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Abstract

The L -estimates of the second derivatives for solutions of the
parabolic free boundary problem with two phases

Au—0iu = A Y50y = A" X{u<oy in Bf x]—1,0], A* >0, AT+A™ >0,

satisfying the non-zero Dirichlet condition on II; := {(z,t) : |z| <
1,21 =0,—1 < t < 0}, are proved.

1 Introduction.

In this paper, the optimal regularity for solutions of a parabolic two-phase
problem satisfying the non-homogeneous Dirichlet data is proved. Mathe-
matically the problem is formulated as follows.

Let a function u solve the problem:

H[U] = /\+X{u>0} - )‘_X{u<0} a.e. in ii_ = fo] - 17 0]7 (1)
u=¢ on Il :={(zt):|z] <1,z =0,-1<t<0}, (2)
where H[u] = Au — d,u is the heat operator, A* are non-negative constants,

AT+ A7 >0, xg is the characteristic function of the set F, B = {z : |z| <
1,27 > 0}, and Eq. (1) is satisfied in the sense of distributions.

The local estimates of the the derivatives dyu and D?*u was proved in [SUW07].
The case ¢ = 0 was considered in [Ura07] and the corresponding estimates
up to II; were obtained there. We observe that the case of general Dirichlet
data cannot be reduce to the case ¢ = 0.

We suppose that a given function ¢ depends only on space variables and
satisfies the following conditions:

D’p € Loo(IL), (3)
3L > 0 such that |D'p(z)| < Llp(z)|*? V(z,t) € I1;. (4)
We suppose also that sup |u| < M with M > 1. Together with (3) it provides

Qf
for any § € (0,1) the following estimates for u:

Hatqu,Q;r_é + H‘D2u||q,Q;r_<S < Nl(q7 M7 67 (10)7 vq < 00, (5)
up | Dul < Na(M,5,2). ()
Qs

[ Du(z, t) — Du(y, t")|
[ — y[* + [t — t7]o72

< NS(&aMa 57 @)7 Vo€ (07 1) (7)



For the corresponding elliptic two-phase problem with Dirichlet data on IT;
the estimates of the second derivatives of solutions up to II; were obtained
by authors in [AU06]. Here we extend the results of [AU06] to the parabolic
case.

Theorem. Let u be a solution of the problem(1)-(2) with a function ¢ sat-
isfying the assumptions (3) and (4). Suppose also that sup |u| < M.

Qf
Then for any § € (0,1/4) there exists a positive constant C' completely defined
byn, M, \*, 6, L, and by the Sobolev’s norm of ¢ such that

ess sup | D*u| < c.
Qs

1.1 Notation.

Throughout this paper we use the following notation:

x = (x1,29,...,x,) are points in R™ with the Euclidean norm |z|.
x -y denotes the inner product in R".
ey,...,en is a standard basis in R”.

z = (z,t) are points in R" where x € R" and t € RY;

X & denotes the characteristic function of the set £ C R"*!;

OF stands for the boundary of the set F;

vy = max {v,0}; v_ = max {—v,0};

B, (2°) denotes the open ball in R™ with center z° and radius 7;

B/ (z0) = By (%) N{z1 > 0};

Q,(2°) = Q. (2°,1°) = B,(2°)x]t° — r2,°];

QF (2°) = Q:(2") N {x1 > 0}

When omitted, 29 (or 2° = (2°,1°), respectively) is assumed to be the origin.
We emphasize that in this paper the top of the cylinder @,(z") is included
in the set Q,(2°).

9'Q,(2°) is the parabolic boundary of Q,(2°%), i.e., Q. (z") = Q,(2°)\ Q. (z").
I, = {(z,t) : |[z| <ryz1 =0,—1? <t < 0};

IL.(t°) = I, N {t = t°}.

D; denotes the differential operator with respect to z;; 0; = %;
D = (Dy,D") = (D1, Ds,...,D,) denotes the spatial gradient;

D?*u = D(Du) denotes the Hessian of u;

D3u = D(D?u);

D,, stands for the operator of differentiation along the direction v € R", i.e.,
lv| =1 and

n
D,u= E v;D;u.
i=1
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We also emphasize that throughout this paper we will use the symbol V for
the whole gradient in the space R7 x Ry, i.e.

Vu := (Du, du), |Vu| := (|Dul* + (3tu)2)1/2.

We adopt the convention regarding summation with respect to repeated in-
dices.

| - ||, & denotes the norm in L,(E), 1 < p < o0;
Wpﬂ(E) is the anisotropic Sobolev space with the norm

HUHW,?’I(E) = |0ullp, £ + [[D(DW)lp, & + [[ullp, &5
For a W2'-function u defined in Q7, ¢ < oo, we introduce the following set:
Au) = {(z,t) € QF :u(x,t) = |Du(x,1)| = 0}.

H™ stands for the m-dimensional Hausdorff measure.

