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Abstract

Backward stochastic differential equations (BSDEs) are a powerful tool in financial
mathematics. Important examples are option pricing or portfolio selection problems.
In non-linear cases BSDESs are usually not solvable in closed form and approximation
becomes then inevitable. Several proposals for solving BSDEs numerically have been
published in recent years, including an analysis of the related approximation error.

The first part of this theses is devoted to the problem that a direct a-posteriori
evaluation of the L2-error between the true solution and some numerical solution
is usually impossible. Therefore, we present an a-posteriori criterion on the ap-
proximation error, which is computable in terms of the numerical solution only and
allows us to judge the numerical solution.

Secondly, we pick up the idea of Gobet, Lemor and Warin (Ann. Appl. Probab., 15,
21722202 (2005)) to generate numerical solutions by least-squares Monte Carlo. We
suggest to use function bases that form a system of martingales. A complete analysis
of the approximation error shows, that in contrast to original least-squares Monte
Carlo, the convergence behaviour can be significantly enhanced by the martingale
property of the bases.






Deutsche Zusammenfassung

Riickwirtsgerichtete stochastische Differentialgleichungen (BSDEs) sind ein viel-
seitiges Instrument in der Finanzmathematik. Optionsbepreisung oder Portfolio-
Auswahlprobleme sind wichtige Beispiele dafiir. In nichtlinearen Féllen sind BSDEs
in der Regel jedoch nicht geschlossen losbar, weshalb in den vergangenen Jahren
zahlreiche numerische Ansdtze zusammen mit einer theoretischen Analyse ihres
Approximationsfehlers vorgestellt worden sind.

Der erste Teil dieser Arbeit beschéftigt sich mit dem Problem, dass eine direkte a-
posteriori Berechnung des [2-Fehlers zwischen der unbekannten echten und der nu-
merischen Losung oftmals unmoglich ist. Deshalb prasentieren wir ein a-posteriori
Kriterium, das nur von der numerischen Losung abhidngt und eine Beurteilung
dieser erlaubt.

Der zweite Teil baut auf der Idee von Gobet, Lemor und Warin (Ann. Appl.
Probab., 15, 2172 — 2202 (2005)) auf, numerische Losungen mit Hilfe eines Kleinste-
Quadrate-Monte-Carlo-Verfahrens zu erzeugen. Wir schlagen Funktionenbasen vor,
die ein System von Martingalen bilden. Eine vollstindige Analyse des Approxima-
tionsfehlers zeigt, dass das Konvergenzverhalten durch die Martingaleigenschaft
erheblich verbessert wird im Vergleich zum urspriinglichen Verfahren.
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1 Introduction

1.1 Background on BSDEs and their numerical solution

The theory of backward stochastic differential equations (BSDEs) is a rather young
research field and its subjects first popped up in the context of stochastic control. It
was Bismut| (1973) who carried Pontryagin’s maximum principle over to stochastic
control problems and showed that the pair of adjoint processes solves a linear BSDE.

The actual foundation for BSDE theory was laid later on by |Pardoux and Peng
(1990), who examined non-linear BSDEs and proved the well-posedness of such
equations in case of a Lipschitz continuous driver. In the following, numerous
publications were devoted to an extension of this result.

One branch was engaged with the relaxation of the Lipschitz condition on the
driver. For instance, see|Lepeltier and San Martin! (1997), who examined BSDEs with
continuous driver of linear growth, or [Kobylanski| (2000) on BSDEs with drivers of
quadratic growth. An overview is given in El Karoui and Mazliakl (1997). Another
important aspect was the analysis of the connection between solutions of BSDEs
and viscosity solutions for quasilinear parabolic partial differential equations by
Pardoux and Peng|(1992). Based on this, the notion of forward backward stochastic
differential equations (FBSDEs) was developed and a generalization of the Feynman-
Kac formula was obtained. A detailed introduction on this topic is also available in
Ma and Yong|(1999). Particularly, FBSDEs became a useful tool in the field of financial
mathematics. Amongst these are pricing and hedging of European options in cases
with constraints or utility optimization problems. An extension to American options
by BSDEs with reflection was shown in [El Karoui et al.|(1997a). A comprehensive
survey on the application of BSDEs in finance is given by El Karoui et al.| (1997).

Whereas the research on BSDEs was indeed fruitful from its kick-off in the early
nineties on, the pioneering work on the numerics of BSDEs initially advanced much
slower. Bally| (1997) was the first who proposed a time discretization scheme as a
numerical approach towards the solution of BSDEs. Then it remained to solve a
series of linear BSDEs within each time step. The main drawback of this approach
is that the time steps have to be chosen randomly in order to avoid any stronger
regularity assumptions on the coefficients of the BSDE that go beyond the Lipschitz
continuity of the driver.

Chevance (1997) presented a fully implementable numerical attempt to solve a
decoupled FBSDE with a deterministic time discretization. However, this was con-
nected with quite strong regularity conditions on the coefficient of both the forward
and the backward SDE. It was|/Zhang|(2001) who offered a way out of this dilemma by
formulating conditions such that the control part of the solution of a BSDE behaves
somewhat 'nice’. These conditions include Lipschitz conditions on the coefficients
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of the forward SDE and the possibly path-dependent terminal condition of the BSDE
and are merely an addition to the Lipschitz continuity of the driver. In particular,
he introduced the notion of [?>-regularity for stochastic processes and showed that
these mild extra conditions are sufficient for the L?-regularity of the control part and
thus also for the convergence of a deterministic time discretization with order 1/2 in
the number of time steps.

Slightly different, but somewhat more natural ways of time discretization for
decoupled FBSDEs were examined in Bouchard and Touzi (2004) and |Lemor et al.
(2006), however they both benefit from the Lz-regularity results obtained by |Zhang
(2001). In contrast to the algorithm suggested in [Lemor et al|(2006), the approach
by Bouchard and Touzi (2004) is characterized by its implicit formulation. There
are several proposals to turn this idea into a tractable algorithm by using some sort
of Picard iteration. This can be done within each time step, see |Gobet et al. (2005),
or globally by an iteration that restarts at terminal time after having completed
the iteration step along the entire partition, see [Bender and Denk| (2007). Both
methods have to deal with the problem of nested conditional expectations, on the
one hand along the partition of the time interval and on the other one along the
Picard iterations. Bender and Denk! (2007) showed that the global Picard iteration
is more favorable concerning the error propagation that arises when estimating
conditional expectations. The work of Gobet and Labart| (2010) is also in the spirit
of global Picard iteration connected with a control variate technique. Another way
of variance reduction within a global Picard scheme was presented in |Bender and
Moseler (2010), who applied the so-called importance sampling technique that makes
use of measure change to receive more samples in “interesting” regions.

Extensions to this research can be found in (Gobet and Makhlouf| (2010) and |Geiss
etal.[(2011), who supposed the terminal condition to be irregular. Even then the error
due to time discretization tends to zero, although the convergence rate is in this case
slower for equidistant partitions of the time interval. However, a clever choice of
partition can improve this rate significantly, in certain cases up to 1/2 in the number
of time steps. Worth mentioning is the work of Imkeller et al.| (2010) and also|Richou
(2011) on numerical approximation of BSDEs with drivers of quadratic growth in the
control part. In the first case, the non-Lipschitz continuity was tackled by imposing
a truncation on the driver and approximating the true BSDE by a series of truncated
ones. In the latter one time-dependent bounds for the control part within the time
discretization scheme were incorporated.

Regarding coupled FBSDEs, Bender and Zhang| (2008) proposed a combination of
time discretization and Markovian iteration to tackle the coupling. They formulated
also sufficient conditions for a time discretization error that decreases with rate 1/2 in
the number of time steps. The case of FBSDEs with jumps was covered by Bouchard
and Elie| (2008).

Whatever type of time discretization is chosen, at the end of the day one is con-
fronted with the problem of estimating conditional expectations. This stems from
the backward property of BSDEs and the necessity to adapt the approximation to the
available information at each time step. In recent years several proposals have been
established to cope with this problem. Bouchard and Touzi|(2004) applied Malliavin
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Monte Carlo for the estimation of conditional expectations. By means of Malliavin
integration by parts, these can be expressed by a ratio of expectations, that can be
estimated via Monte Carlo simulation. See alsoBouchard et al.|(2004)).

An alternative was considered in Bally and Pages|(2003), who chose the quantiza-
tion tree method for the estimation of conditional expectations. Roughly speaking,
the idea is to project the time-discretized underlying diffusion process on discrete
state spaces and to estimate the transition probabilities between the single time steps
by simulation. The conditional expectations are then easily computable weighted
sums. [Delarue and Menozzil (2006)) transferred this idea to the numerical solution of
coupled FBSDEs.

Only recently, Crisan and Manolarakis| (2010) exploited the cubature method for
the estimation of conditional expectations for the generation of numerical solutions
of BSDEs.

Last but not least, Gobet et al. (2005) tackled the estimation of conditional expecta-
tions by least-squares Monte Carlo. This approach can be understood as a two-step
procedure that starts with a projection on a function basis and next solves the re-
sulting minimization problem by Monte Carlo simulation. We will explain this idea
later on in more detail.

1.2 Problem description

Let (Q, IF, P) be a probability space, where I = (J, t > 0) is the augmented filtration
generated by a D-dimensional Brownian motion W = (Wy, ..., Wp)*. Here the star
denotes matrix transposition. We fix further a terminal time T > 0. Then our first
branch of studies starts with a backward stochastic differential equation (BSDE) of
the form

-

T
Yy = E'_J' flu, Yy, Zu)du_J 2 dWy, (11)
t t

where the data is assumed to satisfy

Assumption 1. (i) The terminal condition & is a real valued, square-integrable, Fr-
measurable random variable.

(ii) The driver is a measurable function f : Q x [0,T] x R x RP — R, such that
(f(t,0,0),0 < t < T) is a continuous, IF-adapted process with foT Elf(t,0,0)2dt < oco.
Moreover, f is Lipschitz in its spatial variables with constant k uniformly in (t, w). Note,
that the stochastic variable is suppressed in the above equation.

The solution of consists of a pair of adapted stochastic processes (Y, Z), where
Yy is real valued and Zy = (Zy,...,Zpy) is RP-valued. However, in most cases
we cannot state a closed-form solution for and a workaround by numerical
approaches becomes highly interesting in order to obtain at least an approximation
of (Y,Z2).

Let us assume, we conducted some arbitrary numerical scheme, that is based on
a discretization 7t = {to, ..., tn} of the interval [0, T], namely 0 = tp < t; < ... <
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tn =T, and its result is the pair (\?{E , 21‘1)“6“. Then, a quite natural wish is to get
information about the approximation error. Precisely, we want to check

-
sup E[Yy — VY[ *+ J E|Zy — 27 [dt
0<t<T 0
and judge thereby, if the chosen numerical approach was successful. Here, the pair
(\?7[1, Z?)Ogth denotes the RCLL-extension of (\?7[‘,1 , Z{‘i)tieﬂ by constant interpola-
tion. But, as the true solution is usually unknown to us, it is not possible to compute
the approximation error directly or even estimate it, e. g. by Monte Carlo simulation.

Nevertheless, we want to shed some light on the question, whether the pair
(\?7; ,Z{‘i)tieﬂ is a good approximation. For this purpose we introduce a so-called
‘global” a-posteriori error criterion. Suppose that (\ACZ , Z?f_l)t.leﬂ is adapted to a filtra-
tion G = (G¢,0 < t < T) such that ¥y C G¢ for t € [0, T]. That means, G is enlarged
in comparison to IF and W is still a Brownian motion with respect to G. But Gy,
can also contain additional information, for instance induced by copies of W, that
were required for the approximation of (V{Fl ,Z@tien- Least-squares Monte Carlo
simulation for BSDEs is an example for the incorporation of such copies. Then the
global a-posteriori criterion checks by

(Y7, 27) ;= E[JE™ — W:N|2| Si,) + max E[l A{; — \?{g

\)\
j—1 j—1
- Z fﬂ(ti/ Y‘::/ Zg)(tiJrl - tl) - Z7t-[l (Wti_H - Wti)|2‘ 9‘(0]/ (12)
i=0 i=0

if the approximate solution is ‘close to solving’ (I.I). Here, (&7, f™) denotes an
approximation of (&, f) living on the time grid . Contrary to the approximation
error, it is possible to simulate (I.2), as it involves only approximate, hence known
solutions and approximate data. In a first step, we will develop upper and lower
estimates on the approximation error in terms of this criterion. These estimates
require only standard Lipschitz conditions on the driver f.

After that, we apply the global error criterion on a forward backward stochastic
differential equation (FBSDE) denoted by

t t
St =sp +J b(u,Su)du+J o(u,S,)dWy,
0 0
- - (1.3)
Yt = (I)(S) _J F(u/ Su/Yu/ Zu)du_ J Zuqu~
t t

This system is supposed to fulfill

Astumption 2. Wg call 80 € RP the initial conditéon of S. The functions b : [0, T] x RP —
RP,0:0,T] x RP - RP*P gnd F: [0, T] x RP x R x RP — R are deterministic and
there is a constant « such that

Ib(t,s) —b(t/,s")|+lo(t,s) —a(t/,s") + [F(t,s,y,2z) — F(t',s",y’, z)
<k(Vt—t' +Is—s'|+y—y'l+1z—2'))
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forall (t,s,y,2), (t',s",y’,2") € [0,T] x RP x R x RP. The terminal condition & = ¢(S)
is a functional on the space of RP-valued RCLL functions on [0, T], that satisfies the L>°-
Lipschitz condition

[$(s) — d(s’) < k sup Is(t) —s'(t)]

0<t<T
for all RCLL functions s, s’. In addition to that

sup (/b(t,0) +[o(t,0)] + [F(t,0,0,0)]) + |p(0)] < x
0<t<T

where 0 denotes the constant function taking value 0 on [0, T].

Clearly, we look at a BSDE with data & = ¢(S) and f(t,y,z) = F(t,S,y, z), where
F is stochastic through S only. The above system is called decoupled as the forward
SDE is independent of the pair (Y, Z). Given Assumption [2|it is easy to check, that
the conditions of Assumptions (I|are satisfied as well.

Concerning this type of FBSDEs, we will take a closer look on a numerical method
that combines a backwards time discretization scheme with the least-squares Monte
Carlo approach for the estimation of conditional expectations to generate approxi-
mations of the processes Y and Z. This method was already employed by |Gobet et
al[(2005) and |Lemor et al. (2006) in this setting and aims at replacing the conditional
expectations by a projection on a subspace of L?(J,) for each time step t;.

We will review the approximation error of this scheme and explain its error sources,
in particular the time discretization error, the projection error and the simulation
error. Moreover, we will recall how the parameters of the latter one can be fixed
such that the overall approximation error converges with the same rate as the time
discretization error.

Additionally, we present for this setting a "local” a-posteriori error criterion, that is
denoted by

ELoe(V7, 27) = Z ENVE = VT —F(ty, ST, VT, 20 (tig1 — 1)

— 2T (Wh,,, — Wi )P,
forj =0,...,N —1. It is meant to give further information about the projection
error, which is expressed in terms of the [2-error between a time-discretized solution
(YL, Z%,)t;en and its best projection on the selected function basis. Precisely, it turns
out that a small local error criterion is a necessary condition for a small projection
error. Furthermore, it allows us to detect those time steps for which the projection
functions were picked inappropriately.

The second branch of our studies is devoted to a modification of the least-squares
Monte Carlo approach. Induced by the time discretization we are confronted with
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the estimation of

E[V’g+l - F(ti/ SI:'IVEI ZE)(ti—O—l - t1)| EFt-l]
1

—E[(W.
(tig1 —ty) (W

o = WRIVE L 1F4,
by a linear combination of basis functions. The estimation of the first conditional
expectation leads to the definition of V{: , whereas the estimation of the latter one is
required for Z?E‘i . Motivated by a kind of variance reduction for FBSDEs, we assume
that the function bases form a system of martingales. Let (X, )t e be a F-adapted
Markov process and n(i + 1, Xt ) a basis function at time t; 1 such that

(i) its conditional expectation related to Jy, is computable in closed-form,

(ii) the conditional expectation of this function multiplicated with the dth compo-
nent of the Brownian increment Wy, — W4, can be evaluated related to J, for
alld=1,...,D.

This suggestion is inspired by |Glasserman and Yu| (2004) in the field of pricing
American options. Assumption (i) is related to the approximation of Y and ensures
that (n(i, XT,)t,en forms a martingale with respect to I, that is available in closed
form. In this setting, the estimation of conditional expectations becomes obsolete
for all linear terms, as they can be computed in closed form under the assumption
of martingale basis functions. E. g., let Y™ at time t; 1 be a linear combination of
so-called martingale basis functions, then we can figure out its conditional expecta-
tion by the martingale property. This simplifies the approximation of \A(,?l , as only
E[F(t;, 3;, \?{E, Zﬁﬂ F,] remains to be estimated.

Moreover, by (ii) the evaluation of E[(Wgq,¢,,, —Wa,t; W’ZH |F¢,],d=1,...,D,which
stems from the time discretization of Z4, becomes possible in closed form. That
means, we do not require any additional estimation of conditional expectations for
the approximate solution of Z4. This is particularly interesting in high-dimensional
problems, when D > 1. Clearly, in the martingale basis approach the amount of
conditional expectations to be estimated is the same, no matter if the Brownian
motion W is one-dimensional or multi-dimensional.

We give several examples for ‘martingale type’ basis functions and conduct after-
wards a detailed analysis of the approximation error and its error sources. It turns
out that the projection error and the simulation error can be reduced significantly in
contrast to the original least-squares Monte Carlo approach.

The rest of this thesis is organized as follows. In Chapter[2]we review some impor-
tant results on BSDEs that are essential for this paper. Additionally, we explain the
least-squares Monte Carlo approach and its approximation error in detail. Chapter
is devoted to the a-posteriori error criteria. Apart from the global criterion, we
present the local one for approximate solutions that where obtained by replacing
conditional expectations by projections. This chapter ends with the introduction of
non-linear control variates for (F)BSDEs inspired by variance reduction methods.
Therefore, we will diminish the original BSDE by some BSDE, that is solvable in
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closed-form and is likely to ‘explain’ the main part of the original one. Approx-
imation has then to be applied to the remainder BSDE. The chapter also includes
numerical examples. In Chapter 4 we introduce the enhanced least-squares Monte
Carlo scheme and examine the approximation error in its very detail. Again, the
chapter is finished by numerical examples.






2 Preliminaries

2.1 Some important results on BSDEs

Before turning to the numerical solution of BSDEs and their validation, it is essential
to know if the problem in (1.1)) is well-defined. To this end, we cite a result of Pardoux
and Peng| (1990).

Theorem 1. We suppose that the data (&, f) satisfy Assumption |1, Then there is a unique
pair of predictable processes (Y, Z) with

T T
EJ IY¢[2dt < oo, EJ |Z[2dt < oo,
0 0

that solves the differential equation (1.1).

During our thesis we require some standard regularity estimates on the processes
S and Y several times. These results can also be found in Zhang| (2004), who more
generally considers the LP-norm for p > 2 instead of the case p = 2 only.

Lemma 2. Let Assumption [1|be fulfilled and (Y, Z) be an adapted solution of (L.1). Then
there is a constant C depending on T, k and the data (&, f) only such that

t
EIVy — Y P < Clt—s| + CJ E|Z,[*du.

S

Lemma 3. Let Assumption [2| be fulfilled and S be a solution of the forward SDE in (1.3).
Then there is a constant C depending on T, K, so and the data (b, o) such that

EIS: — Ss|> < Clt —s|.

It was [Zhang| (2001), who made an important contribution concerning the regu-
larity of the process Z. Beyond inventing the notion of L?-regularity by

N—-1

>

i=0 vt

tip

E’Zt - %E U:stds’ T ‘Zdt,

he showed that rather mild conditions are sufficient to obtain a regularity rate of
order 1/2 in the number of time steps of a deterministic partition of the time interval
[0, T]. This result is essential for the convergence of a discrete-time approximation of
(Y, Z), as will be reviewed in the next subsection.
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Theorem 4. We suppose that Assumption |2|is satisfied. Let @ = {ty, ..., tn} be a partition
of [0, TIwith0 =19 < ... <ty <...<tn =T. Then there is a constant C > 0 depending
on T, k and sg only such that

N—-1

tin 1 ti1 2
Yy J E’Zt — —E“ sts’ S"ti” dt<C max |tisg — til,
= Ju A Ly 0<ig<N~1

where C is independent of .

2.2 The least-squares Monte Carlo algorithm for BSDEs

The least-squares Monte Carlo algorithm for BSDEs was initially proposed by |Gobet
et al.[(2005) for the numerical solution of FBSDEs as formulated in and is based
on a discrete-time approximation of (Y, Z). Then least-squares Monte Carlo comes
into play in order to tackle the estimation of conditional expectations, that arise
during the time discretization. We explain both steps in detail in the following
subsections.

2.2.1 Discrete-time approximators

There are several proposals for the time discretization of (Y,Z), for instance see
Bouchard and Touzi (2004) or Zhang| (2004). Here, we will explain step by step
the scheme that was proposed by Lemor et al.| (2006). Considering the time grid
m={ty,...,InJOf[0,TIWith0 =t) < ... < t; < ... < tny = T, we define 1] =
maxo<i<N-—1|tiy1 — til and suppose that a discrete-time approximation S?u tyemn
of the forward SDE S is at hand that fullfills

Assumption 3. The process (ST, )v,en is an adapted Markov process. Moreover, there is a
constant C > 0 such that

max E|[S¢, — ST > < Clnl.
0<i<N :

In numerous financial settings the forward SDE consists of a geometric Brownian
motion, that can be sampled perfectly on the time grid . For many other cases the
Euler scheme, e. g., provides a suitable approximation satisfying Assumption 3|

For the time discretization of (Y, Z) we define A; := ti 41 —ti, AWq4i = Wa,t,,, —
W, and AW; = (AW 4,...,AWp i)*. Due to the definition of the BSDE we have

ti tig
Vi, = Vi, — J F(u, Su, Yo, Zu)du — J Z dW,..

ty t

Inspired by this equality, we replace the integrals by their discrete counterparts and
receive the relation

Yti ~ Yti+l — AiF(ti, Sti/Yti/ Zti) — ZtiAWi- (21)

10
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Next, we multiply (2.1) with the Brownian increment AW, ; and take after that the
conditional expectation. Thus, we can derive from

0~ E[Y,,AWa,il Tt] — Za i Av

an approximation Z¢,, provided that Y{, | is given:

1 ]
Z5, = A BUAW)TYE |19,
1

For the time discretization of the Y-part, we take the conditional expectation in (2.1)
and obtain

Yti ~ E[Yt
~E

[Ye

- AiF(til Sti/ Yti/ Zt1)| ?ti]
— AiF(ti, Sty Ye Ze) 1 Tl

i+1

i+1 i+17

In the last step we switched from Yt to Yy, ,, which turns the relation into an explicit
one. Hence, we define for S?fi, Y{‘H , and Z{‘i known,

YE = E[V]

tip

— AiF(ti, Sz[:, YT

tit1”

Z7)|F,).

Now, we want to combine these considerations to a full description of the time
discretization scheme, that starts backwards in time with an approximation £™ of the
terminal condition. We achieve a time-discretized approximation (Y™, Z™) of (Y, Z)
by conducting foralli=N—-1,...,0

Yo =¢85

1 *
VA A (AW Y 1T, (2.2)
wt-[i - E[wt-['wl o AiF(ti’ Sziri’ Y'?Hl’ ch-:” ?ti]'

Using constant interpolation we get processes (Y{, ZT), t € [0, T]. Zhang| (2004) and
Bouchard and Touzi (2004) introduced quite similar schemes. Roughly speaking,
they differ from due to the variables that are plugged in the driver. Particularly,
the latter authors evaluate the driver F at (t;, S?_l, Yfi, Z{‘i ), which leads to an implicit
definition of Y{,. All approaches have in common that under Assumptions [2| and
the time discretization error in the [2-sense is of order 1/2 in the number of time
steps plus an error concerning the approximate terminal condition, i. e.

.
sup EJY, — Y[']? +J E|Zy — ZT[*dt < C|n| 4 CEJE, — £7]%,
0<t<T 0

see Lemor et al.|(2006) for a proof with respect to the above setting.

Although is formulated explicitly in time, it incorporates the computation of
(nested) conditional expectations, that in many cases cannot be figured out in closed
form. Thus, estimation of conditional expectations is an important problem, when

11



2 Preliminaries

it comes to solving BSDEs numerically. In the next subsection we will review the
least-squares Monte Carlo method as an estimation tool for this purpose.

Before going into the details, we endow the time-discretized solution with a kind
of Markovian structure. To this end, we establish a multivariate Markov process
(Xfi ), en such that its first component matches the discretized SDE (Sffi )t,en. Insuch
a framework we can formulate the approximate terminal conditionby £ = ¢™ (X, ),
even if the true terminal condition is path dependent, e.g. $(S) = maxo<t<T St or
¢(S) =1/T fOT Stdt. Several examples for an appropriate construction of (X{, )t;en

can be found in Gobet et al.[(2005). In view of the Markovianity of (Xfi, Tt )t en We
can then rephrase algorithm (2.2). Fori =N —1,...,0 we have

Yin = ¢ (X5

1
VAR KE[(AWi)*Yﬁ+1‘Xg]' (2.3)

i

YE = EIVE, — AF(t;, ST, VF

tip1”

ZE)IXEL
Hence, there are functions yI*(x) and zI*(x) such that
YE =yl (Xy), Z{ =zZ1(X{), i=0,...,N.

