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Abstract
We consider anisotropic variational integrals of (p, ¢)-growth and prove for the scalar case
interior C®-regularity of bounded local minimizers under the assumption that ¢ < 2p by
the way discussing a famous counterexample of Giaquinta. In the vector case we obtain some
higher integrability result for the gradient.

1 Introduction

Roughly speaking, an anisotropic variational integral of the type Jlu] = fQ f(Vu)dx defined
for functions u: Q — R on some bounded domain 2 C R"™, n > 2, is characterized through a
growth condition like

alQP —b < f(Q) < AlQ|" + B, (L.1)

where a, b, A, B denote positive constants, 1 < p < ¢ < oo are given exponents, and @ is an
arbitrary matrix from R™. A natural space for local minimizers is the class of functions u from
W(Q; R™Y) such that [, f(Vu)dz < oo for each subregion Q' € €, and so one is interested in
the regularity properties of local minimizers u which means that one asks for higher integrability
of Vu, Holder-continuity of u or even Holder-continuity of Vu provided that f satisfies additional
smoothness and convexity assumptions. In general, the hope for positive results increases in the
scalar case but counterexamples of [Gi2] and (later) of [Ho| show that even for N = 1 unbounded
minimizers exist, when ¢ is too big with respect to p.

On the contrary, there is a long list of authors investigating the different aspects of the regularity
theory, we mention (without being complete) the works of Acerbi and Fucso ([AF]), Fusco and
Sbordone ([FS]), Marcellini ([Ma2]), Choe ([Ch]) and the papers [ELM1], [ELM2] of Esposito,
Leonetti and Mingione, where the interested reader can also find further references.

Typically, in the above mentioned works either a bound of the form

q < c(n)p (1.2)
with ¢(n) > 1, but ¢(n) — 1 as n — oo is required, or a dimensionless restriction like
q<p+2 (1.3)

occurs together with the assumption that u is a locally bounded function. Then, in a first step,
it is shown that actually Vu is in the space Li (£ R™N). This result in turn is used in a second
step to prove C1®-regularity in the scalar case or in the vector case with an additional structure
condition, whereas in the general vectorial setting partial C“-regularity is established. Of
course, to do so, (1.1) has to be replaced by a stronger condition: for example, one may assume

that f: R™ — [0, 00) is of class C? together with
NL+[QP)T 1212 < D F(Q)2.2) S AL+ |QM) T |22, @ zeR™,  (14)

where A\, A denote positive constants. Clearly (1.4) implies (1.1), moreover, the first inequality
in (1.4) shows that f is strictly convex.

In this note we have a closer look on the counterexamples mentioned above. Giaquinta’s example
works with the choice p = 2, ¢ = 4, n > 6: he considers the variational integral

n—1

J[u] = / {Z(@iu)Z—i-%(@nu)‘l] da,

i=1
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for which in case n > 6
n—4 T

24 ]
<Z?:1 x} )
is of finite energy and satisfies the Euler-Lagrange equation, i.e. u is a local J-minimizer. This

singular minimizer however is not bounded, in fact in [FS] a sharp condition is proved under
which we have to expect unbounded minimizers. This condition reads in the case p = 2 as

u(z) =

N

n—1> q_—2 5
in particular for ¢ = 4 we have singular unbounded solutions for n > 6. Note that the question
of unbounded solutions is strongly related to the dimension n. On the other hand, as mentioned
above, the smoothness of bounded solutions should follow from a dimensionless condition. For
instance, up to now it is not clear, if an anisotropic energy exists which satisfies a condition
like (1.4) with p = 2, ¢ = 4 and for which locally bounded but nonsmooth local minimizers
can be constructed. Note that for the choice p = 2, ¢ = 4 we have reached the limit case
q = p + 2 of condition (1.3), and according to [Bi], Theorem 5.4, the smoothness of locally
bounded minimizers is only known under the stronger hypothesis that ¢ < p + 2. Here we are
going to include the limit case of (1.3) in our considerations and to weaken (in case p > 2)
condition (1.3) to

2<p<q<2p (1.5)

by making use of the particular properties of the functionals under consideration. More precisely
we will show that (1.5) together with some structural hypotheses imposed on f actually is strong
enough to obtain the usual smoothness properties of locally bounded solutions at least in the
scalar case.

To discuss some details, let us split an element @ of R™ in the form Q = (Q, Qn), where

Q:=(Q1,....,Qu-1), QeRYN, i=1,...,n.

Then, a typical example we have in mind is given by

F@Q) =(1+[Q)% + 1+ |QuP)E. (1.6)

In fact we could also look at any decomposition

Q= (QW,Q®)

of the matrix Q into two submatrices Q) and consider f growing of order p with respect to
QW and of order ¢ with respect to Q. Another model we could discuss is

FQ =Y a+IgP*%,

i=1

where now p := min p;, ¢ := max p;.
In order to keep our exposition simple, we assume from now on that f € C?(R™Y) can be written
as (compare (1.6))

Q) = [1(Q) + f2(Qn) (1.7)
with

A1+ 1QP) |22

AL +[@nl?) = |Z,?

