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Abstract

Starting from Giaquinta’s counterexample [Gi] we introduce the class of splitting func-
tionals being of (p, g)-growth with exponents p < ¢ < oo and show for the scalar case that
locally bounded local minimizers are of class C**. Note that to our knowledge the only
CY#-results without imposing a relation between p and ¢ concern the case of two indepen-
dent variables as it is outlined in Marcellini’s paper [Mal], Theorem A, and later on in the
work of Fusco and Sbordone [FS], Theorem 4.2.

1 Introduction

In 1987 Giaquinta [Gi] showed that the function

n—4
up(z) = 4/ 51 xi/\/:c%—i—...—i-a:ifl,

z€Bi(0) = {yeR":|y <1},

is a local minimizer of the energy

= S ~w2 1 w4 Xz
J[w]_/&(a) [Z(& )+ 3(0n >]d : (L)

i=1

provided that n > 6. Since wug is unbounded, Giaquinta’s example clearly demonstrates that
for anisotropic variational integrals in general no regularity results for local minimizers can be
expected, and this even concerns the scalar situation! So one may ask for an admissible range of
anisotropy implying that local minimizers are locally bounded (and even share a higher degree
of regularity) or one may try to compensate the anisotropic structure of the integrand by adding
certain natural hypothesis on the behaviour of the local minimizer leading to its regularity. But
let us first have a closer look at Giaquinta’s energy J. If we write z = (2, z,), Z := (21, ..., 2n—1),
for elements z of R, n > 2, then the energy density occurring in (1.1) is of splitting form, i.e.
we have an integrand F' : R" — [0, 00) such that

F(z) = f(2) + 9(zn) (1.2)

with C2-functions f: R"~! — [0,00), g : R — [0, 00) satisfying with exponents 1 < p < g < oo
and with constants A, A > 0 the ellipticity conditions (y, z € R")

12\ P=2 | . o\~ o~ 12\ P=2 .
ML+ 2P (5 < D*F(2)(5:9) < AL+ 3% 13, (1.3)

—2 —2
AL+ 127 [yl < D29(z0) (yn s ) < AL+ [20l*) 7 [yl (1.4)
Of course (1.4) could be stated in a simpler form but (1.2) just serves as a model case: in
fact we could consider any decomposition z = (21, 2(2)) of the vector z and replace (1.2) by
F(z) = f(zM) + g(2?) with f and g satisfying the appropriate versions of (1.3) and (1.4). We
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also like to remark that for p > 2 the degenerate variants of (1.3), (1.4) can be considered so
that Giaquinta’s energy (1.1) is included. Now, if  is an open set in R", we let

Iw, Q] = / F(Vw)dx, (1.5)

Q

and since (1.3), (1.4) imply the growth estimate
alzlP —=b< F(z) < Alz|?+ B, z€ R", (1.6)

with constants a, A > 0, b, B > 0, it is natural to call a function « from the local Sobolev
space WI}JOC(Q) (see [Ad] for a definition) a local minimizer of I from (1.5) iff I[u,Q’] < oo
and I[u, Y] < Ilw, Q] for any open set ' s.t. ' € Q and for all w € W;ZOC(Q) such that
spt(u —w) € .

Coming back to the regularity problem for local minimizers u, it turns out that conditions of
the form

q < c(n)p (L.7)

are sufficient for the local boundedness of the function u and also for its higher regularity. Here
c¢(n) is a constant depending on n giving rather large values if n is small but with the unpleasant
property ¢(n) — 1 as n — oo. We mention the contributions of Fusco and Sbordone [FS],
Marcellini [Mal], [Ma2] and Hong [Ho|, where one also finds further references. It should be
remarked that results of this type usually do not refer to a splitting structure of the integrand F'
as stated in (1.2): in place of this one works with (1.6) combined with an appropriate ellipticity
condition, or one just requires that

p—2 q=2
AL+ 2%yl < D*F(2)(y,y) < A+ 272 [yl?, (1.8)

which obviously implies the validity of (1.6). The reader should note that for integrands F
satisfying (1.2) the conditions (1.3), (1.4) do not imply (1.8), and that conversely (1.3), (1.4)
can not be deduced from (1.8).