That means, the estimation of conditional expectation aims at finding deterministic
functions as approximations for yI* and z'. In the following we describe how this
can be done by least-squares Monte Carlo.

2.2.2 Least-squares Monte Carlo estimation of conditional expectations

The least-squares Monte Carlo approach to the estimation of conditional expectations
was suggested in the context of pricing American options, see Longstaffand Schwartz
(2001). Let U and X be some random variables. Then the computation of E[U| X] is
equivalent to finding a function ¥(x) such that

$(X) = argmin Ev(X) — UJ?, (2.4)
v
where v is taken from the set of measurable functions with the property E[v(X)[> < oo.

We simplify the infinite-dimensional minimization problem to a finite-dimensional
one by defining a function basis n(x) with

n(x) ={mkx),...,mkx)}, KelN.

Thus, substituting (2.4) by the K-dimensional minimization problem

& = arg min Em(X)oa — U? (2.5)

xeRK

reduces the original problem of finding a minimizing function to the problem of
finding minimizing coefficients &. This yields an orthogonal projection of U on the
subspace of L?(o(X)) spanned by n(X). Still, we have a problem that is in general

12



2.2 The least-squares Monte Carlo algorithm for BSDEs

not solvable in closed form. Therefore, we replace the expectation operator in (2.5)
by the sample mean and compute

xeRK

L
- .1 o
&t = arg min L 7\51 MGX)x — )\Ulz, (2.6)

where (X, ,U),A =1,..., L are independent copies of (X, U). After setting

ALZ:\lﬁ(nl(}\X) o mk(WX) NS

we get a solution for by

1 1u

~L _ Lyx gL\ 1 Ly* .

& ——ﬁ((ﬂ )*AR) (AN : ) (2.7)
Lu

In case (AL)*Al is not invertible, we employ the pseudo inverse A-" of AL and
compute instead of (2.7) the following coefficients,

u

\/t .
L u

In sum, we receive by n(X)&t the least-squares Monte Carlo estimator for E[U] X.
The related approximation error is determined by two components, namely the
projection error, that reflects the adequacy of the chosen basis functions, and the
simulation error caused by the step from to (2.6).

2.2.3 Projection error within least-squares Monte Carlo estimation

This subsection is devoted to the analysis of the projection error that occurs when
applying the first step, see (2.5), of least-squares Monte Carlo estimation on (2.3).
Since we are located in the setting of Lemor et al.|(2006), the below stated result is
of course part of their error analysis. However, Lemor et al. (2006) examine only
the overall approximation error between a truncated version of the time-discretized
solution and the simulated solution and the impact of the projection error is only
mentioned in passing. In order to distinguish different error sources, we provide
Lemmal5l To this end, we define foralli =0,...,N — 1 function bases

T]()(i,X) = {T]O,l (11 X)/ -++,M0,Kg 1 (11 X)}

for the estimation of yI*(x) and

T]d(izx) = {nd,l(irx)w . -/Tld,Kd,i(i/X)}/ d= 1/‘ . ~/D

13



2 Preliminaries

for the estimation of the dth component of zI*(x). Here, K4 ; stands for the dimension
of the function basis for d =0, ..., D at time t;. In particular, we can select in each
time step and for each of the D + 1 estimation tasks a different basis. However, many
numerical examples for least-squares Monte Carlo are based on an identical basis
for the estimation of all conditional expectations within the same time step. Later on
we will show, how the estimation can benefit from different bases.

For the sake of clarity we denote by Pg3i,d =0,...,D,i=0,...N —1 the operator
such that for some Fy-measurable random variable U

Pai(U) =nali, X{)a,i
with

xg,i =arg min Emg(i, X7 )o — uf.
axeR™ 4/t

In other words P4 ; carries out an orthogonal projection on the subspace spanned
by na(i,x), d = 0,...,D. Replacing the conditional expectations in by the
projection operator yields then the following algorithm:

Vi = 7 (XE),
7T,K A 1
Zy tid = K
YEKOI ?O 1(Y7T Ko,i+1 — A F(tll S YT[J]r(IOH—l ZTE Kl)),

iPd,i (AWdliYZ:flO’iH), d= 1, ey D, (28)

where Z7T Ki (Zg tK “a=1,.,p0- Again, foralli =0,..., N —1 there are deterministic

functions y;~ 0‘( ) and zd’ ‘“( ) such that

Yoot = i (xry - zTRet = R (XT), d=1,...,D. (2.9)

i

In view of the definition of P4:,d =0, ..., D, these functions can be written as linear
combinations of n4(i, x), respectively.

Lemma 5. Let F be Lipschitz continuous in its spatial variables (y, z) with constant . Then

N—-1
E Y;-[ YT[,KO,‘1 2 AE ZT{ o Zﬂ’Ki 2
D EIVE - YA ) AL - 2
=)
N—1 N—-1 D
<CY EPui(YR) = YEP+C DY > AEPai(ZF.)—Z5. [
i=j i=j d=1

forj=0,...,N—=1with C > 0 being a constant depending on k, T and D.

Gobet et al.| (2005) provide an analysis of the projection error in a setting that
combines least-squares Monte Carlo with Picard iterations in each time step.

14



2.2 The least-squares Monte Carlo algorithm for BSDEs

Proof. We set AF; = F(t, ST, Y, ﬂKO‘“ Z7IK ) — F(ti, ST, YT, ,, ZT,) and exploit the

1/
Lipschitz condition on F and Young s 1nequality for some F+to be defined later on.

Hence,
/K i+ 1 N1
EIARR < k(14 TDIE|IYT,, — Yio P+ 128 — 2. (2.10)
Then we define
Yo = B[V AGF(ty, ST, Y0, Z0K0) XT ).
and apply again Young’s inequality. Due to (2.10), we obtain for I' =1

EIVE — VL2 < (1+ (1+ D)RAQEELVE | — Yot XT )2

1 7TK01+12
(At pra) A DIENVE YRR oy
1 1+D K;
Aq )Ai 2 E|Z7 — 272
+( T Ao/ T A Al

Using the orthogonality of the projection P4; we receive

7, Kqa i 71,K 4.4
E|Zg,ti - Zd,tid’l |2 = E|Z7&,ti - ‘J-)d/i ( g,ti) |2 + E|‘:Pd/i ( g,ti) - Zd,tid/l|2

(2.12)
= (D) + (10).
As for (II), the definition of Z7 , and Z7T g and yields
(I1) = E|Pa,i (AT "EIAWG i (YE,, — Ylﬁ’ff““)l XT1)P
K i+ K i
SEATTEIAWG { YT, — Yo T —EIVE = Y IXTHXTP 213

" 1E‘Y’t _ 7tTK1(J,1.+1 —E[YZ: 7TK01+1|X7'[ |2

i+

7rK0 12 70,Ko0,i41) y7t 112
(Ew“ TRowR _EIEVE | — YR XTR),

where the second step followed by the contraction property of the projection Pq
and the third step by Holder’s inequality. Now we define a sequence (q;)icn with
qo = 1 and qi;1 = qi(1 + (1 + D)x?A;)(1 + Ay). Turning back to @2.11), we first
exploit the estimates on the Z-part and multiply then with q;. Thus, fori <N —1,

GEIYE — Vi 2 < qi(l+ (1+D)k2A)(1 +A~)E|Y" N

tip

+qi(1+(1+D)x ZEIdel Z%.) — 2y P

< qip1EIYE,, — Y, +1‘ + Qi+1E|P0,i+1(Y7tTM) —Y£ P

i+l

+q1+1 ZEw)dl Za) — ZT[Kc“|2

15



2 Preliminaries

where we incorporated the relation

Do (VE = YT) = Vi = Pos(YF) (2.14)

1

as well as the orthogonality and the contraction property of the projection Py;. In
case i =N — 1 we have

D
o An—1 Kan-
Nt EYVE = Ye, P <an Z E[PaNn-1(ZG ¢\ ) — Zﬁ,tNd;Nl 3
d=1
since Y7 = :‘I;KO'N. Taking the sum from i to N — 1 leads to

QEIVE — Vi P

N-1
LK
< Z q;ElPo; (YF) |2+Zq)+1 ZEW’d] ZTt dJ|2

j=i+1

As A; < |l < CT/N for some C > 0, we can conclude

2 N N
gn < <1+(1+D)KCT> <1+CT> s eCT(1+(1+D)K2)‘

N N N—o0
Hence,
max E[YE — Y [} < eCTUHIFDIx Z E[Poi(YT) — YE[?
jKIEN-1 h
i= )+1
+e CT(1+(1+D)«k Z Ay Z Ew)dl ZT[ Kd1|2 (215)

In view of (2.14) and by exploiting the orthogonality of the projections, we receive
immediately

max E|Y] — Y7T K0‘|2

j<iaN—1
<2 max EIY{ —Poi(YR)P+2 max E[Poi(YF — V)P
J<1<N 1 i Fi<N—1 .
N-1 D )
C( Z E|Po,i(YT) — YEI + Z ZAiE|Td/i(Zg,ti) — 77 d1|2)
i=j i=j d=1

Coming back to the estimates in (2.12) and (2.13), we apply the definition of Y{. and
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2.2 The least-squares Monte Carlo algorithm for BSDEs

the orthogonality of the projections. Clearly, we have fori=0,...,N —2
MEIZ,, — Z3Ee P
<ENYE,, - VZ;H 2+ E|P a1 (YE,,) — Yfiﬂl2 —EY} — Vfi 1+ AAF
+EPai (27 ,) — ZF Kd1|2
SEIV,, = Vi, P — EIYE — YO P+ 2A(E(YF, — Y)AFP
+EIPo (VE,,) = Y, P+ AEIPai(Z8 ) — Z5 o P

SENVE, = Vo P—ENVE =V P+ vAEIYE Vi P+ —‘Emmz

Kai
+EPo 1 (YE,) = YT P+ AEPa(ZF ) — 25 |2

for some y > 0. Now we apply (2.10) with I' = 2 and con51der also relation (2.14).
Thus,

Ka v v <
AEIZE,, — ZVS P < EIVE, — V0 P—EIVE = ViR +yAEYE — VP

i+1

7'[

[P, P o125 — 2]

1+1)

1+2D [
A

+(1+ “”D )E|9>01+1(Y”) Vi

|2

tit

+ AE[Pasl d,ti) — ZL R

(2.16)

Concerning E[Pg i1 (YffH . Y‘?w ) |2, we will make use of the contraction property of
the projections. Then, we sety = k2(1 4+ 2D) and define a second sequence (§i)ieN

with §p = 1 and §i+1 = §i(1 + Ay). Multiplying (2.16) with §; and summing up
fromd=1,...,Dandi=0,...,N—1yields

Y GAEIZE - ZEP

LNt
< Dk?(1+2D)e"’ max aiElYE, — Yo |2-|- quA E|ZT — ZQ’K“F

JSIKN i—0

N—-1 D
+C Y (BPou(VE) = ViR + Y AEPai(ZE,) — ZgiF).
d=1

i=j

In view of (2.15) and the definition of ; , it holds true that

> AEZT - TSP

N-1 N-1 D
< C( Z E|Po,i(YT) — YEI* + Z Z AE[Pai(ZG4,) — T(Kdl|2) O
P iDj d—1
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2 Preliminaries

2.2.4 Simulation error within least-squares Monte Carlo estimation

In this subsection we will review the proposal of |[Lemor et al. (2006) how to use the
simulation step of least-squares Monte Carlo, see[2.6} to get a fully implementable al-
gorithm for the approximation of BSDEs. The result of Lemor et al. (2006) considering
the simulation error will be dicussed as well. Looking back in the last subsection, we
received approximate solutions for Y7, and Z{| by replacing conditional expectations
by projections on subspaces of L?(F,). Clearly, we obtained functions

7'[,K0,' . TI,KO,' H,Kd/' . Terd,‘
v (%) :T]O(l,X)(Xo,i Yoz Y(x) :T]d(l,X)(Xd,i td=1,...,D,
70, Koi 7K . .
where oco *and o) a1 d=1,...,D are solutions of minimization problems of the

form (2.5 . The application of least-squares Monte Carlo implies to substltute o di KA
d =0,...,D by coefficients that solve minimization problems of type (2.6). To this
end, we 1ntroduce L independent copies of (AW;, tir Ji=o,.,N—1. We denote these

samples by (A\W;, AX Ji=o,..N-1,A=1,...,Land by X" the set that contains these

.....

samples. The least-squares Monte Carlo approximations .T[’KO""L( ) and z T Kas L(x)
P q pp Yi di

,d=1,...,D are evaluated by carrying out fori =N —1,...,0:

YNt () = ¢7(x),

. 2
K, L A?\Wd,l 7, Koit1,L e
X4,4 —arg len T nd ’7\X Joo— As Yit (x ti+1) ’
aeR™dA i
d=1,...,D,
7'[Kd L . 7'[,Kd/',L
Zd,l v ( ):nd(lx)“di ' ’ dzl/---/D/
7'[K0 L 7'[K0 +1s L 7T
X i V= min — § ’TIO /?\X X—=Yiyr' ' (}\Xt‘wl)
’ oce]RKO1
A F t S 7TKO1.+1rL XT[ 7'[,K1,L XT[ 2
+ ( 17 AV, 1914_1 (7\ ti+1)’Zi (}\ ti)) ’
7'[,K0,',L . T(,KO,',L
i ' (X) ZTIO(]—/ X)(X(),i i

(2.17)

7-(K L(X) _( TIKdLI_

where z; Z4i (x))da=1,.,D- Setting

7t,Ko,i, L 7, Ko, 7T TKaiL _ o Kai 7
YKok SR (), 2Rt ), a=1,.,D

gives then the least-squares Monte Carlo estimators for (Yﬁ, ZZETi )t;en. The analysis
of the [ 2-error induced by the simulation step of least-squares Monte Carlo can be
found in |Lemor et al. (2006), Theorem 2 and Remark 2. It is rather involved, since
the approximation error has to be traced back to the error related to the law of
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2.2 The least-squares Monte Carlo algorithm for BSDEs

(A W/}\X Ji=1,..N-1,A=1,...,L, namely
1« «
_ T X 7,Ko,i,L 7T\ |12
OléniagXNE L);th( ) Yi (}\Xti)|
D N-1

L

1 Kai,

I Z 23 GXT) —zg (AXENZ
A—1

Recall, that y7T Ko T (x) and zﬂ Kait (x) are estimated via the samples of future time
steps. Hence, one has to deal w1th a quite complicated dependency structure between
the approximators in the different time steps.

What is more, the examination of this error requires the implementation of a
truncation structure in the pure backward scheme (which is based on the as-
sumption of computable conditional expectations) and in the least-squares Monte
Carlo algorithm (2.17). The aim is to receive a Lipschitz continuous, bounded esti-
mation of y7'(x) and z7 ; (x) on the one hand and a bounded estimation of y?’Ko’i’L (x)

and z7T 4" (x) on the other one. The Lipschitz continuity requires certain additional

assumptlons on the approximate terminal condition ¢ (x) and the Markov process
(Xfi )t;en. As the truncation is generally omitted in practice, we refrain from stating
detailed information on the truncation error and refer the reader to [Lemor et al.
(2006).

Neglecting the truncation error, the squared approximation error is bounded as
follows, see |Lemor et al.| (2006). Given an equidistant partition of [0, T] with A; =
h:=T/N,i=0,...,N—1and p € (0,1] we have

D N-1

7Kg, L2 ﬂKd1L2
OrrlzixElY" % P+> ) AEIZE |
d=1 i=0
10 N 1 D
<Chf3+c< 8(L ZZKld
i=0 d=0
N-—1
Koi Cy/Koi  LhP+2
+ ex CK lo AGU——
T p{ OO T BT T 78K,
N—1 D
C\/ﬁdi LhP+1 (2.18)
+ Kgiex CK lo - —
- Z di p{ 0,i+1 108 h% 72CKd1
i=0 d=1 ”
N-—1 ~
1 - C LhB+2
= CKpilog — — ———
+§he’(p{ o108 i 7o | )
N-—1 N—1 D
+C<ZE|J>OI( = YEP+ D) AEPa(ZE,,) - Z{,tiz)
1=0 i=0 d=1

+ truncation error,
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2 Preliminaries

where C is a constant depending on the Lipschitz constant k, T, sg, the dimensions
D and D as well as the truncation parameters. Particularly, the first and the second
summand mark the additional error terms that arise from the simulation step in
least-squares Monte Carlo.

2.2.5 Qualitative analysis of the error sources and their configuration

When neglecting the implementation of truncations, the approximation error of least-
squares Monte Carlo is driven by three main error sources, the time discretization
error, the projection error and the simulation error. In the following we give a short
qualitative recapitulation of the previous subsections. Moreover, we describe what
it takes to bound all error sources by C|r| B/2 in [2-sense for B € (0, 1].

e The squared time discretization error is bounded by
C(Iml + EIE — E7).

Hence, it is enough to suppose that the L2-error regarding the terminal condi-
tion decreases with order 3/2 in the number of time steps. For instance this
case is fulfilled if the terminal condition can be expressed via some Lipschitz-
continuous function ¢ such that & = ¢(St) and ™ = (ST ) and the [2-error

between Sy, and its approximation ST decreases with rate |r|P/2.

e The squared projection error is determined by the chosen function bases and
is bounded by terms of the squared L2-distance between the time-discretized
solution (YT, ﬁZ{‘L ) and its best projections on the function bases. Precisely,
the squared error is bounded by a constant times

N—-1 N—1 D
D> EP(YR) = YR 4 D Y AEPa(ZE ) — 25 (2.19)
i=0 i=0 d=1

Note that (Y7, ZT )i.ex is based on an evaluation of nested conditional ex-
tyr L tie
pectations. Thus, the errors due to the estimation of conditional expectations

propagate and the approximation error of YT[ Kot and Zg tK ant d =1,...,D
is influenced by all previous projection errors. Consequently, contalns
the sum over all L?-distances between (Y], v/A{Z{ ) and its best projection for
i=0,...,N—1

Both the time-discretized solution and its projection, are unknown. Hence,
these error terms cannot be quantified in general. An exception to this are
indicator functions related to hypercubes, that form a partition of the state
space of X{,. For this case Gobet et al|(2005) have shown that each of the
summands of is bounded by C6- foralli =0,...N—1,d =0,...,D,
where § denotes the edge length of the hypercubes. Setting 5 = (T/N)(B+1)/2
yields the desired convergence rate. Then, the dimension of the function bases
Ka,i grows proportional to NP(B+1)/2 foralld =0,...,Dandi=0,...,N —1.
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2.2 The least-squares Monte Carlo algorithm for BSDEs

e The squared simulation error causes the additional terms

N-—-1 ~
Ko i ~ C./Kgi LhB+2
y o CKois1l T
! = h eXP{ R he? 72CKo i

(2.20)
N—-1 D ~
- C/Kqi Lhbk*1

+ § § Kai CKpiiql A

N—1 ~

1 - C LhB+2

§ = CKpilog — — —

= rop {Cxoslog o = o } )

in the upper bound on the squared approximation error, see (2.18). Given
an appropriate choice of Kqi, d =0,...,D,1=0,...,N —1and L it can be
designed to grow with order 3 in the number of time steps N. To this end we
fix the dimension of the function bases Kq4; by CNP for some p > 0 and the
sample size L by CNP+2+2¢ for some constant C > 0. Here, the logarithmic
terms were neglected.
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3 Error criteria for BSDEs

3.1 Global a-posteriori error criterion

As the true approximation error cannot be evaluated, the success of a numeric
solution of a BSDE is often judged by the approximation of Yy, see for instance
Bender and Denk| (2007). Precisely, an approximation thi , Z?fi)tieﬂ is supposed to
be successful, if for a finer getting time grid 7t the approximate initial value \?{;
stabilizes, i. e. converges to some value for |rff — 0. There are two major problems
connected with this procedure. First, in most cases the true Yj is not available in
closed form. Hence, as \?{; is a point estimator, it might converge to a biased initial
value.

Second, this method provides no statement on the quality of the approximation
of the entire paths Y and Z. However, this information is highly interesting, e. g.
in financial settings, where the hedging portfolio can be expressed in terms of Z.
Inspired by the identity
tip

fty, Ve, Zy)dt — J ZdW; =0

t

tit

Yti+1 - Yti - J

ty
we argue that a successful approximation ng Z{‘i )t;ex should satisfy

Vi = VT =A™ (4, YT, 2T) — ZE AW, ~ 0. (3.1)

tit
From these considerations we derive the global a-posteriori error criterion by sum-
ming up the left-hand side of fromi=0up toi=j— 1. Applying the L>-norm
and then taking the maximum over j = 1,..., N yields the definition of the global
error criterion, see (L.2):

En(V7, 27) = E[&" — VT [*I St,]

j—1 j—1
Y % o 5 5 2
+ max EIYE — Vi — ;} A (ty, YT, 2T) — ;) 27 AW Gy,

where G = (G¢,0 < t < T) isan enlarged filtration such that ¥y C G fort € [0, T] and
(\?{‘i , Z?i )t,en is G-adapted. This criterion can be interpreted as a necessary condition
for the convergence of the approximation error, because it gives information, if the
numeric solution is “close to solving’ the BSDE, when considering it as a forward
SDE. Therefore, it is interesting in its own right.

However, we require information, if the approximation is close to the true solution,
precisely if the approximation error is tending to zero. The main result of this section
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contains estimates on the [2-error between the true solution and W’E ,Z{‘i)tieﬂ in
terms of this global criterion and the L2-error between true and approximate data.
Given certain assumptions on the approximate driver and the approximate terminal
condition, these estimates can be extended to an equivalence result between the
global a-posteriori criterion on the one hand and the squared approximation error
on the other one, up to terms of order 1 in the number of time steps (the usual time
discretization error). Hence, the criterion can also be seen as a sufficient condition for
the convergence behavior of the approximation error. Moreover, as the a-posteriori
criterion only depends on the available approximate solution, we can estimate it
consistently by Monte Carlo simulation.

Previous to this we will formulate in a first step the global a-posteriori error
criterion for a discrete-time BSDE that is equipped with data (£, f*). Mainly based
on the Lipschitz continuity of f™*, we can derive an equivalence relation between the
error criterion and the approximation error for the discrete-time setting. This result
comes along with examples for its application. Next, we consider the solution of the
time-discretized BSDE as a time discretization of the original continuous BSDE. The
estimates on the approximation error of the continuous BSDE are then easily shown
by means of the time discretization error and the equivalence result regarding the
global a-posteriori error criterion for time-discretized BSDEs.

Finally, we review typical examples of BSDEs and explain how the estimates on
the approximation error look like in these special cases.

3.1.1 Global a-posteriori estimates for discrete-time BSDEs

Before deriving a-posteriori estimates for BSDEs as introduced in (I.1)), we first focus
on discrete-time BSDEs, that live on the time grid 7. In our setting we admit an
enlarged filtration G = (G¢,t > 0) such that for some random vector Z, that is in-
dependent of I, G, = F, V o(Z) for all t; € m. Recall, that I, is the o-algebra
generated by (Wy)o<t<t,- Thus, W is also a Brownian motion with respect to G. The
subject of consideration is then

Y= e,
N* * 7T * —1 * N AT * T, % T, % (3‘2)
YI* = Y = AT, Y ATTEIAWL) M |G, )) — (M, — M),

fori = N —1,...,0. The solution of (3.2) is formed by a pair of square-integrable,
G-adapted processes (Y{", M{"),ex such that the process (M{7")t,exis a (S, ) t,en-
martingale starting in 0. Analogously to our continuous-time setting, determined

by Assumption 1, we suppose that the data (&7, f™*) fulfill

Assumption 4. (i) The terminal condition &™ is a real valued, square-integrable, G-
measurable random variable.

(ii) The driver is a function f™ : Q x 7 x R X RP — R such that f™(t;,y,z) is G-
measurable for every (ti,y,z) € 7 x R x RP and £(t;,0,0) is square-integrable for every
ty € m. Furthermore, f™ is Lipschitz continuous in (y,z) with constant k uniformly in
(ti, w) and independent of .

24



3.1 Global a-posteriori error criterion

It follows fori=0,...,N — 1 that
M?i,-tl - Mz:i,* = Y’]::l - E[Y{i’:] | Sti]' (3'3)
Given |7t] small enough, the existence of a solution follows by a contraction mapping

argument. Considering the relation

* 1 * *
23 = A EAW) M IS0 (3.4)

we receive a reformulation of the discrete BSDE studied in Bouchard and Touzi
(2004), i.e. fori=N—1,...,0 we have
Y?ZI:J* — Eﬂ/
« 1 ATk
25 = ArEAWL) Y 16,
wt-[il* - E[\/-?t?:1| 9‘(1] - Aifﬁ(ti/ YZ*/ ZE:*)'

Now, let (\?{Ti , M{‘i )t;ex be an arbitrary, square-integrable approximation of the pair
(Y&, M7 )t,en, that is (G¢,)t,en-adapted. At this point the way of approximation
does not have to be specified any further. Our aim is to judge the L?-error between
( Y?i’*, Mﬁ’*)tieﬂ and (\?7[‘_1 , I\A/l{‘_l)t.le7T by means of the approximate solution and the
data (&7, f™) only.