-2

AL +1Qnl?) 2 [ Za)

o N

AL+IQP) | 2P, } 18)

IAINA
IAIA

\V)



moreover, we assume that

fl(Q) - fl(Ql""’Qn_l) = gl(’Ql‘r"?’Qn—l’),
B(@Qn) = 200 } 19)

with g increasing and ¢; increasing with respect to each argument. The assumption (1.9)
ensures the convex hull property (see, e.g. [BF3]), i.e. the global minimizer w.r.t. Dirichlet
boundary data ug € L>°(Q;RY) also is a bounded function. Therefore, it is reasonable to look
at locally bounded local minimizers, where the notion of a local minimizer v means that

Ju, Y= | f(Vu)dr <
Q/
together with J[u, Q'] < J[v,Q'] for all v such that spt(u —v) C €/, and for all subdomains
' € Q. Let us now state our results:

Theorem 1.1. Suppose that we are given exponents 2 < p < q < oo with (1.5). Let f satisfy
(1.7), (1.8), (1.9) and let u € LS (Q;RY) denote a local minimizer. Then we have that Vu :=

loc

(O1u, . . ., Op_qu) € LPTH(QR™=DNY . Moreover, the function dyu is in the class LITH(Q;RY).

loc loc

Corollary 1.1. Let the assumptions of Theorem 1.1 hold and assume in addition that n — 1 <
p <n, ¢ >n. Then we have that u € C%*(Q;RY) for some 0 < o < 1.

Remark 1.1. i) As already noted similar results can be obtained for decompositions different
from the one considered here.

ii) We may also consider functionals as discussed above with an additional x-dependence
(compare [BF4]). Note that in the situation at hand we do not have to expect a Lavrentiev
phenomenon.

iii) Modifying the proof according to [BFM], for instance, we can also handle the case of degen-
erate ellipticity, which means that the 1 is dropped in the left-hand sides of the inequalities
stated in (1.8).

iv) In [Bi], Corollary 5.6, a partial reqularity result is shown provided that ¢ < 2 + p and
q <pn/(n—2). It would be interesting to see, whether partial reqularity holds in the above
examples under a dimension free condition on the exponents. This will be investigated in
a separate paper.

v) If p < 2, then we obtain better integrability results under the weaker assumption g < p+ 2
valid even for a more general class of functionals, we refer to [Bi], Theorem 5.4. Also
Theorem 1.2 and Corollary 1.2 below continue to hold for p < 2 together with q < p + 2.

Next we turn our attention to the scalar case for which we can improve the integrability of Vu,
more precisely we have the following result:

Theorem 1.2. Let N =1, let f satisfy (1.7) and (1.8) together with 2 < p < q < 2p. Then, if

u € L2 () denotes a local minimizer, we have

i) Vu € LfOC(Q;]R"_l) for any finite exponent s, in particular u actually is in the space

qu,loc(Q)"
ii) Vu is in the space Lt (Q;R™) for any finite t.

loc

Remark 1.2. i) Note that the structural condition (1.9) is not required in the scalar case.



i) According to [Ma2], u € qu,loc(ﬂ) implies u € C1*(Q) if we additionaly require ¢ < p="5.

iii) It would be desirable to extend Theorem 1.2 including Corollary 1.2 to the vector-situation
studied in Theorem 1.1. We think that this is possible if in addition to (1.9) f1 also just
depends on the modulus of the matriz, i.e. f1(Q) = g1(|Q]). We leave the details to the
reader.

Corollary 1.2. In the scalar case locally bounded local minimizers of the variational integral
Ju, Q) = [, f(Vu)dz are of class CH*(Q) for any 0 < o < 1, provided that f satisfies (1.7),
(1.8) and 2 < p < q < 2p holds.

Remark 1.3. i) We conjecture that the bound q < 2p is optimal, and so it would be inter-
esting to find bounded solutions which are not of class CY® for a functional J satisfying
the hypotheses of Corollary 1.2 but with q > 2p, where q can be chosen arbitrarily close to

2p.

ii) We like to remark explicitely that sufficient conditions for regularity of the form (1.2) in
general give better results for low dimensions n, for example, we mention the paper [FS]
where for n = 2, 3 the bounds on p and q are less restrictive.

iii) As mentioned above, in this note we do not touch the question of (partial) regularity in
the vector case. We just remark that for two-dimensional vectorial problems (i.e. n = 2
and N > 1) the condition q < 2p is sufficient for interior C1“-regularity even for a priori
unbounded local minimizers of an energy [, f(Vu)dx with f just satisfying (1.4). We
refer the reader to [BF5].

Our paper is organized as follows: in Section 2 we introduce an appropriate local regularization,
i.e. we replace the integrand f and the minimizer u by suitable sequences fi and wug, and
prove a Caccioppoli-type inequality for the approximation. In the vector-case this procedure is
rather delicate since it is not clear if the test-functions one likes to use are really admissible.
The Caccioppoli-type inequality then is used to prove that Oiu,...,0,_1u are in the space
L JrI(Q;RN ). In Section 3 we study the scalar case and show by iteration the first part of

loc
Theorem 1.2. ;jFrom this we deduce in Section 4 that u € W/} () for any finite ¢, and we use

this to get u € C1*(Q).

2 Approximation and proof of Theorem 1.1

Let the hypotheses of Theorem 1.1 be satisfied. Following familiar arguments we introduce an
appropriate local regularization: given ¢ > 0, we let (u). denote the mollification of the local
minimizer v with radius e. Let us fix ¢ €  and a ball Br(zg) € Q. Moreover, define

1

) = v
(N EA—

d:=4(e

and let f5(Q) = 0(1 + |Q|?)?? + f(Q). Finally, let us € (u)-+ I/;/ql(BR(mo);]RN) denote the
unique solution of the problem

Js[w, Br(zo)] := /B ( )f5(Vw)da:—>min in (u)et v%ql(BR(xo);RN).

