic + Colors
(Hutter, Journal of Automated Reasoning 1997)

* Lambda-Calculus + Colors
(Hutter + Kohlhase, Journal of Automated Reasoning
2000)

« 1st-order logic (Lambda-Calculus) + general annotations
(Hutter, Annals of Mathematics and Artificial Intelligence
2001)

e

 Generic mechanism to integrate strategic
information

(without changing the underlying calculus)

+ Definition of information flow by annotating
(rewrite) rules

- no soundness problems

- high degree of flexibility without modification
of the underlying calculus

- logical frameworks for strategic information

Maintaining Formal Developments

i<

I
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g0 = 0
- §0 o O

Solutions in RIiPE:

« Management of change for development graphs
« Analogical replay and reuse of proofs
= Building set for the change of formal developments

Specification

Cl

due to proof failures

Translation to a
logical representation

Development
Graph

Deduction

"

Generating proof obligations +
structured database

Large number of specified
theories (usually > 100)
Complex dependencies
between theories
Different structuring
mechanisms of
specification language
and its logic encoding

.
>
=
5]
3
o
=
(2]

Q
]
2
o
=3
<)
3
o)
=

N
proof obligations

ey
St

Logic based representation of
structured formal developments
Specifications and
implementations as theories
(consequence relations)
Formal relations between parts
of developments (morphisms)
supports different formalisms
(logics) to represent different
parts

« supports hiding

Let N be a node in a developmentgraph

Define class Modg(N) of Z- models n of N by
* n satisfies local axioms of N
« for all global KN, n|, isa K -model
« for all local K==N:
- n|, satisfies local axioms of K,
« forall K—g* N:
- n has ac - expansion k (k|, = n)

Let N be a node in a developmentgraph

Define class Modg(N) of Zy- models n of N by
* n satisfies local axioms of N
- for all global K=—N, n|, is a K -model
« for all local K=—N:
- n|, satisfies local axioms of K,
« for all K+ N:
- nhas ao - expansion Kk (k|, = n)

DF
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Idea: move theorem-links out of the scope of
hiding-links

w D:l - Sign diagram _
q associated with N - ole

u;: D(i) » Colim D

% L (colimit injections) M N
ME=% ¢
N
N 4
L J
(] M —>- r N
M —2 N

fo"°0=0"°c

spee SORTING (TotalOrder] =
{ LIST [smet Borm )

s
peuds is_ordered : List[Elemn)]:
perm: List{Elemn] x ListfElern];
s x, y:Elem; L, 11,02 : List[Elem]
is_ordered([])

is_ordered(|x])
is_ordered(x::(y::L)) = ...
permL1, L2) = ..

hem

@p sorter : ListfElern] — List{Elern]
wws L : List{Elen]
is_ordered(sorter(L))
perm(L, Sorter(L))

)

Miide is_ordered, perm

ond

}}
e

spac INSERTSORT [TotalOrder] =
{ LIST [sestt Be)
L

eps insert: Elemn x List{Elem] — List{Elern]
sorter: List{Elern] — List{Elem]
was x, y: Elemn L : ListfElen]
insert(x. []) = [x]
insert(x, y::L) = x::(y:L)whenx < y
else y:insert(x, L)
sorter(l)) = ]
sorter(x::L) = insert(x, sorter(L))

Developmentgraphs contain
also hiding (definition) links:

-
M—3 N, o: N5 IM
L]

rPermw‘ 15.0 l

r Insert I

and also hiding theorem links:

-
M—> N, o: IN 5 IM
ne

i.e for all m € Mods(M), m|, has
a @-expansion to some N-model l Sorting H 4 imsan]

= Calculus to reason about
relations between theories:

- reduction of the amount of
(real) proof obligations

- localization of proof
obligations to theories
causing them

- transformation of graphs
to capture hiding

22
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« Reduction of relations:
instead "global” relations
Th(N) |- o(Th(M))
use of "local” relations:

ThN) |- o(AX(M))
and Th(N) |- o (p(AX(K))

+ Reduction by reachability:
links are subsumed if
olp(Ax(K))) = p’ (0’ (AX(K))

Uniform intermediate
representation language (DGRL)
Independent of concrete
specification language

Support for various specification
languages, e.g. VSE-SL, CASL
Incremental change of DG

- Heuristics to compute

differences of DGRL 's

- Computation of a Workplan
Allows for distributed formal
development

* Open approach:

« Differences on DGRL causes computation of a workplan
« Workplan consists of a series of basic operations:
- e.g. insert new theory, delete theory, split theory
- e.g. insert new axiom, delete axiom
« Basic operations preserve as much proof work as possible

- insertion of new basic operations possible
- e.g. FM-DIN gave rise to additional basic operations

Development Graph
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8 Ursula Martin
University of St. Andrews, Scotland

Evening Talk: Adding Mathematics to the Semantic Web
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Girealdix e B
(C18)

contnuous (LAMBDR
{Lanbda_conet_fun rewrites LAMEDR (43! real): 1
to Koconversionireal. real (1) it 2,
reurites LGN (i 4di realds wéd
to Ilreal)
B s e g R o
rewrites (real, realdl). 3}

o

o revriten sentinueue (lreal), 3)

joum_continuous rewrites ‘
‘cortinuous ((K_porveraion(real. real}(1) + 1lreald), 3)

o TRE ” e







-7 Ya -




- A G2 -

9 Erica Melis
DFKI Saarbricken, Germany

Course: Maths Learning Environments

Tutorial: The ACTIVEMATH System
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Intelligent Learning Systems | | Interdisciplinary Work