As already mentioned above, we want to use for this purpose a criterion that
analyzes, if the approximate solution is close to solving (3.2). Hence, we examine

ExlV7, M) = BIE™ = VIl o] + max EIVE — V5,

j—1
— Y AFT(t, VE ATTEIAWL)* NI 166 ]) — MT PGl (3.5)
i=0

The next theorem will show that this criterion is equivalent to the squared [2-error
between true solution and approximation.

Theorem 6. Let Assumptionbe fulfilled and (\?{‘i , I\A/l{‘l )t,en be a pair of square-integrable,
(St )t er-adapted processes such that M™ is a G-martingale starting in 0. Then there are
constants C, ¢ > 0 such that for |rt| small enough

A A

1 . -
SEnlY7 M) < max B[V - YIS + EIMET — MT [?[ S,
< CEA(VT, MT).
More precisely, the inequalities hold with the choice

c=6(1+KT(T+D))+1, C=(3+8(3+42T+D)x’T)))e'" +2,

where T = 4k?>(2T + D) (2 + 4(2T + D)«?T) and |n| < T—1,
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3 Error criteria for BSDEs

Proof. The condition on the mesh size |7t| ensures that a unique solution (Y™*, M™*)
to the discrete BSDE (B.2) exists, see e.g. Theorem 5 and Remark 6 in [Bender and
Denkl (2007). First we show the lower bound

Ex(Y,M™) < ¢ (oéﬂiXN EIYE* — VTP Se] + EIMT — MT P 9t0]> . (36)

In order to simplify the notation we set
ZT = ATE(AWR) "M |G ].
Hence,

Ex(Y7, M™) = E[JE™ — YT "I G¢,]

i1
+ max EIVE = Vi — 3 A5f7(t;, VT, ZF) — M Py,
=: A+ max B;.
1<i<N
Thanks to the definition in (3.2) and (3.4),
i1
VY 3 A Y ) M =
j=0

Next, we insert this relation in B;. By applying Young’s inequality and the martingale
property of M™* — M7, we have for every y > 0,

By = E[V] — Y — VL + Y[~

i—1
- ZA;‘ (fﬁ(tj,\?@z?j) - f”(tj,thTj’*, Z?j’*)) —MT + M?{*F' Git,)
j=0
5 * Y% * 9
<(1+7)[ 74 max EIVE" — VEPIG,,] +SEIMT — ME P Gy,]
0<igN
N—-1
+(1+y T ) AENT (4, V5, Z8) — (85, YE™, Z5°)P G,
j=0

Then we make use of the Lipschitz condition on f”. Thus,

Bi <5(1+7v)| max EIVY

* 7 2 x ~ 2
0Ki<N U= YR St + EIMET — M| |9t0]i|

+(1+y HT(T+D)«?
x | max BNV VEPIG )+ Y DEIZY - ZEPIG,]].

0<i<N—1

26



3.1 Global a-posteriori error criterion

Due to the definition of Z™** and Z™ and the martingale property of M™* — M,

N—1
AJENZE" — ZT 1% i)
j=0
—1 1
= ) EIEAW) (M, — MT, | — M + MT)I S i)
=0 7 3.7)
N—1
<D Y (EIMT, = NT PIG) — EIME — NI RG]
j=0

= DE[MT — MT P Gy,).
By plugging in B;, we obtain

Ex(Y™,M™) < (5(1+7) + T(T+ D)1+ ") +1)

% 7t (2 * Y 2
X (02%\1 E[YE" — YL Geo) + EIMES — ME| |9t0]>~

Settingy = T(T+D)«?, wereceive the lower bound withc = 6(1+ K*T(T+D))+1.
For the proof of the upper bound we first introduce the process Y™ by defining for
i=0,...,N—1

T o
Yi, = Yiy

VZH = VI{I + Aifﬂ(ti’ VE,ZE) + ]\A/L?iﬂ - ME’

where again Z”i = Ai_lE[(AWi)*I\A/l{‘,l+ | St,]. The pair (Y™, M™) can also be consid-
ered as solution of the discrete BSDE with terminal condition & = V?N and driver
?ﬂ(ti,y, z) = (3, \?{‘i ,z). We will derive the upper bound by examining the error
between (Y™, M™) and (Y™, M™*). To this end we use a slight modification of the
weighted a-priori estimates of Lemma 7 in Bender and Denk| (2007). Let T,y > 0

be constants to be defined later on and q; = ]_[]1 o1+ I'A;) the mentioned weights.
Due to (3.3) we have

Mﬂl* - M’:[i,* = an* - E[YJ’:{:J 9ti]’ ME‘LH - ME = Y:[iﬂ B E[Y§+1| 9ti]'

tin tin
Hence,
N—-1
> GEIMEY — M) — (M, — MT)P| G,
i=0
N—1
7T 57T
= > qEIY* =V —EIVEY =Y G )PP G-
i=0
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3 Error criteria for BSDEs

By adapting the argumentation in Step 1 of the proof of Lemma 7 in Bender and
Denk| (2007) to our setting, we get,

GEIME, = M) = (MT,, — ME)P| G,
4 i+1 i i+1 i

N—-1
CANENV = Vi PISel +v Y qudENYE* — ViG]
i=0
2T+ D)2 ="
+ Z A E[ Yn‘Z 7|Z7't* Zn |2‘9t0]

The line of argument of Step 2 of the same proof leads to

max qiE[YY — Vi PGe) < anENYE — Vi PISy,]

0<iKN

(2T + D) (jn] + T quAE[zTM{ VIR I 2

S,

Next, we combine the last two inequalities. For convenience, we abbreviate

E(Y™ =Y, M™* — M) =2 max q:E[Y7" — V(P S]

I

— M) G, .

tin

+ Y GENMT — M) — (M,

Thus,

7

E(Y™ =Y, M™ — M™) < 3+ yT)anEIVE — Vi, Pl Sy,

N— 1
+C ,hax g BNV — ViG] + = ZO GAENZE — 2T P 9t0]]
+C max. gi H YE|2| St

with

2
C= [(2+yT)K2(2T+D)(|n| +I 4+ (D”T)K} )

Considering a weighted formulation of the estimate in (3.7), we have for y = 4(2T +
D)k? and I = 4k?(2T + D)(2 4+ vT)

E(Y™* =Y, M™ — M™) < 3+ yT)gnENYV — Vi, Pl St

F‘T[|+1 1 S yvx YTt T, % " 7 ot V72
+< i +4> [E(Y = VM= M) o max giEIV - ViG]
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3.1 Global a-posteriori error criterion

Then, we receive for || < T—1
E(YT[,* o 7”’ M™* MT()
* =TT A =7
<48+ yT)gNENYES — Yy % Ge,] + 3 Og}z\] qiElYE — Yti|2| Gt,)-
Now, it remains to make use of Young’s inequality twice. Bearing in mind the
definition of qi, we have
omax BV - YT Geo) + EIME — MT Pl G,
SV YT, M — M) 42 max q:EIVE — V(PG

\]‘\

=43 +yT)e TEIVES =V PIGy) + (3¢ +2) max EIVE —V(FIGy)

\1\

<8(B+yT)e TENE™ — VI Gy,
rT ot T2
+ ((B+8(3+yT))e' ' +2) oA E[IYT — Y, [l G,
< ((3+8(3+4(2T+D)K*T)) e +2)&-(Y™, M™),

because, by the construction of Vn,

i—1
VE=Yo = VE =Y =D A (4, Y, A TEIAW)) " ME 1Sy ]) = MT. O
j=0

3.1.2 Examples for the application on numerical approaches

In order to illustrate the global a-posteriori criterion in more detail, we will quite
roughly describe the generic background of some numerical approaches and how the
error criterion works in these settings. Here, we focus on time-discretized Markovian
BSDEs. That means, we suppose that there is a (%, )+, cr-adapted Markov process
(XT,)t;en such that Y{'* and Z{*, i = 0,...,N — 1 can be expressed by discrete

i

functions (y{"*(x), z{"*(x)),1=0,...,N — 1 that will be applied on Xf,, i. e.

1
VI =IO, 2= A0

fori =0,...,N —1. For the sake of simplicity we also assume here, that £™ can be
written as deterministic function ¢ (Xt ). Then we are in a comparable situation
as in Subsection Now, one aims at estimating the deterministic functions

(Y (x), zI"*(x)),1=0,...,N — 1. Let these estimators be of the form

yi (X/E)/ 2?(X/E)/ i:O/'--rl\j_]-/

where = is some random vector independent of IF, which is the natural filtration
generated by the Brownian motion W. Then we define the enlarged c-algebra G by
setting ¢ = J¢ V 0(=Z). Note that W remains a Brownian motion with respect to G.
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3 Error criteria for BSDEs

Example 7. This quite generally formulated setting contains also least-squares Monte
Carlo estimation for BSDEs as explained in Section where {7 (x,Z) and 27 ; (x, Z),
d = 1,...,D are constructed by linear combinations of functions ng(i,x), d =
0,...,D. Looking back in Subsection shows, that the computation of the corre-
sponding coefficients involves independent copies of (X, )t,cn. These can be gath-
ered within the random vector =. Now, we define the (G, )+,er-adapted approximate
solution of by

Y =0T(XE,2), ME,, — MY =27 (XT,2)Aw;,
where the last definition is obviously a martingale with respect to (G, )+, e but not

to (Fe,)t,en. As foi = A{IE[(AWi)*I\A/l{‘MI Gt,], the global a-posteriori criterion can
as well be formulated as follows:

Ex(Y™,27) = E[|§" — V{[N 2| Git,)

i—1 i—1
+, max El IV = VI =D A (45, V7, ZT) = Y ZT AW, Gy .
j=0 j=0

In order to derive information about the approximation error from this a-posteriori
criterion, we estimate it by Monte Carlo simulation. To this end, we suppose that a
realization of Zis given and that it is possible to draw independent copies of (X, )t;ex
and of the Brownian increments (AW, )i—o, ~n-_1. Precisely, let X' be such a set of
samples, i. e.

Xt ={(X

Thanks to the definition of §7(x, =), 2] (x, Z) and ¢™(x) we can produce samples

AW )i=o,. N-1I1A=1,..., L}

+1’

.....

()\?E/ }\2‘2/ 7 (ty, )\ﬁ;/ }\22:-1)/ AW, A EM)i=0

N

that are independent conditional to =. Hence, we can estimate & (Y™, 27) by

Ex(YT,27) = Zua"

i1 i-1

1 N o ) 2

+ 1N L 7\2 WYE —AYE, — Zo AT (4, 2T, A LE) — ZO AVNIAL
= )= j=

Considering the result of Theorem [f| we get thereby estimations on the lower and
upper bound of the approximation error between (YTt * M” *)t,enand (Yt , Mtl )t,em-

Example 8. In Chapter ] we will examine a simplification of least-squares Monte
Carlo. There, we assume that

A —_ 1 * A —_\|—
27(%,Z) 1= - EIAWA) 9T (X, B)IE XT =

i
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3.1 Global a-posteriori error criterion

and
B[O (XTSI XE =X

are computable in closed form. This allows us to define
ME =0, MT

"4 7T A TT 7T o) A TT 7T —=\|= VWU __
i1 Mti = yi+1(xti+1’“) o E[yiJrl(XtiH’“) = Xti =x]

fori=0,...,N—1. Note, thatin Exampleﬁ]it was impossible to define the martingale
differences I\A/l{‘i+1 — i\A/lZ[Tl in such a way, since we require these martingale differences
in closed form. Like before,

27 =27(XT,Z) = A 'E(AW;)*MT, | |G-

Here, the global a-posteriori criterion equals

Ex(Y7, M) = E[I&" — VT I*| G,

i—1
% Y o 5 M2
+ma BIVE = V5 = 0 477 (0, ¥, 26) = WISl
]:

Similarly to Example[7, we use independent copies of (X{, )t,c~ and the definition of
o% (x,Z) and 27 (x,Z) to get samples

(AY?-I/ }\ZZ:.I/ AMZ;/ fﬂ(ti/ }\Yz:.l/ AZZ[T.I)/ )\Evn)i:O

.....

Then, the estimator &, (Y™, M™) is analogously defined as in Example @

3.1.3 Global a-posteriori criterion for continuous BSDEs

Now we return to the original setting, where we dealt with continuous BSDEs, as
formulated in (1.1):

T T
Yi ZE—J f(u,Yu,Zu)du—J Z,,dW,,.

t t
Again we received by some arbitrary numerical algorithm an approximate solution
(Y{Ti LY )t,en, that is defined on the discretized time interval . We assume that it is
square-integrable and adapted to (G, )t,en. Like before, G is the o-algebra defined

by G, = F, V 0(Z), where = is some random vector independent of F7. This time
we want to judge the approximation error between (Y, Z) and (\?{E , ZE )t,en by

(Y™, 27) i= E[&™ — VT P Gy,]
i—1 i—1

Y \ \ V4 V4 2
+, max BNV - Vg — > A, V5, ZE) = Y ZE AW, Gy

Il
o

j=0 j
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3 Error criteria for BSDEs

In contrast to (3.5), we replace I\A/l{‘l by the sum over 2{‘1 AW;, which are martingale
differences with respect to Gy, as well. However, &(Y™, 2™) still measures, whether
(\?Q,Zg)tieﬁ is close to solving the time-discretized BSDE, even though we are
situated in a continuous case. The reason is that it might be impossible to draw
samples of & and f(t, \A({Fl , Z{‘i ). Aswe want to ensure that & (Y™, Z™) can be estimated
via Monte Carlo simulation, we have replaced (&, f) by their approximations (&, f™).

Assumption 5. (i) The approximate terminal condition &™ is a real valued, square-integra-
ble, and J -measurable random variable.

(ii) The approximate driver is a function ™ : QO x 7t x R x RP — R such that f™(t;,y, z)
is Fy,-measurable for every (ti,y,z) € mx R x RP and £ (t;,0,0) is square-integrable for
every tiy € 1. Furthermore, f™ is Lipschitz continuous in (y, z) with constant k uniformly
in (ti, w) and independent of .

The next theorem provides estimates on the L?-error between the true solution
of the BSDE and its approximation. These estimates consist of terms of the ap-
proximate solution (Y™, 7™), the approximate data (£™, f) and the [2-error between
approximate and original data.

Theorem 9. We assume that Assumption [I|and 5| are satisfied. Let Gy, be independent of
IF. We also define the abbreviation AfT(t) = f(t, Yy, Z¢) — (i, Yi, Zi). Then there are
constants C, ¢ > 0 depending on «, T, D and the data (&,f) such that for every pair of
(G, )1, en-adapted, square-integrable processes (\?fi , Z{‘i )t,em and || small enough

max EIV,, — VRIS, ] + ZJ EIVe— VER + 12, — Z7PI ] dt
A N—T oty
<C(ealVm 2 4 im+BE— £+ Y | EAT(OP ).
i=0 '

and

i+1

£x(V7,27) < e max E[Vy, —VEPIGe) + ZJ ENY, — V7P Gy Jdt

0<iKN

tit . NZL oty
+Y | EIZe-ZEPISGdt+EE—£TR+ Y | EIAF(bPA).
i=o vh ' i=0 Vb

If, additionally, f and ™ do not depend on vy, then

Ogeix E[lYy, —Y” 2| Gt,) + Z J EllZ, — ZZ[Tl|2| G,ldt

A N-1 et
<c(eatimzm+Ee-eP e Y |

i=0

EJAfT (t)|2dt>
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3.1 Global a-posteriori error criterion

and
N-1 ¢
&Y', 2™ < c (og}ix E[Yy, _Yt 2| Gl + % Li EllZ¢ — ZZ;|2| Gy ldt
N=1 g,
+ElE— &P + Z J E\Af{‘(t)lzdt).
=0 't

The above inequalities can quickly be shown by means of Theorem [f] and the
[2-distance between the true solution (Y, Z) of the continuous BSDE and the pair
(YI*, ZT" )t en, that we derived from the solution of the discrete-time BSDE, see

(B:2). The following Lemma provides an upper bound for this L?-distance. Recalling
the definition of Z{"* in (3.4), we obtain

Lemma 10. Let Assumption [I) and [b be satisfied. Furthermore, we suppose that f™ is
Lipschitz continuous in the way that

17 (ty,y,2) — 7 (t, Y’ 2 ) < kyly —y' [+ klz—2'],  ky <«

forall (y,z),(y’,2') € R x RP uniformly in (ti, w) and independent of 7. Then there is a
constant C > 0 depending on «, T and the data (&, f) such that for |7t small enough

N—-1

tit
max E|Yy, — |2 + Z J E|Z, — Z*Padt
0<i<N t: *
i=0 L
N—1
< C{ENe — 7P + i + Y EIZL AW, — (Y, —EN [T )P G
1i=0

i+1
+ Z J EIf(t, Yi, Z¢) — ™ (ti, Yo, Zo) Pdt ).

i=0 vt

Note, that the proof of the next lemma follows the argumentation in Bouchard and
Touzi| (2004), Theorem 3.1.

Proof. The pairs (Y,Z) and (Y{"*,Z7*) are solving for t € [ti, t; 1) the following
differential equations

tit1
f(s,YS,Zs)ds—J Z,dWs,
t

tipg

Y= VYe, _J
t

7T K * * 70k i

Vi = Y, Y, 2 (- ) — L 27w,

where ZT* can be obtained by the martingale representation theorem, i. e.

tit1
J FErAW, = YT BV [T, (3.9)

ty
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3 Error criteria for BSDEs

At time t; we have Y["* = Y{"* by definition. By Itd’s Lemma follows then

. tit1 .
EIY, — Y2 + J E|Zs — Z7*]ds
t
tip .
<EYy,, — Yo P+ 2J E[(Ys = YI™) (f(s, Ys, Zs) — £ (ts, Vi7", Z77))1ds
t

= (I) + (1ID).
Concerning summand (II), we receive due to Young’s inequality for some y > 0
tip

. 2
EIY, — V*Pds + = J EIF(ty, Vs, Zo) — (s, Y, Z7*)Pds

t

tip

m <y |

t

2 rti
+ J E‘f(S/YS/Z-S) _fﬂ(tilYS/ ZS)|2dS'

Y Jy
Next the Lipschitz condition on f” yields together with Young’s inequality

tipg tig

; 4
E|Ys — Y™ [*ds + J (ENYs — Y P + KE|Zs — ZT* 1) ds

Yti

m <y |

t
titg

+ CJ Elf(s, Y, Zs) — F¥(ts, Vs, Zo)Pds.
ty

In view of the setting explained in (1.1) and the Lipschitz condition on f, we can
make use of Lemma 2l Hence,

EIYs — Y PP < 2E[Yg — Y [P+ 2E[Ye, — Y P
tip
< Clnl + CJ E|Zdt + 2E[Yy, — YL
ti
Coming back to summand (II), we have as ky < k,

ti 2 ti
) <y | EYe—VEPRds + O (A, — VR4 2 | EIZs — 274Pds
S . s s v 1 ti ti 4 © S ty

tin
+ Cx} I (Ai +J EIZtIZdt)

ty

tip
+ CJ Elf(s, Ys, Zo) — (ti, Vs, Z)Pds

ti

tit1 . 82
= yJ E[Y, — VT Pds + %Ai +Bi.
t

Summarizing (I) and (II), we get

. . titg .
E[Yy — Y12 < EY, — VTP +J E|Zs — Z7*ds
t
R g (3.10)
< E[Ye,, — Y7 —M/J ElYs — Y"*|°ds + —A;{ + B;
i+1 t —Y

i+1
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3.1 Global a-posteriori error criterion

and by Gronwall’s lemma follows

E[Yy — V{2 < e (ElYe,,, — Y7 P + 8%As/y + By).

i+1
Inserting this result into the second inequality of (3.10) yields

tipg .
EYe, — Y P+ J E|Zy — 27" Pat

ty
YA 12 8K2
g (1 +'YAie l)(E|Yti+1 - Y€E+l| + TAl + Bl)

co 8
< 1+ CYAY(EVy = VI P+ = A+ By

i+l

for |m| small enough. Then, choosing vy = 64«2 and |n] < 1/(Cy) leads to

tit1 .
EIYy, — Y12 + J ElZo— 27 Pdt < (1+ CyAy) (Y, — Y7, P+ By
ty
1 1 (ti+
+ —AE[Yy, — thTi’*I2 + J ElZ¢ — Zfi’*lzdt.
4 16 Ji,
Hence, we have for |rt| small enough
i .
ElYy, — VP + J E|Zy — Z7*adt
t |t (3.11)
<(1+ CAi){EIYti+1 — Ya’:llz + Bi} + 4J ElZ¢ — Zfi’*lzdt.
t
Next, we make use of
tiv1 tiv1 . .
J E|Zy — Z7*Pdt < 2J (E1Zy — ZT*P + EIZT* — Z7*P) dt (3.12)
ty t
and it turns out that
1 rtin .
E[Yy, — Y2+ 5 J E|Z, — Z7*Padt
ti
%2 1 ti ST, % TC% (2
< (1+ CA)EYy, — Y7 F+Bip + > E|ZT* — ZT*Fat.
ti

Thanks to the discrete Gronwall lemma we get an upper bound for the Y-part, i. e.

EIYe, — Vi

N—-1 N—1
< eCT{EmN — &P+ C Z Bi +C Z J
j=1 j=1

ty

ty

oy 3.13
E|Z{"*—z§*|2dt}. (3.13)
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3 Error criteria for BSDEs

By summing (3.11)) up from i = 0 to N — 1 we obtain

N—1 oty

> J ElZ, — Z7*Pdt

i=0 Yt

N—-1 1 N-T ety
* (2 7% (2
Colg}fix E|Yt —Yn | +C;}Bi+4 ;)Jti E|Zt_zti |~dt

and applying this result on (3.12) yields

N—-1

tin
> J E|Z, — Z7 Pt
. t;
=0 (3.14)
N-—1 1 rtin
YTox 7 TU* |2
< C max BV = Y; |2+CZBi+C.ZJ' E[Z7* — Z7 Pt

Merging the results in (3.13) and (3.14) gives

N1 oty
max E[Yy, — Y72 + ZJ E|Z¢ — Z7*Pdt

0<igN
1 - (3.15)
< CE[Yy — &P+ C Z Bi+C) J E|Z7* — Z7*[at.
i=0 't

Regarding the second summand, we have by definition

N-1
> By < CklTim| + C |7'[|J E|Z([dt

i+1
e Z J EIF(t, Vo, Z) — F¥(ty, Yo, Zo) Pt

N-1 tin
<om+cy J EIF(t, Yo, Z) — F¥(t, Vo, Zo)Pdt,

as fOT E|Z([?dt < oo. As far as the third summand of the right-hand side of (3:15)is

concerned, we use Itd’s isometry and the definition of ft‘“ Z7* AW, in (B9) to
complete the proof. |

Remark 11. The third term of the right-hand side of has a meaningful interpre-
tation concerning the L?-regularity of the true control process (Z¢ Jo<t<T- The notion
of [2-regularity was introduced in Zhang|(2001) and is defined by

N-1 ¢, o )
Yy J E’Zt — —E Utf Z. ds’ ffti} ’ dt, (3.16)
i=0 '
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3.1 Global a-posteriori error criterion

see also Subsection[2.1] In order to show the relation between (3.16) and

N—1
Y EIZZTAW; — (YT — BT | T )P (3.17)
i=0

we make some insertions and apply Young’s inequality.

N-—1 ti 1 tin 2
ZJ Elze— ][ zoas| 7] [at
- t; Ai ty
i=0 "
N1 oty ’ 1 tig 2
<2y L (E|zt — 7Pt E| 2 B[ [ Zeds| 5 ) dt
i=0 "M v '

N—T oty
<4y J E|Z, — Z*[at,
i=0 't '
where the last step followed by Jensen’s inequality. Assuming E|§ — £™|* < C|n] and
SUPy <<y, Elf(t,y,z) — f™(ti,y,z)]> < C|n| for all t; € 7, we obtain by Lemma

N1 ot 1 _ 2
ZJ E|ze— B[ Zods| 7, ]| at
N t; A'i_ ti
i=0 t
N-—-1
<Clnl+C ) EIZT AW — (Y —E[V7 [T )P
i=0

On the other hand we have by the definition of Z[** in the previous proof, Itd’ s
isometry and Young’ s inequality

N—-1

D EIZE AW — (Y, — BV 15 DP
i=0
N—T ey N-1 ety .
<2y J E|Z7 —Zfdt+2 ) J E|Zy — Z7*[dt.
i=0 “ti i=0 vt

Now we apply Young’s inequality on the first summand of the above right-hand side
and use then the relation A; Z{"* = E[] E“ Z7*dt| F.], see Lemma 3.1 in Bouchard

and Touzi| (2004). Due to Jensen’s inequality we receive

E|ZT AW, — (Y7 — BT [T )P

tit 1 i1 2
<4J Bz — B[ [ Zods| ][ at
t; t Al t

i

tits 1 t; 2 N-1 ety
- i+1 . - VT[,*Z
+4Li E\AiE[L sts’ffti} zt) dt+2;)L E|Z, — Z7*Pdt

tit 1 i 2 tin .
<4J E‘Zt——E“ zsds‘ﬁt.” dt+6J E|Zs — Z7*Pds.
ty Ai ti ! ty
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3 Error criteria for BSDEs

After replacing (3.12) through

Jtm E1Z, — Z7*Pdt
t T Ay

t

< zrm Ez.- —E“t pAREN “at

2
dt

tig
+2J ‘—E[ "z,as| 7| - 2

i

t1+1 +1 .
ng E‘Zt——EH st‘?t”dtJrZJ E|Zs — 27*ds,

we repeat the remaining steps of Lemma[I0} Together with the assumptions E| —
£™? < Clnl and [f(t,y,z) — f™(t1,y,2z)* < C|n| we obtain

N—-1
D EIZE AW — (Y, BV TGP
i=0

< Clnl+ C Z Jt‘“ £z, - —E[L Zoas| 7| [ e

for some constant C > 0. Summing up, we can say that (3.16) and (3.17) are equivalent
up to a term of order |n|. That means, reflects a property of the original BSDE,
precisely the [ >-regularity of Z.

