
D
-6

60
41

 S
AA

R
BR

U
C

KE
N

U
N

IV
ER

SI
TÄ

T 
DE

S 
SA

AR
LA

N
D

ES

G
ER

M
AN

Y

FA
C

H
BE

R
EI

C
H

 IN
FO

R
M

A
TI

K

W
W

W
:  h

tt
p:

 //
w

w
w

.a
gs

.u
ni

-s
b.

de
/

SE
KI

 R
ep

or
t

IS
SN

 1
43

7-
44

47

The CALCULEMUS Autumn School 2002:
Course Notes (Part I )

Christoph Benzmüller and Regine Endsuleit (Eds.)

chris@ags.uni-sb.de, endsulei@ira.uka.de

Fachbereich Informatik
Universität des Saarlandes, Saarbrücken, Germany

Fakultät für Informatik
Universität Karlsruhe (TH), Karlsruhe, Germany

SEKI Report SR-02-07





The CALCULEMUS Autumn School 2002:
Course Notes (Part I)

Christoph Benzmiiller and Regine Endsuleit (Eds.)

Fachbereich Informatik
Universität des Saarlandes, Saarbrücken, Germany

chris@ags.uni-sb.de

Fakultät fiir Informatik
Universitat Karlsruhe (TH), Karlsruhe, Germany

endsulei@ira.uka.de

Sponsors
CALCULEMUS Autumn School 2002 gratefully acknowledges the sponsorship of the following or-
ganizations and companies:

es EU  CALCULEMUS Network
h t tp :  //www.eurice.de/calculemus/

e EU  IST Programme, Future and Emerging Technologies (FET)
ht tp: / /www.cordis. lu / is t / fe thome.htm

e Dipartimento di  Matematica, Universitd d i  Pisa
http://wwu.dm.unipi.it/

e German Research Center for Artificial Intelligence GmbH (DFKI)
ht tp :  / /www.d fk i .de /

e Comune di  Pisa
http://vwww.comune.pisa.it/doc/cittapisa.htm

e Saar Toto GmbH
http://wwu.saartoto.de/

se RIACA Research Institute for Applications of  Computer Algebra
http://www.riaca.win.tue.nl/ index.html



Contents

1 Alan Bundy
University o f  Edinburgh, Scotland

Czeslaw Bylinski
University o f  Bialystok, Poland .

Jacques Calmet
University of Karlsruhe, Germany

Arjeh Cohen | |

Technical University Eindhoven, Netherlands

Herman Geuvers
Nijmegen University, Netherlands

Fausto Giunchiglia, Marco Pistore, Marco Roveri
ITC-IRST Trento, Italy

Dieter Hutter, Werner Stephan
DFKI Saarbrücken, Germany

Christoph Kreitz
Cornell University, Ithaca, USA

Ursula Martin
University of St. Andrews, Scotland

10 Erica Melis
DFKI Saarbricken, Germany

11  Tobias Nipkow
Technical University München, Germany

22

37

39

47

60

89

112

135

142

149



— 3 -

1 Alan Bundy
University of Edinburgh, Scotland

Evening Talk: Deduction Systems and Proof  Planning

Course: Proof Planning

Tutorial: Proof  Planning with XBARNACLE
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| Common Structure in Proofs 1: Rippling |

Associativity of  Addit ion SS =
+ + =

Induction Hypothesis: 2 —_ + - 2

8 3 FE  i s  =
z+  (y+2z)=(+y)+z ‚A  = 5 = > Pa(y+ 2)=( ) = & S x 5?  Toa  S

Induction Conclusion: | a 3 Ss 5 58  2 N 2
+ + 9 © v © ©

( 2 )  ++ )  = (o (2 )  +y )+z  £ I + 1 171  f t
+ + A Ha 3 & 22  + SS

( e+  @+2) )  = sz +)  +2  2 8 % 5 55  - 46
+ + £ < 5 & § 5 S u X

s (x  + (y+z) )  =s ( ( z+y )  +2 )  B in  ® SX SX SS  wo  2
a l s  © < EE EZ  S 8

z+@y+z )= (x+y )  +2  «le 2 = ¥ FE  = 8
=] E © Ru > S 3

where s(z) =z  +1. E Z x . % © h i

S ls  S fWave Rules: 2 2 ES
[C I  5 ©

1 1 w— A =U V=> (U+V  o rs(U) + s (U+V)  ° 2 3S i
= 8 si =(U )  =sv )Tsvu=Vv  : 8 8 2
5 5 g 2
° a

® []
d Alan Bundy - -  i

rc

Equation Solv ing

4.log, 2+logzz =5
|

homogenization

|
bs  + log, z= )

|
change of unknown

„AN
y=logır 1+y=5

isolation poly norm form

| I
z=2  yP -5y+4=0

quadratic

y=1vy=4

\

| Common Structure in  Proofs 3 : ]

cos x + s in?z = ~1

homogenization

cosz +1-— cos? x = —1

change of unknown

AN
y=cosz y+1 -y?= -1

isolation poly norm form

| |
1, V-y -2=0

= 08"  y |
+2.7.n .

quadratic

|
y= -1Vy=2

J

|Proof Plans: What Are They? ]

e Attempt to capture common structure of family of
proofs.

e Used to guide search for new proofs from same family.

e Three parts: tactic, method and critics.

Tactic is computer program for applying rules of
inference.
Method is meta-logical specification of  tactic.

Critic. analyses failure and suggests patch.

e Use AI  plan formation to  construct special-purpose
proof plan for conjecture using general-purpose
sub-proof plans.

e Allows flexible application of  heuristics.

e Understanding gained suggests extensions of heuristics.

J
Alan Bundy Alan Bundy



| General-Purpose Proof Plans |

A Strategy for Induct ive Proof: ind._strat

Preconditions:

Declarative: Rippling must be  possible in step cases.

Procedural: Look-ahead to choose induction rule that
will permit rippling.

Alan Bundy

( | Special-Purpose Proof Plan]

Commutat iv i ty of  +

AN

Alan Bundy -10  -

| Critic: Lemma Speculation |

Conjecture:
rev( rev(L) )  = L

Wave-Rule:

rev( Hu: T T) = rev(T)  <>  H ::  nil |

Induct ion Conclusion:

rev(irev( h : :  t T)) = hu t !

rev( rev( t )  <>  (h : :  nil)  T = hu t !

blocked
Pattern Sought:

reu( X <>Y ' )>  F l r ev (X ) ,X ,Y )

¢ Lemma Discovered:

rev( X <>Y  t = rey(Y) <>  rev (X)  t

rs
[Overview of Lemma Speculation Critic]

Cr i t ic  Invocat ion:

Alan Bundy - 11- Alan Bundy -12 -
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| Empirical Success of Proof Planning |

e Implemented in Clam/AClam and Qmega proof
planners.

e Successfully tested on  a wide range domains:

induction, analysis, residue classes, diagonalisation,
summing series, equational reasoning, process algebras,
transfinite ordinals, completeness proofs, ...

e Applied outwith mathematics: computer configuration
and bridge.

e Solution of eureka problems using critics,
e.g. lemma discovery and generalisation.

® Applications to  software/hardware
verification /synthesis/ transformation.
e.g. verification of Gordon computer,

construction of loop invariants via critics.

e Qmega linked to 3 "  party provers, CAS, constraint
solvers, etc.

Alan Bundy -18  -

N

| Explanatory Role of Proof Plans]

e Understanding wholc proof vs understanding details, |

proof plan vs logical proof.

® Common structure in proofs.

common proof plans.

e Old proofs guide scarch for new ones.

use proof plan as guide.

e Interesting vs routine proof steps

outside proof plan vs inside.

® Intuition of theoremhood.

have proof plan but no logical proof.

e Varying lcarning abilities.

have concepts to build proof plan.

N
Alan Bundy - 18 -

| Criteria for Assessing Proof Plans]

Correctness: Associated tactic will construct proof step.

Intuitiveness: Plan feels right.

Psychological Validity: Plan agrees with experiments on
humans,

Expectancy: The more accurately success can be predicted
the better.

Generality: The more proofs are accounted for by  the plan

the better.

Prescriptiveness: The less scarch the tactic generates the
better.

Simplicity: The simpler the tactic the better.

Efficiency: The cheaper the tactic the better.

Parsimony: The fewer proof plans the better.

Alan Bundy - 14  -
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A Proof Plan for Induction

permit rippling.

Declarative: Rippling must be possible in  step cases.

Procedural: Look-ahead to  choose induction rule that will

Preconditions

J
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|Ripple Analysis |

Wave Rule:
‚ t t(XuY ! ' ) <>Z>  Xu (Y<>Z)

Wave Occurrences:

Vt,1,mi:list(nat). t t  <> ( 1  t es  m)  = ( t t  <>  H<>m

Induct ion Variable:

variable | occurrences

t all unflawed

l some unflawed, some flawed

m all flawed
t is best choice since i t  has the fewest flaws.

Induct ion Rule:

wave-front induction rule

Xz .  „ 7

Xp nu Xg LT
‚ <> . . . 7  „<> . . .

Xu .  t suggests . . .  ::  . . .  induction rule.

°
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| Failure of  Rippling Analysis |

Conjecture:

Vt,l:list(r). even(len(t <>  l)) © even(len(l <>  t))

Wave:Rules:

xy !  <>Z2=> Xu(Y<>Z) )

even( s(s(X)) T ) = even(X)

len(  HT ! )  s l en (T ) ) ’

len(L<> Hs  T ! )  s(len(L <>T))"

Step Case: using . . . : :  . .  induction on t.

even(len( h : :  t t <> )  &+  even(len(l <>  hu t  ' ))

even( len(h :  ( t  <> I )  ' ) )  & even( s( len( l  <> t ) )  Y

even( s( len( t  <> 1)) T ) © even( s( len( l  <> t ) )  N
~ ON x

blocked blocked

because only one-level look-ahead.

Alan Bundy

| Overview of  Induction Revision Critic]

Critic Invocation:
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Patch: Rechoose Induction Rule

-

P
o

tt

1

Desired Goal :  even (s ( s ( l en ( t  <>1)) )  ) «> . . .

3
Jeu free

+
)& . . .

Nn

u t ]  <> ) . . .H,

. 2 . . .  induction on £.

even(jglallen([t] <>  1)

(T  <>  L )  = 8

even(len(|H; ::

even(len(Fiy zis

even ( len  (RE(Ha = t ]  <> 0]  ) 6.. .

Calculation of  New Induct ion Term:

suggests . . .  : :

Blocked Goal: even( s(len(t <>  1))

Inwards Wave-Rules:

- 10 =Alan BundyAlan Bundy

a

*JUOIJ-0A8M
 SPIBM

INO
 UR IO

 JUIS 8 UILJUOD SIUOIJ-OABM
 SpIem

ul pajJasu] 'F
-a[qeaoxd st uoljlpuod A

uy *£

‘ajqeorddeut axe p pue £ SU
O

I}IPU
C

IAI] ©

(w
ays Jo 193190 03)

*JuoI-oAsM
 SIY} 03 soljdde o[ni-oaem

 y °Z

a
se

] SI g uoiPIpuodald e

(omy ‘3083 ut)

(( 
; (u)s + u

)s )uana
+°JUOJJ-8ABAM 8 SUIB)UOCD LOISN[OUCD UONONPUI Y

L
 ‘I

iii. 
SET UOIIPUOOAL] ®

suol)ipuodal o[ddry jo am
jreq

N
\

Q
Q

=
] 

+

5 
Soo

5 
+ 

8 
o

o
)

= 
Tx 

§ 
T

O
$

=
 

T
E

 
T

E
i] 

Ss 
tt 

+ 
= 

1
3

S 
8 

o
O

 
5 

4 (3
ee 

+ 
+ 

3 
E

 
&£& I s

& 
Ss 

- 
8.“ 

SS 
=

os 
~

~
 

a 
S

r 
N

r

2 
£ 

5 
E

Y
 

O
E

‘3
 

5 
R

d
 

3 
S

= 
F

F
 

2 
9

° 
©

 
J

9 
S 

@
- 

.. 
©

A
a 

& 
8 

oO
a 

5 
= 

£
21 

2 
©

 
2

©
 

d 
g

a 
& 

o
O

o 
2 

=

_/
- 28 -Alan Bundy- 11 -Alan Bundy



NY AG =

sr
[Overview of Lemma Speculation Critic]

Critic Invocation:

Critic Applied:

~ ~r d

| Patch: Lemma Speculation]

Blocked Goal:
+ t

even(s(n  + s(n) ) )

focus on innermost wave-front.