Erica Melis

Competence Center for e-learning

i German Research Center for

Artificial Intelligence
Saarbrucken

P 1 Th Laermet Forboumen [y

Learning psychology... | Cognitive Psychology

- ask, don't tell
passive learner Active learner, interaction - motivating: competent, self-guided, socially embedded
i internal motivatiol L
* external motivation Tna n i gender -SpeZIfIC

—Tsansmission/teaching. -M., —leaming Feedback

self-responsible !

coach according to expert personalized adaptive support
solution G presentation of soloutions
no discussion explorapon, d|sc9very Meta-cognition *
isolated training ; authentic szenarios

s learning in context

! * judge from. solutions only cooperative learning

»_static learning 905!'___- —dynamic-goal
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SE-Coach

ITS fbr Ne;\;'gonian Physics

Problem
Statement

P i b 4 B 0 £
A T

Waorked out
solution

Free Body
Diagram

- | Contributions by Didactics

D'daCt.'c Knowledge types :
Socratic learn facts

i comprehend concepts
In_qu"y learn to solve problems
Discovery

; Learning support:
Tutorial kind and quantity of feedback
Role play user control
Case-based help when errors occur
Simulation
Search in Web

Education/Didaktics... | | Interdisziplinare Grundlagen

|
f”/‘: Degree of difficulty

goals

content

strategies, methods e didactic
socratic
inquiry
discovery

v 4
knowledge transfer MultiMedia
application and model
prove 4
solve user modeling

meta- cognition
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Artificial Intelligence* ' ' ActiveMath Learning Environment

ﬁ.

User modeling .
Presentation planning
adaptive user interfaces
Problemsolving systems
knowledge representation
error diagnosis .
agent-basiertes Feedback
natural language processing

Pedagogical Goals (first phase) ** Technical Goals

Personalization
- content, feedback
- presentation re-use of content, standard repr .
oy tes 4
by Platform independence
Reading and active, exploratory learning several kinds of presentation
realistic complexity separation of knowledge and functionality
cependencies ;- open distributed architecture
some self-responsibility 3
help by feedback modular design, reusable components
make explicit some implikcit knowledge standard XML -communication

ActiveMath | ActiveMath:Russian

O o Juars & o Jen ey (eees 90

, %®.9.Q

Lot od %

ar

- personalized content asnd presentation Hewt samuesci oeraasis, BvaT
- internationalized (German, English, Russian,...)
- dynamic suggestions

nteractive exercises with service-systems e ess: e ke S e 4 3 PR 00
- web-based, distributed architecture o e ek
- semantic XML-representation et

[y TvSps—

Lotk s bR Rk
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ActiveMath JE SRS o/
- — =
E:Qus\m-nanz 2

Que vauhr-vous (sre aujpourd i Eva?

+ dua e cop-d wald e vase Wkl B Fh AT &

AW o b okt
ot Thmbant, v wm gt vons prageoney o ensvand Suuonan Sapbemet, bscrmrnor KNaams . e, 4 S
ezt Qoo

+ Tvrer s marvess

o &
. E:Md bk M g i e s |

* Duviests *

Adaptation to User:

Dynamic Generation of Presentation | Pedagogical Rules

Choice of content , examples, and exercises IF field(user) = 7 THEN 4ddEX(?C, field)=7F
assemblance of pages
availability of external systems
presentation-features

IF learnGoal=app! AND uK?C low) THEN addEx(?C.diff)=(1,1,2,3)

THFN zddFx(?C. diffi=(3)

S e S

Dependent on user model and pedagogical rufes:

IF stenariofoverview) Trciy fatterm(conceptomm.cx)
- goal§ pattern=(motiv, intro,
- scenario IF seenarioldetail) THFN .
- preferences 7

- knowledge mastery... IF nextbest AND navigation(crazy ?tart) THEN addPointer(?start)
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Architecture of ActiveMath ' _Exercises with CAS Maple

WSRTTR T ae w e

User model ]

evaluator

Feedback: Classes of Test Conditions * Examples of CAS-Exercises

test

valid ? type?

equivalent expressions?

equal solution set?

match?

equal to pre-defined solution (if author insists)

qed?

Knowledge Representation i i OMDoc: Definition of Monoid

c661p4 Tha def marold® fozatcéslps m
cislpd Th2 def mrold® fararchnlps monoid

OMDoc XML-language:

* structures

» semantics (OpenMath, MathML)
Ontology for Mathematics

S
ActiveMath: extensions by gisvenzleshien
didactical metadata 5
relations
several verbosities (book. slide, summary) | inaem ot B A

£61p) Th2 det urit"sunite/refs

etc. Somon: g
</det15I5% Lotts"

TR > < [NCBI 36 /ENR>
</detinition>
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Research: ActiveMath+ for I.éamirig ;

Formalization of didactic strategies etc
Rro-constructivist content,

support of Metakognition error discovery
construction of examples and counter-examples
tutorial dialogues

motivational state

emotions

reactive suggestions

elaborate user modeling

usability Uni Leron
Integration of statistics tools etc
Mixed-initiative proof planning

Fornelia Grasel W

-
empirical tests!!!! i u_‘!

| Conclusion: Demo www.activemath.org

« ITS: interdisciplinary field with commercial relevance

o Distance learning

o Virtual universities

o Training on the job

o Military training

o Training for disabled

o use the Web as learning resource

« ActiveMath: open source project

jActiveMath+ for (empirical) Research

effect of didactic strategies

effect of different problem presentations

effect of help

effect of meta -cognitive support

dependence of learner features and suitable system
parameters

how to plan learning

how to leartn with CASs, proof planner

effect of different sollution presentations
- structure

- meta-variables

- method- and control knowledge

Poor Man's Eye Tracker DFKeye
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10 Tobias Nipkow
Technical Unwversity Minchen, Germany

Course: The ISABELLE System
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