Let us now look at a special situation for which it is possible to improve (1.7): if Q is a
bounded domain and if u is an I[-, 2]-minimizer for boundary data u € L*°(2), which means
that we are given @ € W (Q2) N L (€2) such that I[z, Q] < co and where the boundary condition

has to be understood in the sense that v — u GWpl(Q), then the maximum-principle implies
u € L*(Q2). From this point of view it makes sense to study local minimizers from the space
Li® (). Assuming this together with (1.8), Choe [Ch] proved the smoothness of u under the
dimensionless condition g < p+ 1, which was replaced by ¢ < p+ 2 in [Bi] (see also [ELM]) and
[BF1]. If the integrand F' is of splitting type satisfying (1.3), (1.4) with ¢ < 2p, then in the recent
paper [BFZ] we could show the differentiability of local minimizers u € L7° (2) which leads to
a partial improvement of earlier results of Ural’tseva and Urdaletova [UU]. In the present note

we are going to apply new methods leading to the following results:

Theorem 1.1. Let 1 < p < g < oo, and let F satisfy (1.2), (1.3) and (1.4). Consider a local

I[-, Q]-minimizer u of class W;’IDC(Q) N L;S.(2). Then we have:
i) Vue L2 (;R™) for any finite exponent m.

ii) If in addition p > 2, then u € CH*(Q) holds for all p < 1.

Remark 1.1. If the case of degenerate ellipticity is considered in (1.3) and (1.4), then we have
Theorem 1.1, i) under the restriction that p > 2. In this case we get in Theorem 1.1, ii) that
u € CLH(Q) for some u < 1, the necessary adjustments can be found, for instance, in [BFM].



Remark 1.2. We like to emphasize again that our results are not limited to the specific decom-
position (1.2). With minor modifications we can also discuss the integrand

n
F(z) = Z(l + 222z eR",
i=1

with exponents 1 < p; < oo. Alternatively we may consider a decomposition

F(z) := FW (W) 4 pO)(52))
where for example 21 = (21, 4y 2k), 22 .= (Zk41, .- - 2n) with 1 < k < n and where FO and
F®) satisfy ellipticity conditions like (1.3) and (1.4) with exponents py and py.

Remark 1.3. Going through the proof of Theorem 1.1 one easily checks that the explicit additive
structure of F itself formulated in (1.2) is not really needed. In fact, if we drop (1.2) and replace
(1.3) and (1.4) by the assumption

IN

D*F(2)(y,y)

12\ P=2 q=2
A[(+ )25 + (1 + 2l T 2]

~12\ =2 . a=2
A+ DT (52 + (1 + |2af?) 7 [yal?]

A

then we still have our results stated above.

Remark 1.4. It is easy to extend Theorem 1.1 to non-autonomous energies F(x,z), x € €,
z € R, provided D, D,F(x,z) satisfies a natural growth condition.

Remark 1.5. In the case of vector-valued functions we have much weaker results which are
summarized in [BF2].

As an application of Theorem 1.1 we consider the following variant of Giaquinta’s energy
which was introduced by Fusco and Sbordone (see [FS], formula (3.4)): for ¢ > 2 and a positive

constant ¢ let
Jglw] ::/
B1(0)

If n < 3, then according to Theorem 3.1 in [FS] any local J,-minimizer is locally bounded
independent of the value of ¢, whereas Fusco and Sbordone obtain C'“-regularity for the non-
degenerate variant of J; if ¢ < 2n/(n — 2) is satisfied (see Theorem 4.2 in [FS)), i.e. they require
the bound ¢ < 6 in the 3D-case. But Theorem 1.1 combined with the local boundedness result
of [FS] shows

n—1

S (@w)? + 2qc|anu\q dz.

=1

Corollary 1.1. If n < 3 and if ¢ > 2 is arbitrary, then all local minima of the functional J,
belong to the class C*(B(0)) for an exponent o > 0.

We leave it to the reader to give a version of this corollary valid for more general functionals
on three-dimensional domains.