Schemat ic  Wave-Rule:

X + s(Y) > FX+Y)'
Continued Ripple:

even( s(F(n  + n)) T)
even(n + n )

where F'  = s.

Final Wave-Rule:

X+  s(¥) > s(x +7)!
which must now be proved.

Alan Bundy — 18  ~ Alan Bundy - 14  =

[Rippling Failure: Missing Sink]

Conjecture:

Vt:list(T). rev(t) = grev(t, nil)

Wave-Rules:

g rev (H :T  f ‚ L )  = gqrev(T, j

Induct ion Conclusion:

r ev (h : t  ty = greu( h i :  t T ,  n i l )
1

rev( t )  <>  h :  n i t ’  =g rev (h : t  n i l )
missing sink

rev(  H : T t  = rev(T)  <>  H :: n i l !
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| Results: Selected Conjectures 1 ] | Results: Selected Conjectures 2 ]

No Conjecture (i) (ii) No Conjecture (ii) (iii) | (iv)

T3 len(X <>Y) =len(Y) + len(X) L1 T27 rev(X) = grev(X,nil) G1
T4 len(X <>  X )  = double(len(X)) L2 T29 rev(grev(X,nil)) = X G3,G4
T5 len(rev(X)) = len(X) L3 T30 rev(rev(X) <>  nil) = X G5,G6

T8 nth(X, n(Y, Z)) = n(Y,n (X ,  Z)) L4, L5 T32 rotate(len(X),X) = X G9
T10 rev(rev(X)) =X  L8  T33 fac(X) = qfac(X,1) G10

T11 rev(rev(X) <>  rev(Y))=Y <>  X L9, L10 T35 exp(X,Y) = gezp(X,Y,1) G12

T12 grev(X,Y) =rev(X) <>Y  L11 T36 XeY+Xe(Y<>Z)  *

T13 hal f (X+X)= X L1 T39 Xen™(Y ,Z )2XeZ  *
T14 ordered(isort(X)) L12 T40 XCY a (XuYy=Y) *
T16 even(X + X) L1 T42 XeY-+Xe(YUZ)  *
T21 rotate(len(X),X <>  Y )=Y  <>  X L11, L13 T45 X € insert(X,Y) *

T22 | even(len(X <>  Y))  & even(len(Y <>  X) )  | * L14 T48 len(isort(X)) = len(X) L18 *

T23 | half(len(X <>  Y))  = half(len(Y <>  X ) )  | * L15 T49 X € isor(Y)—+ XeY  L19 *
T26 half(X +Y )  = half(Y + X)  * L17 T50 | count(X,isort(Y)) = count(X,Y) | L20, L21 *

(i) induction revision, (ii) lemma discovery (ii) lemma discovery, (iii) generalization, (iv) casesplit

\- AN  J
®

Alan Bundy - 31  = d Alan Bundy - 22  —

4 N N
[Results: Selected Lemmata |

No Lemma
1 X +o(Y) = 6X  + )  [Results: Generalizations 1

L3 len(X <>  Y :: ni l )  = s(len(X))

L5 | n®h(s(V) ,nh  (s(W), X = Y i :  Z)) = nth(s(V),n**(W,X :: Z)) No Generalization Lemmata
L8  rev(X <>  (Y  ::  n i l ))  =Y  ::  rev(X) G1 rev(X) <>  Y = grev(X,Y) L22
L10 rev((X <> Y nil) <>  nil)  =Y  : :  rev(X <>  nil) G2 | revflat(X) <>Y  =grevflat(X,Y) L22
L11 (X  <>  (Y un l )  <>  Z = X <>  (Y : 2 )  G3 rev(grev(X,Y)) =rev(Y) <>  X Ln
L12 ordered(Y) — ordered(insert(X,Y)) G4 rev(grev(X,rev(Y))) =Y  <> X L8,L11
L14 even(len(W <>  Z))  = even(len(W <>  X :: Y :: Z)) G5 | rev(rev(X) <>  Y )  = rev(Y) <>  X L11
L15 len(X <>  Y :: Z :: ni l)  = s(s(len(X))) G6 | rev(rev(X) <>  reu(Y)) =Y <> X L8,L11
L16 even(X +Y )  — even(X + s(s(Y))) G7 | grev(grev(X,Y),nil) = rev(Y) <>  X L11
L17 half(X + s(s(Y))) = s(half(X + Y)) G8 | grev(grev(X,rev(Y)),nil) =Y <>  X | L8,L11
L18 len(insert(X,Y)) = s(len(Y)) G9 | rotate(len(X),X <>Y)=Y  <>  X | L11,L22
L19 X#£Y  + (X  € insert(Y,Z) > X € Z)  G10 fac(X)*Y = gfac(X,Y) L23
L20 count(X,insert(X,Y)) = s(count(X,Y)) G l  (X  *Y )  + Z =muli(X,Y, 2) L24
L21 X #£Y + (count(X, insert(Y, Z)) = count(X, Z)) G12 exp(X,Y) * Z = gexp(X,Y, Z) L23
L22 X<>Y)<>Z=X<>(¥Y<>2 )

L23 X*Y )+Z=X=x* (Y+2)
L24 (X+Y)+Z=X+(Y +2)
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2 Czeslaw Bylinski
University o f  Bialystok, Poland

Course: MizAR: Development of  a Large Mathematical Li-
brary



„ zZ

Mizar

The development of  large
mathematical library

Czestaw Bylinski — University o f  Biatystok
E-mail: bylinski@math.uwb.edu.pl

project url: http://www. mizar.org

The Mizar Project

The Mizar Project is an attempt to create a
computer system for writing, checking and
accumulating whole mathematics.
Mizar is the name of  the language that is both
rigorous and close to mathematical vernacular,
designed by Andrzej Trybulec.
Mizar is the computer system for checking and
collecting articles written in  Mizar.
Mizared mathematical knowledge is collected in
the Mizar Mathematical Library (MML).
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A bit of  history
* The project Mizar started almost 30 years ago (1973) in

Poland under the leadership of  Andrzej Trybulec.
* Its original goal was to design and implement of  software

environment to assist the process of  preparing
mathematical papers.The project can be seen as an attempt
to develop software environment for writing traditional
mathematical papers, where classical logic and set theory
form the basis of all future developments.

* After several year of  experiments with Mizar Languages
and its implementations ( 1980 - Mizar 2, Mizar MSE  -
1981, 1987 - Mizar 4) in 1988 the design of  the language
was completed by A.  Trybulec. This language is named
simply Mizar.

The elements of the Mizar system
* The system has been equipped with the following:
1. Mizar language
2. Mizar proof checker called verifier is a computer system

for verifying correctness and logical validity o f  Mizar
texts.

3. The mathematical knowledge base called Mizar
Mathematical Library (MML),

4. Other programs for automated text processing as required
to create, develope and review of  the Mizar
Mathematical Library,

5. The program used to automatic TeX typesetting for
Formalized Mathematics , a proof-checked journal.
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The logical basis of  Mizar

The logic of  Mizar is classical
The proofs are written in  natural deduction style developed
by Stanistaw Jaskowski in  1934,
Definitions allow for the introduction of  constructors for
types, terms, adjectives, and atomic formulae.
Proofs consists of  a sequence of  steps, each step justified
by facts proved in  earlier steps or separate lemmas,
theorems, or schemas of  theorems
The proof-checker — the notion of  an obvious inference
instead using some fixed set of  inference rules

The Mizar Language features
Human readable, machine verificable proofs.
The Mizar language has been derived from common
language used in  mathematical proofs and therefore is very
rich.
The Mizar Language includes the following features:
comprehensive, definitional facilities, type hierarchy,
structured types, attributes, and built-in fragments of
arithmetics and set theory.
The Mizar language is a multi-sorted (typed) first-order
predicate logic with functions, schemata, and second-order
free variables, both feasible for humans and interpretable
for computers.
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The Mizar System

The PC Mizar system is implemented on an Intel x86
based computers.
Now we distribute releases for MS  Windows and Intel-
based Linux and Solaris.
The whole Mizar system including verifier is coded in
Pascal using Free Pascal (Borland Delphi 4.0).
Current version of  the system: 6.1.13
The Mizar System for download is available at:
http://www.mizar.org/system/

Mizar Mathematical Library

The main effort in  the Mizar Project has been in  building
the mathematical library of  mizared articles (a scripts in
mizar language).
Mizared mathematical knowledge is collected in the Mizar
Mathematical Library (MML).
The development of  MML  started with axiomatics of
Tarski-Grothendieck set theory and axiomatic description
of  built-in notions.
We collected till now more than 720 Mizar articles.
The cross-references allowed in  Mizar enable to use
proved mathematical facts and defined notions in  new
articles.
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Preparing a Mizar article

The user is require to give a full and explicit constuction of
formal proof in  Mizar Language
The source text is prepared using any ASCIH editor and
typically includes from 1500 to 5000 lines.
The text is run through the Accomodator The directives
from the Environment Declaration guide the production of
the environment, specific for the article. The environment
is produced from the available data base.
Now the Verifier is ready to start checking. The output
gives remarks on unaccepted fragments of the source text.
These three steps are repeated in  a loop until no errors are
flagged and the author is satisfied with the resulting text.

Submitting a Mizar article into
MML

When finished, an article is submitted to the Library
Committee ofAssociation ofMizar_Users for inclusion into
the Mizar Mathematical Library. http://www.mizar.org/
The contributed article is subjected to a review and if
needed the author must revise his paper.
The contents of  accepted papers are extracted by the
Exporter utility and incorporated into the public data base
(MML) distributed with Mizar system to all Mizar users.
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Basic tools of  the Mizar System

Accommodator processes the Environment Declaration
part of  a Mizar text and creates the Environment to this text
from the Data Base (MML).
Verifier process the Text Proper part of  a Mizar test and
as a result create the report on errors in A article. Verifier
has no direct communication with the Data Base and
verifies the correctness o f  the Mizar text using only
knowledge stored in  the Environment.
Extractor separates reusable knowledge from the Mizar
text and stores it into Data Base (MML).

Mizar abstracts

For every article an abstract was created by a tool called
Abstractor.
An abstract includes a presentation of  all the items that can
be referenced from other articles. All  justifications are
removed.
All  abstracts are published in  a paper journal Formalized
Mathematics, :

The electronic journal Journal ofFormalized Mathematics
(http://www.mizar.org/JFM/) allows for browsing the
MML  through hyperlinks.
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The Mizar Mathematical Library

* The Mizar Mathematical Library is based on Tarski-
Grothendieckset theory, which consists of  the Zermelo-
Fraenkel (ZF) set theory complemented by Tarski's axiom.

* The task of  building a rich mathematical library is
currently the main effort of  the Mizar community.

* The systematic collection of Mizar articles started at the
beginning of  1989.

» The Mizar language and associated software evolve.
The library has evolved; new and improved versions of  the
entire library are periodically produced.

The Mizar Mathematical Library
. Statistics

* A large body of  mathematics has alredy been formalized in
the Mizar Language and proof-checked by the Mizar
verifier

* 32 000 theorems
* 6 000 definitions
* 672 schemes
e 728 articles (50 MB)
* 385 000 cross-references between articles
* 120 authors, about 20 of  them active on a long term basis



The Mizar Mathematical Library

Most of  the library texts formalizes the fundamentals of
introductory mathematics. Some of  the texts contribute
more advanced results.
The proof of  the Jordan curve theory is being continued
The mizar formalization of  a book : A Compedium of
Continous Lattices by G. Giers, K.H. Hoffman, K.  Keimel,
j.D. Lawson, M.  Mislove, and D.  S. Scott, Springer Verlag,
1980. The work is not completed. The current state of
formalization is described at: http://megrez.mizar.org/ccl/.
The work was done by 16 author in  57 mizar articles.

