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Abstract
We prove a partial regularity result for local minimizers v : R® > Q — RM of
the variational integral J(u,Q) = [, f(VFu) dz, where k is any integer and f is a
strictly convex integrand of anisotropic (p, ¢)—growth with exponents satisfying the

condition ¢ < p(1 + %) This is some extension of the regularity theorem obtained
in [BF2] for the case n = 2.

1 Introduction

In this note we study the regularity properties of local minimizers v : Q — R™ of higher
order variational integrals of the form

J(w, Q) = /Q F(VFw) da,

where ) is a domain in R",n > 2, and k > 2 denotes a given integer. The symbol V¥w
stands for the tensor of all &'} order (weak) partial derivatives of the function w, i.e.
VEw = (Do‘wi)‘a|:k,1§i§M,aeNg. Our main assumption concerns the energy density f : we
consider f > 0 of class C? satisfying with given exponents 1 < p < ¢ < oo and with
positive constants A, A the anisotropic ellipticity condition

(1.1) A1+ o) 7> < D2 f(0)(r,7) < AL+ |o]?)'F |72

being valid for all tensors o and 7. Note that the left-hand side of (1.1) implies the strict
convexity of f, moreover, it is easy to see that

(1.2) altlP —b < f(1) < Al7|?+ B

is true with constants a, A >0, b, B > 0.
According to (1.2) the appropriate space for local minimizers is the energy class consisting
of all Sobolev functions u € Wk (9 RY) such that J(u,€) < oo for any subdomain

Jloc
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Q' Ccc , and we say that a function u with these properties is a local J-—minimizer if
and only if
J(u, Q) < J(v, Q)

for any v € WF_ (€ RM) such that spt(u — v) CC €, where as above € is an arbi-
trary subdomain of €2 with compact closure in 2. For a definition of the Sobolev classes
W), Wh.. etc., we refer the reader to the book of Adams [Ad]. Now we can state our
main result:

THEOREM 1.1. Let u denote a local J—minimizer where f satisfies (1.1). Suppose
further that

(1.3 g <+ )

1s true. Then there is an open subset 2, of Q0 such that €2 — Q. is of Lebesque measure
zero and u € CFY (Qo; RM) for any exponent 0 < v < 1.

REMARK 1.1. i) In the twodimensional case, i.e. n = 2, the partial reqularity result
of Theorem 1.1 can be improved to everywhere reqularity which means that actually we
have Q. = . This is outlined in the recent paper [BF2].

it) The anisotropic first order case, i.e. we have k =1 and f satisfies conditions similar
to (1.1), is well investigated: without being complete we mention the papers of Acerbi and
Fusco [AF], of Esposito, Leonetti and Mingione [ELM1,2,3] and the results obtained by
the second author in collaboration with Bildhauer, see e.g. [BF1]. Further references are
contained in the monograph [Bi]. Clearly the list above addresses the case of vectorvalued
functions. The anisotropic scalar situation for first order problems has been discussed
before mainly by Marcellini, compare e.g. [Mal,2,3], with the major result that conditions
of the form (1.3) are in fact sufficient for excluding the occurrence of singular points.
i) If n > 3 together with k > 2, then partial C* —reqularity of minimizers of the varia-
tional integral [, f(V*u) dz has been studied in the paper [Kr1] of Kronz. Here the main
feature however is the quasiconvexity assumption imposed on f, i.e. the right—hand side
of (1.1) is required to hold with ¢ = p and the first inequality in (1.1) is replaced by the
hypothesis of uniform strict quasiconvexity with exponent p > 2. A related result concern-
ing quasimonotone nonlinear systems of higher order with p—growth (p > 2) is established
in [Kr2]. Of course the theorems of Kronz imply our reqularity result if we consider (1.1)
in the isotropic case p = q together with p > 2.