2 Proof of Theorem 1.1

Obviously Theorem 1.1, ii) follows from part i) combined with Lemma 3.1. To prove i) we fix
a ball B := Br(xo) with compact closure in © and consider the mollification (u). with a small
radius € > 0. Let u, denote the unique Lipschitz function minimizing I[-, B] in the class of all
Lipschitz mapping B — R for boundary values (u)., i.e. u. denotes the Hilbert-Haar solution
(see, e.g., [MM], Theorem 4, p. 162). The main properties of this approximation are summarized
in



Lemma 2.1. i) Passing to the limit ¢ — 0 we have

Ue — U mW /FVu€ ZL‘—>/ (Vu)d

ii) ||uel|oo(py is bounded independent of e.

Proof. i) The minimality of u, implies

[ Fvuyar< [ Fo@,)a,

and from Jensen’s inequality we deduce

/F(V(u)e)dxg/F(Vu)dm—i—O(e)
B

B

with O(e) — 0 as € — 0. Due to the growth of F' we find sup,. ||u€||Wpl(B) < 00, so that ue — @
in W, (B) for some function @ from this class. By lower semicontinuity it holds

/F (Va)dz < hmlélf F(Vue)dx,
B

hence
/ F(Vi)dz < / F(Vu)dz.
B B

o [¢]
On the other hand we have u. — (u). €W, (B), which means @ —wu €W, (B). Clearly u minimizes
I[-, B] w.r.t. its own boundary values, and the strict convexity of F' implies @ = u.
ii) Let v := min{u,,supgyp(u)}. Then v is Lipschitz on B with trace (u)e, thus

Ifue, B] < I[v, B|

and in conclusion u. < supyg(u)e. In the same way we obtain u. > mingg(u)., and since
u € L*™(B), the claim follows from these estimates. O

Lemma 2.2. The functions u. are of class CY*(B) N W2, .(B) for any p < 1.

Proof. This result is standard and can be found in the textbook of Massari and Miranda, [MM],
Theorem 5, p. 166. The first lines of the proof of Lemma 3.1 summarize the idea observing that
by definition of u. we here already have Vu, € L*(B;R"). O]

Lemma 2.3. (Variants of Caccioppoli’s inequality) For any numbers o, § > 0 and for all
ne Ce(B) s.t. 0 <n <1 we have

at2

/ D2F(Vue) (0, Ve, . Vu ) Ten?dz < c(a) / D*F(Vu)(Vi, VT2 dz, (2.1)
B

- B 6
/ D?F(Vue) (0, Vue, 0, Vu )TZn?de < / D?F(Vu.)(Vn, V)T " da. (2.2)
B

In (2.2) (and in what follows) we always take the sum w.r.t. v from 1 to n — 1. c(a), c(fB)
denote positive constants independent of €, and we have set: 'y = 1+ (0y, uc)?, Te = 14 |Vu|?,
V= (61, Ceey 8n_1).



Proof. See, e.g., the beginnings of Section 3 and Section 4 of [BFZ]. We like to remark that by
Lemma 2.2 any first partial derivative of u. is a solution of an uniformly elliptic equation with
continuous coefficients so that by standard potential theory we get Jpu. € W;L,l oo(B) for any
m<ooandallk=1,...,n,ie uc€ W%JOC(B) for all m < oo. For this reason the calculations
leading to (2.1) and (2.2), which were carried out in [BFZ] for a different type of approximation,
can be justified in the present setting. O

Now, with & > 0 and n € C{°(B), 0 < n < 1, being fixed for the moment we consider the
expression

qgta
2
J€

9 gt2+a 9 gto 9
/ nTpe do = / nTpz do —i—/ OnteOpuenTy
B B B

which is well defined by the Lipschitz continuity of u., and according to Lemma 2.2 we are
allowed to integrate by parts in the second term on the r.h.s. of (2.3), i.e.