Some examples of  theorems
stored in  MML

* Euler's Theorem and Small Fermat's Theorem [EULER _2],
The Chinese Re
mainder Theorem [WSIERP_1],

®* The de 1'Hospital Theorem [L_HOSPIT],
* Average Value Theorems for Real Functions of  One

Variable (the Rolle Theorem) [ROLLE],
* Heine-Borel's Covering Theorem also known as the Borel-

Lebesgue theorem [HEINE],
* Fundamental Theorem o f  Algebra [POLYNOMS].
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Some examples of  theorems
stored in  MML

The Theorem of  Weierstrass [WEIERSTR],
Hahn-Banach Theorem in the Vector Space over the Field
of  Real Numbers przestrzeni rzeczywistych [HAHNBAN],
The Hahn Banach Theorem in the Vector Space over the
Field of  Complex Numbers [HAHNBAN1],
Birkhoff Theorem for Many Sorted Algebras
[BIRKHOFF],
Yoneda Embedding [YONEDA_1],
Countable Sets and Hessenberg's Theorem [CARD_4],

Some examples of  theorems
stored in  MML

The Theorem of  Weierstrass [WEIERSTR],
Fixpoints in  Complete Lattices (Tarski-Knastera theorem
about the existence of  fixpoints) [KNASTER],
Representation Theorem for Boolean Algebras (Stone’s
otheorem) [LOPCLSET],
On Paracompactness of  Metrizable Spaces [PCOMPS_2],

Koonig's Lemma which claims that there is a infinite
branch of  a finite-order tree if  the tree has arbitrary long
finite chains) [TREES_2],
Koonig's Theorem (about the sum and product of  any
number o f  cardinals) [CARD_3],
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The Mizar Mathematical Library

* The more detailed information about
articles stored in  MML  is  available

http://www.mizar.org/JFM
* Information on Mizar system is available

http://www.mizar.org/
http://mizar.uwb.edu.pl

Axiomatics of  the Mizar
Mathematical Library

* axioms constitute :
* everything is a set,
* the axiom of  extensionality,
* the axiom of  pairs,
* the axiom o f  unions,
* the axiom of  power sets
* the axiom of  regularity,
* the Fraenkel scheme o f  substitution, and\item
* the Tarski's axiom

10
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Tarski Axiom

The last axiom claims that for every set A there is
aset B satisfying the following conditions:
AeB,

for every element X of  B subsets of  X belong to B,
for every element X of  B holds 2X in  B,  and

for every subset X of  B,  X € B or X is equipotent
with B.

The Cumulative Contribution in
the Consecutive Years

11
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The Size of  Contribution by
Countries

Poland
D Japan
MM Canada
B China
MB Germany
HB Russia
MB Spain

Czech Republic
EM Holland
OD USA

The Size of  Contribution by
Authors
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The Most Active Authors

1.G.  Bancerek 1038979,67 12.C. Schwarzweller 167909,00
2.  Y.  Nakamura 824414,08 13.M. Muzalewski 167303,83
3. A.  Trybulec 809791,25 14.Z. Kamo 146470,00
4. A.  Komilowicz  501380,50 15.7. Bialas 136155,50
5.P. Rudnicki 416192,58 16. A.  Naumowicz  127116,00
6.R. Milewski 415386,50 17.N. Asamoto 119951,58
7.C. Bylinski 361727,17 18.K. Prazmowski 116099,75
8.J. Chen 346127,00 19. S. Kobayashi 111855,50
9. W. Trybulec 284702,00 20.A.Darmochwal 108777,33

10.J. Kotowicz 280174,33  21.Y. Shidama 103691,33
11. A.  Grabowski 219682,33  22.N. Endou 95713,00
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The Number o f  the Authors

The Number of  References
to  the Authors

” Authors

14
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3 Jacques Calmet
University ofKarlsruhe, Germany

Course: Introduction to  Computer Algebra Systems
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Introduction to  Computer Algebra Systems

Jacques Calmet

University of Karisruhe

A — Topics

1. Generalized versus specialized CAS,
2. Data structures, normal and canonical forms,
3. Simplification,
4. Basic concepts in  algebraic algorithm design.

B-  Literature

Topic 1
Michael J. Wester (ed.) „Computer Algebra Systems - A Practical Guide“,
John Wiley & Sons (1999).
H. van Hulzen and J. Calmet in „Computer Algebra“. Eds B. Buchberger, G.E.
Collins and R. Loos, Springer Verlag, 2 "  edition (1983).

Topic 2 and 3
B. F. Caviness, „On Canonical Forms and Simplification“. PhD thesis,
Carnegie-Mellon University, May 1968.
R.J. Fateman, „Essays in Algebraic Simplification“. PhD thesis, MIT, Project
Mac, April 1972.

Topic 4

J.D. Lipson, „Elements of Algebra and Algebraic Computing“.
Benjamin/Cummings (1981).
K.O. Geddes, S.R. Czapor and G. Labahn, Algorithms for Computer Algebra),
Kluwer Academic Publication (1992).

Many other books are now available. Some authors are: J. von zur Gathen,
J.H. Davenport et al. (the first published book on Computer Algebra, R.
Zippel, A. Cohen, M. Mignotte, A.G. Akritas), G. Gonnet.

Jacques Calmet, Computer Algebra script (in German) at:
http://iaks-www.ira.uka.de/iaks-calmet/vorlesungen/compalg00/ca96-1.ps.gz
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3 Arjeh Cohen
Technical University Eindhoven, Netherlands

Course: Integrating Proof  and Group Theory

Evening Talk: Mathematical Services on  the Web
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Nijmegen University, Netherlands

Course: Type Theory as a Basis for Theorem Proving and
Representing Mathematics



- 42  -

C
alculem

us S
um

m
er School

Type Theory for Form
alizing M

aths
H

erm
an G

euvers
N

ijm
egen University, N

L

'H
F

A
:s

(sort) Fsy:s9 if (s1,82) € A
 (var) T

o
A

lz:A

' 'H
A

:s 
T

H
M

:
C

(w
eak) 

F
o

A
F

M
:C

 
fo

 g
l

F
'A

:sy 
Iz:A

E
B

:sy 
.

(Im
) 

T
H

 H
z:A

.B
 : s3 

if (81, 52,83) € R

(A) 
F

z: A
-M

:B
 

T
rH

IN
z:A

B
:s

F
F

 A
z:A

.M
 :T

lz:A
.B

TEM
:N

z:AB 
TEFN

:A
(app) 

T+ M
N

 : B[N
/z]

(conv) 
F

E
M

A
 

F
B

:s
 

4
ß 

T
-M

:B
?

fr

Pure Type System
s

Determ
ined by a triple (S, A

,R
)  w

ith
e S

 the set of sorts

e A
 the set of axiom

s, 
ACS x S

e
R

 the set of rules, R
C

S
 X

xS
xS

If s9 = 83 in (31, 82, 83) € R
,  we write (s1, 82) € R

.

Pseudoterm
s:

T :=
8|V

ar| (IIVar:T.T) | (A\Var:T.T) | TT.

Exam
ples of PTSs

C
CS

 Prop, Type
A

 Prop : Type
R

 (Prop, Prop), (Prop, Type), (Type, Prop), (Type, Type)
C

C
S

 Prop, {Type;};elN
A

 Prop : Type, Type; : T
yp

e
;

R
 (Prop, Prop), (Prop, Type;), (Type;, Prop)
(Type;, Type;, TYPem

ax(i,j))
Recall that (Type; Typeg, Typeg) is inconsistent (A

U
)

Sim
ilarly (T

ype; Type;, Type;)) w
ould be inconsistent.



The Extended C
alculus of C

onstructions has in addition

e C
um

ulativity: Prop ©
 Typeg C

 Type; ©
... 

so
F

H
 A

:P
ro

p
 

F
A

:  
Type;

T
H

A
:T

ypeg I '  
A: T

yp
e

;
e X-types:

F
A

:  
Prop FT, z:A

H
 B

:  Prop U
A

:  
T

y
p

e
;I’,z:A 

 B
 : Type;

['+
X

z:A
.B

 : Prop 
I'l 

Xz:A.B : Type

For ¢ : Prop
m

ax(i,j)

e W
e have [1A

:Type;. : Prop, but
e W

e do not have XA: Type;.¢ : Prop.
N

ote: The type theory of C
oq has in addition Set : Type and

rules (Set, Set), (Type, Set), (Set, Prop).

- 49 -

The type of groups over A, G
roup(A), is

G
roup(A) :=

 TL 0:A
+A

—
>A

.Te:A
Linv:A

—A.
(z,y,z:A

.(zxoy)oz=1x0(yo2))A
(M

z:A.eoz = z)A
(N

z:A
.(invz)oz =

e).
If 

 : Group(A), w
e can extract the elem

ents of the group struc-
ture by projections: m

t: A—
>A—

A, m
(m

t): A
ff: 

A
>

A
—

A
 a

: 
A

and h : A
—

A
 w

ith p
;,p

 
and p3

proof-term
s of the associated group-axiom

s, then

(f, 
(a

, (h
, (p

1
, (p

2
, p

3
N

N
) : G

ro
u

p
(A

).

U
se X-types for m

athem
atical structures:

theory of groups: G
iven A

 : Type, a group over A is a tuple
consisting of

inv: A
A

such that the follow
ing types are inhabited.

M
z,y,z:A

.(zoy)oz = zo
 (yo2z),

M
z:A

e
o

z = z,
N

z:A
.(invz)oz =

e
.

Type of group-structures over A
, G

roup-Str(A), is

(A—
=A—

A) x (A
 x (A—

A))

W
e w

ould like to use nam
es for the projections:

C
oq has labelled record types (type dependent)
e R

ecord M
y_type : 

S
et :=

{1
.1

 
: type_1

1
.2

 
: 

typ
e

2
1

.3
 

: type.3 
1}.

If
X : M

y_type, then (1_1 X) 
: type_1.

we we

e Also w
ith dependent types: 1_1 m

ay occur in type_2.
If

X : M
y_type, then

(1_2 X) : type_2 [(1_1 X
)/1_1]



e R
ecord G

roup : 
Type

{ 
crr 

: 
S

e
t;

op 
ii 

 C
rr ->

 crr 
->

 crr;
u

n
it 

: 
crr;

in
v 

1 
C

rr 
->

 
crr;

assoc 
: 

(x,y,z:crr)
(op (op x y) 2) = (op x (op y 2

))

IfX
 : G

roup, then (op X) : 
(crr 

X) ->
 (crr X) ->

 (crr X
).

The record types can be defined in C
oq using inductive types.

N
ote: G

roup is in Type and not in S
et

Functions and Algorithm
s

e Set theory (and logic): a function f 
: A

—
B

 is a relation
R

 C
 A

 x B
 such that V

z:A
.3'y:B

.R
x y.

“functions as graphs”
e In Type theory, we have functions-as-graphs, but also functions-

as-algorithm
s: f : A

—
B

.
Functions as algorithm

s also com
pute: 8 and ¢ rules:

(A
z:A

.M
)N

 —
g

 M
[N

/z],
R

ech f0
 —

 
¢ b,

R
e

c
hf (S

z) —
 ¢ fx (Rech fz).

Term
s of type A

—
B denote algorithm

s, whose operational se-
m

antics is given by the reduction rules.
Type theory can be seen as a sm

all program
m

ing language esp.
if w

e have inductive types (w
ith prim

itive recursion)
1

1

Allow
ing

'H
F

A
:T

yp
e

 I''z:A
F

 
B

 : P
rop

I'kX
z:A

.B
 : Prop

leads to inconsistency:

® Define () :=
 © A:Set. CR: A— A—

Prop.w
f(R

)
w

f(R
) denotes that R

 is w
ell-founded.

e D
efine < on Q

 by

(A
, R

) < (B
,Q

) :=
 R

 can be em
bedded into Q

 under som
e b: B

Then
—

 < is well-founded on 9
—

 If (A
, R

) well-founded, then (4
,R

) < (, <)
so contradiction: ... < (2, <) < (2, <

) < (2, <).