We use letters M, N, and C (with or without indices) to denote various
constants. To indicate that, say, C' depends on some parameters, we list
them in the parentheses: C(...). We will write C'(¢) to indicate that C' is
defined by the Sobolev-norms of ¢.

1.2 Useful facts

For the reader’s convenience and for the future references we recall and ex-
plain some facts:

Fact 1. Fach solution of Equation (1) satisfies Ou € Lo 1oc(QF U IIy).
Proof. These statements can be proved analogously to Lemma 3.1 [SUW07],
(see also the proofs of Lemma 4.2 [SUW07] and Lemma 3.1 [Ura07]). O

Fact 2. Let u be a solution of Equation (1). Then the set {u = 0} N{|Du| #
0} is locally in Qf a C*-surface and Owu is continuous on that surface. In
addition, the unit normal vector to {u = 0} N {|Du| # 0} directed into
{u > 0} has the form

Vu(z,t)
) = ——
00 = Sty
Proof. For a proof of this statement we refer the reader to (the proof of)
Lemma 7.1 [SUWO07]. O

Next statement is a parabolic counterpart of Lemma 2 [AU06].



Fact 3. Let u be a solution of Equation (1), and let e be a direction in R™.
Then for (z,t) € Q7 \ A(u) we have

() H (Do, )] = 8+ A7) 20907 [fu =0, Dul £ 0}
| Du(z, )|

WHTHHU =0, [Dul # 0}.

(”) HUU(JL‘, t)” = )\+X{u>0} + AiX{u<0} +2

Proof. Both cases follow from direct computation.

i) Consider an arbitrary direction e € R” and a test-function n € C§°(Q7\
A(u)). Then Eq. (1) together with Facts 1 and 2, and integration by
parts provide the following identity

(H[Deu],n) = /Deu(am + An)dz = — / uD, (O + An) dz

= —/H[u]Dendz: —AT / Dendz + X~ / D.ndz

{u>0} {u<0}

=\ / n cos (7, €) dH" t + A~ / n cos (7, €) dH" !,
o{u>0} d{u<0}

where v = y(z,t) is the same vector as in Fact 2.

ii) For any test-function € C§°(QF \ A(u)) the value of distribution
H [|u(z,t)]] on n equals

@l = [ @+ Andz [ (@ + An)dz

{u>0} {u<0}

Integration the last two integrals by parts provides

(H[ul],n) = / (Au — Qyu)ndz — / (Au — dyu)ndz

{u>0} {u<0}

+2 / (Du-7)ndH" ™,
{u=0,| Du|£0}
where 4 = J(z,t) ist the projection of vy(x,t) onto space R, i.e.,
D t
Az, t) = % Application Eq. (1) to the right-hand side of
the above identity finishes the proof. O



2 Lipschitz estimate of the normal derivative
at the boundary points

Lemma 1. Let the assumptions of Theorem hold. Then for arbitrary small
0 > 0 there exists constant Ns such that

|D,u(x,t) — Dyp(2',t)| < Nsxy,  for (x,t) € Qta, 71 e. (8)

The constant Ns completely defined by 6, n, M, L, \*, and by the corre-
sponding Sobolev’s norm of .

Proof. We fix 6 € (0,1/4) and 7 € R", 7 L e.
For arbitrary t° € (—(1 — 6)?,0] we consider in the cylinder Q50 = {(z,t) €
R0 < 2y < V0, 2| <1 =0, t° =62 < t <t°}, the auxiliary functions

v (@, t) = £(Drul,t) — Drp(r')) + Ju(z, t)] — |o(a')],

and the barrier function

2
1 I / 2
t) =Nyt —t)+ N5 | —= — == | + N, —1+4)y)".
(o) = N = 0+ N (2 = 1) 4 N = 149))
Here N4, N5 and Ng are suitable selected positive constants depending only
on the parameters of the problem.
It is easy to see that the inequalities

vz, %) Sw(x,1%) i Qs N {t =1} (9)

together with (6) and arbitrary choice of t° imply the desired estimate (8).
It remains only to note that inequalities (9) can be established along the
same lines as in the proof of Lemma 3 [AU06]. By this reason we omit the
detailed verification of (9) here. O

Lemma 2. Let the assumptions of Theorem hold. Then for arbitrary small
§ >0 and each t € (—(1 —6)?,0] we have the estimate

|D1u(0,2',t) — Dyu(0,y',t)] < N5z’ — o], Vo' y' e T _s(t), (10)
with the same constant N5 as in Lemma 1.

Proof. If we have the existence of the second derivatives D’(Dju) on the
surface I1;_s, than Lemma 1 immediately guarantees the boundness of them.
However, the derivatives D’(Dju) are not defined on II;_s. By this reason
we have to consider instead of u its mollifier with respect to z’-variables ..
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It is easy to see that inequality (8) preserves with the same constant Ny, if
we replace in (8) the derivative D,u by D,u. and D, by D,p., respectively.
In other words, from (8) it follows that

|D'(Dyu.)| < N5 in Qf .