In case we are located in the setting of and Assumption [2| is fulfilled, the
squared L?-regularity of Z is of order || and converges with the same rate.
However, for the results of Theorem 9] the much weaker Assumptions [I]and [5| are
sufficient. Indeed, we estimate by the global a-posteriori criterion basically by
using the Lipschitz condition on f and ™.

Proof of Theorem[9} Recall the notation
Af?(t) = f(t/ Yt/ Zt) - fﬂ(ti/ Ytl Zt)

We start with the first and third inequality. Therefore, we define the (G, ), en-
martingale (I\A/Ufi)tie7r by setting I\A/U[‘O = 0 and T\A/L?i+1 — I\A/U[‘i = ZEAWi for i =
0,...,N —1. Due to Young’s inequality and the independence between G, and I,
we have

N—T ety A
max_ E[IVe, — VP G,) + ZJ EZ, — 27 PGy, dt

0<igKN
i+1
< 2<Or<rla\x ElYy, — 2] + Z J EllZy — Z77| ]dt>
N-1
+2( max BNV — V5G] + 3 ARz -2 ?Gy,))
= (I) + (II).
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3.1 Global a-posteriori error criterion

Regarding the first summand, we employ the result of Lemma Hence, (I) is
bounded by

N—-1
E[Yey — &P+ &G Iml + Y EIZTAW; — (Y5 —EIVEF [ Fe )P
i=0
N=1 oty
+ ) J E|AfT(t)[dt.
i=0 't

Bear in mind that there is a process Z* such that (3.9) holds. Again we incorporate
the independence between G, and I and receive

N—-1
Y EIZE AW, — (Y, — BV 9,
i=0

N—-1 i |
— > EIZTAW - | 20t awi PGy
i=0 ' H
N-1 R R tigr |
<2 EIZF*AW; — 2T AW P + |27 AW; — J 77 AW[?| Gy, ]
i=0 H
N-—1 N-1 tit1
=2 ) AEIZY - 25 P19+ 2E]| Y (Znawi- J 2z aws )
i=0

i=0 G

5]

Similarly to Theorem 6| we define
YE =V, YO =Y0 4+ A (6, VT, ZT) + 2T AW,

and recall the identity arising from (2.2):

iy
|7 zmaw = v v A v 2

ty

Then, we obtain

s

N—-1 . tiy1 |
T 7T, %
o I (zrawe [ 2o,
i=0 *
N—-1
=EIVE, V& — D Af(t, VT, Z7)
i=0
N-1 (3.18)
_ (Eﬂ _ Yz]f* — Z Aif(ti, YZLT{*, Zz[-?*))|2| 9’(0]
i=0
< CE[VE, — V7 ISy,
N—-1

, 7T (12 : A 2
+ C(OQ}QXN EIVE* —VEPRIGe] + ZO AMEIZT — ZEPI5,)).
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3 Error criteria for BSDEs

The first summand of the right-hand side of (3.18) is bounded by the error criterion
by definition of Y7, . The remaining two summands are bounded by a constant times
(II). Turning to th1s summand, we apply the estimate (3.7) and get

(1) < C( max EIV{* - V§|2\9t01+DE[\M&*—M?N|2|9%J).

Then we find ourselves in the setting of Theorem E] and thus can deduce that (II) <
CE(YT,M™), i. e. Summand (II) is bounded by terms of the global a-posteriori
criterion for discrete-time BSDEs. Due to the definition of l\A/l{ti, we immediately
obtain (II) < C&x(Y™, Z™). In sum,

N—-1

tin N
0r<r}eix E[|Yy, —Yt 2| Gt,) + ZO J'ti EllZ¢ — Z§|2| G, ldt
' Nt (3.19)
tipg
< C(&x(V™ 27 + Ele — &P+ kiml + Y J EIAFT(t)Pdt).
i=0 vt

As far as the third inequality is concerned, the proof is complete, since ky, = 0in case
f™ does not depend on y. For the first inequality, it remains to give an estimate for

N—-1

tiy .
> f ElYe — V7P Sy,
i—0 "t
which is bounded by
N—T oty
2 max E[|Yy, — Yt 2| G, +2 Z J ElY: — Ytilz.
0<l\ 10 ti

Concerning the first summand, there is an estimate given by (3.19). On the second
summand we can apply Lemma 2] Hence,

N—1 .t N-—1

i+1
> | TEemownrs > s+ J EiZ,Pds) < Cln,
ti

i=0 vt i=0

as fOT E|Z¢[?dt < co. This completes the proof on the first inequality. The second part
of the proof considers the second and forth inequality. Therefore, we make use of
the identity

ty

ty
Y, — Yo = J f(t, Yy, Zy)dt + J ZdW,. (3.20)
0 0

Inserting (3.20) gives
NS . .
(Y7, 27) = EIE" — Y, PIGy,) + max E [ (FE = i) + (Yo - V)

i—1 i—1

t)+1 ti . 2
J f(t, Yo, Zo) — (15, VT, 27) dt+ZJ Zt—Z?j)th‘ ‘9%}.

l\/]

j=0
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3.1 Global a-posteriori error criterion

Then we obtain by the It6 isometry, Young’s inequality and Jensen’s inequality

En(VT,27) < c<E|a = &7 max EIVE — Yy PGy

<IN
N1 oty N—T ot 4
Yy J ElZe — 271Gy Jdt+ Y J EIAfE (LRt (321)
i=0 vt j=0 'Y
N—T ety A
+ D j EIT (5, Ve, Zo) — (15, VT, Z)P) 9t0}at>.
j=0 7

Due to the Lipschitz condition of f™* and Young’s inequality, we obtain
N—1

tit1
Y J EIIF(ts, Yy, Zo) — £7(t, V7, 25 )PI Gy lat
i=0 't
N—T ey R R
<2y J (RRENY, — VEPIGe) + K2EZ, — 2721 G4,)) dt.
i=0 *th

Combining this inequality with (3.21)) yields the second inequality. In case f"* does
not depend on y, we have ky = 0. Thus, the fourth inequality is shown as well. O

3.1.4 The a-posteriori error criterion for typical examples of BSDEs

Let S be the solution of the forward SDE

t t
St =sp —|—J b(u,Su)du—l—J o(u, S, )dWy,
0

0

where the deterministic functions b : [0, T] x RP — RP and o [0,T] x RP —s RP*D
are 1/2-Holder-continuous in time and Lipschitz in its spatial variables.

Irregular terminal condition and Lipschitz continuous driver

We define & by ¢(St), where ¢ is a deterministic function that is considered to be
irregular, as no Lipschitz condition is imposed on ¢. Many cases in the literature on
BSDEs involve a driver, that consists of a deterministic function F : [0, T] x RP x R x
RP - R, namely

f(t,y,z) =F(t,S,y,2),

where Fis 3-Holder-continuous in t for some 3 > 1/2. Here, we assume that S can be
sampled perfectly on the mesh 7. Thus, we canset &™ = £and ™ (ti,y,z) = f(ti,y,z).
Then, the first inequality in Theorem E] simplifies to

N-1 ety
OQZXN EHY’H - Y‘::|2| 91:0] + % Jti E [lYt — Y,:‘Z + |ZJE _ ZE|2| gto] dt

< C(&n(\?", 7+ |7:|).
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3 Error criteria for BSDEs

For ¢ irregular and F Lipschitz in its spatial variables and 1/2-Hoélder in t and an
equidistant time grid, the time discretization error converges with rate 7|, where p
can be smaller than 1/2, see e.g. (Gobet and Makhlouf (2010). Then, the global error
criterion provides information about the time discretization error.

Lipschitz driver depending on z only

Asbefore, we suggest a terminal condition & = ¢(St) without any further conditions.
But this time we look at the special case f(t,y,z) = F(z) with F being a deterministic
Lipschitz function. For the sake of simplicity, we suppose again that S can be sampled
perfectly on the grid such that (&7, f™*) can be defined by

ET=¢(St)=¢&, f(t,y,z) =F(z) =f(ty,y,2).

Since f is independent of y, we have k, = 0 and by the third and fourth inequality
of Theorem [J] consequently

N1 oty

1 " . A
SEa(V7,27) < max EIVe — VP19 + Y | EIZ- 23RSyl
c 0<i<N — )y

< CER(Y™, 27).

It is worth noting that in this case the squared approximation error between the true
solution of the continuous BSDE and the approximate solution is equivalent to the
global a-posteriori criterion. This is insofar striking, as it is evaluated only by means
of the approximate solution. However this equivalence result considers the error
between Y and Y™ merely on the time grid.

Lipschitz continuous terminal condition and Lipschitz continuous driver

Again we look at the case & = ¢(St) and f(t,y,z) = F(t,S,y,z), where F is deter-
ministic. In contrast to the previous examples, let Assumption [2| be satisfied with
the difference that F shall be 3-Holder continuous in time and its Lipschitz constant
corresponding to S is denoted by k. Precisely,

[b(s1) — d(s2)* < kls1 — sal,
[F(t1,51,Y1,21) — Ft2, 82, Y2, 22)
< klty — tolP + Kglsy — sol 4+ kly1 — yal + klzg — 2],

for some 3 > 1/2. Initially, we suppose that for S the approximation ST is at hand, e.
g. produced by the Euler scheme. Then we define the approximate data (&£™, f™) by

& =o0"(St,), f"(ti,y,z) = F(ty, SE, v, 2),
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3.1 Global a-posteriori error criterion

where ¢ is Lipschitz with constant k and it holds that maxt, ¢ E[S¢; — ST, 2 < Clm?B.
Under these assumptions,

N—T oty
Be—gm2+ Y J EIF(t, St Y1, Zo) — Flty, SE, Yy, Zo) Pt
i=0 't
< C(K3mPP + &3|m).

Here we also made use of the estimate E[S¢ — Sy, | < Clt —ty], that is valid according
to[Zhang|(2004), see Lemma[3] Considering Assumption[2]we have by Lemma[2land
Lemma 3.2 in |[Zhang| (2004) that

max  sup E[Ve — Y[ < Clnl.
0<ig<N—-1 ti<t<tipg

In view of these estimates the first and second inequality of Theorem 9| reduce to

tipg

N-—1
max  sup E[Ye —VEP[Gl+ D J EllZy — Z7 P| Gy, ldt

OSTSN=T g Ct<ting iz Yt

< C(E (YT, 27) + Iml)

(3.22)

and

Ex(YT,2™) < c( max sup E[Yy — \?{‘ilzl Gt,)

OSISN=L i <t<ting

tip

N—1
+ ) J
i=0 "t

Due to |[7*P < |n| for 7| < 1, the error criterion is equivalent to the squared approx-
imation error between the true solution an (Y™, Z™) up to terms of order |rt| (which
matches the above mentioned squared time discretization error). Contrary to the
previous example, this equivalence works with respect to the complete time interval
[0, T] and is not restricted to the time grid 7.

If the function F does not depend on S, the additional error term in the lower
bound reduces to ck?|7|*P. In case F does not depend on t and the process S can be
sampled perfectly on the grid, i. e. ST = S, we obtain £™ = & and f = ™. Then the
additional error term c(k?|[>P + k2|m)) disappears completely.

ElZy — 27 PIGpldt + k2P + K§|7r|).

Coefficient functions with certain smoothness and boundedness conditions

In the last example we deal with the same data as in the previous example, but this
time we assume that the coefficient functions b, o, ¢ and f satisfy beside Assumption
certain smoothness and boundedness conditions. Based on the assumption that S
can be sampled perfectly on an equidistant grid 7, we set

EF=¢(St) =& 7 (tyy,z) =F(ty, Sy, 2) = f(ty,y, 2).
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3 Error criteria for BSDEs

For this setting, Gobet and Labart (2007) have shown that

N-—1
o~ 2 ) Tk 2 2
omax EIYVE" =Yy [7+ ZO AEIZ — 2, < Clnf, (3.23)
i=

In view of (3.4), the combination of Theorem [p|and (3.23) yields

N—-1
o1, EIVE — Y, [ el + 20 AENZT — Z 71 Ge,) < CER(Y™, Z7) + In),

where (V{: , Zi‘i)tieﬂ is (G¢,)t,en-adapted and Gy, is independent of Ft. In contrast
to (3.22), the additional error term decreases here with rate 1 instead of 1/2 in the
[2-sense. In other words, due to the stronger assumptions we are rewarded with a
faster convergence of the additional error term. However, the upper bound is related
to the approximation error on the time grid 7 only.

The estimate on the approximation error is still valid in case

& =o(Sy,), Tt y,z) = F(ti, ST, y,2)

and S™ is a strong order 1 approximation of S, for example generated by the Milstein
scheme. This result can be obtained by a comparison of the error criteria with respect
to the data (&, f) and (&7, f™), respectively. Clearly, we have

i-1 i—1
I . . R ,
El Vi o e EIVE 5~ 3 A4, V5, 25) ~ 3 258150
)= )=
i—1
<2E[E— &P+ C Y AGEIF(Y), St VT, 2T ) — Flty, ST, VE, ZT)PI G,
j=0
o I
+ 2E[E — ¢, | +1r<niag)§\1 2E[VT — Y[,

i—1 i—1
— Z Ajf”(tj,\?{j, ZZ})) - Z ZZLTJAWJ |2| gto}
j=0 j=0

< max 2E\S§—Sti|2+2(E|5n—VfN|2

0<i<N
i—1 i—1
7T 7T 7T Ot 5T 57T 2
+ max EIVE = V3 — 3 Ay"(;, VT, 28) — 3 25 AWy 9t0]>.
X §=0 j=0

3.2 Local error criterion for approximate solutions obtained
by projections

During the review of typical BSDEs in the previous subsection, we already indicated
the suggestion of an additional "local” error criterion. In contrast to the globally
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3.2 Local error criterion for approximate solutions obtained by projections

natured criterion it considers the violation of (3.1)) along the partial interval [t;, ti41]
foralli=j,...,N —1. Clearly, we define it by taking the [2-norm and summing up
from i1 =j to N — 1 the local criterion, i.e.

e (Y, 27) = Z EVE = VT — A (1, V7, 27) — 2T AW4 %

Situated in the setting of (1.3), see also Subsect1on- we will examine this criterion
merely for two cases. Flrst we set (Yt ,Z )tleﬂ = (Yffi Z i)tlgﬂ, which is the
solution of the explicit time discretization scheme in Subsection[2.2.1] The results of
this step will primarily have a supporting function for the second step. There we
look at (V7,27 )t.en = | Y?_I’KO"‘, ZzKi)tiem that means we refer to the "projection’
step of least-squares Monte Carlo, where conditional expectations were replaced by
projections on subspaces of L(J;,) spanned by ng 1(X{‘i ),d=0,...,D, see (2.8).

A natural third step would be to regard (Y| Ko Z”_’Ki’L)tiem which is the nu-
merical solution obtained by (2.17). However this analysis is similar to that of the
approximation error of least-squares Monte Carlo rather intricate. As the emphasis
of this work is on the global a-posteriori-criterion and the enhanced least-squares
Monte Carlo approach, we neglect this topic here.

Lemma 12. In the setting of (1.3) let Assumptions 2| and [3| be satisfied. Suppose further,
there exists a constant such that

E|& — £™? < const.|n.
Then there is a constant C > 0 depending on sg, k, T, D and D such that 8}&)“(Y", ™) <
Clm.
Proof. In view of (1.3), we have f™(t;,y,z) = F(ti, S{‘i,y, z). Then we define
Af:[(u') = F(ti/ SZ(TI/ Y{rﬂ—l/ ZZ:L) - F(u'/ S'LL/ YLL/ Zu)
Step 1: We show
tip it
J EJAfT(u)Pdu < CA? 4+ CA; J E|Z,*du
t ty

ti
C(AENE,, — Ve, +J E|Zf — Zy[Pdu). (3.24)
Due to the Lipschitz condition on F, there is a generic constant C > 0 depending on
k such that

tip
J EAT(WPdu < CAZ + CA;  sup  ElSe, — Sul +[Ye,, — Yul?l
ty tisustin
tip
+CAEIST — Su P+ C(AEIVE, Ve, +J EIZf, — ZuPdu).

t
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3 Error criteria for BSDEs

Thanks to the assumptions in the present lemma we have for the third summand the
estimation CAZ. Assumptionallows us to employ the regularity results on S and Y
in Lemmas[3land 2] Combining these steps yields (3.24).

Step 2: We will insert the equality
tiv

F(u, Sw, Y, Zy)du + J 2, dWy,

t

tip

Vi, — Yo = J

t

in the summands of 8}&3: (Y™, Z™). Recall that

tipg
Yti = E[YtA — J F(LL, Su/ Yu/ Zu)du| g:ti]/
t

VI = EIVE — AF(ty, ST, YT

tit tip1/

(3.25)
70| Fe).

The first equation arises from the formulation of the BSDE, the second from the
backward scheme (2.2). Together with Young’s inequality and It6’s isometry we get

EIVE — (YE., — Acf7(t, YT, ZT)) + ZEAW;P < (D) + (ID) + (I1D), (3.26)

with

tin
(1) = 3E[Y] — Yy, — (WJM — Y — J

t

(1) = BATEIf™(ty, YT, ZF) — (e, YT, ZD)P%,

AFT(w) du) 2,

tin
(I11) = 3J E|ZF — Zsds.

ti

In view of (3.25) we work out the quadratic term of summand (I) under consideration
of the rules for conditional expectations. Thus,

ti
(1) < BEIVE,, — Ve, — J AT (w)duf?

ty
tig )
—3E[E[YE, | — Ve, — J AT (u)dul Fe JI°.
ty
The definition of Y, — Yy, yields
tin

(I) <BEIVE, — Y, —J AfT(w)dul? — BE|YE — Y, 7

ty

tit1

<3(14Ay) (EIYZJM —Ye, P+ J E|Af?(u)|2du> —3EIYE — Yy,
ty

where the last step followed by Young’s inequality and concerning the integral also

by Jensen’s inequality. Thanks to the Lipschitz condition on F we have

(1) < 3PATEIYE — YT P < CA%(Og}ang EIVE — Y P+ EIVe, — Ve, [7)

tin
< CA? max E[YY — Y [P+ CAT + CA%J E|Z,[*du,
ty

0<ig
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3.2 Local error criterion for approximate solutions obtained by projections

where we again made use of Lemma[2] Summing (3.26) up fromi=0to N —1 and
considering (3.24) leads to

.
w5 (Y™, 27) < C( max E|Y] —Yti|2+J E|ZT — Z4[*ds)
0

7t,0 0<i<
-
+ CIWIJ E|Zy*du + Clr.
0
Applying the assumption on the terminal condition and fg E|Z,*du < oo yields
T
Y5(Y™,Z™) < C( max E[YE — Y, +J E|ZT — Zs*ds) + Clnl.
/ 0<igN i 0 i

The result on the time discretization error by [Lemor et al. (2006) completes the
proof. |

Theorem 13. Let Assumptions[2and [3| be fulfilledfor the setting in (L.3). Suppose further
there exists a constant such that

E|& — £7? < const.|n.

Then there is a constant C > 0 depending on sy, x, T, D and D such that for every
j=0,...,N—1

N-1 D N-1
D> EP(YR) = YR 4D D AEPaA(ZE ) — ZF P
i=j d=1 i=j

> Cef (Y, 28) — I,

where (Y™K, Z™K) denotes the pair (YZ:_I’KO‘, Zz’Ki)tieﬂ.

Theorem (13| provides a lower bound on the error between the time-discretized
solution and the unknown best approximation of the discretized solution in terms
of the function basis. A large summand in the local error criterion suggests that the
choice of the basis functions at this time step may be unsuccessful. In particular, for
i=N-—1we get

D
ElPoNn_1(YE, )= YE  P+An Z ElPan-1(Z]F ) — Z8 4,1
a=1

> CELN (YR, Z27%) — m.

Proof. Recall that within the explicit time discretization scheme (2.2) the generator

F is applied on the vector (t;, S, YZ[‘i+ .+ Zt,) in the case of computable conditional

. 71, Ko i . ey . .
expectations and on (t;, ST, Yy ", 7K ), when conditional expectations are esti-
ti7 Vi t;

mated. Hence, we have to adapt the local criterion concerning the time points, at
which the Y-processes are evaluated. Therefore, we abbreviate

AFT = 17 (t, YE |, Z8) — (1, Yoo, 2K

tipg
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3 Error criteria for BSDEs

and define

Ai . 70, Ko,i+1 o Y?iﬂ + AiAf?-

= Tt

The orthogonal projections P ; are mappings on a subspace of [2 (Ft,). We have,

Poi (YE) = Poi (EIVE,, — AufT (1, YT, Z8)I Fe))
=Pox (Y{[i+1 — A f(ty, YT Zﬁ)),

tig1/

(3.27)
After adding a zero we employ Young’s inequality and receive

N—-1
Ko,i Koji
8}[([)]_C(Y7T,K,Z7I,K) <3 Z E|Y:[i+]0’ +1 YEH . (YZ[T1 0i Y?)
i=j

- Ai (fﬂ(ti/ YZ:KO/i/ ZZ:Ki) - fﬂ(ti/ YZ[TiI chrl)) |2

N—-1
+3 ) ENVE = Y§ A4, YT, Z8) + ZE AW
i=0
N—-1
+3 ) EI(Z7N - Z0)Aws
i=j

— Bj + () + (I0).

Due to Lemma summand (I) < C|n|. Now, we use the relation in (3.27) to add
again a zero. By Young's inequality follows

N—-1 N—-1 N—-1
B <C) EPoi(A)) —AiP+C ) E[Poi(Y5) — YEP+C D AJEAFTP
i=j i=j i=j
N—-1
+C Y ATE(t, YT, ZF) — 7 (t, Y10, 252
i
= (II1) + (IV) + (V) + (VI).
The Lipschitz condition on F yields
K N-1
7T, i ,Ki
(V) + (VD) < Cln | max EIVE = V(P + Zj AEIZE - ZP

Thanks to the definitions of Yz’KO/i and Yffl the following equality holds true for all
i=0,...,N—2:

Ai =Poir1(Air) +Poi1(YT,,) — Vi, +AfTA; (3.28)
Due to the orthogonality of Py; we have

E[Po,i (A1) Ail = E[Pgi (A1)

48



3.3 Non-linear control variates for BSDEs

and consequently

N-1 N-1
D ElPoi(A) —AiP =) EAP —E[Poi(Ar)
i=j i=j

The following calculation takes place in view of (3.28), the orthogonality of the
projections and the equality Y&KO'N — Y, =0.

(1) < (1+ AN DEIYEON v 12

i+1

+ Z (14 ADE[[Poi1(Air1)lP + 1Poin (YE,,) — YT, P

N-—-1
+ ) (1+ADAEIAFTP — ZErym

i=j

tito

N-—-2
Koi
<cy (AiwamO/ YR P EPo (YEL) — YR, |2)
N—-1
+C ) AEIAFTP
i

Because of the Lipschitz condition on F we get

N—
(1) < C( max E[V{" " — YT+ 3 AEIZYS - ZTP)

JKIKN i
N—2
+C D EPoua (V) —YE,P
i
In sum, we achieve
N—1
loc(ym,K -7, K 2 . Ky o2
Efof (YK, 27%) < C( max VS0t — VR R+ Z) AEIZET - ZTF)
N—1

+C Z E|Po,i (YE) — YT I* + Cll.

i=j

Finally, we obtain by employing Lemma [5 the proof. m|

3.3 Non-linear control variates for BSDEs

In this section we propose a method for reducing the approximation error within
least-squares Monte Carlo under suitable assumptions. Precisely, we suggest to split
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3 Error criteria for BSDEs

the original BSDE into the sum of two BSDEs and assume that one of them can be
solved in closed form and only the other one requires numerical approximation.
We call this procedure non-linear control variate inspired by the variance reduction
technique for simulating expectations. The original BSDE is given by

T T
Yi—E— J f(s, Y, Zs)ds — J Z,dWs. (3.29)

t t

Instead of (3.29), we examine the following BSDEs:

T T
vtza—j ﬂs,vs,zs)ds—j 7,dW,,
t t
]

;
Y) = _J (f(s, Yy +Ys,Z) + Zs) — (s, Vs, Zs))ds — J ZVaws,
t

t

where V denotes the application of a control variate. Then, we receive the solution
(Y,Z) of by adding (Y, Z) and (Y”, Z"). Note that Gobet and Makhlouf, (2010)
made use of this decomposition in their proof of the L-regularity of Z in cases of
irregular terminal conditions. Concerning (YV, ZV) we employ least-squares Monte
Carlo, see Section[2.2]

Example 14. Think of an European option pricing problem with pay-off function &
and non-linear driver f. Typically, the non-linearity of f is ‘small” compared to the
terminal condition. In many settings the BSDE
~ T ~
Ye =¢ —J ZsdWs
t

has closed-form solutions or very accurate approximations. So, heuristically, the
‘main’ part (Y, Z) of the solution is correctly or almost correctly computed and only
a small part, here (YY, ZV), is affected by approximation errors.