Poincaré Principle
An equality involving a com

putation does not require a
proof.

In type theory: if £ = q by evaluation (com
puting an algorithm

),
then this is a trivial equality, proved by reflexivity.
This is m

ade precise by the conversion rule:
'F

M
:A

 
,

rrM
:B

 
#

8
C

an w
e actually use the program

m
ing power of C

IC
 w

hen for-
m

alizing m
athem

atics?

Yes. For autom
ation: replacing a proof obligation by a com

pu-
tation
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R
eflection Suppose
e W

e have a class of problem
s w

ith a syntactic encoding as a
data type, say via the type Problem

.
Exam

ple: equalities between expressions over a group
Then the syntactic encoding is

In
d

u
ctive

 
E

 
: 

S
e

t 
:=

e
va

r 
: 

n
a

t 
->

 E
| 

eone 
: E

| eop 
:E

->
E

->
E

| 
e

in
v 

: 
E 

-> E

e W
e have a decoding function [—

] : Problem
 —

 Prop
eo W

e have a decision function Dec : Problem
 —

 {0,1}
e W

e can prove O
k : Vp:Problem

((Dec(p) = 1) —
 [p])

Im
plicit Syntax and C

oercions
e Im

plicit Syntax: If the type checker can infer som
e argum

ents,
w

e can leave them
 aw

ay:
W

rite (f ? a b)  insteadof (f S a b) iff 
: (S:Set)S->S->S

Also: define F
:=

(f ?) and w
rite (F

 a b).
e C

oercions: The user can tell the type checker to use specific
term

s as coercions,
C

o
e

rcio
n

 k 
: 

A >
->

 B
declarestheterm

k : 
A ->

 B
as

a coercion.

—
If £ a can not be typed, the type checker w

ill try to type
check (k f) 

aand £ (k a).
—

 If w
e declare a variable x : 

A and A is not a type, the type
checker w

ill check if (k A) is a type.
Coercions can be com

posed.ALY

To verify P
 (from

 the class of problem
s):

e Find a p : Problem
 such that [p] = P

.
e Then D

ec(p) yields either 1 or 0
e If Dec(p) = 1), then we have a proof of P

 (using O
k)

e If Dec(p) = 0, we obtain no inform
ation about P

 (it ‘fails’)
N

ote: if D
ec is com

plete:

Vp:Problem
((Dec(p) = 1) &

 [p])
then Dec(p) = 0 yields a proof of =P

.

14

C
oercions and structures

R
ecord C

M
onoid : 

Type :=
{ m

_crr 
:>

 C
Sem

i_grp;
m

_proof : 
(C

om
m

utative m
_crr (sg_op m

_crr))
/ \  

(IsU
nit m

_crr (sg_unit m
_crr) (sg_op m

_crr))
}.

e A m
onoid is now a tuple ({{S

,=g,7),a, f,p),q)
IfM

 : M
onoid, the carrier of M

is (crr(sg_crr(m
_crr M

)))
N

asty 1!
=> W

e w
ant to use the structure M

 as synonym
 for the carrier

set (crr(sg_crr(m
_crr M

))).
=> The m

aps crr, sg_crr, m
_crr should be left im

plicit.
e The notation m

_crr :>
 Sem

i_grp declares the coercion
m

_crr : 
M

onoid >
->

 S
em

i_grp.
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Setoids
H

ow
 to represent the notion of set?

N
ote: A set is not just a type, because

M
 : A

 is decidable whereas £ € X
 is undecidable

A setoid is a pair [A, =] w
ith

e A: 
Set,

e
=

: A
—

(A
—

P
rop) an equivalence relation over A

Function space setoid (the setoid of setoid functions)
[A

3
B

,=
,  2 gl is defined by

ASB = Lf:A
-B

.(lz,y:A
(z =4 y)—

=((f 2) = 
(f ¥))),

f 
7

4
5

4
B

 
g 

= 
Iz, 

y
A

.
(x =

A
 y)—

(m
 

f 
x) =

B
 

(m
 g y)-

Given [A
, =

4] and predicate P
 on A define the sub-setoid

[A
,=4] | P

 
= 

[Zx:A.(P z),=4|P
)

=4|P
 is =

4
 restricted to P

: for ¢,r : Lz: A.(P z),
q(=alP)r := (m

q) =4 (m
7)

N
B W

e do not require the predicate P
 to respect =

4
: In taking

a subsetoid w
e m

ay rem
ove elem

ents from
 the =-classes.

Exam
ple (rational num

bers): Let A :=
 int x nat

W
e define, for (z,p), (v, q):A

,

(z,p) =a (1,0) = 
z(g+1)=ylp+1)

Take the predicate P
 on A

 defined by

Q
(z,p) = 

ged(z,p+1)=1
o The subsetoid [A

,=4]|P
 is isom

orphic to [A, =4]
e All equivalence classes are reduced to a one elem

ent set
1

a

Tw
o m

athem
atical constructions: 

quotient and subset for se-
toids.

Q
 is an equivalence relation over the setoid [A

,=
4] if

eQ
 : A—

(A—
 Prop) is an equivalence relation,

e
=

4
 C

Q
, ie

 Vz, y:A.(z =
4

 y)(Q
 zy).

The quotient setoid [A, =4]/Q
 is defined as

[4,Q
]

Easy exercise:
If the setoid function f : [A, =4] —

 [B
, =p] respects Q

(ie. Vz, y:A.(Q z y)—
((f 2) = (f y)))

it induces a setoid function from
 [A, =4]/Q

 to [B
, =p].

O
bjects depending on proofs

W
hat should the type of the reciprocal?

given that the reciprocal of 0 is not defined.
e Let recip : A

—
A w

ith the property
Vz:A.z #

0
 —

 m
ultz(recipz) = 1

e Either leave recip0 undefined (M
izar) or m

ake an arbitrary
choice for it (H

O
L-light). But it should be undefined

e Type theoretic solution

recip: (Zz:A.z #0) = A

® Then recip is only defined on the subset of elem
ents that are

non-zero:

recip takes as input a pair (a, p) w
ith p : a # 0 and returns

recip(a, p) : A
.
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e H
ow

 to understand the dependency of this object (of type A
)

on the proof p?
Possible solution: setoids
e Take a setoid [A, =4] as the carrier of a field
e The operations on the field are taken to be setoid functions
e The field-properties are now

 denoted using the setoid equality.
For the reciprocal:

recip : [A, =4] | (Az:A.z #4 0) = [A,=4},
a setoid function from

 the subsetoid of non-zeros to [A
, =4]

Note recip still takes a pair of an object and a proof (a,p) and
returns recip{a,p) : A.
But recip is now

 a setoid function w
hich im

plies
fp

:a
#

4
0

,q
9

:a
#

4
0

, 
then recip(a,p) =

4
 recip(a,q) -

n

Intensionality versus Extensionality
The equality in the side condition in the conv rule is called the
definitional equality
It can be intensional or extensional.

Extensional equality requires the follow
ing rules:

TEH
M

,N
:A—

+B 
T

hkp:N
uA

(M
z = N

z)
'F

M
=

N
:A

-B
'rP

:A
T

H
A

=
B

:s
'+

H
P

:B
o Intensional equality of functions = equality of algorithm

s
(the way the function is presented to us (syntax))

(ext)

(conv)

e Extensional equality of functions = equality of graphs
(the (set-theoretic) m

eaning of the function (sem
antics))

e The value of recip{a,p) does not depend on the actual p
e O

ne only has to ascertain that such a term
 exists.

Proof Irrelevance principle: for an object t(p) : A
,  w

ith p
:  w

a
sub-term

 of ¢,
t(p) = t(q) for all p.q: ¢

The setoid equality obeys this principle.

Adding the rule (ext) renders TC
P undecidable:

Suppose H
 : (A—

B)—
Prop and x : (H

 f); then
z:(H

g)iffthereisap:llx:A
.fr=

gz

So, to solve this TC
P, w

e need to solve a TIP.

The interactive theorem
 prover N

uprl is based on extensional
type theory.
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Fundam
ental Theorem

 of  A
lgebra: 

Overview of the FTA project (M
otivation)

Every non-constant polynom
ial 

e Form
alize a large piece of real m

athem
atics.

f(z) = anz™
 + an_ız? 1 +

... +012 +
a

 
e Library for basic algebra and analysis, to be used by others

w
ith coefficients in C

 has a root 
e Investigate the current lim

itations

(a z € C
 such that f(z) = 0). 

e Try to m
anage this project. Three sequential /parallel phases:

e Overview / M
otivation 

M
athem

atical proof {IATEX docum
ent (lots of details)

e C
onstructive proof

Theory developm
ent | C

oq file (just defs and statem
ents of lem

m
as)

e Axiom
atic reasoning

e Com
pletely form

alized in the theorem
 prover C

oq 
. 

Proof developm
ent |Coq file (proofs filled in)

e Som
e details of the proof 

Try to keep these phases consistent!
Real num

bers 
e Constructive proof: reals are (potentially) infinite objects; al-

gorithm
.

Constructive proof 
Axiom

atic reasoning

e Procedure for (always) finding a root. 
e First define an algebraic hierarchy

e Equality on R
 is not decidable. 

(sem
i-groups, m

onoids, groups, rings, fields, ordered fields)

(N
ot: V

z,y e
R

 (z=9y)V
(z#Y

)) 
e Advantages: Reuse of proven results; reuse of notation

e Constructively, a polynom
ial 

o
R

 is a Cauchy-com
plete Archim

edean ordered field.

f(z) = an2" + ap_12" +
... 

+ a12 + ag 
e

C
=

R
xR

is non-constant if 
e A concrete instantiation for R

 has been constructed (N
iqui)

ag # 0 for some k > 0.

o
n



ESF

C
om

pletely form
alized in the theorem

 prover C
oq

Sets and Basics 
41 kb

Algebra (upto Ordered Fields) 
165 kb

R
eals 

52 kb
Polynom

ials 
113 kb

Real-valued functions / Basic Analysis 30 kb
C

om
plex num

bers 
98 kb

FTA proof 
70 kb

Construction of R
 (N

iqui) 
309 kb

R
ational Tactic 

49 kb
This is the size of our input files (definitions, lem

m
as, tactic

scripts)

The classical FTA proof
Suppose |f(z)| is m

inim
al w

ith |f(2)| # 0.
W

e construct a zg w
ith |f(zo)| < |f(2)|-

W
e m

ay assum
e that the m

inim
um

 is reached for z = 0.

f(z) = ap + a
p

 + O
(z**)

w
ith ax the first coefficient that's not 0.

N
ow

 take

w
ith € € R

y.
If € is sm

all enough, the part O
 (4

+
) 

w
ill be negligible and

w
e get a zo # 0 for w

hich
k

|£ (zo)! = ag + a to
r 

= ag(1 — €) < |£(0)|

Som
e details of the proof

e W
hich proof to

 form
alize?

e There are various constructive proofs of FTA:
W

eyl; Brouwer-de Loor; Bishop; Kneser (also in Troelstra and
van D

alen).
e W

e have follow
ed the Kneser proof.

e It can be seen as a constructive version of ‘the’ classical FTA
proof.

The constructive FTA proof
D

efine an algorithm
G

iven z € C
, construct a sequence z,  zy, 2

,  ... going to the
root.
Problem

: in the definitionzo:= ek “a

® € m
ust be sm

all enough to neglect O
 (5

+
)

® € m
ust be large enough to reach the root.