Lemma 2.1. We have as € — O:

i) us — u in Wy (Br(zo); RY),



iii) fBR(mo) f(Vus)dz — fBR(xo) f(Vu)dz.

Moreover, ||us| oo (Bj(z0)RN) 8 uniformly bounded.

Proof. i)—iii): compare e.g. [BF1] with minor adjustments; the last statement follows from the
convex hull property established in [BF3]. O

Lemma 2.2. (Caccioppoli-type inequality) For any n € C3°(Br(xo)) we have
/ n?D? f5(Vus) (0 Vus, 0, Vus) dz
Br(z0)
< c/ D?f5(Vugs)(Vn ® dyus, Vn @ Oyus) da . (2.1)
Br(zo)

Here v € {1,...,n} is arbitrary (no summation in (2.1)), ¢ is a constant independent of &
and ® denotes the tensor product.

Proof. Compare, for example, [BF1], Lemma 3.1 ; it is easy to check that the proof given in
[BF1] actually produces inequality (2.1). O

Let us now have a closer look at inequality (2.1) for our special integrand f. Using (1.7) and
(1.8) we deduce from (2.1)

5 2 (1 + WWP)%aﬁwy?dH/ (1 + [Vus|?) = |0, Vus|? da
Br(wo) Br(zo)
q—2

+/ 772(1 + lanug\z)T\(%@nu\z dz
BR($())

< ofs [ (OO FusP) T 0P o [ [OnP e Tus?) 0, usP do
Br(zo) B

Rr(0)

f e |anu|2>%2|avu5|2dx] |
R\Z0

Now, taking the sum w.r.t. v from 1 to n — 1 on both sides, we get with an obvious meaning of
V2
~a4=2 ~P=2
5/ n’Ty? \VQU512dx+/ L% |Vus da
Br(zo) Br(z0)

03520 & 2
+/ 0T, % [0, Vus|* da
Br(zo) ’

< ¢

~9=2 . ~P=2 _
5/ |V77|2I‘52 |VU5|2dx+/ |V77|2F(52 |Vus|? dz
Br(z0) Br(zo)

=2
+/ IVn|°T, % |Vus)* dz |, (2.2)
Br(zo) ’

where f(g =14 ‘@ung, Fn,(g =14+ ]8nu5\2.

Before we prove Theorem 1.1, let us recall the following auxiliary result, a proof can be found
in [GM]



Proposition 2.1. Consider a function g: R* — R of class C? such that for some s > 2 we
have with a positive constant cq

s—2
c1 (14 |A]*) 7 [B]> < D?g(A)(B,B) for all A, B€R".

Then there is another positive constant co, just depending on s and c1 such that
1
/ D2g(A+tB)(X,X)dt > c;D*g(A)(X,X) forall A, B, X € RE. (2.3)
0

We proceed by showing a version of the Caccioppoli-type inequality involving difference quo-
tients, which will be an essential ingredient in the proof of Theorem 1.1.

Lemma 2.3. Fiz a direction e, v <n—1, and let v := Apus denote the difference quotient of
ugs in this direction. Then we have for any n € C§°(Br(zo))

1 —
5/ /(1+\U!2)q22\v\2dtdm
sptn JO
1 I
+/ /(1+|U|2)T|v|2dtdx
sptn J0

1 —_
+/ /(1+|Un|2)q22|v|2dtd:n
sptn J0
= | V|26 11+ I + I5].

IN

/ 72D f5(Vus)(Vo, Vo) dz - < ¢ Vinll%
Br(zo)

Here we have set U := Vug + thALVug.
Proof. Let us introduce the bilinear form B := fol D2fs(U)dt. If we write

B(X,X) = /0 'p? f5 (Vug + thARVus) (X, X) dt
= /1D2f5(A+tB)(X,X)dt
0

1 1
= /D295(A+tB)(X,X)dt+/ D2 fo(Ap + tBp)(Xp, X,) dt
0 0

with A = Vugs, B = hApVus, gs(e) := 6(1+|e|?)?+ f1(e), then — due to the ellipticity conditions
for fi and fyo — the inequality (2.3) can be applied to both terms on the r.h.s. of the above
equation leading to the estimate

D?f5(Vus)(X, X) < B(X,X) forall X € RV,
This together with (3.2) of [BF1] gives
/ n*D? f5(Vus)(Vv, V) dr < c/ B(Vv, V) n*dx < c/ nB (Vv,Vn ®v) dx.
Br(zo) Br(zo) Br(zo)

Using now the Cauchy-Schwarz inequality for the bilinear form B we get

/ 1’ D? f5(Vus)(Vo, Vo) dz < c/ B(Vn®v,Vn®v) ds
Br(zo) Br(zo)

C

IN

1
/ / D?¢5(U)(Vn @ v,V @ v) dt dz
Bpr(z0) J0
1
s [ D) @un. ) dtda]
Bpr(z0) J0O

6



which immediately gives the lemma on account on our ellipticity assumption (1.8). U