For completeness we also like to mention the work of Duzaar, Gastel and Grotowski [DGG]
dealing with partial reqularity of certain higher order nonlinear elliptic systems and im-
proving earlier results of Giaquinta and Modica establz’shed in [GM2].

iv) If the non—autonomous case I(w, Q) fQ x, VFw) dz is considered with integrand
F(z,0) satisfying (1.1) uniformly w.r.t. o, and if in addztwn we require

D.DyF(x,0)| < er(1+ |o?) %"

then Theorem 1.1 remains valid, provided (1.3) is replaced by the stronger condition q <
p (14 1/n) and if for example we assume that F(x,0) is given by F(x,0) = g(z,|o|) for
a suitable function g. The details are left to the reader, we refer to [ELM3] and [BFS3].
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The proof of Theorem 1.1 is organized in two steps. First we introduce a suitable regular-
ization of our variational problem following the lines of [BF2] which leads us to uniform
higher integrability and higher weak differentiability results for the solutions of the approx-
imate problems which then extend to our local minimizer. In a second step we combine
this initial regularity with a blow—up procedure which will give partial regularity as stated
in Theorem 1.1. From now on and just for notational simplicity we will assume that k = 2
together with M = 1. Moreover, we let n > 3 for obvious reasons. If necessary, we pass to
subsequences without explicit indications, and we use the same symbol to denote various
constants with different numerical values.

2 Approximation and initial regularity

Let the assumptions of Theorem 1.1 hold and consider a local J-minimizer u. We pro-
ceed as in [BF2] by fixing two open domains €, CC Qs CC . Then we consider the

mollification @,, of u with radius 1/m,m € N, and let u,, € U, + I/f/g(Qﬂ denote the
unique solution of the problem

I (w, Qa) == J(w, Q) + pm [o, (1 + [VZw[*)¥? dz — min in @, + I/i)/g(92>,

-1
where we have set p, := ||, — ullwz(,) [fQQ(l + |V, |22 dx| .

It is easy to see that (compare [BF2])

Upy — w0 W Qa), T (tm, Q2) — J(u, Qs),
I (U, a2) — T (u, Q)

as m — oo. Next we use the Euler equation
(2.1) /QDfm(V2um) Vi dr =0, ¢ €Wa(Q),
fn = pm(L 4| - |2)¥2 4 f, with the choice 0;(n°0iuy,), i = 1,..., n, n € C(y), 0 <

n <1,n=1on Q, and get (from now on summation w.r.t. i) with the help of the
Cauchy—Schwarz inequality for the bilinear form D2 f,,(V?u,,)

/ n°D? £ (VU ) (0;V U, 0,V ) div
Qo

(22) < (U410 [ 1D (TP [V do

spt Vn
IVl [ D) [V o}
spt Vn

where ¢ denotes a finite constant independent of m. Of course this calculation has to be
justified with the help of the difference quotient technique using ¢ = A_;(n°Asu,,) in
(2.1), Aptn(x) = 3 [tm(x + he;) — up(2)]. In case that ¢ > 2, the reader can follow the
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steps in [BF2] leading from (2.6) to (2.13) where (2.12) has to be adjusted for dimensions
n > 3. If ¢ < 2, then we refer to [BF1] or [Bi], p. 55-57.

Inequality (2.2) implies local uniform higher integrability of the sequence {VZu,,}: let
X = %5 and s := £x. For concentric balls B, CC Br CC {2 and n € C3°(Bg), 0 <n <
1, n=1on B,, V9| <c¢/(R-r), ¢ =1,2, we have by Sobolev’s inequality

2 (2\s 3 9 jaqsn=2\ %X
(1+|Vouy,|?)*de < [+ |Viu,| 2 ) dx
Br

r

- / (Phon) X do < c(/ V0 )P d)
Br Br

Here Ay, == (1 + [V2u,|*)?/* is known to be of class Wy (Q2:) on account of (2.2), and
with Young’s inequality we deduce

(2.3) / (1 + |V, |*)* dr < c[/ 7|Vl |* da
T Br

+/ IVn?|?h2, dx}x =: [T} + T3]X.
Br
From (1.1) and (2.2) we get (T, := Br — B;)

Ty < c(r,R)/ (1+|v2um|2)q%2[|v2um|2+|vum|2] dx
Tr

,T

< c(r,R)[/T (14 |Vun|?)? dx—l—/ |V, |? dm},
R

T TR,T

moreover

Ty < ¢(r, R)/ (1 + |V, P2 da.