Solution: w
ritef(x) = a9 + apz® + other term

s
and find k and 2g such that |ag||z|* is big enough w

.r.t. the
other term

s and sm
all enough com

pared to |ag|.
9



M
ain Lem

m
a

Given |ag| > 0, |ai],.--,|an—
1] > 0, an = 1, therearer € R

y
and k € {1,...,n} such that

™
 < ag

_
o

n
2

372 ag| < la
g

lr*< ag} .
T

h
a

le
r 

< (1=37")aglr
N

ow
 take

So a
2

 
points opposite to ag. Then

|f(2)l < q- ag]
2

with q = 1—
 3

7
2

0
0

a
n

Real Num
bers in C

oq:
e A

xiom
atic: a ‘R

eal N
um

ber S
tructure’ is a

Cauchy-com
plete Archim

edean ordered field.
e Prove FTA

 ‘for all real num
bers structures’.

e C
onstruct a m

odel to show that real num
ber structures exist.

(Cauchy sequences over an Arch. ordered field, say Q
)

e Prove that any tw
o real num

ber structures are isom
orphic.

an

From
 this one constructs a sequence (z;);eN

 in € such that

|£(zi)l < lal
lzi+1— zl < (a'lao)/"

This is a Cauchy sequence w
ith lim

it a root of f.

2
4

Axiom
s for Real N

um
bers:

e Algebraic hierarchy based on C
onstructive Setoids.

e Apartness # as basic

z=
y &

 (zx #y)
zH

y > (@
#2)V

(y#2)
T

H
z

TH
Y 

Y
H

e Field operation reciprocal

1/—
:(E

x:F.x #
0

) = (Zx:F.x #
0

)

e Cauchy sequences over Field F
:

g : nat = F is Cauchy if

Ve:F50.3N
:N

Vm
 > N

(lgm
 —

 gn| <<)
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The algebraic hierarchy of the FTA project
e In proving FTA

, w
e have to

 deal w
ith real num

bers, com
plex

num
bers and polynom

ials
e M

any of the properties w
e use are generic and algebraic.

o To be able to reuse results (also for future developm
ents) w

e
have defined a hierarchy of algebraic structures.

e Basic level: constructive setoids, (A
, #4,=4), w

ith A : Set,
#

4 an apartness and =
4

 an equivalence relation.
eo N

ext level: sem
i-groups, (S

,+
), w

ith S
 a setoid and + an

associative binary operation on S
.

7

Proofs by com
putation / R

eflection

Needed for the proof of FTA:

Proofs of equalities between rational expressions like
1 

+ 
1 

22
z+

y 
z-y 

a2—
y2

are obtained by partial reflection.

Follow
ing the reflection m

ethod:
[-1

:E
—

-R
w

ith E
 the type of rational expressions. So E

 contains a con-
structor erecip : 

E ->
 E

But in the case of rational expressions, the [—
] can not be total.

=> partial reflection.

Inheritance via C
oercions

W
e have the follow

ing coercions.
O

rd
F

ie
ld

 >
->

 F
ie

ld
 

>
->

 R
in

g
 >

->
 G

roup
G

roup >-> M
onoid >-> Sem

i_grp >-> S
etoid

s All properties of groups are inherited by rings, fields, etc.
e Also notation is inherited:

x[+]y
denotes the addition of x and y for x,y:G

 from
 any sem

i-
group (or m

onoid, group, ring,...) G
.

e The coercions m
ust form

 a tree, so there is no real m
ultiple

inheritance:
E.g. it is not possible to define rings in such a w

ay that it
inherits both from

 its additive group and its m
ultiplicative

m
onoid.

a
n

Axiom
s for Real Num

bers ctd.:
e All Cauchy sequences have a lim

it:
SeqLim

 : (Zg:nat—
 F.C

auchyg) + F

CauchyProp : Vg:nat—
 F.(Cauchy g) —

Ve:F50.3N
:N

.Vm
 > N

.(|gm
 —

 (SeqLim
 g)| < €)

® Axiom
 of Archim

edes: (there are no non-standard elem
ents)

Vz:F.3n:N
(n > z)

N
B: The axiom

 of Archim
edes proves that ‘c-Cauchy sequences’

and ‘}-Cauchy sequences’ coincide (sim
ilar for lim

its):
Viz. 

g:nat + F
is a }-C

auchy sequence if
1

V
k:N

.IN
:N

V
m

 > N
(|gm

 —
 gn| < T

rl



C
onstruction of a R

eal N
um

ber S
tructure:

e Construct Q
 :=

 {(p,n) | p:Z, n:N
}

w
ith intended interpretation (p, n) —

 „F
r.

e Define all operations and relations, turning Q
 into an Archim

edean
constructive ordered field.

e For F an (Archim
edean) constructive ordered field, define the

Cauchy com
pletion of F', C

Seqp.

h < g := Je: F50.3N:NVm
 > N.(gm

 —
 hm

 > 6).

Im
 

7
1

 
if m

>
N

9
m

where N
 is such that V

m
 > N

.|gm
| > € for som

e € > 0.
Prove that C

Seq is a Real N
um

ber Structure.

4
1

Categoricity of Real N
um

ber Structures ctd.:
e All R

eal N
um

ber Structures are isom
orphic to Q

N
:

Q
N

—
—

 RN
Injro-

eInjr : Q
 —

 R
 canonically m

aps rationals into R
.

S
e

q
: R

—
 Q

N
: For x : R

, define the Q
-sequences

{4i}$2) (increasing) and {r;}$°, (decreasing), such that
1. Vn:N(rn — gn = (rg — q0)(3)")
2. Vn:N(Inj p(gn) < z < Injp(rn))

A
r

C
ategoricity of Real N

um
ber Structures:

e A
 m

orphism
 betw

een R
ı and R

s is a vw
: R

ı —
 R

o that
1. is strongly extensional: V

z,y : R
y. o(z)#¢(y) = 

z#
y.

2. preserves order, addition and m
ultiplication.

® A m
orphism

 preserves ‘all’ structure (Cauchy property, lim
its,

...)
(Use: Vy € R

o.3z € R
ılp(z) < y).)

e
R
ı ~ R

y if ¢ : R
ı —

 R
y for som

e bijective m
orphism

 ¢
.

4
9

Som
e C

onclusions:

e Real m
athem

atics, involving both a bit of algebra and a bit of
analysis can be form

alised com
pletely w

ithin a theorem
 prover

(C
oq).

e Setting up a basic library and som
e good proof autom

ation
procedures is a substantial part of the w

ork.
o Com

putationally, the behaviour of the algorithm
 depends m

ainly
on the representation of the reals.

e The non-determ
inism

 in the root-finding algorithm
 (non-continuity

of the root-finding function) lies in the taking of a k-th root
in C

.
e H

ow
 to present a proof?? C

urry H
ow

ard: proofs-as-term
s

C
onverse??

44
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Som

e C
onclusions:

e R
eal m

athem
atics, involving both a bit of algebra and a bit of

analysis can be form
alised com

pletely w
ithin a theorem

 prover
(C

oq).
e Setting up a basic library and som

e good proof autom
ation

procedures is a substantial part of the w
ork.

e C
om

putationally, the behaviour of the algorithm
 depends m

ainly
on the representation of the reals.

e The non-determ
inism

 in the root-finding algorithm
 (non-continuity

of the root-finding function) lies in the taking of a k-th root
in C

.
e H

ow
 to present a proof?? C

urry-H
ow

ard: proofs-as-term
s

Converse: H
urry-C

ow
ard: present term

s as ‘readable’ proofs

4%
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Formal Methods
with INKA/VSE

Calculernus Autumn School
Pisa

2002

Dieter Hutter, Werner Stephan,
OFKI Saarbrücken

Di

Mathematical Models

+» Mathematical Models

* Formal Methods

» Temporal Logic

* Temporal Log i c  o f  Act ions  (TLA)

Ba  f s  pc t  i i  48 maashen Batti emats Ea Be

Sets, Relations, Functions
more specific: Axiomatic Set Theory

* A = {g ,  a ,8 , . . }  finite/infinite (basic) sets
- = {0 ,1 ,2  . . )  example: natural numbers

eo AgxA ;x  . . xA , ,  cross product (n-fold)
- Bg  By, oo .  Br g>€  AgX Ax  „X  Ay   N-tuple

¢ R cApxA ,x  . . xA , ,  n-ary relation

oe FAX Ay X X Any —+B n-ary (total) function

Mathematical Description of
Syntax and Semantics

* Syntax: description of  the system
- Each description is finite (finite set)
= {program-) texts: grammars
- structural description: finite (mathematical)

structures = represented i n  the computer
- tools: visualization
— syntactic analysis: is the description correct?

= syntax analysis, “typecheck”

Oi

Mathematical Description of
Syntax and Semantics

* Semantics: Description of  the behavior of  a given system

— (typically) infinite mathematical structures

~ mathematical methods for the description of semantic
assignments

Anatysis: The proof of  semantic properties (of a behavior)
is the central concern of “Formal Methods” = Uniqueness

Dr
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* Finite State Transition Systems (Automata)
~ Finite Transductors : basic concepts
- State-Charts
- Communicating Sequential Processes (CSP)

» Programming Languages (Semantics)
- concurrent imperative programs

+ Data Structures : later

Forma l  Methods

Predictable safety properties

« exclusion of unsafe states

+ failsafe performance
=> correct functioning in  spite of  failures

« (Data) Security
= protection against abuse (attacks)

The soft Ah len  Sy ub  Creator?

+ Structured text

* Enrichment through diagrams / formulas

» Formal syntax

* Formal (syntax and) semantics
= basis for analysis

Transaction Collection andPosting

Collmetian
A openifs album matt be jrinliched far kam ost aparaes smdms

nominees.with sach other for deta coliecuen and
© A cycle mar

activiey
+ The vywiem mast be able do process files of “vmus“ and“ n i  om wr"

processer.
Veltdutionoud Update
The f o l l ow ingfunctions mre roqured:
Transaction Exoepiions
. I be

Labeabond

propria

oe
. so i t i nd ,

ysiam opormter /acquentmIhereconcilishen reper.

Transaction Vaisdation
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Controlling the Complexity

* System Description + Requirements (Specification)

- Abstraction

- Mathematical Objectifying

« Technical realization (refinements)

- Proof of  correctness

- Intermediate stages

+ Decomposition into independent units (modularization)

System Description and Requirements
* Abstraction: abandon from irrelevant details of  the

technical (Software, Hardware) realization
=» Decisive mistakes are often made in  earlier stages of

the development (concept phase).

+ Objectifying
- Mathematical modeis
- Formal description and proof o f  intended properties

= Computation (cf. other disciplines of  engineering)

From Requirements Specification to  Implementation

+ Inclusion of  technical concepts

- Control structures, definite data structures, communication

- Correctness proof (verification)

= All Inputs

+ Step-by-step strategies
- Several abstract intermediate levels
- Only the last level corresponds to  the technical platform
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Modularization: Decomposition into sub-  problems

« Formal Basics of  Modularization

- Independent Subsystems

- Mechanisms of  cooperation

- Correctness
+ Modular Development

- Modular specification und validation

DE |
* Semantic interpretation of (certain) symbols depends on

worlds, w € W.

= Distinguish statements that are incidentally true (in some

worlds) from statements that are necessarily true (in all
reachable/visible worlds).

* Formulas ¢ are interpreted in  worlds: [¢],, . .  where
val : V— D is a value assignment for global (or rigid)
variables.

Temporal Logic

= Interpretation over a fixed domain D.
= In some modal systems domains (quantification!) depend

on worlds.

+ Reachability relation R ¢ W x W.

* Syntax: Extend rules (for propositional or  first-order) formulas
by : l f  @ isa formula so is ‚ 9 .

= "g is necessarily true.”

* (WR) ,  val . ,  .¢o ¢ for all worlds w’satisfying wRw’:
(WR) ,  va vw :  9

* The dual (modal) operator: ‚ 9  © «1. ~@

= "gp is  possibly true.”