Proof of Theorem 1.1. jFrom the minimality of us it follows that

/ Dfs(Vug) : Vodr =0 (2.4)
Br(zo)

for any ¢ El/i)/ql (Br(z0); RN). As a test vector in (2.4) we like to choose ¢ = n?|Vus|us. Using
the standard difference quotient procedure, see e.g. [Mo] or [Ca], we get that Vus is just of local
Sobolev class W, so that the admissibility of ¢ ist not immediate. To overcome this problem, we
fix a direction e,y < n —1, and as above we let v := Apus denote the corresponding difference
quotient of us. Then (2.4) gives choosing o = n?us|v|, n € C°(Br(z0)),

/“ Df5(Vug) : Vusnlo]de = —2/ Df5(Vus) : (Vi © ug) o] da
Br(zo) Br(zo)

—L()memww®vwm%m (2.5)

1
For any matrices X, Z we have (assuming w.l.o.g. Df(0) = 0) Dfs(X): Z = [ D*f5(tX)(X, Z) dt,
0
so that by(1.7), (1.8) we get the estimates

q—2

Dfs(X): X > efo(i+|X12)" |XP?

~ -2  ~ —2
A+ XD TIRP + (1 + X)Xl (2.6)

DX < e[o(1+]XP) X

IN

L+ IR X+ (1 X)X (2.7)

with positive constants independent of €. jFrom (2.6) we immediately deduce that

~9=2 . ~P=2
Lhs. of (25) > ¢ 5/ |v|772I‘;2 |VU5|2dx+/ |v|772F§2 |Vugs|? da
Br(zo) Br(zo)

q=2
—|—/ w[n°T % |Onus|® dz | . (2.8)
Br(zo) 7

For the r.h.s. of (2.5) we observe that (2.7) together with the uniform L°°-bound of u;s implies:

|1St term on the r.h.s. of (2.5)]

. 9=2 _ . p=2 _
19710 (5/ o[ ]Vw]dx—i—/ o[ \VU5ydx>
sptn sptn

=2
+/’nmemwmwm4
sptn

IN

C

= [IVnlloe (71 + 1) + T3] .

By Holder’s inequality and elementary properties of difference quotients we see by Lemma 2.1,

i), that
T1 S 65/ f
Br(zo)

dr —0 as e—0,

SN



whereas

ok

T2 S C/ f
Br(zo)

The last inequality follows from the minimality of the functions ug, i.e.

Jslus, Br(zo)] < Js[(u)e, Br(xo)] < c.

We further have (for any 7 € (0, 1))
2 2 1 2 =n
Ty < [P 10usl? + ~ |Vl | [0, 5 da
pt 7 T

2 ol c 2 3 a
R N I e v P R (R JES PR X
sptn T spt 7

/ lv|? dz
sptn

is bounded in terms of | Br(wo) |Vus[P dz. Moreover, if 7 is sufficiently small, then the first

integral on the right-hand side of (2.9) can be absorbed in the last integral on the right-hand
side of (2.8) with the result (w.lo.g. ||[Vn|lec > 1)

Since we assume ¢ < 2p, we get that

~4=2 . ~p=2 a=2
6/ [v[n°T 52 |VU5|2dx+/ v[n?T 52 |VU5|2dx+/ [v[n’T, % |Opus|® dx
Br(zo) Br(zo) Br(zo) ’

< c|Vn|% +c (2.10)

| Dfs(Tus): (us ol da.
r(z0)

Let us now discuss the remaining integral on the right-hand side of (2.10): we observe that

ng(X):Y:ég <1—|—\X\ ) T, Y + Df(X): Y + Dfa(X) - Yo, (2.11)

which implies (using the uniform boundedness of us) for any 0 < 7 < 1

~9=2 . ~ ~p=2 ~ a=2
|Dfs(Vus) : (Vv @u)| < c[(SI‘(S? V||Vl + T % [Vus|[Vo] + T % |8nU5||8nv|]

IN

. P
T2
6

1-
|Vv|2+5; |VU5|2 |Vv|2

g2 o 1
—|—TI‘W5 |Onv|* + ;Fn,é |Onus|”| -

This gives the following upper bound for the integral under consideration:

2715 1 12 =557 01 12 o5 2
c 57'/ n°s? |Vl dx—i—T/ L2 0|Vl dx—i—T/ 0L, % |Onv|” da
Br(zo) Br(z0) Br(zo) 7
1 ~ P 1 ~ 4 1 q
+—/ T2 dz+ =6 n’I? dx—i——/ 2 dz|, (2.12)
T J Br(x0) T JBr(xo) T JBr(zo)



where all the quantities which are multiplied by % stay bounded uniformly w.r.t € (recall § =
0(€e)). In order to continue we look at the sum of the first three items of (2.12) and observe that

~9=2 . ~P=2 =2
/ n? [605% |[Vu[? + 152 |Vo|> + T, % 9,0 | do
Br(zo) ’
< c/ n? D2 f5(Vus)(Vo, Vo) dz .
Br(zo)

Note that the right hand side can be estimated with the help of Lemma 2.3, i.e. (with the
notation of Lemma 2.3) we get from (2.10) (for any 0 < 7 < 1)

255 1, 12 25550 1S, 12 I 2
) |5 [Vus| dx—i—/ [v[n°Ts? |Vus| dx—i—/ |v|n°T, % [Opus|” do
Br(zo) Br(zo) Br(wo) 7
C
< Vs + erlVnlls[6h + B + 5] + —. (2.13)
We have