TR,T‘

Inserting these estimates into (2.3) we find that

(2.4) / (1 + |V, do

<c(r,R) [/ (14 |V, |?)Y? da —|—/ |V, |? de !
TR,’I‘ TR,T
for a constant c(r, R) = ¢(R — r)~" with suitable exponent 3 > 0. Fix © € (0,1) such
that
1 © 1-0

q p 2s




(note: 2s = px > q on account of ¢ < p(1+ %)) Then the interpolation inequality implies
IV2unllg < IVl V2012

where the norms are taken over T, and we get:

Oq/ (1-6) 4
(2.5) / V2|7 dx < (/ |V 2, |P dx) ! p(/ |V 20, |2 dm) -,
Tr,r Br Tr,r

Before applying (2.5) to the first integral on the r.h.s. of (2.4) we discuss the second one:
we have (for any 0 < e < 1)

(2.6) / V| dz < 5/
Tr,» Tr

which follows for example from [Mo], Theorem 3.6.9. For the e~term on the r.h.s. of (2.6)
we may use (2.5). By construction we know that sup [[um |lwz,) < co. If p > n, then the

IV2u,,|? dz + c(e, R, 7) / |t | dz,

TR,T‘

,T

sequence {u,,} is uniformly bounded in any space W}!(Qg),t < oo, thus we clearly have
the boundedness of [, |u,|? dz. So let us assume that p < n. Then

SUp |||y (@, < 00
m
for t < n"—_’;) =:p. In case p > n we are done. If p < n, then we obtain

sup ||um||Lt(Q2) < 00
m

for t < nn—_ﬁp = 25, Obviously ¢ < 25 which is a consequence of (1.3) since p(1 + 2) <

ny_l—’;p. Altogether we have shown that

(2.7) / |tum|? de < ©
TR,’I‘

for a constant ¢ depending also on Qy and sup ||um |[wz(a,)- Returning to (2.4), inserting
m

(2.6) combined with (2.7) and applying (2.5) we have shown that

(2.8) / (1 + |Vup|?)® dr <

c(R—r)—ﬁK/Q

Now, from (1.3) it follows that (1 — ©)Z < 1, and we may therefore apply Young’s

inequality on the r.h.s. of (2.8) with the result

» Ogx/ (1—@)%
(1 + V2, )% de) q”(/ (14 Vo) de)
T

R,r

=

2

(2.9) /(1+|V2um|2)sda:§
B,

J,

(1+ |V2un|?)* dz + (R — r)~ [(/ (1+ |V2un[?)? dx)ﬁQ n e] :

Qo

\T
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51, B2 denoting positive exponents. Adding [, (1 + [V?uy[*)* dz on both sides of (2.9)
this inequality turns into

1
(2.10) / (14 |V, ) dz < 5/ (1+ VU [P de + K(R— 7)™,
[s Br

where the constant K on the r.h.s. of (2.9) also depends on sup [, |Vt |” dz. If we use
[Gi], Lemma 5.1, p. 81, inequality (2.10) implies the following

LEMMA 2.1. Under the hypothesis of Theorem 1.1 and with the notation introduced
before we have that {u,,} is uniformly bounded in the space W2 ,..(Q2),s == E- 2. In

2s,loc 2n—
particular we have that u belongs to W2 .(Q2). Moreover, the functions h,, = (1 +

V2, |2)P* are uniformly bounded in Wy, ().
Note that the last statement follows from (2.2) together with sup [[um[lw2 (o, < co. We
m q,loc

return to (2.1) and choose ¢ = 8;(7°0;[u,, — P,]) where n € C°(Q,), 0 < n < 1, and
P,, denotes a polynomial function of degree < 2. Similar to (2.2) we get (using difference
quotients)