(W.R,val , p > W.R .v l  . ,  @ forall w

(WR)  . 9 = (WR)Lval , © forall val

‚ >?  © (WR)  , @ forall structures (W, R
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» Valid formulas( . @):

mole Ay)  © .  AY

ml  vy )  > (ov )

- ( ey ) 0 oy

DF:

* Rule o f  necessitation (Hilbert-style axiomatization):

=No t :  9 — ‚ 9

* Barcan formula (quantification over global variables using a
fixed domain):

(Vv )  . ¢  = (Vv )eo

* Main topic o f  modal logic: Characterization o f  properties o f  R

by (modal) axioms.
= reflexivity, transitivity, symmetry

* Reflexivity: For all structures (W, R), where R is reflexive

‚pP — € is a valid formula, t ha tis (W. R }  . ‚ e  >» ¢ ,

(and vice versa.

« Transitivity: For all structures( W, R ) ,  where R is transitive

‚PO — . .  i sa  valid formula (and vice versa).

Da

* Application of  temporal logic to formal development:

Compution sequences (of programs or abstract systems)
- abstract specifications: tispec a formula that describes the

behaviour of  a system

- programs: tiprog a formula that describes the execution
sequences o f  a (concurrent) program

- properties (of systems and programs): tispec — prop,

tiprog — prop
- refinement (implementation): tiprog — tispec,

tispec, — tispec,

; DF

* Example (property): „The local (flexible, state dependent)

variabley always becomes0 after x has been set to 0.

„>  [X=0 ] . .—+  [ y=0 ]  =...

> [X=0 ]  > . . .  [ y=0 ]  >...

Formalization: , ( x=0  — , y=0 ) )

« Discrete versus continuous:

- discrete: time as a totally ordered set (S, < )  is isomorphic

t o ( .  < ) .
= used i n  most temporal logics (and this course)

- continuous: dense structures (isomorphic to ( .  , <))

=» sometimes used for quantitative analysis in  real-time
systems

H ı t
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« Branching versus linear time:

- linear-time: at  each moment (state) there is only one
future (=  sequence of  future states)
=» in  this course: Linear Temporal Logic (LTL)

- branching-time: at  each moment (state) there can be a
split into several futures

=» tree-like structures
= excurs

* Time structure: For a set of states s € S consider infinite
sequences of states s : , — S. Weuses, f o r s { i )

s | ,  denotes the | =  suffix ofs.
Properties: discrete, there exists an initial state with no
predecessors, infinite into the future

* Linearity: Each possible computation of  a possibly
indeterministic system is considered separately.

= Implicit quantification over all computations
= We are reasoning about a fixed computation but we do  not

know which i t  is. The next state cannot be “computed” like

in  formal execution.

* Example: The program x :=  x+  1 . y : =  y+  1 generates
the sequences:

[X=0 ,y=0 ]  > [ x=1 , y=0 ]  > [ x=  y=1 ]
and

[ x=0 , y=0 ]  2 [ x=0 , y=1 ]  > [ x=1x=1 )

* Knowing x = 0 A y = 0 what is the next state? In  linear
t ime logics we cannot consider both alternatives.

Semantics of (some) basic future temporal operators (( M, val)
omitted):

* always:

5 ,  Op & 8 ,  , f o ra l l i
* atnext:

SS .  08 .0
* unless (waiting for):

s , ( oeWy)  8 ,  , 9 forall ior
for somej s,  , w and

sl, . ¢ forall k < j

Semantics (only future)

* In addition to  the variables v € V some symbols have a
fixed meaning in  all states. Use a first-order structure
(model) M to interpret these symbols.

+ Satisfaction:s, (M val) , ¢

+ For first-order formulas ¢ :

s . (M  val) , 0 = ( f l uwns= t
First-order formulas are interpreted in  the initial state.

Ss ,  PP < Sl; , ¢ forsome /

Ss , ( p  Uy  = forsome j sl, , w and
sl, . @ fo ra l l k < j

* can be defined by the basic operators.
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Additional important valid formulas:

9 OS,

EY CO

vÜp-— 9 LENT
ET NYANY

EY RT J PE CY
DE A EY  J CE a ANINY J

(MUG)  (vUe@
(ove  ov  . y

PU vy  alplU8) v i eUy

Semantics (also past):

* Consider s , (M  val) , ,  @ and define

s,(Mval}) , eg @ 5 ,  (Mw)  , 0
(the anchored version)

* Rewrite seman t i csof future operators using s . ,  ¢.

For example:

$y  8 ,  0 forall i z )

Need past operators:

+ Safety:A safety formula is a formula equivalent to a formula
of  the form , p  , where ¢ is  a past formula.

* Guarantee:A guarantee f o rmu lais a formula equivalentto a
fo rmu laof the form ‚ 7 ,  where ¢ is a past formula.

* Obligation: An obligation formula is a formula equivalent to a
formulaof the form E ( . ¢ ,  v .y,), where the g, and w

Os isn

are past formulas.

( pad  Ube  (pUB)a (w lE )

( pve  ov .
OK
EZ I WN

oU(Orv  (PU O)  AlpUW
A 9

Hew ( l e l o )  > (vU 0 )
ppv . )

eUvoyv iea .oUW

* backto:

Additional important valid formulas:

Semant icsof (some) basic past temporal operators (( M, va)
omitted):

+ uptilnow (has-always-been):

S$ .  PP 8 , PO f o ra l l 05  < i

« atlast (previous):

S$ , ,  «9p & / >0  ands,,, ®

s . ,  ( pBy )  as .  9 forall Os / s i  or
for some Os !  s i s  , ,  y and

$s . ,  o forall I <ks i

( ead  Da

( pUB)v i yUB) (pvy  Us

A
‚ ( v>w>( (OUR (OU W)
pe lea . )

os i shn

v; are past formulas,

* Response :A response f o rmu lais a formula equivalentto a

f o rmu laof the form , , p  , where ¢ is a past formula.

Pers is tence:A persistence formula is a formula equivalentto

a f o rmu laof the form , , ¢  , where @ is a past formula.

Reactivity: A reactivity formula is a formula equivalentto a
f o rmu laof the form E ( . . p , v . .  Ww) where the ¢ and



- 9¢ -

The Temporal Logic
of  Actions

(TLA)

* imperative programs transform states (St):

Ce le  St xs
- § :  X-» D, where X is a set of program variables and

D is a domain of values

- C [ c ]is typically a partial function. Desired property:
termination for certain initial states.

- Logics: Floyd-Hoare Logic, Dynamic Logic.

- No intermediate states.

+ Concurrent programs (c, « ¢,), distributed and reactive
systems: infinite sequences of states:
(So.5:55...) (behaviours)

- No termination (operating systems, control systems)
- A transition (s,,s,,,) Is an execution step (of one of the

components).

- TLA: specifying behaviours, reasoning about behaviours.

- St“ the set of infinite sequencesof states

{Sor $1,532)
- Stn the set of  sequences of length n :

[CRY
Ste = { 0 }

- s t  = en .  SE

- Forse S tn ,  St“ and | <n :& ;=8 ,
(the i'th e lementof =)

- Forse S t " ,  St-:

8 ) ,  = ( 5 .5 . . . )  for seSt-
and 8 ) , = (s;....5,.,) for se  St" andj <n

- For s , e  St" and s ,e  S t “ ,  Sm:

$082  = (S ipeenSy ,vr Sage Say) fOr se  Sto
and 8 ,  , 8 ,  = (CE  #252

for s ,&  Stm

= Stuttering equivalence is the finest equivalence relation
~ © S t - xS t - , such that for all s,%,¢€ St-

* A language (for TLA) is  givenby L = (Sig, V.X), where

- Sig = (Z,F.R) is a first-order signature
- V isa Z-sortedset of rigid (logical, global) variables
- X isa Z-sorted se tof flexible (local) variables, such that

vaxn . ,  F ,  = .

- Rigid variables are interpreted (evaluated) under states s.
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* For a given set of flexible variables X, X ’  = { x ’ ]  xe  X}  « A transition function is a first-order term (expression)

is the corresponding set of  primed variables. over Sig and U, Tm (Sig, U).

- X”  is not just an additional set of variables but an
additional set Y together with an one-to-one mapping - Transition functionsare evaluated (to a value from some
prime: XY .  domain) under a pair of states (s, s°) (two elements

- Primed variablesrefer to the  second stateof a state interval).
transition. - Example:

- Compare Z-notions. max ( x ,  ged(y. 2 ) )
= The set of variables ( o f L)  is  U = VuXu  X’.

* A transition predicate is a first-order formula
over Sig and U, Fm (Sig.U). * A state function is a t r ans i t i onfunction that contains no

primed variables.

- First-order quantification over U = Vu  Xu  X ’  allowed!
- Transition predicates are evaluated (to a truth value) under

a pair of states. They describe steps of a computation

(actions ). - Example:

- Example: ged (y. 2 )

- F i rs t -orderterm over Sig and U \X’.

- State- f unc t ionsare evaluated unde ra state.

Z '  = max (x’, ged (y. 2 )

* A state predicate Is a transition predicate that contains no

primed variables. + A constant function is a state function with no flexible
variables.

= First-order formula over Sig and U\X"
- State-predicatesare eva lua tedunder a state. They describe * A constant predicateis a state p red i ca tewith no flexible

propertiesof states (assertions). variables.
- Example:
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* The set of  (simple) behaviour predicates (TLA -formulas) is the

smallest set such that:
- I f  N is a state predicate, then IM is a behaviour predicate.

- I f  A is a transition predicate and ¢ is a state function, then

+ [A ] ,  is  a behaviour predicate.
- I f  ® isa  behaviour predicate, then —® is a behaviour

predicate.
- I f  &,, ©, are behaviour predicates, then (®, A ®,),

(® , v  @) ,  (D ,—  d , ) ,  and  (© ,  ®,) are behaviour

predicates.

+ Behaviour predicates ctd.

- I f  ® is abehaviour predicate, then .® is a behaviour
predicate.

- I f  veV  and @ is a behaviour predicate, then 3v .®

and Vv .®  are behaviour predicates.

* For transition functions (state functions) ¢ and transition

predicates (state predicates) IT the sets of  free variables,

FV,(¢), FV (I) c U are defined as in first-order logic.

* ‘For transition functions ¢ (state functions) and transition
predicates (state predicates) IT the substitution of  a function

y for all free occurrences of  ue l ,  # { [wu ]  and
N {wu  ). respectively, is defined as in  first-order logic.

ne

* For behaviour predicates © the set o f  free variables,
FVram (©) £ VU X is defined recursivelyby
- Fine(MD = FV, (1)
- Fema(+ [A )# )  = { x  | xeX  and x FV ,  (A)

or x‘eFV, (AN U FV, (9)
- Flip ( 0 )  = FV ,  (©)

- FV (09-0)  = FV,  (60) U Flip, (1)
- Fp  (OB) = FV ,  (®)

= FViomp (BV. ®) = FV,  ( INV)

* For state function ¢ and state predicates IT

= ox ’ / x1 . . . { x " , /x,] and

Wim Oy ]  oo .  Yn Yn)

where
FV,  ( 3 )  nX  = { x , . . x , }  and

AMX = { yym)

Di“

State functions and predicates:

ec [ oY : val xSt +D

[ 9  Yısıs = [ 6  Fass

* [Mus  : Val xSt a ( t  f }

[ n Touts - [ n

10
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Transition functions and predicates:

* [or  : Val xSt xSt »D

[01 vats sy = [de (valsg sy )

* [ f r : Val x St xS t — { t f }

[LJ = [CM (valsgsy)

* Fora language L=  (Sig, V,X) as above let M = (D I )

be a Sig -model. Val = [V— D ]  (the set of all value
assignments)

« For states s;, S, € St and value assignment val€ Val the
combined assignment E (vals, s,) : U — D is defined by:

E (val, SS )  (X) = Sox)
E(val s,s) (X )  = s ( x )
E (vals,s,) ( v )  = val(v)

Semantics of  behaviour predicates:

[ o ) :  val xSt - = ( t f )

M [ n  Posi - [ n Teeny

* [AL  Pua  = t forall | 20 :

[Ave=0Y  an .  =
co l t  © [OF  = f

* [@ a ;  Pra = t &

fo, Pas = t and [o, Pua  =

* [ .® ]%u  = t  © foral j 20 :  [®] 4a ,  =t

* [Bv. On = t & forsome va l ’, ,  val  :1

[®)uar.a = t where
val’ , ,  val : & forall v v :  val'(u) = val(u)

* Stuttering indices : JA], , ,  = JA }  A AL IA ) ,

= typically ¢, = x;

. ( 3  © [A  | PRP
+ Eventually: .@ :

* Enabled predicate:

Enabled (A ) :  => 3x‘, ... X ’ , .A ,  where

FV(A )NX ’  = {x ' , . . .Xx" , }

cd .  Y :  & (>  YY (leadsto)

© = .