The latter inequality means that for ¢ € (—(1 — §)?,0] and o',y € II;_4(t)
we have, in fact, the estimate

|D1uo(0,2,t) — Dyu-(0,9',t)| < Nslz' —1/|. (11)

Now, letting € — 0, we get from (11) the desired estimate (10). O

3 Boundary estimates of the second deriva-
tives

Lemma 3. Let the assumptions of Theorem hold, let an arbitrary 6 € (0,1/4)
be fized, and let 2° = (2°,t°) be an arbitrary point on I1;_s. Then for any
direction e € R™ and a cylinder Q,(2°) C Q1_s we have

osc D.u < Chr, (12)
QF(20)

where C's depends on the same arguments as the constant Ngs from Lemma 1.

Proof. The proof will be divided into three steps.
Step 1.|  For almost all t € (—(1 — 26)%,0) the function wu(-,t) can be

regarded as a solution of an elliptic equation

Au(z,t) = F(x) = A Xqus0y — A X{u<o} + Opu(z, t), x € Bf ;.

In view of Fact 2 we have F' € L( f_ s)- Therefore, for a direction e € R
the derivative D.u satisfies the integral identity

/ D(D,u) Dndx = / F Dendz,  ¥n € W, (B ). (13)

Setting in the above identity e = 7 with 7 L e; and n = (D,u — D,9)&?,

where £ is a cut-off function in Bs,(z°) C B, x§°’ = 0, that is equal to 1 in

B, (x%), we obtain the inequalities

/ |D(Dyu(x,t))|?¢dz < Csr"™, T 1 oe. (14)

B;'T(xo)



Making use of (8) we can easily claim that the constant Cy in (14) is uniformly
bounded with respect to t-variable.

Finally, we find the derivative D;D;ju from Equation (1) and arrive at the
inequality

/ D2z, )2z < Cyr™ (15)
B (a0)
with uniformly bounded constant Cs with respect to t-variable.

We claim that for any direction e € R", and for all t € (—(1—4)?2, 0]
and z € II;_4(t) the estimate

osc Dou(-,t) < Csr (16)
B (z)

holds true. To prove this, we introduce two auxiliary functions

K.(2r t,x):= sup  D,u,
Iy ()N B, (2)

k.(2r,t,z):==  inf  D.u.
I, (t)NB3, (x)

The local estimates for solutions of (13) imply the following inequalities

sup Deu(-,t) < K, + N7HFHOO,Q1+7" + Ng(n)\/r—"J (1), (17)
B} ()

in Deu(:,t) 2 ke — Ne||[F| o o+ — Ns(n)/r7"J_(2), (18)
B (z) et

with J,(¢) and J_(t) defined as

Jo(t) = / (Deuly.t) — K.). ) dy,

By, (v)

J_(t) = / (Deuly. t) — ko)) dy.

By, ()
Estimating Jy with the help of the Poincare inequlity we can conclude that
s<cr [ (DDl )y < o (19)

By, ()

where the second inequality follows from (15).
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Combining (11), (17), (18) and (19) we arrive at (16).

Step 3.| It remains only to verify that D;u satisfies on II;_s5 the Holder
condition with respect to ¢ with the exponent 1/2.

Towards this end, let us consider for p € [0,0) the representation

u(p, 2’ t1) —u(p, 2’ ty) = [ [Di(s, 2, t1) — Di(s, 2, t5)] ds

O\ﬁ:

(20)
= P[Dl(O,xl,tl) — Dl(O,x’,tg)} +7.

We observe that due to Step 2 |Z| < Csp?. Taking additionally in account
the boundedness of the derivatives of d,u, we get from (20) the inequality

t1 —t
| D1u(0, ', t1) — Dyu(0,2', t5)| < Cs (| 1= b +p) : (21)
p

It is evident that for p = \/|t; — 3] the desired Holder estimate follows
immediately from (21). O

Proof of Theorem. Let § € (0,1/4) and z* = (z*,¢*) € Q 45 be fixed,

and let v = ‘gzgg‘. Suppose also that e is an arbitrary direction in R™ if

Du(z*) =0 and e L v otherwise.
Due to our choice of e we have D.u(z*) = 0 and, consequently, Lemma 3
provides for R = z§ = dist {z*,II; } the estimate

sup |D.u| < CsR.
Qr(z*)
Now we may apply the result due to L. Caffarelli and C. Kenig [CK98] (see
also Lemma 4.2 [Ura07]) to the subcaloric functions (D.u)y in Qg(2*). This

leads to the estimate
|D(Deu)(2)| < Cs,

where Cs does not depend on R. Since e is an arbitrary direction in R” sat-
isfying e L v, the derivative D, D,u(z*) can be now estimated from Eq. (1).
Thus, we have
|D?u(z*)| < Cs.
O

Remark. It is easy to see that all the arguments hold true if ¢ = p(z,t)
and Opp as well as D(0yp) are bounded.
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