/ n°D? £ (VU ) (0;V U, O,V Uy ) d
Qo

< —/ D? £, (V) ((%VQum, V2150 [t — Py
spt Vn

OV @ Vi (1 — Pm)) dz,

where the sum is taken w.r.t. ¢ = 1,...,n. We apply the Cauchy—Schwarz inequality to
the bilinear form D?f,,(V?u,,) with the result

/ n°D? £, (VU ) (0 YV * U, OV ) de
Qo

21 < (IVl + 1ValL) [ DA (PPl [V~ P do

spt Vn

VA [ 1D (P 920 = Pl o}
spt Vn

in particular fQQ n%|Vh,,|? dz is bounded by the right-hand side of (2.11). We claim
LEMMA 2.2. Let h:= (14 |V?ul|?)?/* Then the following statements hold:

Z) h e W%,IOC(QQ);
”) hm — h in WQI,IOC(QQ);

i) VU — Vi a.e. on Qy, £ < 2.
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If P is a polynomial function of degree < 2, then

/ |V h|? do
Qo

2 < (IR IvalL) [ DAl V- PP do

spt Vn

Vil [ D) 9 - P da
spt Vn

is true for anyn € C (), 0 <n < 1.

Proof: From Lemma 2.1 we deduce that there exists a function h € W3 1oe(€22) such that

[ W3 10e(2) and almost everywhere. Suppose that we already have iii). Then
i), ii) are trivial. Moreover, if we choose P,, = P in (2.11), Fatou’s lemma implies that

/ 776|Vh|2dx§hminf/ n°|Vh|? dx,

Qs m=o0 Jq,

and we may control the quantities [, 1°|Vh,|* dv with the help of (2.11) in
terms of the integrals fsptV'r] |D? f,(V2u)| [V2u,, — V2P]? do =: fsptV'r] ®,, dr and
fsptVn |D? . (V2up)| |V, — VP|? de =: fsptVﬂ V,, dz. By Lemma 2.1 the integrand

®,, is uniformly bounded in L'*¢(spt V) for some € > 0, thus ®,, —: ® in L'**(spt Vn)
and therefore [ . Py, dx — [, ot  dr. But with the pointwise convergence iii) we see
that ® = |D? f(V2u)| [V?*u— V?P|. Obviously a similar argument applies to [ o, ¥y, dz
which proves (2.12), and it remains to show iii) just for £ = 2, the other cases are obvious.
To this purpose we recall that in fact we have shown that w is in the space W2, .(Q) (due

q,loc
to the arbitrariness of Qy) and that by definition up, is of class Up,+ W (€;). Therefore
the following calculations are justified: we have

/Q (70 = (7)) e =

(2.13) Df(V?u) : (Vuy, — Vu) dr +

Qo
1
/ / D2f<V2u + [V, — V2u]) (V2 — V2, Vu,, — V2u)(1 — t)dt dz.
0, Jo
Note that ||u —ﬂm||qu(Q) — 0 for all Q CC Q, moreover the Euler equation for u implies

Df(V?u) : (V?u,, — V?u)dx = [ Df(V?u): (V*u,, — Vu) du,

Qo Qo

thus the first term on the r.h.s. of (2.13) vanishes as m — oo. The same is true for
the Lh.s. of (2.13) as it was remarked at the beginning of this section. This implies
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lim [, fol D?f(V?u + t[V?uy, — V2u])(V2u,, — VZu, V2u,, — V?u) dt dv = 0 and in the
case p > 2 the claim follows from (1.1). Suppose now that p < 2. Then again by (1.1)

p—2

1 1
/ ...dtZ)\/ (1+\v2u+t(v2um—v2u)|2) C VU, — V2ul?(1 —t) dt
0 0

> c(l + [|V2ul| + |V2um|]2>T|V2um — V2ul?.
For almost all z € €25 we have
hn () — h(z) < o0,

therefore lim |V?2u,,(x)| exists and is finite for almost all z € Qy (by the definition of
hpm). If we consider such points = € 2y and observe that by the above estimate
p—2

(1 192+ [V2un?) © V2 — V202 — 0 ac,

then it is immendiate that |V?u,, — V?u[* — 0 a.e., and the claim follows. O

3 Blow—up and partial regularity

In this section we give a proof of Theorem 1.1 where for technical simplicity we restrict
ourselves to the case that p > 2. The necessary adjustments concerning exponents p €

(1,2) can be found in [CFM], [BF1] or [Bi]. So let the hypothesis of Theorem 1.1 hold.
Then we have the following excess—decay lemma which is the key to partial regularity.