dz (2.3)

ata ata
/ anueanuenzfni dz = —/ w0y, lanuenQane ] dx .
B B

Using Lemma 2.1 ii), we see that

A

9 gto+2 9 gta gta 9 gto
/ n Fn,f dr < ¢ / n Fn,Qe dz +/ 77|v"7”8nue|rn,%f dx +/ n |ananue|rn,2e dx
B B B B

qta
= c[/ T2 + 1+ 1o (2.4)
B

with a constant ¢ depending also on « but being independent of € and 7. In order to handle
I, and I we will apply Young’s inequality with small parameter 7 which enables us to absorb
terms in the Lh.s. of (2.4). We have

gt2+a
2
€

gtlta 9
/ n\VU|Fn,52 dr < 7'/ n T,
B B

9 g—2ta  g+2+a
I, = /n|8n8nu€|1“n,€4 Iy de
B

I

IA

qta
dz + ¢(7) / |Vn|’Tn2 dx,
B

gt2+a 9 9 9 g—2+a
< T/ I'ne n da:+c(7')/ N7 |OnOnue| T dx,
B B

which implies by (2.4)

9 q+2+to 9 9 ata
/771“,1752 dz < ¢ /(7] + |V )ThZ dz+J|, (2.5)
B B
2 oI5
J o= / P |OnOnuc T da.
B

Then we use (1.3), (1.4) and (2.1) to obtain

J < ¢ / 12 D2F (Vi) (9u Ve, 0, V) Ti c d
B

a+2

c / D?F(Vue)(Vn, VT2 dx
B

_P=2 at2 9 9 qta
c /112 .2 |V dx—i—/ V"' da| .
B B

IN

IN
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Inserting this into (2.5) it follows

9 q+2+a 9 9 gto ~7 at2 9
nTpe doe<c (n + |Vn| )ane dz + F I'p? |Vnl“dx| . (2.6)
B B

Next we let 3 > 0 and fix n as above. Then (recall that the sum is taken w.r.t. y=1,...,n—1)
we consider the expression
9= p+2+08
/ e 2 dz,
B

_ 2o
/ Oy U0y uen F dz
B

perform an integration by parts in

and carry out analogous calculations leading to the following variant of (2.5):

p+2408
/UI‘ 2 dz<c

2 9\ 252 2152, 2nl
(n”+ |V )Te? dz+ [ n°|Vu|T. dz| . (2.7)
B B

The second item on the r.h.s. of (2.7) is handled in the same manner as J from above, i.e. this

expression is bounded by
/ 2D*F (Vue)(0,Vaue, 0, Vue)l“2 dz <c / |Vn|?T / |Vn]2Fn2€ I, =N dx] ,
B

thus we get

p+2+43 9
[ dese| [P ViR + [ VaPTIE T e (2.8)

We return to (2.6) replacing 1 by n* for a large number k € N, apply Young’s inequality on the

at2to
r.h.s. in order to get terms of the form 7 f anI‘n & dx which can be absorbed in the l.h.s.
and get

/ ZkFr:,J; to dx S c / (,)72k 4 ‘vn‘q+2+an2k7(q+2+a)> da
B B

/\VTN (atq+2) 2k——(a+q+2)fua+§+2 da:] _ (2.9)

In the same way (2.8) implies

p+2+8
/%FQdaz c
B

IN

/B(nzk n |vn‘p+2+ﬁn2k—@+2+ﬂ)) da

q—2 p+2+3
/ (V|5 (B+20) 2k R 2B T da:]. (2.10)



Let us introduce the quantities

q+2+a
ala,p) = /B e
P

p—2 a+q+2

Al p) = /BF€2
P

b5, ) ::/ p+2+ﬁ

9=2 p+2+40
B(3,p) = /BF"’QE r o dz,
P

where B, := B,(xo) with p < R. If p < 2, then (2.9) immediately implies the uniform local
integrability of d,u. for any finite exponent m, and using this information in (2.10) we get the
same result for Vu,.. So le us assume p > 2. Then we have

Alag, p) < c(p) < o0 (2.11)

for a constant c(p) going to infinity as p T R but being independent of ¢, provided we require

(2.12)

p—2qtat2 _p
2 q -2

and quote Lemma 2.1 i). Note that on account of (p — 2)(g + 2) < pq (2.12) holds for suitable
positive numbers oy and we may choose

g = % —(g+2)>0. (2.13)