OF

Theorem:
I f  8 and $s’ are stuttering equivalent,

then [© ] .  - PP

= Behaviour predicates (as defined above) cannot distinguish

between stuttering equivalent behaviours.

11
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» Hour clock (HC) : a clock that displays (only) hours.
+ Data:

- Nat (natura! numbers)

- mod : Nat x Nat — Nat
mod (n, v)

- in_hourp : Nat

in_hourp ( v )  : v is an admissible (display) value

: signed remainder after division by non-zero v

* A behaviour
[hr= 11] > [hrs 12] > [hr=1 > [hr=2] = . .
- hre X (a flexible variable).
- [ h r= 11} representsa state se  St, whe res (hr) = 11.

The remaining flexible variables have arbitrary values and
change in an arbitrary way.

where

fso= [ h r=  11] and Ss, = [hr= 12] and 5 ,  S,,
t hens,(x) = s,  (x) i s  possible.

* A tick of the clock is given by the transition predicate (action)

HC_nxt :: = hr’e (mod (hr, 12) +1),
where 12 stands for (the constant function)
suce (succ { ...  SUCC (0) .. .))

+ Describing the behaviour of  the clock:
in_hourp (hr) a .[HC_nxt],

- in_hourp (hr) describes the initial state.
- +[HC_nxt), describes the state transitions.

* A (safety) property o f  the hour clock: ,in_hourp ( h r }

* Hour minute clock (MC): a clock that displays hours and minutes.
+ Data:

- Nat (natural numbers)
- mod : Nat x Nat — Nat

mod (n, v) : signed remainder after division by non-zero v .
= in_hourp : Nat

in_hourp ( v )  : v is an admissible (display) value of  hours.

- in_minutep : Nat
in_minutep ( v )  : v is an admissible (display) value o f  minutes.

* A behaviour

h r=11  hr  = 11 h r=12 h r=12

min = 58 min = 59 min = 0 m in= 1

where

- hr. min € X (flexible variables)
- h r=11

min = 58 rep resen tsa state s € St,
whe res (hr) = 11  and s (m in )= 58

A tick of the clock is given by the transition predicate (action)
MC_nxt v MC_min, where

MC_nxt :: = min = 59  A HC_nxt A min’ = 0 and

MC_min :: = min #59  A min’ = (min+ 1) A Unchanged (hr).
+ Describing the behaviour of  the hour clock:

(in_hourp (hr) A in_minutep (min)) A

+ [MC_nxt v MC_min 1 , min

- (in_hourp (hr) A in_minutep (min )) describes the initial
state.

- „[MC_nxt v MC_min ) ,n .  describes the state transitions.

12
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* Weak Fairness :

« ( (  .executed) v (, impossible)) ©

— «(( ‚ poss ib le  a (‚—executed))

I t  cannot happen that an operation is (from some point on)
constantly possible but never executed (taken).

- Using ..(®% 1%)  & .,®%, a ‚ .® ,  (linearity) we get

« ı impossible v , , executed.

- impossible : Enabled (A ) ,  _.,.) executed: (A), ,

- Weak Fairness in  TLA {for an action A ):

WF, 0A )  © Enabled (A  Yo r )  von  {A Do rn

Di

* Strong Fairness :

„ ( ( ‚ execu ted )  v (‚ impossible)) &

—.{( + possible A (‚-executed))

- It  cannot happen that an operation is (from some point on)
is infinitely often possible but never taken.

- Rewriting yield: ( ,  ,impossible) v ( ,  . executed)

- Strong Fairness in  TLA {for an action A ):

SF . (A) © Enabled (A), , )  Vv « i  (A ) ,

+ Problem: . . h r  = 12  (liveness) does not hold for all behaviours

{of the hour clock).
- [HC_nxt) ,  allows for steps where h r = hr’.

- [hr= 11] — [hrs 11] — [h r=11 ]  — [Ar=12] >...
does not matter.

- But

[ h r = 11} = (hr= 11] — (hrs 11] > [hr= 11] >...
yieldsa problem.

- ‚HC_nx t  is nota TLA -formulal

* Hour clock

+ HC_nxt is always enabled.
- WF,  (HC_nxt) & , . (HC_  nxt),

* Hour minute clock

- (MC_nxt v MC_min} is always enabled.
= WF mn (MC_nxt v MC_min) &

o AMC_NXE p in  Vo  + (MC_NXE pymin

ETE

= Solution (first attempt): add

‚ ch r=14A . . A . ch r=120 r

+ + {HC_nxt ),, to the specification.
- Adding arbitrary formulas (of this kind) leads to new

problems.
= machine closed behaviours.

- A general solution: introduce a kind of scheduler
+ has to  be invariant under stuttering,
* has to be  machine closed,

« has to be as liberal as possible.

ch i t  a L(A), , ,  AF

- Init is a state predicate.
- A is the next-state relation. Often A = A, v . . . vA , .

- $y... 8, is the stuttering index.
Of ten¢,  = x, forall 1si sn .

- F describes constrains. F is a conjunction of
WF , 4 , (A )  and SF ,  (A) formulas.

In cases where A = A,  v . . .  vA ,  each conjunct is

WF,  oe, (A )o r  SF,  (A) for 1s i sn .

Bi<

13
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VSE Inference Rules

Te . .ATy. ,a UL F .ewvd  gp
Fevwy ,A  F '  . ov  wa

ev  . A AL  I . oA  r . va
Feawy  , 4 T reo  VRR
r y . s  T .ead r Le  .wh i

Lewy .  A T v9 5 vA

F .e ( )d  ygFe( r )  . A v i
T . (Vx )@(x ) . 4FWx)e (x )  . A

for an arbitraryterm tr where c newin I , (Vx )  ¢ ( x ) .  A

r r .  e ( r )ar ec )  . A
Tr ,  @3x)e (x )aTae )  . a t

wherec newin I, ( 3x )9 (x) . A for an arbitraryterm 7

—e BX iOM
l e  . 9 . 4

Additional structural rules.

D.1.2 0 rules

D1.2 DO rides

D114 unless rules

;i r r  A vu  unlees ou). 1Thend™
| A unless Par

Feed 3
TF  unless 2 ,3  .

T+ 24  TF Ole unless a -
TE a l  RE unto righ seep

14



Ae  I

Pr  o rgmd  py, ARTE  age O t  Vd Badd
Tu  abe  23,8 a elt hukucrkui

zw ATtnly; sheers dnenriazs Tren mae: sod ad mes arathesss Form

Kusel dust Sessa  af Hisezentral,

D.J15 Step rule

FIR gL  R t  FR

unge ill Seve flea, anapmunnd varishies oak » sigh variahis
h l  u t  i ,  vier Umbait Gates canal Counties Somat elle

ars 007. taatint Go ai l  SEAR. ©

D.1.6 Induction rule
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D.2 Transition Rule

Aw ARTY MB
Pr

Hein, Ka LAHEYica  |
ERENT RDA

LE ah  a r )
Fue  ompoziene wutabi
DR  hy  sere prcebisne Jig Denison .

= an  all fronHofe, sayprixd w is i  ono armpo  warden)

2 Yo, trauban Sun ie lto wok slate

15



- TAO $Y

D33 inv always

Fo poz PAD By  (A)
wenP r ied:

aon p= PATEOl BAY
l n  PA  I )  a , Band)

oo  ERP DOA
“m  Jolt m ge  # Ay enh [pe a 3 ADR

€ Alyy str Bay  eier ull orninelas wd  Amoa , rridinge
supe,

REYPa

DAL erec unlean‘ DA .5 inn unless

me  =n,Wye ITH taa l
. : pun P IE  eA
ANespe SRP,PECAN
he geePo Aly TH SoniBry )

. wT AEE TE

¥ o t i  =p BR gob sido {pe = eX  Tao 43) |

+ Ahnaß  Diya bet  all for i  wich as:Ana ,  mele
HERE fe.

DEA

DAE eoeceventually ~~ . inv eventuallyD.3.7

Buipe= 74HP  Alp (THE PER Beng)
Su fmnt t y  pew 7 F ,  Alig(Th be dain,Bugga)

w= AA + a -

© dune= cot  s r  AlenAt c l )

16



Filters which alse map  into next state

Ady 1 defiznd an Sole

Ab AD.  = Dg
AGISFIsHTY. = SPEICHER
„ARRAY = WENT
Ade)  8 = Neal abhorwine

Bt  lino ws ol l
En (Oyf = 0p
Beute) = Nawleb otherwiie

Filter which preserve unless formulas
Afl'nd, is defined as follows

AH - De) Hit

A = SPE)
AL  ORFIHTH = WF)
Allimlta): 0 am
ASU umlans Gy) =. {Cie A l )

Attind 2} “m

Filzors which rasp lug variabl

Alby 1 dein ie  olluwes

Anleal) = AOA
Aa  =
SBEFGHFY = SFT  = /

ACHTEN = NPE , 5

Sal  a 6 wprödinate loglr-forinille
| , A

Aal) = ml diberwise

eG JANG

Proof Search
Annotated Reasoning

Proof capabilities are still not fully mechanized
Deduction migrated from the heart of  Al to  an assistant of
formal methods

Improvements come in  small steps
„Deduction engineering” (Loveland):
- Strategy formulation
- Augumenting existing systems
- Composition of  various techniques

* Development of  calculi:
e.g. resolution, matrices, paramodulation, superposition

Avoiding redundancies in  calculi
e.g. basic superposition, restart model elimination,

hyperresoiution

Efficent computations, efficient access to  data

e.g. normatforms, term indexing

17
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Proof planning using tactics
Additional declarative specification of  tactics

Jnefficient” (but .human-readabie) calculi + Methods = Tactics + Pre- and Postconditions
e.g. sequent-caiculi, ND-calculi

+ But:
Problem of weak postconditions
e.g. only type information is available: A | -  A

Calculus as an abstract machine, embedding of  logics
Tactics as macros / programs operating on  this abstract
machine
User as a meta-tactic — integrated plan generation and execution

Possible solution: abstractions
„Strategic knowledge” is encoded into tactics

Di “

+ Abstractions
- Formalizing pre- and postconditions
- Planning of  abstract intermediate goals

Pi-abstractions:
„The abstraction o f  a proof denotes an abstract proof”

Example:
* Use of term-rewriting- systems a t  calculus and abstract

level:
Correspondence between concrete and abstract rewriting
rules

level o f  abstraction * — Abstraction and substitutions commute
* — Abstraction and subterm-relation commute

= abstraction on signature
level o f  calculus

DD

Rippling to guide inducti fsppling to  guide inductive proo * Abstraction is based on colors of symbols
inductionhypo is: Ke r  ezmx+ l y+2 )  * Success i s  measured by the location of red dots

Inductionconclusion: (sx) + )  +z2=5(X + ( y+2 ( x+y )  szm lxs l y+2

Modification of the conclusion: PAIS ED  A
(S t )  + Y) + z=5 (0  + y+  2 Pe i  X+(y+2
Sx  +Y+z=sx )+ (y+2  ’ N+D= x+y  +12)

S( (x+y ) +2  = S00 +ly+2
Sx  + y)  + 2 = s(x+ (y + 2 )  * Abstract rules: ( x  +y} = (x +y)

D
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* Abstractions are definiert on
term + strategic information

« Additional information changes during proof search

Integration of  terms and strategic information
Terms annotated by additional information
Encoding of  strategic information i n  logic
Maintaining terms and strategic information
with the help of  a uniform calculus

$
8

4
8

DF)

* How to  encode strategic knowledge i n  logic?
+ Labelled Deductive Systems (Gabbay):

- a label t is  attached to  a formulaA
calculi operate on  pairs t:A

- no labels for subterms
~ no fixed language for labels
- no general support for using labels

Da

* Annotations

— Each occurrence of  a symbol can store information

- Information is encoded in  1st order terms (annotation
signature and variables)

- Encoding information into annotations of  individual
symbol occurrences

- uniform maintenance within an annotated logic

Idea: information is maintained by an  enlarged
inferernce mechanism

q IN  r i f s j o=  o(q)
A ES
4

| a | |]
5 — ——m— — $[d68)]  1510- at)

annotated substitutions correspond to substitutions i n
the underlying calculus (Soundness):

Jo ) = I ( r )  = o(t)

annotated substitutions instantiate also annotations
(strategic information)

+ annotated substitution is composed of
~ substitution for terms
~ substitutions for annotations
however: both parts are not independent!