LEMMA 3.1. Given a positive number L, define the constant C*(L) according to (3.11)
below and let C, := C.(L) := 2C*(L). Then, for any 7 € (0,1/2) there exists € = (7, L)
such that the validity of

(3.1) ((V?u),,| < L and E(x,r) < (L, 7)
for some ball B,(x) CC § implies the estimate
(3.2) E(z,7r) < 7*C.(L)E(x, 7).

Here we have set

Bz, p) ::f V2 — (V)2 dy + ][ V20— (V2u),,|7 dy
Bp(x) Bp(l”)

for balls B,(x) compactly contained in ©, and - B,(0)9 dy or (g)s,, denote the mean value
of a function g w.r.t. B,(z). Let us recall that we consider the case p > 2, thus ¢ > 2.
If p < 2 is allowed, then ¢ < 2 is possible but the statement of Lemma 3.1 (and there-

by partial regularity) remains true if the excess function E then is defined according to
[CFM].



REMARK 3.1. i) It is well known how to iterate the result of Lemma 3.1 leading to the
result that the set of points x, € €2 such that

limsup |(V2u),, .| < 0o
™\.0

together with lim i{fo E(xo,7) =0 is an open set (of full Lebesque—measure) on which the

local minimizer u is of class C*V for any 0 < v < 1. We refer the reader to Giaquinta’s
text book [Gia] and mention the papers [GiuMi] of Giusti and Miranda, [Ev] of Evans or
the contribution [FH] of Fusco and Hutchinson.

it) We will give an indirect proof of Lemma 3.1 using the blow—up technique following
more or less the ideas of Evans and Gariepy outlined in [Ev] and [EG].

Proof of Lemma 3.1:
To argue by contradiction we assume that for L > 0 fixed and for some 7 € (0, 1/2) there
exists a sequence of balls B, (z,,) CC €2 such that

(3.3) (V) | < Ly E(2yy, 7)) =1 A2, — 0,

(3.4) E(Zm, Trm) > C.m2A\2.

Now a sequence of rescaled functions is introduced by letting

Ay = <u>xm,rm7 Am = (Vu)xm,rma @m = (V2U>xm7rm,

1
inlz) = 5 [t ) G = Tz

mim

1

1
——7r20,(z,2)+ = rfn][ @m(é,é)dé}, |z] < 1.
2 2",

Direct calculations show that

Vi, (z) = Amlrm [Vu(xm +rmz) — Am — 3 TmV(@%ﬁZaZgﬂ :

Vi, (z) = ﬁ [VQU(CCm +rmz) — @m],

moreover, the quantities (U )o1, (Vim)o1, (VU)o vanish for all m. From our assump-
tions (3.3) we get

(3.5) f V20, |2dz + Agf][ V20, |%dz = N2 E (T, ) = 1,
B1 Bl

and after passing to subsequences which are not relabeled we find (using Poincaré’s in-
equality for deriving (3.7) from (3.5))

(3.6) O, —: 0,

9



(3.7) Ty —: 0 in WE(By),
(3.8) A V30, — 0 in L*(B;) and a.e.,
(3.9) M=2lag2g, 0 — 0 in LY(By).

After these preparations we claim that the limit function @ satisfies
(3.10) D?f(0)(V*4,V3p)dz =0 Y€ C®(B).
B

To prove (3.10) we proceed exactly as in [Ev] (see also [BF1] and [Bi], Proposition 3.33)
taking into account (3.6), (3.7) and (3.9).