(2.11) combined with (2.9) shows that

a(ao, p) < ¢(p) .- (2.14)

Now we select (y such that
q—2p+Bo+2 q+2+ap

2 P N 2 ’
hence B(fy,p) < ¢(p) on account of (2.14) and the definition of B(f,p). Note that by the
definition of g we have

(2.15)

q—2p+2 q+apg+2
2 2 2

which is equivalent to —4q — 2p? + 8 < 0 (recall that we assume p > 2), thus the solution 3y of
(2.15) is a positive number. Returning to (2.11) we have shown that

Alag, p) + B(Bi, p) < alp) (2.16;)

at least for [ = 0. Suppose that [ > 1 and that (2.16;_1) is valid. We then like to prove (2.16;) for
suitable exponents oy, 5. First, B(5—1, p) < ¢;—1(p) together with (2.10) gives b(5;—1, p) < c(p)
for a new constant (depending on ¢) so that

A(Oél, P) < C(p) ) (217)
provided

P—20+q+2 <p+2+ﬂz_1
2 q - 2 ’




and we may define
o = pfﬁ 5B +p+2) —(¢+2)

q q(p +2
p—2

— - 5l—1+ pi (218)

to ensure (2.17). (2.17) together with (2.9) implies a(«y, p) < ¢(p) so that

B(Bi,p) < clp),

if §; satisfies
q—2p+2+06  q+2+o

2 D 2 ’
which means )
p
= 4 4 — 2q|. 2.1
G q_2al+q_2[p+ q] (2.19)
Inserting (2.18) in (2.19) we see
pq
o o= —2L g5 ¢ 2.20
p-2-2"" (220
¢ = X lprd—2g+—— 1 pug—2p+4
= T a+ gy gplia -2

2p% + 2 4qg — 8
_ 2p"+2pg+4q >0,
(¢—2)(p—-2)
hence the sequence (; consists of strictly positive numbers. Altogether we have shown the
validity of (2.16;) for any [ provided {o;}, {4} are defined according to (2.18), (2.20) with the
initial values from (2.13) and (2.15). Moreover, since

P
(r—2)(qg-2)

we see from (2.20) that 5, — oo as | — oo, and (2.18) gives the same for «; which means that

>1,

/ [Vue|™ dx < ¢(m, p) (2.21)
By

for any p < R and all m < oo, the constant being independent of €. Now the claim of Theorem
1.1, i) follows from (2.21) combined with Lemma 2.1, i). O

3 Some auxiliary results

In this section we will establish a regularity result which might be known but which we could
not trace in the literature. As already remarked it will enable us to deduce part ii) of Theorem
1.1 from part i).

Lemma 3.1. Suppose that 2 < s < t < oo and suppose that we are given functions f*: R*~1 —
[0,00), g*: R — [0,00) satisfying (1.3) and (1.4) with exponents s and t respectively. Suppose
also that u* € W}, (Q) locally minimizes the functional I*[-,§)], where

*[w, Q) ::/QF*(Vw)dx, F*(2) = f* () + ¢" (2n)

Then, if Vu* € L (Q,R™) for any p < oo, we have that u* € CYH(Q) for all p < 1.

loc



Proof of Lemma 3.1. It is enough to show that Vu* is locally bounded. Then, passing to
difference quotients, it is easy to see that Apu* is a solution of a uniformly elliptic equation with
bounded measurable coefficients, all bounds being independent of A. The De Giorgi-Moser-Nash
theory (see [GT]) implies Apu € CY#(2) uniformly in h, and the claim follows by passing to the
limit A — 0. For proving the local boundedness of the gradient, we simplify our notation and
write u, f, g, F' in place of u*, f*, ¢*, F* assuming that (1.3) holds for f with exponent s > 2
and that (1.4) is true for g with exponent ¢ > s. We first use our assumption

Vue Ll

loc

(;R™)  forall p< oo (3.1)

to show that Vu is weakly differentiable. Let e, denote a coordinate direction, v = 1,...,n,
and let