* Annotation of  the rewrite rules and the notion of
substitution determine the information flow

* q and r contain pattern of  information that is instantiated
during rewriting

q r  f-(xnim)) — kom

/
N..6q)..) oP .  oF) . )  g - (@" )  — g-@®)

19
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* Logic for annotations and terms are independent
= Annotations and terms can be instantiated independently
= Annotations o f  variables determine the combination

fxm) — kom)

(ghar)  — g‘( (ak)

* Relations between different parts of  formulas:
- rippling, difference -reduction-approaches
- window-technique (Isabelle)
- reuse of proofs
~ origin-tracking

* Management of information during proof search
- normalform of terms
- efficient simplification

* Linguistics

Catculi:

* 1st-order logic + Colors
(Hutter, Journal o f  Automated Reasoning 1997)

+ Lambda- Calculus + Colors
(Hutter + Kohlhase, Journal of  Automated Reasoning
2000)

+ 1st-order logic {Lambda- Calculus) + general annotations
(Hutter, Annals o f  Mathematics and Artificial intelligence
2001)

Maintaining Formal Developments

* Generic mechanism to  integrate strategic
information
(without changing the underlying calculus)

« Definition of information flow by annotating
(rewrite) rules
- no  soundness problems
- high degree of  flexibility without modification

of the  underlying calculus
- logical frameworks for strategic information

Cae

20
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5 =- 50 og
Solutions in  RIPE:
. M of change for developgraphs
* Angiogical replay and reuse of proofs
* Building set for the change of formal developments

EE

Large number of  specified
theories (usually > 100)
Complex dependencies
between theories
Different structuring
mechanisms of
specification language
and its logic encoding
Automatic generation of
proof obligations

Specification

Changing specifi
due to proof fail Translation to a

lures logical representation

Deduction Development
Graph

Generating proof obligations +
structured database

Logic based representation o f
structured formal developments
Specifications and
implementations as theories
(consequence relations)
Formal relations between parts
of  developments (morphisms)
supports different formalisms
(logics) to represent different
parts
supports hiding

Let N be  a node i n  a developmentgraph

Define class Modg(N) of  Z,- models n of  N by
* n satisfies local axioms of  N
* for all global K=—N, nl], is a K -model
* for all local K-S—N:

= n | ,  satisfies local axioms of  K,
* forall K -  N:

- n has ao  - expansion k (k|, = n)

Bae

Let N be  a node i n  a developmentgraph

Define class Modg(N) of  Z,- models n of  N by
* n satisfies local axioms of  N
+ for all global K—N, n i ,  is a K -model
* for all local K—N:

- nl]. satisfies local axioms of  K,
* forall  KN :

- n has ao  - expansion k ( k | ,  = n)

21
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Idea: move theorem-links out  of  the scope of
hiding-  l inks N°

\W, - N/  D:l - Sign diagram N

/ associated w i th  N - ole
A N wi: Di)  — Colim D

. .  LY) {colimit injections) M N
M Ime ,  Cc

N“

= 4
2 _»N

° M ne
ZN f o  °6=0 " °c

gum SORTING [TotalOrder] = spac INSERTSORT [TotalOrder} =
STmn Bern) {UST fount Bam)

pens i s_ordered: ListfElem}: n l
perm; L i t t l e r ]x ListfElem}; aps insert: Elam x ListfEiorn]— ListfElerry
yon © Li sorter: ListfElem] — ListfElem]

SE oracecdl 1 £1.12: LisiElom] was x, y:  Elem L : ListfElem]
Is_ordered(ix}) insertix. J )  = Ix]
Is_ordered(x::(y::L)} = ... insart(x, y:iL) = x:  0:1) when x < y
perma,12)= ... —-— elisey:insertix, 1)

ew sorter Ey Uster) o fo>  one , sor ta r (x : : t )= insert(x, sorter)
LX
perm. Sortert)) ln insort

din is_ordered,perm

Developmentgraphs contain
also hiding (definition) links:

-
Me N, 6 ;  ZV 54

and also hiding theorem links:

-
Me N, 0 :  IN  IM

ne
i.e for all m € Mod,(M), m | ,  has
a 8-expansion to some N-model

* Calculus to  reason about
relations between theories:

= reduction of  the amount of
(real) proof obligations

= localization of  proof
obligations to  theories
causing them

- transformation of  graphs
to  capture hiding

Splitting a theory:

22
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Uniform intermediate
representation language (DGRL)

* independent o f  concrete
specification language

. os

* Reduction o f  relations:
instead “global” relations

ThiN) | -  o(Th(M})}
use o f  “local” relations: Support for various specification

languages, e.g. VSE-SL, CASLT - ofAx LT

a jo  + Incremental change of  DG A

- Heuristics to  compute
« Reduction by reachability: ca ”  . —3  ee ”  4 differences of  DGRL ‘ s

links are subsumed i f  r d  : Irs g - Computation of  a Workplan
olp(AX(K))) =p’  (0(AX{K)) [4  B J .  [= =: v -  + Allows for distributed formal

development

« Differences on DGRL causes computation of a workplan

+ Workplan consists of  a series of  basic operations:
- e.g. insert new theory, delete theory, split theory
- e.g. insert new axiom, delete axiom

* Basic operations preserve as much proof work as possible

* Open approach:
- insertion of  new basic operations possible
- e.g. FM-DIN gave rise to  additional basic operations

ne )  To
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7 Christoph Kreitz
Cornell University, Ithaca, USA

Course: The NUPRL Proof Development System
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University o f  St. Andrews, Scotland

Evening Talk: Adding Mathematics to the Semantic Web
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vi an

:solve numeicallyor symbolicallyfor x
explore behavior for different values of.oByi
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“MATLAB, NAGNoraries,
X
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8 computational log
computational mathematics;
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9 Erica Melis |

DFKI Saarbriicken, Germany

Course: Maths Learning Environments

Tutorial: The ACTIVEMATH System
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Intelligent Learning Systems ; Interdisciplinary Work

EricaMelis
‘ Competence Center for e-learning

| GermanResearch Center for
_ Artificialintelligence

Geometry Explanation Tutor, example -
| d ian  a t  7 Enews Tammie Prt u: SoprameSE spansmas

PEN Th  Jae  Pes ts  (mn

Learning psychology... Cognitive Psychology
f e t e hb as

Da l  I n te  tron COns tucyy
Feedback

: } | : - ask, dont  tell -
passive gamer Lo  jinteracti - motivating: compaten
externalmotivation ©" 1. | - gender -spezific
coach according t o expert } 4» personalized > adaptive support Dis

solution gto. . presentat ionof soldiition
no  discussion -exploration, discovery Meta-cognition
isolated training J+ authentic szenarios

+ judge from solutions ony § [ *  bo i dc : h i l l
!+_ static learni| | dynamic .goa
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Andes: ITS for Newtonian Physics SE-Coach

Problem
Statement WN ren  Sn LS

Worked out Hr  re  owl  nae. f em

solution

Si tuat ion

Diagram

Body
Diagram

Tamms phys

ContributionsbyDidactics

Didactic : -

OORT CIE  bees
+: Penrvg acer Congas

Km cu  en

Interdisziplindre Grundlagen

v
knowledge: transfe
applicationdndmoti

solve a

meta- cognition
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Artificial Intelligence* ActiveMath Learning Environment

User modeling .
Presentation planning
adaptive user interface:
Problemsolving system
knowledge representation
error diagnosis. J
agent-basiertes Feedback
natural language p rocess ing :  7

Pedagogical Goals (first phase) ** . ; Technical Goals

Personalization

re-use of content, standardrepr
Platform independence
several kinds of  presentation” «
separation ofknowledge and fünctit
open distributed architecture + = :

modular design, reusable comp
standard XML-communication

ActiveMath:Russian
Dw CR pou bases 5 buveoin Tut £99. {ow O0

- personalized content asnd presentation
- internationalized (German,English, Russian,
- dynamic suggestions . a :

- interactive exercises withservice-systems
- web-based, distributed architecture Te  Ae  Loe. ct,MARE

- semantic XML-representation | pm hao ads
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ActiveMath:French | ActiveMath
POS

22  r a r
p re== Smee  f em  f oeIts

i ff Quesi tosnaire
Tes rams

+ Jum nn axedmmbior var molly lant ¢

+ trv a bore pads  3
F lam ian t ,  r ump  P roprate rears.

+ nv r on ware

am t o  i 09  i s
Py

Do Wh gpa pa ba kommt.

mn v i
er ro r ]

Adaptation to  User: Anton Adaptation to  User: Bert

on  pm tnd « § | #4

fete pe  rer]
UE —————
Re ad
+ Rr  YN  I L I  A A

poy
A ED SSL REECE

Dynamic Generation of Presentation Pedagogical Rules

+ Choice of  content , examples, and  exercises
« assemblance of  pages . >
+ avallability ofexternal:

IF field{user) = ¥F

IF stunaniog
A)

IF sernariofdetit) LS
pa

. j a a we
IF nextbest ANDnavigation(crazy %tart)THEN addPointer(start)
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Architecture of  ActiveMath Exercises with CAS Maple

LR

PTET - sana

User model

l ororite evaluator

Feedback: Classes of Test Conditions * Examplesof CAS-Exercises

test
valid ? type?

KnowledgeRepresentation in Acti . OMDoc: Definition of  Monoid
Sehr a Be ta RC 12

<detınituaide"chelpt Tz  Het mold  tora contpt,monoid

- OMDoc XML-language:

remains» +14  OMB >[PVRS
l a rs  WEPY/- TU  Se  ——— RE
< /de t i n i t i ons
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p r  for(empirical) ReResearch
N 3 © effect of didactic strategies

ero:constryctivistcontent, A J effect of different problem presentations
f Metakogniti d (Y  pbb Mikasupport of Metakognition error disı 3 

= Sl |cons t ruc t i onof examples anti  cay : a 8F i r  fms  end : Costa Conan

tutorial dialogues we 
] parameters l y  amotivationalstate hy  J how ta-plan teaming c mmr

emotions Ae  wy  b how to feartnwith Chss,proof ple: f os t  Ron
reactive suggestions: + To ’ kA  2
elaborateuser modeling : ; ; © HorstHoscher = effectofdifferent soflutionPresentations
usability i ; Uni Le ron  = structure

> . - ‘meta-variablesIntegration.of statistics t00ls. BN T ree ]  - mötholi-and control
Mixed- initiativeiproaf planning. Eom Geter | Poor Man's Eye Tracker DFKeye

i R Civantom

empirical tests!!! . L y

Conclusion: Demo www.activemath.org

ITS: interdisciplinary field with com cial relevance
o Distance learning Pa

o Virtual universities
o Training on the job
o Military training
o Training for disabled. +...

© use the Web as dearning ¢

+ ActiveMath:open 8
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Technical University München, Germany

Course: The ISABELLE System
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