Moreover, the application of Poincaré’s inequality in combination with estimate (3.2) from
[GiaMol] and Lemma 7 of [Krl] (see also [Cal,2]) give the existence of a constant C*,
only depending on n, L,p, ¢, A and A, such that

(3.11) ][ V20— (V20),Pd> < '

.

To be precise, we have

f (V20 — (V*a),]2dz < 072][ (V34| dz < 072][ |V34|* dz,
B, B,

B2

which follows from [GiaMol], (3.2), applied to the function v := 0,4, v = 1,..., n.
Moreover

f (V34| dz < esup V3l < c][ V24| dz < liminfc][ V20, |* dz < ¢,
1/2 m—oo By

By /o

where we used (3.5), (3.7) and [Krl]|, Lemma 7. This proves (3.11) for a suitable constant
C*. Clearly (3.11) is in contradiction to (3.4), if we can improve the convergences stated
in (3.8) and (3.9) to the strong convergences

3.12 Vi, — V0 in L2 (B),
loc
(3.13) A2, — 0 in L (By).

To verify (3.12) and (3.13) we want to show first for any 0 < p < 1 the identity
(3.14) lim (1 41O + A V244 Ay V2202 ) V2w, |2 dz = 0,

m—0o0 B
P

where w,, := U, — u. Following the basic ideas given in [EG]| (see also [BF1] or [Bi],

10



Proposition 3.34) we observe that for all ¢ € C*(B;),0 < ¢ <1,

32 [ o[ On + AT ) = (O + 2T d
By

(3.15) A / oDf (@m + Amv%) L V2w, dz
By

_ /B 1 0/1 oD f(@m V204 sAmV2wm) (Vme, v%m) (1 - s)ds dz.

Obviously (3.14) will follow from the ellipticity of D?f, if we can show that the left-hand
side of (3.15) tends to zero as m — oo. Using the minimality of u as well as the convexity

of f we can estimate

Lh.s. of (3.15) < )\;f/ f(@m + A V[l + (@ — am)])dz

By

B /B f(@m A [(1 — o)V, + goVQfL])dz

m

— At / ©D (O, + A\ V21) : VZw,,dz
By

= 11—12—13.

Setting
X = O + Amy [<1 — )V, + W%} y Zn =2V @ V(i — Um) + V(U — T

we obtain

L—L,=)\'] Df(Xn): Zndz

B1

+/ /1D2f<Xm + s/\mZm>(Zm,Zm)(1 — 8)ds dz
By 0

< )\;11 Df(Xy): Zndz

B

o\ 4=2
we [ (1 {8l 4 ATl £ AnlVil Al Zil} ) T |l
B

With the notation e(m) — 0 as m — oo we get on account of (3.7) that the last integral

11



can be estimated from above by
c/ N2\, | 72| 2, |2 d 2 +c/ N2 70 |9dz 4 e(m).
Bl Bl
Furthermore,

Jy = c/ N2\, 1972 Z, 12
By
2
< c/ Agﬂv%mw{yva—vw+|a—amy} dz
spt ¢

1-2/q
c{/ Ag,;2yv2amyqdz} {Agﬂ/ Vit — Vit |9z
spt ¢

spt ¢
2/q
92 ~ ~
+A / \u—um|qdz}
spt ¢

< C{)\?nQ/ ]V&—Vﬁm\qder)\fnz/
spt ¢

spt ¢

IN

2/q
o — am|qdz} ,

where the last inequality follows from (3.9). We also note that due to (3.9)
A YRG0 in Li(By) for k = 0,1. This immediately implies

m—00

Ji<elm)—0 as m — oo.

Analogous arguments applied to
Jy 1= c/ N2\ 7,0 |9d
By

guarantee that
Jy <e(m)—0 as m — oc.

Thus, we arrive at

(3.16) Lhs. of (3.15) < e(m) + A,ﬂ Df(Xy) : Zyn dz

By

— Df (O 4+ A\ V210) : Vi, @ dz} .