AJU () = %(\I’(m they) — (), h#£0,

denote the corresponding difference quotient of a function W. The minimality of v implies the
Euler-equation (' € Q)

DF(Vu)-Vedx =0 (3.2)
Q/

valid for ¢ € C§°(€Y') but according to (3.1) ¢ can be taken from any space W(Q), 7 > 1, in
particular we may choose ¢ = A7, (n2A]u), where n € C§°(9) is fixed and |h| < 1 is sufficiently
small. From (3.2) we get

/ﬂ A)(DF(Vu)) - V(n*Aju)dz =0, (3.3)
and if we introduce the bilinear form

1
B = /0 D?F(Vu+ thA]Vu) dt,

then (3.3) takes the form (no summation w.r.t. y)

/BZ(AZVU, A)Vu)n?da = —2/ nB(A]Vu,Vn)Ajudx. (3.4)
Q Q

Using on the r.h.s. the Cauchy-Schwarz inequality for the bilinear form B together with Young’s
inequality we deduce from (3.4) the estimate

/QBz (A)Vu, A]Vu)p? dz < C/Q B} (Vn, Vn)|AJul? dz. (3.5)
Elementary properties of the difference quotients in combination with (3.1) show that
| BT InIAuf s — [ D2F(Vu)(Va Vi)l da
Q Q

as h — 0, the limit of course being finite on acount of (3.1). Since s > 2 the Lh.s. of (3.5) is
bounded from below by ¢ [, 7*|A)Vul* dz, hence

/ n?|A)Vul? dz < ¢(n) < 0o (3.6)
Q

for |h| < 1, and since (3.6) holds for any direction and arbitrary n € C§°(£2), it follows that u is
in the space W3,,.(Q), in particular it holds A)Vu — 8,Vu a.e. Since B} (A} Vu, A]Vu) >0

we may therefore apply Fatou’s lemma on the L.h.s. of (3.5) leading to the inequality

/ n?D*F(Vu)(9,Vu,d,Vu)dr < c / D?*F(Vu)(Vn, Vn)|0yul? dz . (3.7)
Q Q

9



Note that (3.7) can also be established if s < 2, we refer to [Bi], p. 56. Now we fix a ball
B := Bpr(zo) with compact closure in Q. Let 0 < r < 7 < R (all balls are centered at x¢) ,
k > 0, and define

T, = 14+[0uf, TV =  14|Am?,
I = 1+|Vu?, Vu = (01uy...,0n—1u).

Then, choosing n € C3°(B;) , ¢ := A", (12AMu[T{Y — k]T) is admissible in (3.2) leading to

0 = / By (VAR VP Ajull) — 1)) da
B
= / ?[CM — kF B (VAR u, VAT) dz + / 2Bl (VARw, VI Ay dz
Bf‘ BFQ[ngh)Zk]

+ / BV AR, Vi) [T — kT Al da

= TN+1Ty+15.

T7 is non-negative, and clearly

1

T, = 2/ ) 772BZ(VF£zh)> vF?%h)) dx )
Bfm[Fn Zk]

o= [ BT V) - ) de,
Byn[I5) k]
hence
/ B (VI V(M) do < —2 / B (VT V) (TP — k) da.
B;N[rY >k B[y >k
The same arguments leading from (3.4) to (3.5) then show

/ 2B (vrgﬁ, vrg’ﬂ) do < ¢ / BV, Vi) (TP —k)2de.  (3.8)
BT >k) BT >k)

Again by (3.1) it is immediate that

r.h.s. of (3.8) = C/B I D?F(Vu)(Vn, V)T, — k)*dz,

whereas on the Lh.s. of (3.8) we observe that the integrand is > 0 and pointwise convergent
(since u € W2,,.(9)), thus Fatou’s lemma is applicable, and we deduce from (3.8)

/ n*D?*F(Vu)(VT,,VT,)dz < ¢ / D?F(Vu)(Vn, V) (T, —k)*dz. (3.9)
B'Fﬁ[l‘nzk] Bfﬁ[FnZk]

Recalling the ellipticity estimates for f and g we get from (3.9) the Caccioppoli-type inequality

/ |V, 2dz < ¢
Bf«ﬁ[FnZk]

t—2
+/ I,° (T, — k)% Vy2de| . (3.10)
Bfﬂ[FnZk]

/ D% (D — k) V[ da
Bim[rnzk]

10



Let n=1 on By, |Vn| <c¢/(f —r), 0 <n < 1. Let us further abbreviate
A(k,r):= B, N[y, > k|.