3.4 Numerical examples

3.4.1 A non-linear decoupled FBSDE with known closed-form solution

We begin with a modification of an example in Bender and Zhang (2008) that is
solvable in closed form as far as (Y,Z) is concerned. That enables us in a way
to compare the Monte Carlo estimates on the global a-posteriori criterion and the
approximation error for some given approximation. Concretely, we consider

t D
Sd,t :Sd,0+J 0'( Z sin(Sd/,u))de,u, d=1,...,D
0 gq=1

D T D T
Vo= 3 sinSar)+ | jPMuPdus Y| ZawdWen,
d=1 t
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3.4 Numerical examples

where W = (W4, ..., Wp) is a D-dimensional Brownian motion and o > 0 and sq,
d =1,...,D are constants. The true solution for (Y, Z) is given by

D D
Yy = Z sin(Sa,t), Zat = 0cos(Sa)( Z sin(Sq7¢)), d=1,...,D,
d=1 a'=1

which can be verified by It6” s formula. But there is no closed-form solution for
S. Therefore, we will incorporate the Euler or the Miltstein scheme to obtain an
approximation S™. Since the terminal condition is not path-dependent we can refrain
here from constructing an extra Markov chain, as described in Subsection and
simply set X™ = S™. For the approximate solution of (Y, Z) we intend to use then
least-squares Monte Carlo as explained in Section This requires, however the
Lipschitz continuity of the driver. Let [-]g be a truncation function such that

[x]g = —RAxVR

for some constant R > 0 that will be replaced by suitable values as the case may be.
Instead of approximating (Y, Z), we will generate numerical solutions for

D T D T
. 1
Yg = Z SlI’l(Sd,T) +J 502[(\(3)3]133 du— Z J Zg,udwdzu’
d=1 t a=1""*

where T indicates the BSDE with truncated driver.

Case 1: One-dimensional Brownian motion and indicator function bases

In the first case we fix the parameters by
D=1 T=1, s 9g=m/2, 0c=04.

Drawing samples of X{ = ST shows that they are primarily located in the interval
[0,3]. Hence, let K > 3 be the dimension of the function basesn(i, x), thatis composed
of indicator functions of equidistant partial intervals of [0,3] foralli=0,...,N —1.
Clearly, we set

ML x) =L (x), Max = Lsa(x),
k(LX) = Lixepx-1)/(k-2), 3k/(k-2))3(x), k=1,...,K=2,

fori =0,...,N — 1. The simulation parameter consist of the number of time steps
N, the dimension of the function bases K and the sample size L. Form =1,...,11
and 1 = 3,...,5 they are fixed by

N = [2 \mefl} , K =max { [fzmﬂ ,3} . L= [2 \le(mfl)} )

where [a] is the closest integer to a and [a] is the closest upper integer to a. To
be precise, we will observe three different choices of 1, in which we simultaneously
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3 Error criteria for BSDEs

increase the parameters N, K and L through their dependence on m. For a better
distinction of the simulation results we will denote the partitions by 7.

The main advantage of indicator function bases is the possibility to control the
projection error through the choice of the dimension K. According to the expla-
nations in Subsection the above definition yields a convergence rate for the
corresponding [2-error of order 1/2 in the number of times steps. However, this
basis choice is also connected with a severe drawback. Recalling the remarks in
Subsection on the simulation error, the theoretical convergence threshold is
located at | = 4. The L2-error due to simulation theoretically decreases with rate
N~1/2 when the sample size L grows proportional to N3K?, which is satisfied for
L = 5. Hence, the growing dimension K blows the required sample size much more
up than a constant choice for K would. Keep in mind, that enlarging the sample size
L leads to increasing computational cost. For a better illustration, see the absolute
values of L in dependence of m and 1 in the below table.

Table 3.1: Sample size L in dependence of m and 1

m 1 2 3 4 5 6 7 8 9 10 11
N 2 3 4 6 8 11 16 23 32 45 64
|
3 2 6 17 46 129 363 1025 2897 8193 23171 65537
4 2 9 33 129 513 2049 8193 32769 131073 524289 2097153
5 2 12 65 363 2049 11586 65537 370728 2097153 11863284 67108865

Given these parameters, we initialize the approximation by VT’”N =sin(STN) and

compute the coefficients oc{‘T TN and oc{‘lr 7N for the linear combmatlon of the basis

functions by least-squares Monte Carlo and receive the approximate solution by
setting

YTT[N _n( XT[N)A{IT[N’ Z‘TT[N _n( XT[N)A‘TTtN.

As S cannot be sampled perfectly, we measure the squared approximation error by

max E| sm(SnN’MS) — \A(gi’m\‘ ?

0<igKN
N-1 T
+ D NyElocos(ST M) sin(STVME) — ZITNE, - (3.30)
i=1

where S™MS denotes the approximation of S by the Milstein scheme. This error
term is equivalent to

Nl
max E[Yy, —YTanz—F Z —E\Ztl Z%”\’l2
0<igKN |

up to terms of order |mn 2, as the [2-error between S and S™MS decreases with
rate |rtny| rather than |in[Y/2 as in the Euler scheme. Note that & = sin(SfT:"M S)
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3.4 Numerical examples

and f“(ti,y,z)A = —%AGZ [y%];. According to Subsection the global a-posteriori
criterion &, (YT 7N 777N satisfies the inequalities

. N-T ety .
max  sup E[Ye — VI Gl + D J EllZy — 2™ P Gy Jdt

OSISN=L g Ct<ti iz vt

< CEy (YT, Z77N) 1y |)

and

N—1 ety
7T, 5T
max sup BV VRIS Y | EIZ - 20l
0KISN—1 ¢, <oy —

1 . N
Emy (Y77, 27700) — g 2.

i+1

>

Thus, incase € (YT~ ZT7N) > const. (1/N) the global error criterion is equivalent
to the squared approximation error. For the estimation of both the criterion and
the error term we draw 1000N copies of the increments of the Brownian
motion, denoted by (AW;)i—o, ~n-—1, and generate thereby samples of X™ = S™
and S™-MS,

—l=3
---l=4

3 -m-|=5

Number of timesteps, N = 2, ..., 64

Figure 3.1: Development of the global a-posteriori criterion in Case 1

Figure 3.1/ shows the estimated global a-posteriori criterion and in Figure (3.2l we
can see the estimated squared approximation error. In both figures the different
paths correspond to the cases 1 = 3,...,5 with simultaneously growing number
of time steps, dimension of function bases and sample size as described above.
The horizontal as well as the vertical axes are chosen logarithmically for a better
illustration of the results. A comparison of these figures reveals that the a-posteriori
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3 Error criteria for BSDEs

criterion neatly reflects the convergence behaviour of the approximation error. In
this example, also the absolute values of the criterion and the squared approximation
error almost coincide.

Number of timesteps, N = 2, ..., 64

Figure 3.2: Development of the squared approximation error in Case 1

Contrary to the theoretical results the global a-posteriori criterion tends to zero in
all three cases for 1. Considering the results for N = 32,45, 64 we receive an empirical
convergence rate of —1.09 for | = 3, —1.25 for | = 4 and —1.02 for 1 = 5. Hence, only
the expensive example (1 = 5) matches the theoretical results as described above.
Nevertheless, the levels of the three paths demonstrate the connection between
sample size L and approximation error. Neglecting the simulations with only few
time steps, we can see that larger values for m and thereby higher computational
cost lead to smaller approximation errors. However, the distance between the error
criteria of 1 = 4 and | = 5 seems to vanish for a growing number of time steps. That
means for N large enough the error level of the high-expensive case might as well be
achieved by a simulation with smaller computational cost than determined by 1 = 5.

Case 2: Three-dimensional Brownian motion and polynomial function bases

In this example we also apply the method of non-linear control variates. To this end,
we freeze the diffusion coefficient of S at time 0 and consider a rather simple case of
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3.4 Numerical examples

decoupled FBSDEs, namely

D
Sar=Sao+ Y sin(sqo)oWay, d=1,..,D,
d=1

D T
Ye=) sin(Sq7) —J 2 dW,,.
— t
The process Y, can easily be obtained in closed form. Precisely,

D
Y, = Z Efsin (Sq,¢ + 0(Wa1 — War))]
d=1

D D
= exp { — ;Gz(dz_l sin(sdlo))z(T — t)} dZ_l sin (Sq,¢) = u(t, S¢).

This result inspires to figure out Y: = u(t,S¢) and define thereby the non-linear
control variate. For the sake of convenience we abbreviate

1.,/ < . 2
g(t) :exp{—EGZ(Zsm(sd,o)) (T—t)}.
d=1

The application of It6” s formula yields

D
= Z sin(S,r)
1 T > 2 > 2
202J glu Z sin(Sq ) (( Z sin(sq,0))” — (Z sin(Sa,u)) )du
a-1 d=1
D .71 D
=3 | gtwocosiSau)( Y sin(Sa)dWau
a=1"t d’=1
D D
= Z sin(Sq ) — 70 J ( Z sin(sq,0)) 2 — (Z sin(Sd,u))z) du
d:lD ; a=1
— Z4u,dW P

with

D
Zay =g(t)ocos(Sa)( Z sin(Sq7¢)), d=1...,D.
a'=1

Hence, there is a BSDE, that has the same terminal condition as the original one and
is solvable in closed form. As described in Section[3.3]it remains now to approximate
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the residual BSDE
Tl 2 D 2
V0= [ B ¥+ (3 sinlsan) — (X sin)) s
d=1

t
D T
— ZJ Z) . dWqp.
a=1"t

The upper index V refers to the application of non-linear control variates. As concrete
parameters of the BSDE we choose

D= 3, T= 1, $1,0 = 83,0 = 7'[/2, S20 = —7'[/2, oc=04.
For the construction of function bases we use this time polynomials. Clearly,

nl(ilx) - 1/ nk(l ):Xk 1, k= 2 4
Nk(ix) =xx—ax;, (k,j) €{(5,2),(6,3), ( 1)},

fori=0,...,N—1and d =0, 1. Thus, the bases are againidentical foralld =0, ..., 3.
Following the analysis in we fix the simulation parameters form =1,...,15 by

_ [2\@“*1], K=7 L= [2\@3(’“*“},

which corresponds to a simulation error that decreases with rate N~!/2. Exploiting
least-squares Monte Carlo both for the approximation of (Y7, Z7) and (YV, Z") gives
the numerical solutions

VI =n(i, XPeg™,  ZFN =n(i,XMagm™, d=1,...,3,

VE™ =nL XPM6er™, Zgt =nLXPag™, d=1,...,3.

Based on these results we estimate the global a-posteriori criteria €, (Y77, Z77™)
and &, (YVrN 4 Y, 2V 7™ 4 7) by Monte Carlo simulation, for that we use 1000N
samples of X" = §™_ In contrast to the previous example the approximate termi-
nal condition is this time based on the Euler scheme, namely & = Y 3_, sin(S aT)
Figure 3.3/ allows a comparison of the estimated criteria. Again both axes are loga-
rithmic.

In the original least-squares Monte Carlo approach we can observe for small values
of N that the criterion decreases faster than N~ !, whereas from N = 64 the reduction
rate gets significantly smaller than N~!. At N = 256 the error criterion settles down
at about 0.03. Following the theoretical results, the contribution of the squared time
discretization error and the squared simulation error should tend to zero with rate 1
in the number of time steps. Hence, the over all approximation error must be mainly
determined by the non-converging projection error.

For N = 256 we have now a closer look on the projection error. Therefore, we
evaluate the local criterion 8711‘]’\‘% (YT 277N for j =0,...,255. Recall, that this
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—s— original least-squares Monte Carlo
- & - |east—-squares Monte Carlo with non-linear control variates

2 3 4 6 8 11 16 23 32 45 64 91 128 181 256
Number of time steps, N = 2, ..., 256

Figure 3.3: Development of the a-posteriori criterion in Case 2 - Original
least-squares Monte Carlo vs. least-squares Monte Carlo with non-linear
control variates

criterion is a sum over i = j toi = N — 1. According to Section 3.2 the sum of the
projection errors from i = j to N — 1 is bounded from below by a constant times the
local criterion less the negligible term |7ty |. The below Figureshows that the local
criterion amounts already at j = 255 to 0.025 and then increases nearly linearly for
decreasing j. Finally, we end up at a criterion value of 0.026 at j = 0.

Hence, the results for the local criterion at j < 255 are primarily influenced by
summand i = 255. This indicates that the projection error at time stepi = N—1 = 255
has chief impact on the local criterion, whereas the projections at the remaining time
steps of least-squares Monte Carlo make only minor contribution to this criterion.
Thus, it takes a more suitable function basis a time step 1 = 255 for a reduction of the
projection error. A first natural step would be the addition of Z?izl sin(xgq), as the
absolute value of \A(:‘LTNTT is mainly determined by the terminal condition.

Turning to the application of non-linear control variates, we can observe a global
a-posteriori criterion that empirically decreases with rate 1.03 in the number of time
steps. This matches rougly the theoretical convergence rate of both the squared
time discretization and the squared simulation error. Theses error sources seem to
dominate the over all approximation error, whereas the projection error has negligible
influence up to N = 256. At N = 256 the global error criterion amounts only to about
a 170th part of the value achieved with the original scheme.

Concerning the local criterion for N = 256, we observe that the estimation of
8}8\?’]- (YN Y, 2V 4 7) totals 4.667 107 for j = 255 and increases up to 0.0001
for j = 0. In contrast to least-squares Monte Carlo without control variates, we
cannot identify one particular time step whose projection error has major impact on
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0.027 ‘
571(06}(?’7'7f ZATJT)7 7=0,...,255

0.026} |
0.025 ‘ : : : ‘

0 50 100 150 200 250
0.002 \ w ‘ ‘ ‘

---gi’)j}(YV'”+17=ZV‘”+Z~) ,j=0,...,255
0.001} i
o) S oS EEREERs Y o o .
o 50 100 150 200 250

Figure 3.4: Development of the local criterion in Case 2 - Original least-squares
Monte Carlo vs. least-squares Monte Carlo with non-linear control
variates

the local criterion. This corresponds to the fact that here the terminal condition is
not subject of estimation due to the application of non-linear control variates. For
the approximation of (Y, ZV) the chosen function bases seem to be suitable enough
to achieve a small overall approximation error.

3.4.2 A non-linear option pricing problem

The last numerical example of this chapter deals with a non-linear option pricing
problem that was already presented in|Lemor et al. (2006). Precisely, we assume that
the underlying stock price is modeled by a geometric Brownian motion according to
Black-Scholes, i. e.

St =soexp {(pn— 02/2) t+ oW},

with p, 0 > 0 and W being a one-dimensional Brownian motion. We aim at finding
the price process of an European call-spread option with pay-off

G(S1) = (ST —x1), —2(ST—«K2) .,

where k1, kp > 0 are strike prices. Thus, we can againset X = Sand £™ = & = ¢(St).
We also assume to act in a market with different interest rates for borrowing and
lending. That means, we can invest money in riskless assets at rate r > 0, whereas
bonds can be emitted at rate R > r. According to Bergman| (1995), the dynamic of
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the price process is then described by
T w—r Zu T
Yt:q)(ST)_J ™Wut——Zy—R=7) (Yo —— du—J Z, dW,,.
t (0} (0} + t

As concrete market parameters we choose
T=025 s =100, r=001, R=0.06, u=0.05 o=02

The strike prices are fixed with k; = 95 and k; = 105. The numerical solution will
be obtained by least-squares Monte Carlo. For this purpose we define the function
bases fori=0,...,N—1

m(x) = (x —95)4 —2(x —105) 4,
M2(x) = Tpxcay (%), M3(x) = L1801 (%),
Mk (%) = Lixe04+140(k—1)/(K—3), 40+ 140k /(K—3))}(X), k=1,...,K=3,

where K is the dimension of the function bases. Again the bases are identical for
d = 0,1 within each time step. The simulation parameter grow depending on
m=1,...,10and 1 =3,...,5, clearly

N = [2 fzmﬂ, K = {3 \fz’“ﬂ +1, L= [2 fz”mf”} .

See also the explanations concerning the basis choice in Case 1 of Note, that
this time the approximators are functions of X = S and not X™, since the geometric
Brownian motion can be sampled perfectly. Given these specification, we receive by
least-squares Monte Carlo the approximators for (Y, Z), that is

Y’Z :n(ll XtL)&SEU Zz:l :n(lr th)&f1

The global a-posteriori criterion Ex (Y™, Z2™) is now estimated by drawing 1000N
samples of X = S and applying then Monte Carlo simulation. The results are shown
in Figure

Like before the three paths correspond to the different choices of 1. Each path
represents the estimated criterion for a simultaneously growing number of time
steps N, dimension K and sample size L. Whereas the a-posteriori criterion does not
seem to converge in the low-cost case | = 3, we have a growth rate of —1.09 in the
expensive case | = 5. This is consistent with the theoretical results. Apart from that
we observe that the criterion decreases with rate —1 for 1 = 4. Here, the numerical
results turn out to behave better than the theory suggests. Nevertheless, the absolute
values of the a-posteriori criterion proceed on a higher level for | = 4 than for 1 = 5.
In case of 45 time steps we end up with a criterion value of 1.39 for the middle-cost
simulation (1 = 4) compared to 0.86 in the expensive case.

In the present example it might be prohibitive to turn the sample size of the
expensive case any higher due to the computational complexity required by the
evaluation of the pseudo-inverse of

\}L(m(xm 16X KOX) a1

.....
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| | | | |
2 3 4 6 8 11 16 23 32 45

10

Number of timesteps, N =2, ..., 45

Figure 3.5: Development of the global a-posteriori criterion for a call-spread option

see also Subsection Here, we have to deal with function bases that consist
of the pay-off function and indicator functions. Thus the above matrix is generally
not orthogonal. In contrast to that, the bases of Case 1 in Subsection are
composed by indicator functions only and thus the corresponding matrix used for
least-squares Monte Carlo is orthogonal. Then the calculation of the pseudo-inverse
in order to receive a solution of the minimization problem of type can be
avoided. Indeed, computing projections on orthogonal bases are connected with
smaller computational complexity. For an overview of the absolute values of the
sample size L we refer to Subsection [3.4.1]
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4 Enhancing the least-squares MC
approach by exploiting martingale basis
functions

4.1 Construction of the simplified algorithm and examples
for martingale bases

In subsection 2.2.2|we reviewed the least-squares Monte Carlo approach on estimat-
ing conditional expectations. The objective was to tackle the conditional expectations
that appear in the time discretization scheme (2.3). Clearly, there are (D + 2) condi-
tional expectations to be calculated in every time step, i. e.

E[AWa:YF IXT], d=1,...,D (4.1)
EDVE L IXT, (4.2)
E[F(ts, ST, YE_, ZE)IXE . (4.3)

Our contribution is now to provide a certain structure such that (4.1) and (4.2) are
computable in closed form and only (4.3) remains to be estimated via least-squares
Monte Carlo.
Roughly speaking, we suppose that at time t; 1 an approximation y?erl’L (XE,.,) =
Y,ZT_’K’L of YT is at hand such that y™*'"(x) can be expressed as linear combination
i+l i+1 i+1
of basis functions g x (1 + 1,x), i. e.

K
Yyt ) =) Emer(i+1,x),
k=1

where K is the dimension of the function basis

T]O(l + 1/X) = {T]O,l (1 + 1/ X)r <+,To,K (1 + 1/ X)}

Note, that the dimension of the function bases stays constant over all time steps.
Then, we assume that the basis functions form a system of martingales in the sense
thatforallk =1,...,K

EMmox(i+1, XT JIXE] = mox(i, XT,),

tiy

EAWg,mox(i+ 1L XE, )IXF] = nax(i, XF), d=1,...,D.

titg
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4 Enhancing the least-squares MC approach by martingale basis functions

By this construction we receive for each k = 1,..., K martingales (T](),k (i, XT, ))

. . 0<igN®
Because of this definition we have

K

E[AW a1yl (XT IXT] = Y amax(i,Xy), d=1,...,D,
k=1

~

ERy S OXE IXT] = aumou(i, XT).
k=1

However, the non-linearity of F calls for the application of some estimator for the
conditional expectation in (4.3). Like before, we choose for this purpose least-squares
Monte Carlo. Before giving a complete description of the algorithm, we fix the
necessary conditions for the martingale bases setting.

Assumption 6. Let no(N,x) = {ng1(N,x),...,M0,k (N, x)} be a K-dimensional basis such
that

(@) EMox (N, X{, JIXE =xI =mox(i,x),
(b) E[AW4,inox (N, XE, )IXT =x] = nqa (i, %)

are computable in closed form forallk =1,...,Kandi=0,...,N — 1. Then we define the
bases T]d(izx) b}/ {nd,l (l/ X)/ <o, Nd, K (1/ X)}/ d= 0/ ceey D

Now, we give a description of the algorithm. Similarly to Subsection we
make use of a set X" of independent copies of (X[, )t,en, precisely we define

XL ={(A\W,,\XT ),i=0,...,.N—1,A=1,...,L).

tit1

First, we check if
E[p™(XTIIXE, =x],  E[AWg 1™ (XTIXE, = x]

are available in closed form. If so, we add ¢™(x) to the function basis at time ty.
Otherwise we approximate ¢ (x) by a linear combination whose coefficients solve
the minimization problem

&QKL—argm]}anZIno N, A X ) — ¢ (L XT, ).
xe

Whatever the case, we can proceed from the assumption that a coefficient vector

&y T has been chosen, either by perfect evaluation or by least-squares Monte Carlo

estimation. Similarly as before we start with gﬁ‘( L( ) = 10N, x)&y KL and repeat
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thenfori=N-1,...,0

1
57K, L - AWK L
gy (x) = End(l,x)a?+1 , d=1,...,D,

L
7, K,L . 1 /(s T
&; = arg min — E Mo (1, AXT, )
xeRK L )

A~ 70K, L ~7,K, L 2
_F(ti/)\SE/y?Jrl ()\XEJJ)/Z? ()\XE)N 7

Xy = ai+1 i

~70,K, L . A7, K, L
97 (%) =mo(i, x) &g

~ 70K, L ~T, KL As a”rK/L
i 10y ’

(4.4)

The comparison of with the original scheme in shows that in the setting
of Assumption 6|only the conditional expectations of type have to be estimated
via least-squares Monte Carlo. This point right away reveals a main advantage of the
simplification. Particularly, in high-dimensional problems the computational effort
is thereby reduced significantly (from D + 2 estimations to one estimation only per
time step).

Nevertheless, the remaining application of least-squares Monte Carlo related to
causes a projection error due to the basis choice and a simulation error. Similar
to the original scheme in Lemor et al.|(2006), the simplified least-squares Monte Carlo
scheme as well requires the implementation of truncations in order to attain a con-
verging simulation error. Hence, we also have to consider a truncation error. Before
analyzing how the different error sources contribute to the approximation error in
the enhanced approach, we will illustrate by several examples the construction of
function bases, that form a system of martingales according to Assumption [}

Example 15. This example is based on the assumption that the terminal condition
fulfills & = ¢(St1) and the forward SDE in is solved by a (possibly multi-variate)
geometric Brownian motion. We model S by D identically and independently dis-
tributed Markov processes (Sq,t)tc[o,T] With

1
Sat = saoexp{(n— Eﬁz)t +0Wqae), d=1,...,D,

where sq0, 0 > 0 and p € R. In this setting the approximation of S by S™ becomes
obsolete as S can be sampled perfectly. We will explain the creation of martingale
basis functions for three different cases. As the terminal condition is not path-
dependent in the present case, we simply set X = S.

Precisely, we suppose that no(N, x) is (i) a set of indicator functions of hypercubes
of the state space of X, (ii) a set of monomials depending on X or (iii) includes the
pay-off function of a European max-call option.

(i) Indicator functions of hypercubes: Let 1p(N, x) be a set of functions

MNabl = Liab) = Liay,byix-xlap,bpl-
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4 Enhancing the least-squares MC approach by martingale basis functions

Due to the independence of (Xgq,¢)tepo 1) foralld =1,..., D, we receive

D
E[Tl[a,b}(XT” Xti == X] - H E[]]‘[Cld,bd](xd,TNXd,ti = Xd]

o
L

(ba) —N(daq) -

I
—o
Z

o
I

1

Here N is the cumulative distribution function of a standard normal applied
on

log(aq/xa) — (n—0.50%)(T — t;)
oT —1t

and an analogously defined bg.

aq =

(ii) Monomials: For monomials np(x) := x}'' - - - xP” one has
EMp (X7)[ X¢, =X H x5 exp{(pap +0.5pa(pa —1)0%) (T — i)} .