1
L o< / \v\qu—i—/ /(1+]U\2)gdtdm
sptn sptn J0

1
< c/ Vus|?dz + ¢ /(|(1—t)Vw;(m)+tVu(5(ac+heA,)|2+1)gdtdx,
BR(mo) sptn JO

and if from now on we assume that sptn C Bg/2(wo), then of course (for all |h| < 1 uniform in

€)
Il S C/ f
Br(zo)

and we know 017 — 0 as € — 0, thus dI; is uniformly bounded for all small € and |h|. Since we
/2
6

Sk

dz,

also know that [ Br(x0) dz < ¢, the same argument applies to Is. To handle I3 we observe

that in the limit h — 0
! 21952 12 352 2
I3 S/ / (14 |U,)%) 2 |v|*dtdx — L% |0yus| de. (2.14)
sptn JO sptn ’

To prove (2.14) we note that according to [Gi], Theorem 3.1, p. 159, there exists an exponent
s > ¢ (depending on €) such that Vus € Lj (Br(xo); R™Y). This implies (as h — 0)

Onus(x + hey) — Opus, v — Oyus

3 S
in Lj,.

(Br(wo); RY) and a.e. Clearly (as h — 0)
! 2\ 42 2 32 2
o= [ ) o = 5 oy

a.e. and, using the local L*-convergences, the equi-integrability of (; follows. Then (2.14) follows
from Vitali’s convergence theorem. Returning to (2.13), using (2.14) and the foregoing estimates
and applying Fatou’s lemma on the Lh.s. of (2.13), we find in the limit h — 0

Bs(z

~9=2 . ~P=2
5/ |0yus|Ts? |VU5|2dm+/ |0yus| T ? |VU5|2dm+/
Bs(z) 5(Z)

Bs(z

a=2
0yus|T, %5 |0 us|? da
)

-2 ¢ -2 32 2
< elt—s)""+ — +er(t—s) o) L% [0yus|”dz. (2.15)
(T



where 1 € C§°(B(7)) (0 < s <t < T, Br(¥) € Bgsa(wo)) has been chosen according to
0<n<1,n=1on Bsx), [Vn <c/(t—s). We estimate the last integral of (2.15) in the
following way. By Young’s inequality

=2
[ mEleustd < o (o dousPdete [ (ousPds
B (z) +(Z) +(Z)
< c/ |a,yué||anué|qu+c/ (18, us| 3+ + 10yus ?]) da.
Bt(i‘) Bt(i‘
Moreover, since g < 2p,
) 1 < f%a gH1-p+2 f%@ 219 —p+1
|7U6| > 5 |WU6| > 1y |Vus| | 7u5|
_p=2 _
< T5% |Vug?[|0yus| + 1] .

This gives

a=2 ~P=2
/ - L% |0, us|? do < c[/ - |0y us||Onus|? dac—i—/ RYE |Vus|?|0yus|de + 1
+ (T +(T t

(@)

Inserting this estimate into (2.15) we obtain (by neglecting the first term on the Lh.s. of (2.15))

T

. p=2 _
h(s) ::/ 10y us|T52 ]Vu(;\de—i-/
Bs(Z) s

< ct—s)"2+ Sy er(t —s)72
T

)
| |0yus|L, 5 |Opus|® dz

. p=2 _
+CT(t—s>—2[/ £ ]Vu(;\z]ayu(;]dx—i-/
By (z) T

Bt (l‘

a=2
)\avug\rng \Bnu(gIQdm] ., (2.16)
i.e. with the choice 7 = (t — 5)?/(2¢c)

h(s) < c(t— )2+ c+ %h(t)

for any s, t as above. Lemma 3.1, p. 161, of [Gi] finally shows that

. p=2 _ a=2
/B() 10, u T2 ]Vu(;\zdx—i—/ 10yuslT Ol do < (T — 5)2 +1]

with a constant ¢ independent of € being valid for all s < T. Recalling that v < n — 1 we get
the uniform bound

/ |Vus [P+ da + / (Vs |0nus|? dz < c(R) .
Brya(zo) Brya(zo)

Since by Lemma 2.1 we already know us — u as € — 0 in W) (Bg(w); RY), the first claim of
Theorem 1.1 follows.

The second statement is obtained by a similar calculation replacing the function v by the differ-
ence quotient of u in the n® coordinate direction. We also refer to the last section where this
calculation is carried out for the scalar case (avoiding the difference-quotient technique). O

The statement of the corollary is an immediate consequence of Sobolev’s embedding theorem.
O
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3 Higher integrability in the scalar case: proof of the first part
of Theorem 1.2

We will use the notation introduced in Section 2. From [LU] (see the discussion in Remark 2.3
of [BF4]) we deduce that us is in the space W?2_ (Bg(zo)) for any t < oo, therefore we may

t,loc

test the differentiated Euler equation valid for us with the function 77267u(5I’§/ 2, where 5 > 0,
n € C§°(Br(zp)) and 7 runs from 1 to n — 1. Since we consider the scalar case, it is easy to
check that (from now on summation w.r.t. v from 1 to n — 1)

B
0 S/ D2 f5(Vug) (0, Vugs, n* 04us VT2 ) da .
Br(zo)
In fact, this is the only place where N = 1 is needed. Thus (2.1) is replaced by the inequality
. B
/ L2 n*D? f5(Vus)(9 Vus, 8, Vus) dx
BR($())