We proceed similar to [Bi], proof of Theorem 5.22: we have

/ (T — k)T do < / o0 k)] da
A(k,?‘) Bf

[ | v, - k>+>|dx]
B;
c[Il"%l +I2"%1] , (3.11)

n

n—1

IN

IN

n

n n—1
= = !/ |Vn|(Ty — k) dm]
A(k,r)

i =2 2-¢ | 71
< off —r) / ot (T — k)Cot
Ak, 7)
: 1 _n 1 n
n t—2 2n-1 2—t 2n-1
< (i — ) / o2 (D) — k)% da / r7de|, (32)
A(k,7) A(k,?)
n AT
It = [/ n\VFndx]
Alk,7)
1 n_
2n—1 1 n
= C/ 7? |V, |? dz |A(k, 7)1, (3.13)
A7)

where in (3.11) we made use of Sobolev’s inequality, whereas (3.12) and (3.13) just follow from
Holder’s inequality. Inserting (3.10) into the r.h.s. of (3.13), we get

/ (T — k)77 da
A(k,r)

n t—2 3R 2-t
< e(f—r) T / .2 (T, —k)*dz / .2 dz
A(k,7) A(k,7)

1l n_
t—2 el 2n—1 n
/ 2 (Fn—k)2dx+/ =2 (T, —k)?de |A(k, )27 T 5. (3.14)
A(k,?) A(k,?)

N

N|=

_l’_

Let v, 5 > 1 be arbitrary for the moment. We recall (3.1) and apply Hoélder’s inequality to
obtain

n_ 1 t-2
v

=2 n — =2
/ T2 (T — k)2de < / (T — k)a2ToT 17T, 2 de
A(k,r) A(k,r)

c1(v) [/,4(k,r)(Fn —k)n-1 dx] , (3.15)

X =

IN

11



/ (T, — k)2dz = / (T — k)nT
A(k,r) A(k,r)

n_ 1 g—_n_ 1 _ o
< [ @ 6
A(k,r)
< a(v) / (T —k)»1d , (3.16)
A(k,r)
c1(v) denoting a local constant depending on our fixed ball Br(zp). In the same way it follows
2t 1t-2 2-t 1t-2 t—2 B
/ r,? dx:/ Iy 2Ty = 2 de <co(x / r,? do| , (3.17)
A(k,?) A(k,?) (k,7)
1t=2 t=2 -
|A(k,7)| §/ Iy 2 de < ca(x) / r,> de| . (3.18)
A(k,?) A(k,?)
This gives
t ~ g—
(k1) = / (m (T — k) + 077 (0 — b))
A(k,r)
1
< «c(v) / (Ty —k)»—Tdx
A(k,r)

n

1 11 n =2 ﬁéﬁ
< ea(v, )P — 1) ERT ()P / 7 da ,
A(k,7)

where we made use of (3.15), (3.16) to obtain the first inequality, (3.14), (3.17) and (3.18) imply
the second one. If we abbreviate

—2
a(k,r) ::/ F:? dz,
A(k,r)

then it is shown that for any k£ > 0 and for all v, x > 1, 0 < r < 7 < R the inequality

n

1. n_ 11 n_ 11
T(k,7) < c3(F—r) vrir(k,7)v2n-Ta(k,7)>v2n

n

’-‘ ‘

(3.19)

is valid. Obviously a(h,7) < (h — k)~27(k,#), if h > k, and from (3.19) (replacing k by h > k)
we get

n n

cs(F — ) r(h,F) v T nTa(h, F) BT

lli Lli
< e3(F—7)V(h— k) Pr(h,#)ven-Tr(k, 7)) 2w

1
v

7(h,r)