(iii) For the payoff function of a max-call option 1« (x) = (maxq—1, D Xq — K)4, it
can be derived from the results by |Johnson! (1987) that

D
Eme(X7)[ X, =x] =) e T %xqNoys(aqq)
a—1

( HN(lOg K/Xa) G(MT—_OEGZ)(T—H))) ,

where Ny s is the distribution function of a D-variate normal with mean vector
0 and covariance matrix X. Precisely,

log(xa/k) + (K + 0.50%)(T — t;)
L (loglxa/xa) + (T — 1))

S

1
“ar = TR ; '
1
—(log(x +02(T—t
ﬂ( g(xa/xp) ( ))
withd=1,...,D,d # d ,and
1 1/vV2 1/vV2 - 1/V2

1/v2 1 12 - 1/2
s=| 1/v2 1)2 1 1/2
1/ﬁ 1)2 1/2 1
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4.1 Construction of the simplified algorithm and examples for martingale bases

Now we assume thatny(i, x) is computable in closed form according to Assumption@
(a) and is continuously differentiable with respecttoxq, d =1,..., D. When it comes
to calculating conditional expectations of the form E[AWg ing (N, X{‘i+ JIXE =x]in
the present setting for X = S we can apply for i < N the following rule:

. 0 .
Nal(i, x) = oxq afno(l, x). (4.5)
Xa
Indeed, for the one-dimensional case (D = 1) one easily computes

d . d .
GX*T]O(]'/ X) = GX&E [T]O(l + 1/ Xt

dx ) |Xti - X:|

= 0X 1 JOO (4 uT d
T 2nA dx
1 [ _x2d

i+1

no(i+1, Xe“u““*O'SGZ)Ai)du

= | € ggnoli+ Lxem 108 au
iJ—o0
[ d w2
= | Molt LxeT 1 03Ay o (_e Mi) N
iJ—o0
= \/17 [OC no(i+ 1 Xeo‘u+(}l*050-2)Al)ie_%du
ZT[Ai J—o 4 Ai
1 .
- KE[AWlno(l +1 Xti+1)| Xe, = ]
i
1

= —EIAWino(N, XF, )| Xy, = .

I’

Analogously we receive the multi-dimensional case. Using formula (4.5) we can
then calculate the conditional expectations of type E[AWq ing (N, X?H)I X§ = x|
for the above examples of 1p(N, x), e.g. indicator functions, monomials, and pay-off

function of a European call.

Remark 16. It might be objected, that Assumption [f] oversimplifies the problem of
estimating conditional expectations that appear in the time discretization scheme
(2.3). Indeed, the crucial point consists of finding appropriate basis functions, that
tulfill the martingale property. A way out might be to find basis functions that match
the conditions of the martingale setting at least approximately. When it comes to
pricing and hedging European options, there are often approximative solutions for
the price and its delta available, which can be used in this sense.
Generally, one can exploit the approximative terminal condition and estimate

no(i,x) = E[@T (XTIXE, =x],
nd(llx) = E[Awd,id)ﬂ( tN)|Xti :X]/ d= 1/--~/D

by Monte Carlo simulation. To this end, we use samples of X?];ti’x, where the upper
index denotes that the Markov process starts in x at time t;. Both approaches to
tinding basis functions should be complemented by further functions for the least-
squares Monte Carlo estimation of E[F(t;, S{‘ , Yﬂl+ iy Z7T )IXT]. For this purpose, see
the above proposals. A related numerical example can be found at the end of this

chapter.

65



4 Enhancing the least-squares MC approach by martingale basis functions

Similarly to Section we will proceed with the analysis of the approximation
error step by step. Again, we will start with the projection error.

4.2 Error sources of the simplified scheme and their
contribution to the approximation error

4.2.1 Projection error

We first examine the projection error of the simplified least-squares Monte Carlo
scheme. To this end, we assume that 4.1) and (4.2) are computable in closed form

and is replaced by
Po,i (F(ti, ST, YT,

. ~ 71, K
ti+1’ZZETwL)) :nO(LXE)(x?, 7
with

~ K __ : . QT
& =arg oirel]}& E[F(ti, ST, Y{‘m,

Z7) —mo(i, XT) o,
Thus, the adjusted scheme reads then foralli =N —1,...,0 as follows:
VIl = o™ (XT,),

X 1 .
7T = XE[(AWJ*YQ’EI X7, (4.6)

1

i+17

VE’K = E[?’Z,Jrkl ‘ XE] — Aifpg,i (F(ti, SZET_I,V?'K ZQ'K))

Lemma 17. Let Assumption |2| be satisfied. Then there is a constant C depending on x, T
and D such that

N—-1
O, K 2 . 5 K2
Jmax BV — VP ;) AE|ZT - 27K
N—-1
<C Y AEP(F(t, ST YT, ZT)) — EF(t, ST, YE L, ZEIXTIR
i=0

As the proof of Lemma(l7)involves procedures that will be repeated for the analysis
of the truncation error, we first show general estimates on the L?-distance of two
processes Y, k =1,2and Z, k = 1,2, respectively. For an (Fy, )¢, ex-adapted triple
(sfi,y]t‘i,z‘fi)tiem these processes are defined fori =N —1,...,0 by

ﬁﬂiq = EJEN’
~ 1
Z, = L ElAWR)yE 1T, 4.7)
1

Ve = Elyf,, | Fed — AWM (Lt st vt 28)),

i+17 ThH

where W(K)({,.), k = 1,2 are operators that map Uona JF¢,-measurable random var-
iable W(%) (i, 1), k = 1,2, respectively. Precisely, ¥(¥)(i, ) can e.g. be the conditional
expectation or some other orthogonal projection on a subspace of L?(F, ).
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4.2 Error sources and their contribution to the approximation error

Lemma 18. Let WV (i, ) = Poi(-) and
Y4, =Pi() or WP(i,) =E[ Ty

Supposing that yi,1 =0, ..., N — 1 is a series of positive real numbers and F is Lipschitz in
(s,y,z) with constant k, we receive for q; = (1 + ]l{S%ﬁS%i})Kz(l +D),i=0,...,N—1
that

1+ qiA;

EIVE, = VB < (14 AR, — v}, | F0P+ =5 Elsy, — o3,
+ + 1+D
+ (1 + ini)AiEUULH - U%M ?+ 5|ZL — 2 1]
1+ qid
+ #Ailﬂ?oﬁ (F(ti’ s%vy%iﬂ’z%i)) _qj )(1 F(ti, Stl,yt1+1/ z4 ))|2’
1
(4.8)

AEIZY, — 25 P <E i, —vi P Bl — w315 (4.9)

and

A1E|le,ti - z%l,ti|2 < <1 + ;']:A’.L) E|y11+1 _y%iﬂ |2
i

A — 1VEIV! — V2 12 gi AEls] — g2 12 QiA.El_zz
+(Y1 1 ) | ti t'1| +Y1(1+D) 1 |sti Sti| +D'Y1 t |Zti Zti

+ ;AiEI‘POi(F(ti,s%i,y%iﬂ,z%i)) — W (i, F(ty, 8T, vt 20 )P
(4.10)
Proof. From now on we abbreviate as follows:
AY; = Pos (F(ty, st,,ut,,,,2t,)) — W (i, F(ty, 53, YT 71))
In view of {.7) we can write ford=1,...,D

. 1
Z5, = A—iE[AWd,iy‘t‘M | Ft,).
Thanks Holder’s inequality we have
- - 5 1/2
VAUZh 230 < E (Il —vh - Bl — v TG 5

and follows immediately by computing the quadratic term and by considering
the rules concerning conditional expectations. Due to the definition of Y we obtain

AEIZY = 25, P <Elut,, — i, P —EIVE — V52— 2AGE(YY, — V3 (AW)).
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4 Enhancing the least-squares MC approach by martingale basis functions

Young's inequality yields for some y; > 0

51 52 2
ARIZg, — 2G4l

I 1 (4.11)
<Eli,, — v, P+ (A - DEVE - V212 + ;Aimw.
1

Taking the possible definitions of Y(2)({,.) into account, we can either make use of
the orthogonality of Py ; or of the identity y2)(q,.) = Po,i(+). Thus, it holds true that
AEIAY: < AE[Pos (F(ts, st ut,,,02t,) — Flty st vt 20)) P
+ AEIPy; (F(ty, st vt 23)) =Y (A, Fle, st vl L 23)
The contraction property of the projections and the Lipschitz condition on F lead to
2
AEIAYP < CAE[lst, — 8T+ lut,, — i+ lzt — 2]
+ AEIPo (Flty, s2,u2,22)) =Y (i, F(ty, 3,02, 22)P
2¢ 1 22
<(1+1 {Siﬁsii})K E[s;, — sl (4.12)
1
+(1+1 {Siis%i}).(m +D)AE[lyt,,, — i, P+ 5|z1i — 23 ]
+ AiEmJO,i (F(tll S%i’ y%i+1l Z%i )) - ly(2) (11 F(til s%i’ y%i+1/ Z%i )) |2/
where the last step followed by Young’ s inequality. After setting q; = (1 +

1 sl# S%i}) k2(1+D), we apply (#.12) on (£.11) and receive immediately (£.10). Turning
to the Y-part we obtain by Young’s inequality

~ ~ 1+ qg;A;
EIVE — V2P < (1+ qid)E[ERL,, — 2 TP + 2 AE AW, .
1
The estimate in (4.12) completes the proof of (4.8). O

After these preparations we turn to the
Proof of Lemma[l7] We want to apply Lemmal[l8] To this end we set
oK 57K
(S%i/ y}[i’ Zii)tieﬂ = (S’]t—[ll Y‘:: 7 Z'ItTl )tiETU
(S%i’ U%i/ Z%i )ti€7'[ = (Sz(-[l/ Y{i/ Zz(-[l )tiET[

and Y@ (i,.) = E[ XT.]. Then q; = k2(1+D)foralli=0,...,N—1. That means, we
are now in the setting of and (2.3). Hence, we receive by

EIVE — VERP < (1 + A EIEVE | — VK XTP
- 1 A
+ 1+ GADAE[YE,, — VISP + 5128 - 257
+ CAEIPo (F(ti, ST, YT, ZE)) — E[F(ty, ST, YT, ZE)IXTIP.

7 Tt 7t
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4.2 Error sources and their contribution to the approximation error

By exploiting we obtain
EIVE — VERP < (14 qiA) (1 + ADEIYE, — YK
+ CAE[Po (F(ti, ST, YT, Z8)) — E[F(ts, ST, YT, ZE)I XTI

tit1” titq”

Gronwall’s inequality leads to

EIVE — VKR < eT(1+qi(1+|n|)){E|y?N YK
i i N
N—-1
2
+C 37 AR (F(ty, SF, YT, Z5)) — EIF(Y, ST, VG, ZE)IXEP .
j=1

Since Y, = Y['%, ¥, the upper bound for the Y-part is proven. Thanks to (&10) we get

tiya

AEIZE, —ZFKP < (H%Ain—:mﬁ — VKPR
1

+ (viddy — DEIYE, — VNP + S AE 75 — 27K
' Dyi ‘ ‘
1
+EA1E|TO,1(F(J[1, SQ,YWH,ZT{)) [F(ti, SQ,YHH,ZT[)‘XT{ |

Summing up from i =0 to N — 1 and setting y; = 2q; yields

D AEIZE - ZTFP < D(1+4q; )TO max_ EIYE —VIRP

\1\
p N1
o > AE[Po (Flty, ST, VY, ZT)) — E[F(ty, ST, YT, ZE)IXTIP.
i=0
We finish the proof by applying the upper bound on E|YY, — VQ’K 2. |

4.2.2 Truncation error

For technical reasons we require an approximation of (Y, Z) that is bounded. Pre-
cisely, we modify the scheme in by applying a truncation function on \?flfl and
ZEK foralli=0,...,N — 1. For this purpose we define for some R-valued random
variable Uand R > 0

R
R/ VA = WAU\/\/A?

By implementing the truncations in we obtainfori=N—-1,...,0
YT[ ,K,R [ d)n( )]

[Ugr:=—-RAUVR, [U]

z”KR ATTE[AW, Y“KR =1,...,D
[ ! X }R/«/\A ’
YRR — [E VKR X ] — AsPo (Fity, s?,Y“flR,z“KR))}R.
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4 Enhancing the least-squares MC approach by martingale basis functions

However, introducing truncation functions cancels out the advantage of Assumption
[6l This is insofar no critical factor as truncations in practice are generally neglected.
The next lemma gives information about the truncation error, which determines the
difference between (VQ’K, ZE’K)tien and (\A(,Z:’K’R, ZQ’K’R)tiEﬁ.

Lemma 19. Let Assumption |2| be satisfied. Then there is a constant C depending on k, T
and D such that

N-—1
orgr%iXN EWQ,K o V’Z'K'RF + Z AiE|ZZ:{K _ ZZJ_I’K'RF
i=0
< CNKi2€ max E[YT €
X R2e—2 0<i<N t;
N-1
+C D AR (Flts, ST YT, Z0)) — EIF(, ST, YT, ZR)IXE)P.
i=0

Proof. By Young's inequality we receive

N-—-1
max E[VIN - VIORP L N AEIZES - ZTERP
0<igN i i 4 i i
i=0
N—-1
<2( max BTN~ YRR+ Y AEIZES - Z5P)
2 1 1 1 1
0<igKN —
1=

N—-1
2( max EIVE —VIRRR4 Y AEIZE - ZFRRR).
PR BV TV L AEZ 2

An upper bound for the first summand is given by Lemma [17] and it remains to
analyse the second summand. This will be done in two steps.
Step 1: We start with calculating estimates for

o7 K,R 2 57K R 2
BIVE = YO Py o)y MENZE =230 Pz, 1ory van)-
The application of Young’s inequality and then Holder’s inequality yields
oK, R 2 2 p2
EUY‘Z - Y?i | 1{|YZ|>R}] S ZE[(MTJ +R )]1{\Y;\>R}]
< 2E(YEPEIVE(PYE | > RDVC + 2R°P{| YT | > R},
where ( > 1 is determined by e ! + (! = 1. Due to Markov’s inequality we have

E[|Y-7t:'_?E/K,R|2]l ] < 2E|Y‘7t'[1|2€(R*27e 4 R272€) g 4R272€ max E|Y‘7t.[i|2€'

(1Y I1>R) 0<i<N

Analogously, we obtain

AE(ZG 0 = 25 Phyzg, ory van)) < 4EIVAZE, PRI
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4.2 Error sources and their contribution to the approximation error

By the definition of Z7 , and Holder’s inequality, we achieve

2e
tii| g
ZT[,K,R

e |21{|Z§,ti|>R/ /A7) the same upper bound as

|2€

EIENYE,, PIXT]I® < EIVE

i+1

AW
Bl VA, P < EfE[ TR

Thus, we receive for A{E[|Z] | —
oK, R 2
for E[IYF, — Y{/ ™7 ]1{\Yfi\>R}]'
Step 2: For the application of Lemma we define

(SL/UL/ Zli)tiET[ = (SQI?Q,K,R/Z?{K,R)tiEﬂ/

(SL,U%U Z%i)tiETI = (S7t-[1/ Y':[i’ Zﬁ)tieﬂ
and set Y(2)(i,.) = E[~|Xfi]. Then we have q; = k(1 + D) foralli =0,...,N — 1.
Note, that in view of this definition the Lipschitz continuity of [-]r yields

EIVESR — YR P = E[IVEFSR - Yz|2]1{|Yf |<R}] +E[IVEFSR — thi'z]lﬂ\@ =R}

Gl w22 o7, K,R 2
< E|Yti - Yti‘ + EUY’:L - YZCTI| 1{|Y:i|>R}]
(4.13)

and analogously

BZ3S = 25 < EIZL - 2P+ EI205° - 25, P 2n, 1ory van)-
(4.14)

We obtain by (4.8),

IV, — V&P < (14 quAEIENVTS R — YT IXTIP

t1.+1
+(1+ G ADAE[VEER —vE P+ 5|z:g‘</R — 7P
1 + qid;

i

Due to (4.14) and (4.9) it holds true that

AEIPoi (F(ts, ST, YE,, ZT)) — E[F(ty, ST, YT

tip1/

ZT)IXEIP.

tit1”

E[VE, — V&P < (1+ qiA) (1 + AQENTR —vE P

i+1
57, K,R 2

+ (1 + qlAl)AlE |:|Z§,ti - Zg,ti| ]l{|Z7dT,ti‘>R/ \/E}]

n 14+ qiAs

i

AE[Poi (F(ts, ST, YT, ZT)) — E[F(ty, ST, YT

+17 i+1

 ZE)IXTIP.

Considering (4.13) and the upper bounds derived in Step 1, we can employ Gron-
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4 Enhancing the least-squares MC approach by martingale basis functions

wall’s inequality. Hence,

_ . B NKZe
1 2 12 T(14+qi(1+]7| 1 2 12 2
BV}, — V2 < "0 a0 gv] -V P+ Cos max EYE e
N-—-1
+C Y AR (Flty, ST, VT, Z3)) — EIF(;, ST, VT, ZE)IXG P}
j=1
2¢ )
€
< CNWOmaXN E|Y7T|
N-—1
+C Y AEPo; (F(ty, ST, YT, ZT)) — E[F(ty, ST, YT, ZE)IXTIP,
j=1

(4.15)

as Y{ — Y =0. Inserting this result in (.13) and using again the upper bounds of
Step 1, has the consequence

E|Y€:’K,R _ Y?JZ < CNR2—2€K2€ max E|Y1T:[1|2€

0<i<N
N—1

+C Y AEIPo; (F(ty, ST, YT, Z3)) — EIF(y, ST, YT, ZE)IXEIP
j=1

Exploiting (4.10) and (4.13) gives

2€

t1+1|2 +C—— max EIYE 2€

~ ~ q ~
AEIZy, —Z5 P <(1+ ﬁAi) BV —V¢ 23,

+ (viA — DEIVE, — V2P + qu AEIZTRR — 77
1

1
+ ?AiEKPO,i (F(tll SI[/ Y~7trl+1/ Zz[‘[l)) - E[F(tl/ SE/ YT[ ZTC )| XT( |

tip1”

Taking (4.14) into account and summing up from i = 0 to N — 1, it turns out that

N—-1

Z AEIZTRR — 772 < D1+ A EVE, — V2 P
o ' ' YN-1
DA EIYl Y2 24+ Z qlA E|Z7IKR Zn‘z
Yi
i=0
N—-1 q Kze
1 2e
+C ZO D(2+ - “Ai) goes max EIYY]
N-T
+D Z ﬁEKPO,i (F(tll SZ[:/ Y7T+11 ZT[ )) [F(tll SE/ Y7t-i+1/ ZZ[-:N XZ[:“Z/
i=0
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4.2 Error sources and their contribution to the approximation error

where q_1/y_1 := 0. By definition, Y}, — Y7 = 0. Choosing y; = 2q; yields

N—1
> AEIZEOR - ZEP <TD(1+4q;) max E[Vf — Vi
i=0 OSisN—
1
+ CND(2 4 5A{)R*?¢K*¢ max E[Y]
2 0<igN
N-—-1
+C Y AEPo (F(ty, ST, YT, Z7)) — E[F(ty, ST, YT, ZE)I XTI
i=0
Due to (4.15), we have
N-—-1 2¢
57, K,R 2 2
% AEIZESS = ZEP < ON ey max EIVEP
N—1
+C ) AE[Poi (F(ty, ST, YT,  Z8)) — E[F(ty, ST, YT, ZE)IXTIP O
i=0

Recall, that the above approximators can be expressed by deterministic functions
of (XT.)t;en- Thus, there are functions {7 KR(x)and 27 K R(x) such that
YJZ‘E,K,R _ gi’( K, R(XI:)/ ZTE,K,R — 2?,K,R(X?‘)
For the analysis of the simulation error of the martingale based least-squares Monte
Carlo approach we require 7% (x) to be Lipschitz continuous in x. Therefore, we
have to endow the approxunative terminal condition ¢™, the approximation of S™

and the Markov process (X{, )+, ex with additional properties, that imply the desired
Lipschitz continuity.

Assumption 7. (i) The approximative terminal condition ¢™(x) is Lipschitz continuous
(uniformly in 1) and supy [$™(0)] < oco.

(ii) We denote by ST/ A0S i <4 < N the approximation of (St)¢e [ty,,T) that starts with
SZ:_IO — 5. Moreover, we call X7""0*
we require for the Markovian formulation of the time discretization, see Subsection [2.2.1
That means, Xfi’oio’x = x, where x is determined by s only and its first component is equal to

s. Thereis a Cx > 0 such that foralli =1ip,...,N —1

, 10 <1 < N the related multivariate Markov process that

P
E|Xn10x 7'(10X |2 + E|S7Tlo . SZLTi,IOIS ‘2 < Cx|X—X,2,

uniformly in iy and T
(iii) There is a C > 0 such that for any x
EIXT% — x2 < CAy, (1 + ).

tig+1

uniformly in ig and .
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4 Enhancing the least-squares MC approach by martingale basis functions

Remark 20. The above assumption on S™ is naturally fulfilled in case S satisfies
Assumption 2]and is approximated via Euler scheme.

Lemma 21. Let Assumptions2|and7|be fulfilled. Then there is a Lipschitz constant kg > 0
depending on , T, D and Cx such that

MK R KR
O3 (%) = 95" ()] < krlx — x|

forig €{0,...,N — 1} and x, x' real-valued samples of XF..

Proof. Let s and s’ be the first component of the vectors x and x’, respectively. First,
we define analogously to (1.3) forward SDEs that start at time t;,. Precisely, we set

t t

b(u, Si?”‘)du + J o(u, Siﬁ"‘)qu

Shox — +J
t

i ip

for t € [ti,, T]. The forward SDE S}t"’xl is constructed analogously. We call Sfi’io’x
and Sz’i“’xl for i =1ip,...,N —1 the time-discrete approximations of (S}:O/X)tg[tio,-r]

and (S}EO’X, Jte [ty T]- The related multivariate Markov processes, that we need for the
Markovian formulation of the time-discrete BSDE (see Subsection[2.2.1)), are denoted
by Xfl’io’x and Xz’io’x/ fori=1p,..., N and shall fulfill Assumptionen, QQ’K’R (x)
is the solution of the following scheme. Fori =N —1,...,1y we conduct

VR = om o]

R
Z:{,E,R,w,x = [A;lE[AWd/iYS,K,R,Ioﬂ ?ti}i| , d=1,...,D
o . R/ VA
O, K,Rig,x __ o7, K, R, ig,x ) )  emiox YK Rigx 570K, R g x
Yti - |:E [Yti+1 | ?ti} - Alj)o,l (F(tlr Sti 7 Yti+1 , Zti )) R.

Hence, QQ’K’R(x) = Y,Z;K’R’IO’X. Analogously, we can evaluate Q?O’K’R(x’ ). Again we

exploit Lemma Therefore, we set
1 1 1 o ,i9,x w7, K,R,ip,x 47,K,R,ip,x
(Sti/yti/Zti)i:io ..... N — (St-l /Yti ’Zti )

s i A s i A 3 i
,ip,x" ¥, K,R,ip,x T, K,R,ig,x"y |
Sti /Yti ’ Zti )l:lg,...,N/

i=ip,..., N~

2 2 2
(st Yt 2t Ji=ig..N = (

and¥?)(i,.) = Py ;. Herewehave q; = (1+]1{51_¢S%_})K2(1+D) foralli =1p,...,N—1.
Note that [-]r is 1-Lipschitz. Thus, due to follows

A

A > : !/ A H A s !’
E|Y,7[:’K'R'1O’X _ YS,K,R,lo,X |2 <(1+ ini)E|E[Yﬂ'K'R’1U'X _ YW,K,R,IO,X | Fy ]|2

i tit1 tipg i
1+ qids - o
( :__:Ib 1)A1E|Sz'10'x o Siri,lo,x |2
N . N . f 1 4 . R . f
+ (L4 QA AE[V 0 - VSR 2 4 Sz Rt — 255 R 2],
(4.16)

74



4.2 Error sources and their contribution to the approximation error

Note, that

57, K,R,ig,x __ —1 o7, K,R,1p,x
VAZTRRAX [\/Ai E[AW, VK

x Cﬂ.l]}R, d=1,...,D.
In view of the Lipschitz continuity of [-]g and we achieve then
F1770K,R,ip,x 7, K,R,ig,x’ |2
A1E|Zd,ti Z At |
o, K,Ripx  vmKRigx 2 o7, K, R, ig,x 7, K,R,ip,x 2
|Yti+1 Yti+1 | E|E[Yti+1 Yt1+1 | &rti”

Applying this result on [#.16) together with Assumption[7](ii) on S™ yields
E|Y7T,K,R,i0,x _ YTI,K,R,io,X/|2
ti ti
7,K,R,ig,x 7t,K,R,ig,x’ |2 12
< (1+Ai[qi(1+Ai) +H)E|Yti+1 _Yt-H_] |© 4+ CAilx — x'|".

Making use of Gronwall’s inequality and after that of the Lipschitz continuity of [-]r
and the Lipschitz condition on ¢ leads to

A 2 A > i
E|Y§,K,R,10,X _ YfirK,RllorX |2
< e T(qi(1+|m))+1) (E|VJ:\/‘K/R/10/X _ yn,K,R,io,x"z +CThx — X/|2)
< CE[G™(XT0%) — ™ (XT )2 4 Clx — X/
H I
C <E|x1‘;°' —XEN R = xP).