. B
< c/ ( )772I’52 D2f5(VU5)(V778,YU5,V778,YU5)dx
BR o

which means that we get (2.2) with factor f? /2 on both sides:

=0 9x93 a2 50 oot oo 2
0 [2nTys? |Vus|®dr + L2952 [Vous|” de
Br(zo) Br(zo)
~ B a=2 ~
+ 20T, % [0, Vus|* dz
Br(zo)
Q 27 Q
< c¢|o I'2|Vn|"T' = |Vus|* do + ['2|Vn|°T; = |Vus|? da
BR($()) BR(Z‘O
+/ B8 |\VaPTg (Vs da | (2.25)
Br(z0)
We apply (2.4) with ¢ := 772u(5f’((51+a)/2 as admissible test function, & > 0 being some number
specified below. As a result we get (2.5) with |v| replaced by nga)/ 2,
L . lta
/ Dfs(Vug) - VU5 dz = —2/ Dfs(Vus) - Vnusnl'y? dx
Br(zo) Br(zo)
_1+a
—/ Dfs(Vug) - usVTs? n*dz.  (2.54)
Br(zo)
We observe (compare (2.8))
~¢1_ + . p=2 _lta -
Lhs.of (2.5,) > ¢ 5/ ry,>r n?|Vug|? dac—|—/ [2 T7 7*|Vus*da
BR($()) BR(Z‘O)
1o g2
+/ ry> % % 0pus|? dz | . (3.1)
Br(zo) 7
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Next we estimate the first term on the r.h.s. of (2.5,) (compare the inequality stated after
(2.10))

. ata ~ Pto ~1ta g—-1
< ||Vnlleo 5/ [s? dac—{—/ [y dac—{—/ s> T35 do
sptn sptn sptn ’
. atlta . gta—1 . pta+l
< ||Vnlleo 7'5/ Iy ? dm—|—c(7‘)5/ Iy ? dm—|—7’/ [y ? dx
sptn sptn

sptn

. pta—1 _l+a g _1l4a
+C(T)/ Iy ® dm—|—7’/ I I‘fb’&dx—{—c(ﬂ/ 2 dz|, (3.2)
sptn sptn sptn

where 0 < 7 < 1 is arbitrary. In order to handle the second term on the r.h.s. of (2.5,) we recall
(2.11) and get

.~ atl o+ 1~ae=1| _a=2 _ ~ ~ ~P=2 _ ~ ~ q=2 ~
|Dfs(Vus) - VI 2 | < ¢ 5 Ls2 6057 [Vus||[VTs| + 5% [Vus||[VTs] + T, % [95us][0,Ts]
~ ata—1l =9 . pta—l =0 ~o g1 ~
< cla) |05 2 [Vous|+ T * |Vous| +T¢ T, 3% [0, Vus|| . (3.3)
We have
. pta—-1 _ ~B.p=2 _ ~_ B pt2a
F5 2 |V2u5| < 521152 v2u6|2+r 2T73 ,
. qta—1 ~ 9 B _a=2 ~ 9 2 g+‘1+20‘
o5 2 [Vius| < 60FTs? |[Vous|®+ 00 % 2
as well as
I Fn,(S |0nVus| = T3T, 5 (0,Vus|Ly Fn,é
B a= a—
< TZT,% [0nVus|* +T2 ;15 2

12



We insert these inequalities into (3.3) and get

a+l
/ Dfs(Vus) - VI's? ugn® dz
Br(zo)

2752 52, |2 - 2
< () 6/ nTels% [Vous| dac—|—/ FQF " |V2us|? da
B

275 10 O 2
+/ n°L¢T, % [0, Vus|” do
BR($()) ’

2 g+2a-p 2 p+2a—p3 9 q . 20—p

6/ r; 2 dm—i—/ r; 2 dac—i—/ n°L?2sLs? dx

BR(QUO) BR($O) Br(xo) ’

~ at8 . pt8 - Bt2 g=2
c(a)||Vnll, 5/ I dm+/ I dm+/ [, T% du
sptn sptn sptn

6/ F 2 dm—i—/ n F5 2 dx

BR(?CO) Br(zo)

9 q _2a-p
—|—/ nl2Is? dx|, (3.4)
BR($()) ’

where the last inequality follows from (2.23).
In a next step we combine (3.1), (3.2) and (3.4) with the result that

+e(a)

IN

+c(a)

q+1+a . ptlta l1+a g

5 n’Ts 2 dm—i—/ 1N dm—i—/ [s? T2 nPde
Br(zo) Br(xo) Br(zo) 7

_ atlta _ gta-l _ ptatl
< () 7'5HV77HOO/ Ty 2 dx—i—c(r)éHVnHOO/ Iy 2 dm—i—THVnHOO/ I, 2 do
sptn

sptn sptn

. pta—1 ~1lta g ~ 1lta
—l—c(T)HVnHOO/ rrs dx—i—THVnHoo/ I r;véderc(T)anuoo/ [ de
sptn sptn sptn
- . ptB . B+2 q-=2
HIValEs [ B e Ol [ BT ek [ Tnl [ BT r o
sptn sptn sptn