IN

with suitable positive exponents ~, . Since 7(h,7) < 7(k,7), we finally arrive at

n

r(hr) < c3(F — ) V(h— k) Prk, i)zt o<k <h O<r<i<R (320

In (3.20) v and s are still in our disposal, and for v, s > 1 but very close to 1 we can arrange

that

1
1+ =
el

n 1

1
— >1
2n—1v




thus a lemma of Stampacchia [St, Lemma 5.1, p.219] can be applied to (3.20) implying I';, €
L*(Bpr/a(w0)). Since the ball Bg(z¢) was arbitrary, it follows that d,u is in the space Lj;, (€2).

loc

Next we fix a coordinate direction e,,, m < n, and let I',, := 14|90 ul?, A(k,r) := B,N[[y > k]
etc. We indicate the changes in the foregoing calculations: (3.9) holds for I',, in place of Ty,
and if we use Opu € L7 (§2), then (3.10) can be replaced by

loc

s—2

/ 7| VT, 2 de < c/ 2 (T, — k)?|Vn)2dz. (3.10")
A(k,?) A(k,?)

t—2

== ~s5—2
Here we just observed I'),2 < ¢l

z . (3.11) remains valid for I',, and we have

n

N n » - L T
I <e(f—r) nt [/ L2 (T — k)2 dx] [/ | dx] . (3.12")
A(k,?) A(k,7)

(3.13) of course is true for I'y,, and as before we can use (3.10") on the r.h.s. of the I';,-version
of (3.13), which leads in combination with (3.12") and (3.13) to

/ (T — k)71 dz
A(k,r)

n

1 n
2n—1
+ / 0% (T — k)de] |A(k;,f)\5n"1} . (3.14')
A(k,7)
Obviously (see (3.15), (3.16)) it holds for v > 1 (recall (3.1)!)
1
/ % (T — k)2 dz < e1(v) [/ (T — k)71 dx] , (3.16")
Ak,r) A(k,r)
and in accordance with (3.17), (3.18) we find
1
2—s s—2 >
/ 2 de < ea(x) / r,2 dz| |, (3.17")
A(k,7) A(k,7)
1
ﬁ b
|A(k,7)| < ca() [/ | d:c] . (3.18")
A(k,T)

This gives by (3.14'), (3.16) and (3.17"), (3.18'), respectively,

/ P2 (T, — k)2 da
A(k,r)

< cl(y)(rf—r)in"l[

n—1 s—2 %
/ 2 dz
A(k,7)



Let us now define

7 (k,r) ::/ 0% (T, — k)2 da,
A(k,r)
s—2
a(k,r) = / ry? dz.
A(k,r)

Then the foregoing inequality implies (3.19) for the quantities 7/, a’, and since again (h > k)
d(h,#) < (h— k)27 (k,7)
we deduce (3.20) for 7/ which means T', € L®(Bpg/2(20)), thus dpu € Lis,(Q). O

loc

Remark 3.1. The information Opu € LjS.(2) is not really needed for the proof of Vu €
L (Q,R™1). If we keep the quantity

loc
t—2
/ % (T, —k)?de
A(k,7)

on the r.h.s. of (3.10°), then this item occurs on the r.h.s. of (3.14’) (it has to be added to
s—2

fA(kﬂ L2 (), — k)2da ). On the other hand we have (compare (3.16))

1/v
g n
/ > (T, — k:)2 dz < c1(v) / (T — k)71 da ,
Alk,r) Alk,r)

hence

™ (k,r) = /
A(k,r)

IA
(@)
S
—~
]
S—
| — |
T
=
<
—~
=
3
|
ol
S—
3
I‘S
o,
]
| I
o
~
<

n

1 _n_ 1
n n 2_s 2n—1 . >
< Cl(u)(f—r)iMT//(k’f)éinl{[/ r,z dm] n ’A(kﬂﬁ)’%nl}
A(k,7)

and the terms in {....} are treated via (3.17"), (3.18'). This gives (3.19) for 7" and da', and
from a'(h,7) < (h — k)27 (k,7), h > k, the 7"-version of (3.20) follows which again gives
Omu € L5 ().

loc
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