Recalling Assumption [/|we can finish the proof. O

4.2.3 Simulation error

First, we translate the "function’-based scheme (4.4) in a ‘random’-variable based
approach. To this end, we denote by o(X" U X[ ) the o-algebra generated by X" and
XT. Moreover, let P be an operator defined by

Ph (Pt AST AT OXE, ) 2 O )

= (nali A XE Do)

where, by (£.4),

7
A=1,..,L

1 l

L
1 : . 5
&t =arg min = 3 ol \XG e — Flte aST, 07 (T, ), 205 GXE))P.
xe A=1

In other words, given some function g(x) the operator Pl is an orthogonal projection

with respect to the norm (% Zk:l lg( AX{E)F)U 2, Based on the definition of ?iL, we
define also

PE(Flte, STOTS O, 475 (XE)) ) = ol XE Do

tip
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4 Enhancing the least-squares MC approach by martingale basis functions

With these definitions, we can reformulate (4.4). By definition, we have

o, K,L _ ~mK,L AT[KL
Yti+1 =Y (Xt1+1) Mo(i+1, Xt1+1) i+1

Considering Assumption 6| we can also write

1 .
23" =2y X)) = onali, XR)&E T
1

1+1
1
= E[AWgmo(i+1, X7, )& o(XE U XT)]
1
= —EAW, V75 M o(Xh U XE)).
i
Similarly, we obtain
YQ,K,L _ T]O(l XT( ) 5T K,L
=EMmo(i+1, xtw)ﬁ‘? (X" U XT)] — Amoli, X7 &
= IV ot U XT )] — AP (F(t, ST, VTR, ZQKIL)).

For technical reasons, we additionally have to impose a truncation structure on (4.4)
such that (VQ’K’L, ZZK’L)tieﬂ are bounded processes. However, we emphasize, that
the truncations in essence have a technical character and are usually neglected in
practical implementation. Hence, wesetfori=N—1,...,0

V?T;K,R,L = [no(N, XT )AnKL}R,

(1 )
3Rt = [ L AW VIS ol uXE)] o d=1,..D
YTRRL :E[Y”HKl R o (XU XT)] — APE(F(ty, ST, VERE, ngrRrL))} -

Our aim is now to examine the error

max — Z EIY7T KR _
O<1<N

ZE|Z7IKR
?\ 1

Like in the original least-squares Monte Carlo scheme, we have to trace this error
back to

- AT[KR 7T ~7,K,R,L 7T 1|2
OgixNLZEI AXE) = 07 GXE)

z
|
—

For this purpose, we introduce for i =0, ..., N — 1 the norms

L
1 7T T[t
— 2 _
HQngM = LA§_1|9(?\Xti+1)| , ”ng?{iﬂ = E 193 Xe/ P
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4.2 Error sources and their contribution to the approximation error

where g : RP — R is some measurable function and D_C”’ti is a set of so-called
ghost samples. Clearly, we denote by X’ t; = {(A\W; ,)\X7r tI)I?\ =1,...,L}an

independent copy of DCLH L= {(AW;, }\XT‘ JJA=1,...,L} conditional to {AX -1| A=
1,...,LL

Lemma 22. Foralli=0,...,N —1 we define by
Gi = { Moli, adg — 97 R (x)] o € R¥}

sets of bounded functions. Furthermore, we denote for alli=0,...,N —1
B2
Aiy1 =959 € Giyr ¢ [[gllgnne — Mgl <A 7.
g it

Under the Assumptions|2)and [7|we have for |r| small enough and B € (0,1]

K,R A KRL s, K,R 2 KRL
Jmax Ellg v +ZAEII v T

< C inf ElG7(XT,) — no(N,X?N)aF

xeRK

+ C(Orgix E[Y] — |2 + ZO AR|ZT — T[K|2)
1

N-—-1
N At K N
C(( max EIVES — VERRR4 3 AEIZEYS - 27RP)
FC{omag HY Y 2 AR S A

i=0
N—-1
+C ) AE[Po; (F(ty, ST, YT, Z8)) — E[F(ty, ST, YT, ZR)IXTIP
i=0
N—1 1
ClmP + CR? Y —P{[Ai1]),
+ Cld® + %Ai {[Ai11])

4.17)
where C is a constant depending on k, T, D, Cx and kg.

The following proof adapts the argumentation in|Lemor et al. (2006) on our setting.

Proof. Preliminary definitions and abbreviations: First, we will introduce the coefficient

B?’K’R’L, which solves

Byt = argmin Zmo b aXE) o Flty A ST 05 S GXE L) 275 R X))

tip 'z 1

In view of the definition of A)_(EE we have the following identities.

E[F(ty, AST, 07T RGXE ), 277 R (XT))  o(2h)]

tit1/7 "1
= E[F(ti, \ST, 07 R GXT ) 2R GXEDAXTD,

4 y1+1 tip
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4 Enhancing the least-squares MC approach by martingale basis functions

Thus, E[B?’K’R'Ll o(X")] is the minimizer of

L
1 . N .
2 Mol AXT ) o — EIF(ty, 3 ST, 075 GXT ) 27 F GXEN XTI,

For reasons of space, we will abbreviate the projection error of some Fr-measurable
random variable U. Clearly, we denote

Ri(U) = E|Po,i (U) — E[UIXTIP.
Error due to sample changes: For technical reasons the proof involves several so-
called sample changes. To this end, we repeatedly carry out the following estimation:
EHAT[KR AT[,K,RL”Z

Yip it+1
1+1

A~ 77, K,R ~7,K,R,L
<1+ AJEOTE T — 07 ¥ %

||A7TKR AT[KRL

2
~ 7, K,R ~7,K,R,L
[(H Yin _yl—l—l ”.')CtL 1>+]'

Yil — Y Hx“'ti
tiy1
By the definition of A; | we receive
ALK R A KRL2
Bl — 00y H

ti+1

K,R K,R,L 1 C (4.18)
<1+ AQE[OTE TR =0T tL’+1+CA{5+ —R*P{[Ai41]).

Ay

Main proof: Our proof goes through the following steps. In Step 1 we give proof for

the followmg estimate. Let &]"" % L € RX be the minimizing coefficient vector of

1 ) . R
iZ o (i, AXT Joe — F(ti, AT, 7 R M GXT, ), 27 R GXE D).
A=1
Then, for every I' > 0,

L

1 . _ N i 2

[ 2 EMo(L A X8 ™ — Po g (Flti, ST, 07 GXT), 20 (X)) P
A=1

o, K,R 57,K,R A 71, K,R ~70,K,R,L
< ‘YRL(F(tU SE/YQ+1 ’Z?«L )) +‘YEHy:{+1 _y:{+1 H !E— .
n

+ E||”‘K R RN+ il
(4.19)
withy =4 + (2 + T")k%. Applying Step 1, we will show in Step 2 that
BIIGE ™ — g7 IRy < C inf EIO™OX,) —mo(N, X7 o
_ N—1
+C Y ARy (flt, ST, YR, ZE5R) + Clnl® + CR? ) A—IP{ 410
= (4.20)
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4.2 Error sources and their contribution to the approximation error

In Step 3 we will turn to Z-part and deduce that

Z AE[EFER —2FE R < C inf EIOTOG,) —mo(N, X o

N—-1
+C Z AR (F(ty, ST, VR, ZE59R)) 4 Clml® + CR? Z —IP{ 1l

ir1 7
4.21)

Combining the results of Step 2 and 3 with the following calculation completes then
the proof.

Ri (F(ty, ST, VTR, 2R

< CE|Po,i(F(ts, ST, YE,, Z8)) — EF(ty, ST, YE , ZE)IXE][

+ CE|F(ty, ST, YE |, Z8) — F(ty, ST, Ve, 205

+1’ tiva”

+ CE|F(ty, s?,Yt
< CRy(F(ty, ST, YT

2
Z0°) —F(ty, ST, YRR, 2R

LI +C (Ewg VP EIZE - ”‘;KF)

70K 57, K
+C (BIVES — VERRR 4+ BIZTS - 275Fp) .

i+17

Step 1: Considering the definition of E[B KRL 6(X1)] and by Young's inequality we
receive for some ' > 0and y =4 + (2 + I')k?

L
1 . = ~ vy 2
T 2 Emo(i AXE) & — Po (F(ts, AST, 075 GXT 1), 275 X)) P

tip1/”
A=1

H>\-<

L
Z ElPoi (F(ti, AT, 0TS R GXE), 2R (L XE))

tip 1

— E[F(ti, \ST, 0T RGXT), 2R GXT ) o ()]

it

42LZE|E (16 AST OT R X, 2T R (X)) o)

tin
A=1

— Mo (i, AXT)EBT R o ()P

4
+YWLZE|T]O /}\X”)E[BHKRLM—(%L)] T]O(/)\Xn) nKRL|2

— (1) 4 (11) + (I10).

The summands of (I) are identically distributed forall A =1,..., L. Hence, we have

(I):%Ri( (ti, ST( YnKR ZT(KR))

tig 7
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4 Enhancing the least-squares MC approach by martingale basis functions

In view of the definition of E[B]" AR o(X")] we obtain

L
Yl 1 .y
(II) = ZE{ inf L}\leno(l,}\xti)oc

oelRK

- E[F(tlr )\S?/g?+]§ R( XT[

tip

) AR GXENAXEIP]

<% inf E|Inoli, X7 )a— EIF(ts, ST, 97 R (X, ), 27 (X))IXTIR
aeRK

:
= S Re(F(ty, ST, VLSS, 2555)).

Turning to (III) we exploit first the fact that &" KRL s o(XL)-measurable, then the
contraction property of the operator P- and the Lipschitz continuity of F and finally
Young’s inequality.

L
1 1 . . -
(III) < Ymi E E|n0(l, }\XQ)B?/K,R,L _ T]O('L, AXE)O{?rK,R,LF
A=1

L

1 1 ~7,K,R vty 27 K,R
Y(2+F)K2L;EIF(ti,;\S{‘,yTH GXE), 2R GXT))

— Fty, \ST TR GXT ), 2R GXT )12

1

1 A o
<Yar+T2g ZEI TERGXE) =0T R N GXT P

1 AT[KR AT[KRI_
+
Y(z+r) JE||2{ H
— (Ila) + (HIb).

The Lipschitz continuity of g”ﬁ R(x) and Assumption@ (iii) lead to

~ 77, K,R ~71,K,R,L
(Ia) < YEIGTT S — 97 1% +VKRLZE|A T XT P
~ 77, K,R ~77,K,R,L
g’YEHy:ﬂrl _y?Jrl || %i+1 +C|7T|

Summarizing the estimates of (I), (II) and (III) we get the result in (4.19).
Step 2: Note, that

ti1

OTRGXT) =[BT R GRE o]
— AP0 (F(tu AST AT R GRE, R GXE)

TR GXE) =[BT GXT I 0(Xh)] — Aumoli, 1 XE )&l ]
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4.2 Error sources and their contribution to the approximation error

Bearing these identities in mind, we first employ the Lipschitz-continuity of [-]g and
then Young’s inequality.

A~ KR A KRL) 2
Bl =08l

< (1474 ZEH:_”rKR Xe) = 9T GXE ) o(xh))

1+1 tit1 i+1

L
- A nKRL
+ (1 +yA; ?iZEMO ,)\Xn

— Po,i (F(ts, )\S?,Q?ﬁ R(Axﬂj) 2TRR( Xﬁ)))|2,
(4.22)

where ¥ is a positive constant. The application of 4.19) with' =D and y =y =
4+ (24 D)k yields

~T,K, R ~mK,R,L
Eflo" g H%CL

< (13801 3 BTN (GRS 0T LR o

tip
A=1
~ ~ 7, K, R ~7,K,R,L sT,K,R 4 KRL
L TAME | [0TSR — ORI MU R+ IR - 2R R
i+

+ (1+7A)AR: (F(ty, ST, VIR, Z99R)) + cailn.
(4.23)

Regarding the third summand of the right-hand side of the above summand, we em-

ploy the sample set X'+ in order to consider the dependency structure of 27" KRL(x)

7TKR( ) WKRL( )

correctly. In view of the definitions of 2 and 2 , respectlvely, and the

Lipschitz continuity of [-]r we achieve

VAR GXE) = 237 F X
<IVA) TR W (0T RGXE) — 0T GRS | o)

For an analogous application of Lemma I we set yp, | = =955 R(AXEE) and

y%m gﬂi R, L()\chr tl) Considering o(X") instead of Fy,, we get

AE|A7TKR( X'rr) A7C'1E1].<RL( XTI)|2

S BT OXE) — 0T GXEP (424
—EEDT TR GX) — 0T GXTD o (XhIR.
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4 Enhancing the least-squares MC approach by martingale basis functions

Inserting this inequality in gives
BT — 7R < (1 FAJRIOTE — 0T I
+ (L VADAEIOTE® = 9T
+ (14 ¥A) AR (F(ty, ST, VTR, 299%) + CAilnd.

A STt ~mKRL Wt
A sample change in 977X (\X{71) — 9T/ % - (AXt,.}) leads to

E[gT R — g?'K'R'LHﬁ% < (1+9A) (1 +2A)E[gTNR — g R )2 Y
C
+ CAR (F(ty, ST, YRR, 205R)) 4 CAln| + cAPT + A —R*P{[A41]°).

Thanks to Gronwall’s inequality we receive

~TK,R  ~7,K,R, L2 2 2)T ~71,K,R ~7,K,R,L 12
Ellof TERHRL < lYUHAmDTITE g TR —gTioR )

N—-1
1
+C Y ARy(f(ty, ST, VTSR, Z55%) + CinlP + CR? A PAA; I

+1 7
j=t

The definition of g{{,K R(x) and { N KRL(x) and the Lipschitz continuity of [-]r yield

~LKR A KR L
3 e

< e(Y(l+2|7’t|)+2)TE|: inf i Z ‘d)( ) —Tlo(N,AX?N)OdZ]

a€RK

N— N—-1

+CZAijj(f(tj,Sff,Y”flR,Z“KR))+C|7r|f3—|-CRZZ—IP{ 410
j=1

C;é‘nﬁ E[|¢( )= Mo(N, X Jod?|

— N—-1
+C Z AR (f(t5, ST, VTSR, Z255%)) + Clnl® + CRZZ Ly A1)

— = 4

This completes Step 2.
Step 3: Recalling the estimate in (4.24), we get by a change of samples

ATKR 4 KRL
AEl2ge " =230

A A C
<+ Ai)*E”yZE e e T O VA L
1

i+1

- fZEIE OT XTI — oI LR eI,
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4.2 Error sources and their contribution to the approximation error

fori=0,...,N —2. Making use of the inequality in (4.22) gives

27, K,R ~7,K,R,L
AE|ETRR — TR 2,

<1+ A')(l +YAit1)

w = Z E|E g:tJrl;R Ttt1+1) g:tJrléR L(;\XZZEHN O'(DCL)HZ

tit2

Al
+(1+ A1 +¥Aix1) ‘y* ZEmowLAX“H) Rt
A=1

~70K R Tt 7, K,R 2
_fPO,i+1(f(t1+1/}\st1+119?+2 ()\Xz+;+l)rz?+1 (AXZL.[L+1)))|

C
+ CAiBH + XIP{[-AH—l]C}

L
An K, R T[‘t ~7,K,R,L 7'[t ]_
Z BT GXe ) — 080 GXy )le(X NP

By summing up fromi=0to N — 1, we get

ZA EHAT(KR ATEKRL” \ 1+AN 1 EHAT(KR QEIK,R,LH%C{_N
N-—-2
+C Y (Ai+Ai)
i=0

A KR Tft ~70,K,R,L 7Tt L
x —ZHE GERGREE) - gEERE G XT) o1

N-—-2
Aiy
+ ) (1+A)1+7Au1) S LZE|T10 +1,XE, et
i=0

— Poie1 (Fltisn, AST L 0TS RGXT ), 2SR GXT, )P

tit
CR2

+ Clnd® [Ai1]).

Now, we conduct a sample change in the second summand of the above inequality
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4 Enhancing the least-squares MC approach by martingale basis functions

and exploit (4.19) with I' = 1. Hence,

sTKR _ 5 KRL KR _ ~mKRL)2
D ME|EgN -2y H < € max BT =7 Iy

N—2
- Y N 71, K,R,L
+ Zo (1+A)(1 +YA1+1)§A1+1EHU?+§R — o7 L
1=

i+2

N-—-2
- Y o ~
+ 3 1+A)(1 YA SALAE2 TR — TR R
i—0 i+1

N-—-2

K,R ,K,R
+ C Z A1+1:R1+1( (t+11 Sn+1,YJ::+2 ’Z’]tTi+1 ))
i=0
N-1

1
+ClmP(1+m) + ) CR¥( (37 DP{AAI):
i=0

For ¥ = 8Dy and |n| < min{1, 1/} we obtain then

1

Z As E||A7IKR AT[KRL” C maX EHyT[KR Q?T,K,R,LH%C!E

N-—-2
+C ) AR (fltad, ST, VISR, ZTE5R)

+2 7Tt
i=0

N—1
+ Clm® + CR? Z 711>{ 1))

By employing the result of Step 2, see (4.20), we can finish the proof of Step 3. Hence,
the proof is complete. |

Next, we aim at giving an upper bound for P{[A;;1]¢},1=0,...,N —1 with

B+2
Aipr = {Vg € Giyr ¢ ||9||9-Cmi - ||9||xtL, <A? }
tit1 i+l
Concerning the original least-squares Monte Carlo approach, Lemor et al. (2006)
used in their analysis of the approximation error rather similar sets A%, ;. The only
difference is that our sets A;;1 are based on a general partial interval A;, whereas
the sets [AM.]¢ consider h := A; = T/Nforalli=0,...,N —1.

i+1
Lemma 23. Under the Assumption of Lemma[22)it holds true that for some C > 0

R LAB+2
P{lAi 1]} < CeXP{CKIOg (B+2)/2 721R2

fori=0,...,N—1
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4.2 Error sources and their contribution to the approximation error

We omit the proof, because it works in exactly the same manner as the proof of
Proposition 4 in Lemor et al. (2006), except that h is replaced by A;. Now it remains to
derive the [?-error between ({7 KR ),2?’K’R(-))t exand (97" KRL(. ),2?’K’R’L(-))ti€ﬂ
with respect to XT t, instead of {AXti, A=1,...,L}as donein Lemma @ Recall,

o, K,R _ ~7,K,R 57, K,R _ ~mK,R
Yot =11 (X%, 2y = 2] (X%,
o7, K,R,L ~7,K,R,L 571, K,R,L ~7,K,R,L
YEORE = g RE(XT) L7 =2 (X))

Lemma 24. Under the assumptions of Lemma 22| there is a constant C > 0 depending on
k, T, D, Cx and kg such that for |nt| small enough and 3 € (0,1]

N—-1

OglgN i i — i i
1=

+C inf EIT(XE,) —mo(N, XT,) o

xeRK

< CR®NK

log L
L

N—-1

+C( max EIVE - VTUP+ Y AEZE - 27P)
0<Ki<N =0

N—1
. K A
+ C( max E|Y —YZ'K'RF + § AE|1ZT _Z:,K,R‘Z)
0<i<N t = i i

N—1
+C ) AE[Po; (f(ti, ST, YT,  ZF)) — Elf(ts, ST, YT, ZR)IXTIP

i=0
N-1 B+2
CR LA:
B 2 _ i
+ C|n|® 4+ CR E exp {CKlog 522 R }

By and large, the followmg proof matches that of Theorem II.3 in |Lemor| (2005),
who adopted the line of argumentation of Theorem 11.3 in Gyorfi et al.|(2002).

Proof. We denote by P the distribution of X{'. Additionally, we have for some
measurable function g the norms

L
|g||i=\/j 90IPAPX(), ligllag = Z XE)P
Then,
EHAT[KR giTt,K,R,L”g
= E(JloT R — g R 297 F — g7 R
2R PRy )
< E(max {JlgFR — TR — 297 R — gy 0}

+2||97

2
KR A KRL
v U? ng) .
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4 Enhancing the least-squares MC approach by martingale basis functions

Making use of Young’ s inequality gives

A KR A~ KRLj2
B9 ™" =07 IR

A~ 70, K, R ~7,K,R,L ~TK,R A KRL
< 26 (max {[7R — gFRR L~ 2fgTRR — TR 0})°
~7, KR ~7,K,R,L
+8EH o 71-[ Hx%
1

Similarly, we have

~7,K,R ~7,K,R,L
AEHZZ{I Z:l[i HZ

sTLK,R 5 KRL sTLK,R 5 KRL
< 2E (max {| VA (£ " - 23RN o= 2] VA BT - 25 R D o})

+8A1E\|2§1< R A”KRLH

Due to Lemma [22]and Lemma 23] the upper bound for

D N-1

E T, K,R ATEKRL AE s, KR AT[KRL

omax, 193 U3 L‘+d§1 EO 1241 H
1

is given by the right-hand side of and it suffices to provide an estimate for

~ 7, K,R ~7,K,R,L ~7,K,R A KRL
N R L T S

2
~7,K,R 5 KRL ~7,K,R S KRL
E((max {|| VARTIR 230N — 20l VAT — 25 R Dl 0)

ford =1,...,D. We first take care for the Y-part and explain then, how the results
can be transfered to the Z-part. Let a be some positive variable. It holds true that

P{(max{HyTtKR g::KRL” 2HA71KR AT(KRLHxL O}) }

< P{ag € G/ llgll —2lglly; > ﬁ}.

The application of Lemma Appendix A, yields

P{(maX{HAT{KR Q?KRLH 2HA7:KR AﬂKRLHxL O}) }
La V2a oL
< —_— . .
\3exp{ 288(2R)2}E [Nz( Y ,Gi, XT7)

where I)C%L = {AX?_II A=1,...,21}isaset of i.i.d. copies of X\. For an explanation of
Ny, see Definition 27} Recalling

Gi = {Moli, X)odg — 97 F(x)| o € R¥ |,

86



4.2 Error sources and their contribution to the approximation error

we can write by definition of N; that

V2a oL V2a
NZ(Y,Gi;xi )—NZ( 24

v2a Gy, x2h)
24 7y SNy )y

’ [nO(i/X)‘X]R ’x%L) = NZ(

where

Gi = {Mo(i, x)adg + Rl € R¥}

is a set of positive functions bounded by 2R. Let Gf = {{{x,t) € RP x Rjt <
g(x)}, g € Gi}. By Lemmawe obtain for 0 < a < 72R?

V24 ~ or 2¢(2R)2242  3e(2R)2242\ V&i
et . 2 <
AR )\3< RI2E o 220 )
2V - 2V .
V6e(2R)2242\ ¢ 1152 /6eR? )~ &
D T PR D B ’

where V= is the Vapnik-Chervonenkis (VC) dimension of Gir See Definition [26|for
an explanation on this dimension and the related topic of shattering coefficients. It
remains to show

(I) (11) (I11)
Ver = Vimolixalel aeR S Ving(ix)alaercyr < K+ 1. (4.25)

Concerning (I) we assume that V=+ = n. Hence, there is a set

A= {(x1,t1),..., (n,tn)} CRP x R

that is shattered by G:L Namely, for an arbitrary subset ] C {1,...,n} there is a
g € G; such that

g(x;) =Mo(i,x)&lr +R>1t, jeJ,
g(xj) = Mmo(i,x;)&lr +R<tj, j€]J.

Considering the set

A={xa,t1—R),..., (xn,tn —R)} CRP xR,

we can then pick out the points determined by the index set ] by means of the function
Mo(i,x)&lr. As ] was chosen arbitrary, we can deduce that {ng(i, x)«]r| x € RK}+
shatters A. Thus, Vg+ < Vy; «Jg| acRK}+- The reverse direction can be proven in
the same manner.

Turning to (II), we suppose again V {

Mo ('i.,X)

no(ix)ale| xcRK}+ = M. Let A again be a subset

of n points of RP x R that is shattered by {no(i, x)«]r| & € RX}. Clearly, there is a
g(x) such that

g(x;) =Mmo(L,xy)alr >t5, jeJ,
g(xj) = Moll,x))&lr <tj, jé&J.
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4 Enhancing the least-squares MC approach by martingale basis functions

We claim now, no(i,%;)& = Mo(i,x;)&lr for j € J and no(i,x5)& < Mo(i, x;)&lr for
j ¢ ]. Suppose thereis a j* € ] withng(i, x5+ )& < g(xj«). Consequently, by definition
of g(x;j~) we have no(i,x;+)& < —R and g(x;+) = —R. Then, tj;» < —R. Regarding the
complement of j* in {1, ...,n} there mustbe a g*(x) € {Mo(i,x)«lg| o« € R¥}such that
g (%) = mo(i,xj)*lr > t5, j#j%,
g” (xj+) = Mo(i, x5+ )o*Ir < tj».

But —R < tj» < —R is a contradiction and we get the desired result no(i,x;)& >
Mo(i,x;)&lr for j € J. The inequality no(i, xj)& < no(i,x;)&lg for j ¢ ] can be shown
analogously. In sum, A is also shattered by {no(i, x)«lac € R¥}.

As far as (III) is concerned, we adopt the argument from page 152, Gyorfi et al.
(2002). We have

Mo(i, x) ol o € R*}F = {{(x, t)Imo(i,x)x > t}, x € R¥}
C{{ x,tIno(l,x)oc—i-b‘t}O},ocE]RK,bEIR}

The vector space {no(i, x)x+b-t| « € R¥,b € R}is K+ 1-dimensional and by Lemma
the proof of (4.25) is complete. Now, we have the estimate

2
P{(max {97 R = g7 s = 2097 R — g Iy, 0}) > a}

1

K41
_ o (1152 VGeR? . ”ex _ ILa
a P 1152R2

2(K+1) La
<9 ( Veer) exp{—mzm}'

for a > 1152R%/L. This enables us to give an upper bound for the expectation of (I).
Clearly,

~ 70, K,R ~7,K,R,L ~1,K,R A KRL
E(max {J[g7RR —gT KR - 2R TR o)

* 2
:JO P{(max{||"7TKR QTKRLH ZH/\T[KR g?'KlR,LHXh’O}) >t}dt

2(K+1) o Lt
§ a+9<\/gel_> Ja exp{—m}dt
2(K+1) 1152R? L
<a+9<\f6el_> exp{—a}.