~ gt2a—p _ pt2a—0 q _2a-p
+6 [ Ty > dx—i—/ r; ° dx—i—/ r:Ts % da
sptn sptn

sptn

12
— ()3T, (3.5)
=1

We recall that from the proof of Theorem 1.1 we already know that the quantities

pt1

~ 1
[y, TIrz,

q
2

are uniformly bounded in the space L} (Br(z¢)), and (2.15) and the uniform boundedness of

(g+1)/2

the r.h.s. of (2.16) immediately gives the same result for 5F . We now define

1 .
ag =Ly =0, ai:§+aifla Bi=aj—1, i €N,

ie. a; =1i/2, B; = (i—1)/2. Then we suppose that for a suitable constant ¢(p) (also depending
on i)

_atldoy g _ptlta; g oy g q
/ o0, 7 do+ / O, 7 40,7 1] de <o) (3.6)
By (z0) Bp(z0) ’
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for any p < R, and we like to prove (3.6) with «;_1 being replaced by «;. (Note that by the
remarks after (3.5) we already know the validity of (3.6) for i = 1.)

To do so we choose s <t < R and let n € C§°(By(x)) satisfy n = 1 on Bg(xp), |Vn| < ¢/(t—s).
We then apply (3.5) with @ = «;, f = ;. The terms Ty, T3, T5 can be handled easily (see
Section 2) by requiring that

1
TV llsceai) = 5

Note that with this choice the constants ¢(7) occurring in (3.5) are bounded from above by
c(t — s)™" with some suitable power —k. For Ty we observe that clearly

_qto;—1 qto;_1+1

2 T 2
I, 2 <7, ,

hence T3 is bounded by a local constant on account of (3.6). The same is true for Ty and T.
Since ¢+ 0; = g+ ;1 < ¢+ «;_1 + 1, there is no problem with T7, and p+ 6; <p+ 1+ o;_1
shows a nice behaviour of Tg, i.e. we just replace 5th(Io) f’gﬁﬁi)ﬂdm and th(xo) fngrBi)/Q dx

by the quantities & th(m) fgﬁHai’l)/z dz and th(m) f’ngrHai*l)/Q dz, respectively. In order to
control Tg we estimate

_Bit2 g2 g—2 _g=21%i-1 Bi+2 g-21teiy
2 2 _ 2 q 2 2 q 2
F(S Fn,é - Fn,é F(S F(S
q e q [M_q;? 1+%—1]
2 q 2

Obviously

g[ﬁﬁ-? _g—2ltaia) _ptltaig o Q[Q+2+2&@'71] cPtltaig

2 2 q 2 - 2 2 2q - 2 ’

and the latter inequality holds on account of our requirement ¢ < 2p. The calculation further
shows that Ty is bounded due to (3.6).

We further have ¢ +20; — 3, = ¢+ 1+ a;_1, p+ 205 — 3; = p+ 1+ «a;_1, hence Tyg, 111 are
bounded by (3.6).

Quoting (3.6) for a last time, we also get a bound for th(:vo) I‘Z{gfgai*ﬁi)ﬂ dz. Collecting these
estimates and going back to (3.5) we get

_gtlta; _ptltoy q _1l1to4 1
/ 00, 4T, * +T2,0,° ]dmg—/ [.]de+A(t—s) "+ B
Bs(zo) ’ Bt (o)

being valid for 0 < s < t < p < R, where A and B are local constants depending in particular
on p and the bounds for the quantity [...], when «; is replaced by «;_1, but being independent of
0 = 0(e). As in Section 2 the above inequality immediately implies the desired version of (3.6).
Since a; — o0 as i — 0o, we have shown that

_t _t g
/ Iy de —|—/ L3772 sdax < c(t, p) (3.7)
Bp(xo) By(z0) 7

for any ¢ > 1 and all radii p < R, where the constant is independent of d(e). Using us — u
in W) (Br(z0)) as € — 0 it is immediate that Vu € Lj (€;R"!) for any s < oo, thus Vu €

loc
LI (S;R™). 0
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4 Improvement of the initial higher integrability in the scalar
case: proof of the second part of Theorem 1.2

Using the method of iteration introduced in the previous section and also using (3.7) we will
show that

/ |Onus|' dr < c(t, p) < 0o (4.1)
By (z0)
for any ¢ < oo and all p < R. Let > 0 and n € C§°(Bg(zo)). We have
B
0= / D2 f5(Vug) (0, Vus, VIn?OnusT 2 5]) da,
Br(zo) ’
and since we are in the scalar case this implies
B
L/ D2 f5(Vus) (9 Vs, 0 Vus)T2 s da
Br(wo) ’
2 2 2 o5
< ¢ D* f5(Vus)(Vn®, V©)|[Onus|°T'; 5 d.
BR($0)

Here, as before, we used the inequality of Cauchy-Schwarz and Young’s inequality. The structure
of D?fs gives the estimate

27157 5 |2 2= 2 512
5/ n°Ls? I7 510, Vus| dac—|—/ n°Ls? T2 510, Vus|” dz
Br(wo) ’ B ’

r(0)

=28
+/ 772Fn25 t3 |8n(9nu(5|2 dz
Br(zo) ’