B

Next we are going to discuss the last two integrals in (3.16). Since

v2(90wm) = v2wm90 - Zm>

12



we have that

L] = /B (Df(Xm) — Df(O,, + AmVij))  Z d2

— / Df(@m + A V210) : V2w )dz =: Iy — I5.
By

From (1.1) and from the requirement that 0 < ¢ < 1 we obtain by recalling the definition
of Z,,

I = / (D1 (O 4+ Anl(1 = @)Vt + 9V20]) = DO+ A\ V70)) : Zy dz
B

1
_ / /in (O + AnV2i+ sXn(1 = @)V (it — @) ) ds : Zy, d2
B ds
0

1
_ )\m/ /D2f<@m F AV 4 $An (1 — 0) V20 (V20, Zin) (1 — )ds dz
By
0

q—2

2

IN

e [ (14100l + A9+ Al V20
By

V2 | IVl V] + V2] [l |
and similar to the previous discussion of J; we get
M1 —0 as m — oo,

Finally, we observe that

A = A / (D F(Om + A\V2a) — D f(@m)> L V2 (g )dz
B1

1
= A / / DQf(@m+sAmvza)(AmVQa,VQ(gowm))dsdz,
By
0

and, consequently, A\~1I5 vanishes after passing to the limit m — oo on account of the
weak convergence (3.7). Summarizing these results we have shown that lim (L.h.s. of

(3.15)) = 0. o
Therefore, identity (3.14) is proved, and (3.12) immediately follows from (3.14) since we
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assume that p > 2. To proceed further, i.e. to prove the strong convergence stated in
(3.13), we introduce the auxiliary functions

() = At [ (L4 O+ An V2 ()2 = (14 027
For any p < 1 Lemma 2.2 implies

VW, 2dz = A2 g2 / Vh|? da

Bp BPTm (Im)

< e [ DRl {r AV PP 4 - PP de
Bry, (Tm)

For the last estimate we used inequality (2.12), h being defined in Lemma 2.2 and P
representing a polynomial function of degree < 2. If we choose

1
P(x) i= An @ + 5Om(t —@m, © —wp) for z€ B, (1)

we get
V(u(z) — P(z)) = )\mrmVﬂm<z;—im>,

V2(u(z) — P(z)) = Amv%m(ﬁﬂ).

m

So, taking into account (3.7) and (3.9) we obtain for any p < 1 the inequality
VU Ldz < clp) | 1D (O + Aa Vi) - { V2] + Vit [} d2
(317) B B
< c(p) < o0.

In addition, one can write

1 p=2
[T, gc/ |v2am|(1+|@m+sAmv2am|2) Y ods
(3.18) 0

< c{|v2am| Fh? V20, [P% + 1}.
It follows from (3.14) that

/ 2|24, [P de < ¢ (p) < oo.
By

Combining the last estimate with (3.17) and (3.18) we can conclude that the sequence
U,, is bounded in Wy,,.(B1). Now we proceed as follows: consider a number M >> 1
and let

Up :={2€B,: A | V2| < M}
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Then

/ )\EnQ\VQQdezgc{/ A3n2\v2wmyqdz+/ Agﬂv?quz}

m

< c{/ 3 (19200772 + [92%0]772)
(3.19) -\ngm|2d2+/ Az,;2\v2a|qdz}
Um

< c{/ (Mq2+|v2ayq2)|v2wm|2dz+/ Ag;2|v2a|qclz}
B,

P B,

—0 as m— o

on account of V*w,, — 0 in L*(B,) and V*@ € L>(B,). On the other hand, if we choose
M sufficiently large, then on B, — U,, we get

U (2) > e AJHP2 |V 24, [P

and, consequently
2q

R -~ 249 _9 29
V20,7 N2 < eha? ~ U

Since (1.3) guarantees 22 < 2% and since W, is uniformly bounded in Wy, (B;), we can
p Ton :
conclude
(3.20) / M2|V24,,|7 dz — 0 as m — oo for any p < 1.
By—Unm
It only remains to note that obviously the results (3.19) and (3.20) provide (3.13), which
completes the proof. O
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