L 1152R?

The last term can be minimized by choosing

1152R?
o= log(9( v6eL)*(K+1))
Hence,
E(maX{HAﬂKR gthRLH ZHAﬂKR AWKRLHxL 0})
1152R2 log L
<= <log(9)+2(K+1)log( %eL)H) < CR2K Of .
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4.3 The overall approximation error and its comparison with original LSMC

Concerning the Z-part, we get the same upper bound for

2
E( max {|| VA EFER — 23RN - 20 VA TR — 23Rl L 0))

by replacing G; by {[VAina (i, x)&lgr — v/ Aiigf’Rl o € RK}. The functions of this set
are also bounded by 2R. Therefore, the result follows by a straightforward repetition
of the single steps of the proof for the Y-part. Then the proof is complete. |

4.3 The overall approximation error and its comparison with
the original LSMC approach

Just like the original least-squares Monte Carlo approach, the approximation error
of the simplified algorithm is determined by the errors that are caused by time
discretization, projection, truncation and last but not least simulation.

However, the simplification has no impact on the squared time discretization
error, that is

]
sup EIV — VTP +J E|Z, — Z7Pdt < Cinl + CEJ& — £7P,
0<t<T 0

see Subsection The error term E|& — £™|? decreases with rate |7t|?, for p € (0, 1]
for instance, if there is a Lipschitz-continuous function ¢ such that & = ¢(St) and
& = ¢(Sf,) with maxogign E[St, — S?[‘,ll2 < |m|P. As for the remaining error sources,
the combination of Lemmas and [24] yields the overall L2-error between the
time-discrete solution and the approximation generated by simplified least-squares
Monte Carlo.

Theorem 25. Let Assumption[2land|7|be satisfied. Then there is a constant C > 0 depending
on k, T, D, Cx and kg such that for |7t small enough, € > 1and 3 € (0,1]

N-—-1
7t v, K,R, L2 . . 91 KRL2
Jmax EIVEE = VISR ZO A{E|ZT — Z7FRR Y
1=
log L
< CRENK—B= 4 C inf El¢p™(XT,) —no(N, X7, )l
L xelRK
NK?2¢ re
+ CRZ(e—l) Og}ang EIYE
N—-1
+C ) AE[Po;(F(ti, ST, YT, ZT)) — E[F(t, ST, YT, ZT )| XTIP
i=0

N-—1 B+2
B 2y —
+ Clm” + CR ZO A eXP{CKIOgA(ﬁ+z)/2 72R? }
1=

1 .
1
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4 Enhancing the least-squares MC approach by martingale basis functions

Referring to Lemma (17| and the defintion of \?&K’R’L as a projection on the space
spanned by no(N, Xt ), the squared projection error is bounded by

C inf El™(XT,) —no(N, X, )oc?
axecRK

N—-1
+C ) AE[Po;(F(ti, ST, YT, ZT)) — E[F(t, ST, YT, ZT)I XTIP.
i=0

The first error term stems from the projection error of the approximate terminal
condition. It vanishes, if the conditional expectations of the approximate terminal
condition are available in closed form, which means that it can be included in the
system of martingale basis functions. Contrary to that, the squared projection error
of the original least-squares Monte Carlo scheme was bounded by a constant times
the sum of the [%-errors regarding (YT, ZT,)t,e~ and their best projection. In other
words, the original least-squares Monte Carlo scheme suffers from a propagation of
the projection errors, that can be avoided in our proposal.

The additional error term

CR2(e—1INK2¢ max EIYT ¢
0<i<N i

arises from the squared truncation error. Due to [Y{,| < C(1 + X)), see Gobet et
al,| (2005), the term E|YT, [*¢ is bounded under appropriate integrability conditions.
Thus, the squared truncation error can be designed to converge with rate |7|® for
R proportional to N(1+B)/(2e=2)ge/(e=1) = Byt, usually, this error term is simply
neglected when it comes to conducting simulations.

The second important difference between original and simplified least-squares
Monte Carlo lies in the additional terms caused by the squared simulation error.
They sum up to

N-1 B+2
log L 1 CR LA;
2 2 2+ _ B
CR°NK o CR E A exp {CKlog N 721R2 } + Clr
1= i

These error terms are also contained in the squared simulation error of the original
scheme, see Subsection m It is worth noting, that these terms require a much
slower increase of the sample size L than the remaining terms in (2.20). Precisely,
if the dimension K grows proportional to N® for some & > 0, then choosing L
proportional to NB+2+8 log(N)R2 is sufficient for a convergence rate of imP. In
general, the log-term and the truncation constant are neglected, when determining
the sample size. Hence, we have for L a growth rate of 3 + 2 + 8 in the simplified
scheme versus {3 + 2 + 25 in the original least-squares Monte Carlo algorithm.
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4.4 Numerical examples for non-linear European option pricing problems

4.4 Numerical examples for non-linear European option
pricing problems

Again we look at option pricing problems, where the price of the underlying stocks
S is modeled by a geometric Brownian motion according to Black-Scholes, i. e.

St,d:SO,deXP{(H*02/2)t+cwt,d}/ d=1,...,D,

with u, 0 > 0 and W = (Wj,...,Wp) being a D-dimensional Brownian motion.
That means, for D > 1 we have options that are based on a basket of several stocks.
As S can be sampled perfectly, we can simply set S™ = S. The pay-off function will
be of type & = ¢(St), that means we concentrate on non-path-dependent termincal
conditions. Hence, the construction of a larger Markov process X™, that includes S™,
becomes obsolete and we define X™ = X = S.

The assumption of a market with different interest rates for borrowing R and
lending r with R > r makes our problem a non-linear one. Following Bergman
(1995), the option price for a possibly multidimensional underlying is described by
the BSDE

T T D
Ye = ¢(S1) —J (TYu +——) Zd,u> du
t (02
d=1
T 1 D D T
+(R— r)J (Yu -=) zd,u> du— ) J ZgudWy ...
t 04 + a=1"%

The following examples contain a call-spread option (either one-dimensional and
multi-dimensional) and a straddle. In the latter case, we will try the Monte Carlo
estimation of martingale basis functions. For a better distinction of the simulation
results we write again 7ty instead of 7t to indicate how many time steps the partition
7 has.

4.4.1 Call-spread option

The payoff-function is a composition of max-call options, clearly

d)(ST) = < maXx ST,d - K1> -2 ( max ST,d — K2> p
d=1,..,D + d=1,..,.D

+

where k; and k; are the corresponding strike values. The market parameters are the
same as in Subsection thus

T=025 sq0=100, r=001, R=006 p=005 o=02

ford =1,...,D. The strike prices are again k; = 95 and k; = 105. Note, that the
case D = 1 matches the example in Subsection
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4 Enhancing the least-squares MC approach by martingale basis functions

Case 1: One-dimensional Brownian motion and indicator functions at terminal
time

The first example considers D = 1. For the numerical solution we fix the basis
functions at terminal time by

M1 (N, x) = (x —95) 1 — (x —105) 4,
T]O,k(N/X) = 3(K - 1)]1{x6[ak_2,ak,1)}/ k= 2/ R K

where K is the dimension of the function bases and {ay, ..., ax_1} a partition of the
real line such that the probability of St ending up in [ak_5, ax_1) is the same for all
k = 2,...,K. This kind of interval construction was also applied by Bouchard and
Warin| (2012) in the field of pricing American options with Monte Carlo methods.
The function bases 1o (i, x) and 11 (1, x) are then generated by the martingale property
fori =0,...,N —1. The factor 3(K — 1) prevents too small function values that
might produce problems when computing the pseudo-inverse of (no(i, \X¢,)Ja=1,..,L
for i < N. In contrast to a pure indicator function basis, we are not able to quantify
the projection error that arises in the present case. Like before, we fix the simulation
parameters in dependence on 1 = 3,...,5and m = 1,...,m(l). To be precise,
m(3) =14, m(4) = 12, m(5) = 10. Then, the number of time steps N, the dimension
of the function bases K and the sample size L are given by

N = [2 fszl], K = {3 \fzmﬂ +1, L= [2 fz“m*”} .

Concerning the simulation error, the cases | = 3 and 1 = 4 are the convergence
thresholds in the simplified and the original least-squares Monte Carlo scheme,
respectively. According to the theoretical results the L2-error due to simulation
decreases with rate 1/2 in the number of time steps for 1 = 4 in the simplified and
L = 5 in the original approach. We denote by

V’QN :T]O(ilxti)&g’iNl Z?IN = nl(ir th)a;lN
the approximators of (Y, Z) generated by original least-squares Monte Carlo and by
?’Z:N = nO(i’/ Xti)&z)?/ ZQN = T]l(i, th)&le

those, that result from the simplified approach. Again the global a-posteriori criteria
Emn (Y™, 7™) and Emn (Y™, Z™) are in each case for | estimated by Monte Carlo
simulation for which we incorporate 1000N samples of X = S. For a better view on
the results we have separated them in two figures. The first one, Figure shows
the criterion for the original least-squares Monte Carlo scheme &, (Y™, Z™) for
l = 3,4,5 and that for our enhanced proposal €, (Y™, 7™) for 1 = 3. As in
the previous chapter, all figures will have logarithmic axes for a better view on
convergence rates and details in the smaller range of values.

Concerning original least-squares Monte Carlo first, a comparison with the results
in Subsection[3.4.2]gives information how the switch to a system of martingale basis
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——| =3, original
= = =1=4, original
= | =5, original
—e—| = 3, simplified

2 3 4 6 8 11 16 23 32 45 64 91 128 181
Number of time steps, N =2, ..., 181

Figure 4.1: Case 1: Development of the global a-posteriori criterion for the original
least-squares Monte Carlo approach in case of a one-dimensional
call-spread

functions affects the projection error and thereby the over-all approximation error.
Recall, that Subsection differs from the present example only in the choice of
bases, which there consisted of the pay-off function and indicator functions in all
time stepsi=0,...,N —1.

Starting with the low-cost case 1 = 3, the global error criterion seems to be wors-
ened by the chosen martingale basis functions. Not until the number of time steps
takes values larger than 91, we can observe a trend tending to zero. Even for | = 4
the new basis functions deteriorate the results on the error criterion when looking
at N = 2,...,23. However, the numerics for larger numbers of time steps nearly
coincide with the results in Subsection [3.4.2] as far as available. For N > 23 the case
| = 4 decreases with rate —1.06. Looking at the case 1 = 5, the difference between
the absolute values of the error criterion in Subsection and that for martingale
basis functions is negligible. Here, the empirical rate of convergence is —1.

It remains to mention the path in Figure that corresponds to the global a-
posteriori criterion when applying the simplified least-squares Monte Carlo ap-
proach for 1 = 3. We can see that for simulations with 16 or even more time steps
the error criterion amounts roughly to the same absolute values as in case | = 5
when using original least-squares Monte Carlo. Taking a closer look at the numerics
for 45 time steps, we observe an absolute value of 0.82 in the original scheme and
0.80 in the simplified algorithm. Particularly remarkable is here, that the first value
was obtained by using 11, 863, 284 samples, whereas the latter result gets along with
23,171 samples only.

In Figure 4.2 we show the numerics for &, (Y™, Z™) for 1 = 3,4,5. Apparently,
the results for larger numbers of time steps, precisely for N > 16, nearly coincide as
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4 Enhancing the least-squares MC approach by martingale basis functions

far as calculated. For larger N all paths decrease with mean rate roughly about 0.96.
This is insofar surprising as the theoretical results on the simulation error suggest
that such a rate of convergence is attained not until 1 = 4. But we can also see, that
the a-posteriori criterion does not benefit from larger sample sizes as used in the
expensive case 1 = 5. This is also supported by the theoretical analysis.

| | | |
2 3 4 6 8 11 16 23 32 45 64 91 128 181

Number of time steps, N =2, ..., 181

Figure 4.2: Case 1: Development of the a-posteriori criterion for the simplified
least-squares Monte Carlo approach in case of a one-dimensional
call-spread

The present example shows nicely how the computational cost can be reduced
by enhanced least-squares Monte Carlo, when the dimension of the function bases
grows with the number of time steps. The smaller effort can be exploited to simulate
even finer partitions than possible in original least-squares Monte Carlo due to com-
putational limitations. This has the effect that the approximation can be calculated
for larger N than in the original proposal such that the corresponding error can be
further reduced. Here, we finished the simulations at N = 181, where we achieved a
global error criterion of 0.21 for 1 = 3. Recall, that the simulations for the call-spread
in Subsection stopped at N = 45 with a global error criterion of 0.86 in the
expensive case | = 5.

Case 2: Three-dimensional Brownian motion and monomials at terminal time

This time we set D = 3 such that our basket includes 3 stocks. As basis functions at
terminal time we pick

T]O,l(N/X) - (X - 95)+ - (X - 105)+/ nO,Z(N/X) - 1/
Mo3(N,x) =x1, Moa(N,x) =%z, Mo5(N,x) =x3
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4.4 Numerical examples for non-linear European option pricing problems

and determine g x (i, x) by the martingale property explained in Assumption|6] The
simulation parameter are defined by

N = [2\@“—1}, K=5 L= [2\@3(1“—1)},

for m = 1,...,11. We try three types of numerical solution. The first one exploits
original least-squares Monte Carlo with basis functions

ﬁd,k(irx):ﬁO,k(izX):nO,k(N/X)/ d:1,...,3, kZl,...,S
foralli=0,...,N —1. This generates approximators
Y’ZN :ﬁo(llxtl)&g:‘/ Z:{Fltl :ﬁd(llxtl)&g;"/ d:1113

The second simulation combines original least-squares Monte Carlo with the system
of martingale function basesnq(i,x),d =0,...,3,1=0,..., N and yields

\/ 7T . < TC 77T . < TC
YtiN = T]O(ll Xti)(x(),iN/ Zdrjl(i = nd(ll Xti)o‘d;"/ d= 1/ X '/3-

The third attempt uses simplified least-squares Monte Carlo with martingale function
bases and we receive
YEN =moli, Xe,) &g Y, Zgj;i =nali, Xe,)&3Y, d=1,...,3.

Concerning both algorithms, original as well as simplified least-squares Monte Carlo,
this parameter choice leads to a simulation error that decreases with rate |7ty 112, The
following figure compares the global a-posteriori criterion of all three approaches.
Note, that the approximation of (\7,7[: N,ZTN)and (\?{E N, ZIZN ) varies only in the choice
of basis functions. Apparently, the projection error connected with (V,ZN,ZZ;N) is
far smaller than that caused by (Vf,l N, ZEN) due to the choice of basis functions. As
expected, the functionsng(i,x),d =0,...,3,1=0,...,N are much more suitable as
projection bases thanks to their martingale property. Moreover, the error criterion
Emn (Y™, Z™) seems to tend to a constant value of about 13.70. Hence, the projection
error superposes the effects from the time discretization error and the simulation
error, which both decrease with rate |7ty |1/2 in this setting.

Contrary to that, the absolute value of &€ (Y™, 7™ ) amounts to 0.90 at N =
64. Looking at the entire path gives the impression that the convergence rate of
Enn (Y™™, Z7N) gets closer to that of € (Y™, 7™ ), where we tried simplified least-
squares Monte Carlo. Indeed, the path that represents the empirical error criterion
Enn (Y™, Z2™) form = 1,...,11 tends to zero with rate —0.88 and ends up atN = 64
with an absolute value of 0.77.

A possible reasons for the difference between the error criteria for the approxima-
tions (Y{N, ZfN) and (Y{'N, ZT™) is the following: The squared projection error in the
latter case does not sum up, see Lemma 5} but is an average over time of the [ 2-error
between E[F(t;, ST, Y{fi+ L ZE)IXT ] and its best projection on the function bases, see
also Lemma
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10 3 T T T
original, pay—off and monomials for all time steps
= = = original, martingale basis functions, pay—off and monomials at terminal time
103 +=o= simplified, martingale basis functions, pay—-off and monomials at terminal time B
10° | i
. o~ - . _ ~.
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Number of time steps, N =2, ..., 64

Figure 4.3: Case 2: Development of the global a-posteriori criterion in case of a
three-dimensional call-spread

4.4.2 Pricing of a straddle - Simulation with estimated martingales

In the previous case we exploited the possibility to compute the conditional expec-
tation of the basis functions in closed form. Several examples for such functions
were already introduced in Example (15 The last numerical setting will pick up the
question what to do if this possibility is not available. Letnox(N,x), k =1,...,Kbe
a function basis at terminal time. When carrying out enhanced least-squares Monte
Carlo estimation, we have to compute

Mo (i aXe,) = E ox(N, X ) | Xe, = 2 X¢, ],
nd,k(i/ 7\Xti) =E [A}\Wd,ino,k(N/XtN) ’ Xti = 7\Xti:| ’ d= 1’ ce ’D

forA=1,...,LLk=1,...,Kand i =0,...,N — 1. In case this is not computable in
closed form, we estimate these conditional expectations by Monte Carlo simulation.
To this end, we generate for A = 1,..., L a set of M x copies of {(A\W;, X, | )lj =
i,...,N —1}, called

xhA = {(Aquti’ X?ﬁ)h =i...,N=Lu=1,..., Mj\}

Here, the upper index (ti,A) signals, that the Markov process (XE’A)KKN starts at
time t; in , X;,. Then we define

T]Ok( /}\X /uXtU )
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4.4 Numerical examples for non-linear European option pricing problems

For the estimation of ngx(i,,%), d =1,..., D we use the identity

E[AWq,inok (N, X¢y ) [ X, = x]
= E[AWq4,i Mok (N, Xey) — EMoxk (N, X ) [ X, = x1) [ Xy, = x]

in order to improve Monte Carlo simulation by variance reduction. With an inde-
pendent copy
Xt ={(A

~ A AN s
M X =1 N =L =1, M)

of Xt we set
1 M
v . LA ctiA o .
ﬂd,k(lm\xti) = m E Aqu,i <ﬂ0,k(N; uXtN ) —ﬂO,k(b)\Xti)) ’
1
G H'_l

for d = 1,...,D. Now, we have for a fixed sample X, of X, at least esti-
mations for the function values nox (i, \X;,) and ngx(i,,X;,), even if the martin-
gales (Mo (i, Xt;))ocign and the processes (ngx (i, X¢;))o<igcn, d = 1,...,D, for
k =1,...,Kare not available in closed form. With this workaround simplified least-
squares Monte Carlo becomes possible. Even though a theoretical analysis of the
impact of this idea on the approximation has yet to be worked out, the following
numerical example will show that this approach is quite promising.

Once again we are concerned with the pricing and hedging of a European option
with dimension D = 1, see the introductory explanations of the current section. The
pay-off function is this time defined by

$(St) =I5 —Kal.
The parameters of the stock are determined by
T=05 sp; =100, r=001, R=0.01, p=005 o=02

The strike price is fixed by k; = 110 and the function basis n9(N, x) at terminal time
is formed by

T]O,l(N/X) = |X - K1|/ nO,Z(N/X) = ]1/ n0,3(N/X) =X, MNog = Xz'

By the martingale property we receive no(i, x) and n;(i,x) fori =0,...,N — 1, see
Assumption [6] It remains to define the simulation parameter. Clearly,

N = [2[2"1—1} L K=4 L= [2\@3(111—1)} ,

for m =1,...,15. With these preliminaries we carry out three different numerical
approaches. We apply original least-squares Monte Carlo with

ﬁl(i,X) = ﬁO(i/X) = T]U(N/X)
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4 Enhancing the least-squares MC approach by martingale basis functions

foralli=0,...,N — 1. Then we receive
YN =fo(L, Xe )&y,  ZEN =foli, Xe,)&7L.

The second approximation of (Y, Z) uses simplified least-squares Monte Carlo with
the above defined function bases n4q(i,x), d = 0,1 and i =0, ..., N. This gives the
approximators

Y’ZEN = nO(i/ Xti)&g)rliN/ Z?lN = nl(ir th)&;lN .

The last numerical solution arises from the combination of simplified least-squares
Monte Carlo with estimated function values T (i,\X;,) and Tigx(i, A X¢,), A =
1,...,L,d=1,...,D, k =1,...,4, that were computed by an “inner’ Monte Carlo
simulation as explained above. The amount M, » of inner samples, that are used for
this Monte Carlo simulation, is set to 200(N — i) independent of A. Then we define

VN = oL, Xe &Y, 20 = (i, Xe &Y.

The empirical global a-posteriori criteria for all three attempts are shown in the
following figure. Each of the three paths refers to one of the different numerical
approaches. Not surprisingly, the empirical error criterion for (\7{: N, ZZ;N )t,emy does
not tend to zero but levels out at 9.15 for 256 time steps.

10° ¢ -=e~ original, pay—off function and polynomials at all time steps
f simplified, estimated martingale bases, pay-off function and polynomials at term. time
- = =simplified, martingale bases, pay-off function and polynomials at term. time

10* b

10° ¢

Number of time steps, N = 4, ..., 256

Figure 4.4: Development of the global a-posteriori criterion in case of a straddle

In contrast to that the a-posteriori criterion &, (Y™, 7™ has a empirical con-
vergence rate of —0.94 and we obtain at N = 256 the absolute value of 0.39. These
results are our benchmark for judging the approximation of (\V(?i N, Zf:i ™)t;enn- For
this approach with approximate martingale basis functions we observe that the
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error criterion &, (Y™,Z"™) runs on a higher level compared to the results for
Emn (Y™, Z™) and gets down to an absolute value of 1.19 at N = 256. The dis-
tance between both criteria stays nearly constant and amounts to 0.78 on average.
Although the empirical criterion &, (Y™, Z™) decreases with significantly smaller
rate than &, (Y™, Z™), we can observe a significant improvement in contrast to
the results for €, (Y™, Z™). The empirical results for €, (Y™, Z™) can be fur-
ther improved by using a larger size of inner samples M; » for the computation of
Ao,k (1, A X, ) and 1iq k(1 A Xy, )-

By and large, the combination of simplified least-squares Monte Carlo with ap-
proximate martingales seems to be a good alternative to original least-squares Monte
Carlo if no appropriate system of martingale basis functions is available in closed
form, even if it is more expensive to implement due to the simulation of inner
samples.
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A Some results on nonparametric
regression and VC dimension

For the sake of convenience, we list here some results on nonparametric regression,
that are required for the proof of Lemma[24} Precisely, we start by citing the contents
of Definition 9.5 and 9.6 in Gyorti et al.| (2002).

Definition 26. Let A be a class of subsets of RP and letn € N.
(i) For x1,...,xn € RP define

s(A {x1,..., xn}) = #{{AN{x1,..., xn}IA € A}},

thatis, s(A,{x1,...,xn}) is the number of different subsets of {x4,...,xn} of the form
AN{xy,...,xntfor A € A.

(ii) Let B be a subset of RP of size n. One says that A shatters B if s(A, B) =2",1i. e.
if each subset of B can be represented in the form A N B for some A € A.
(iii) The nth shatter coefficient of A is

S(A,n) = max  s(A,{x1,...,Xn}).
{xl,...,xn}Q]RD

That is the shatter coefficient is the maximal number of different subsets of n points
that can be picked out by sets from A.

(iv) Let A # (. The VC dimension (or Vapnik-Chervonenkis dimension) V4 of A is
defined by

V4 =sup{n € NIS(A,n) =2"},

i. e. the VC dimension V4 is the largest integer n such that there exists a set of n
points in RP which can be shattered by A.

Now, we introduce for a set U of functions u : IR15 — R the norms

L
ul = \/j|u<x)|2dp><(x), el = |7 X OGR,
A=1

where PX is the law of a random variable X and X' := {X,|]A = 1,...,L} a set of
independent copies of X.

The following definitions of covers and covering numbers are taken from Defini-
tion 9.3 in Gyorfi et al.|(2002).
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Definition 27. Let € > 0. B
(i) An L, — e-cover of U on XL is a finite set of functions uy, ..., un : RP — R such
that for every u € U thereisaj € {1,...,n} with

el <e.

(ii) The e-covering number N (e, U, XL) of U with respect to |[u||; is the smallest
number n such that an L, — e-cover of U on X exists. Note that, as X" is a random
set, the covering number N (e, U, X5 is also a random variable.

By Theorem 11.2 of |(Gyorfi et al. (2002) we have

Lemma 28. Let U be a class of functions u : RD — R that is bounded in absolute value by
R. Given € > 0 we have

Le? 2
P{3u e U: ||u|| —2ul{ > e} < 3exp{—s5555 [Nz(;ge,u,XZL) ,

€
E
288R? J

where X*X ={X1,..., X1, Xt 41, ..., Xor } is as set of i.i.d. copies of X.

Combining Lemma 9.2 and Theorem 9.4 of |(Gyorfi et al. (2002), we receive
Lemma 29. Let U be a class of functions u : RD — [0, R] and
U = {{(x,t) € RP x RJt < u(x)},ue U}
with Vy+ > 2and let 0 < € < R/4. Then

2eR2 3eR2>VU+

L
N2(€,u,x ) < 3 <€210g€2

Furthermore, we quote a result on the VC dimension of linear vector spaces, that
can be found in Theorem 9.5 of Gyorfi et al.|(2002).

Lemma 30. Let U be a K-dimensional vector space of real-valued functions on RD, and set
A= {{xlu(x) >0Lue U}.

Then V4 < K.
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