9 ~a=2 B4 ~p=2 B4 atB
< c||Vnll5 / o2 T2 s dac—|—/ Is2 T2 dm—|—/ r 5 dz|. (4.2)
sptn ’ sptn ’ sptn '
N 2 (1+a)/2
ext we return to (2.4) and choose ¢ =17 u(;Fms , a>0. We get
ERY
/ n°L, %5 Dfs(Vus) - Vusdx
Br(wo) ’
1+a
= —2/ nVn - Dfs(Vus)usl', % dx
BR($()) ’
a—1
-1+ / usn’ D f5(Vus) - V(Onus)l', 5 Onusde. (4.3)
Br(zo)

JFrom (2.6) we deduce

Lhs.of (4.3) > ¢

~9=2 _ 1ta . P=2 _ 14a
/ on’T57 |Vug|T, % dm—i—/ n’Ts? |Vug|T, % da
BR($O) ’ BR(xo) ’

—2

-2 14a
+/ p°T 22 pusda | (4.4)
Br(zo) ’
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moreover, (2.7) shows

|15¢ term on the r.h.s. of (4.3)]

_a=2 1+a
< c / nIVnlél's? [Vus|T) 5 dx+/ |v77|1“ e |w5|r 2 " e
Br(zo) ’ Br(zo)
+1+a
N L
Br(zo)
< ¢

1
7'/ 6772F B |VU5|2F 5 dm—|— / §|Vn? F = F n3 " dz
Br(zo) T JBr(zo)

_p=2 lia
—|—7'/ |VU5|2F dm—i— / |V77|2F52 r 35 dz
BR(Z‘O) T BR(Z‘O) ’

9 q=2 9 1ta 1 9 a=2 | 4o
+T/ n I’ni; |Onus| I‘n’% dz + —/ |V Fn?& 2 dx
Br(zo) T JBr(xo)

for 7 € (0,1). If we use this estimate and choose 7 small enough, then the 7-terms can be
absorbed in the 1.h.s., more precisely, they can be absorbed in the terms giving the lower bound
stated in (4.4). This implies

2~q;2 ~ 2 1ta ~ P— ~ L 2 g—1l+a 9
/ on°Ts? [Vus'L, % dx—i—/ F \V s|°T s dx—i—/ n°l.s |Onus|”dz
Br(zo0) Br(zo0) Br(zo0)
—2 l+a 1+a g—1+a
< |VnlA / 5F 2T ng d / L% dm—i—/ r, s dzx
spt 7 spty
+c[2"? term on the r.h.s. of (4.3) |. (4.5)
To estimate the second term on the r.h.s. of (4.3), we observe that (compare (2.11))
1D F5(Vus) - V(Ouug)| < e[T5T [usl|0, us] + T, [Vugl|on Vug| + T3 [0nug |0 Ds]]

Thus (using (4.2))
1274 term on the r.h.s. of (4.3)]

. g9—=1 ~ a ~;
< ) / ST, |8nVu(5|F55dx+/ W°T57 10, Vus|T 2 5 da
Br(zo) ’ BR(ro)
g=1 a
+ / n°T, % |0n0nus|T 2 5da
Br(zo) 7 7
2~ﬁ B - 9 ~;2 B - 9
< c(a) / InLs? T2 5|10, Vus| dm—i—/ n’Ts? 1210, Vus|* dz
Br(zo) 7 BR(IEO)
onis2+5 2
+/ n°l, % ?|0n0nus|” do
BR($()) ’
9z 2a—0 2~B 2a—0 9 2a—p3
—|—/ on I’QI’WS dm—|—/ n s, 3 dm—i—/ Ffzérn(? dx
Br(zo) Br(z0) ’ BR(fo)
<

N; .p=2 B q+B8
c(a)”vnngol/ 0T 2 2“d +/ [,7T2; de +/ r,5 dm]
sptn spt? spt7

2(17 P 2a7ﬁ gt+2a—_
/ 6F2F dac—{—/ F;I’ dac—|—/ r, s> dzf.
sptn sptn sptn ’
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We insert this estimate into (4.5) observing at the same time that quantities like f§q72)/ 2|@u|2

occuring on the Lh.s. of (4.5) can be replaced by fg/ % since the resulting difference already
appears on the r.h.s. of (4.5), therefore we get:

9= q l4a 2,,2 1t+a 9 gt+lta
/ on I‘gI‘né dx—i—/ n F(?Fn,% dx—i—/ nl, s do
Br(zo)

(4.6)

Now we make use of this inequality With the choices ag =0, By =0, o; = aj—1+1/2, B; = 1,
i > 1, in particular we have 1 + 3;/2 = %(a; + 2), and obtain for i > 1

~ g toy ltaoy gtlta;
/ Sn’T2T 2 dx+/ 2r2rn§ dx+/ n°T, 5% da
( ’ Br(z0) Br(zo)

) ~;2 a;+3/2 ~ﬂ o;+3/2 q+B;
< Vil | [ ot e [ R e [
sptn sptn sptn

20, =By 20 —B4 a+20=0;
/ 572, 2 dm—i—/ rir, . dm—i—/ P,2 def. (46
sptn sptn sptn

We claim that we have for all ¢+ € Ny and for any radius p < R

1tay _p l4a; atltoy
/ 5F§ r,; dz+ / r;r, 2 do+ / s> do<c(i,p) <oo. (4.7;)
By(z0) Bp(z0) ’ Bp(zo)

In fact, for ¢ = 0 this is an immediate consequence of (4.6) with @« = 3 = 0 and the estimate
(3.7) from which we get finiteness of the r.h.s. of (4.6) together with a local bound independent
of ¢.

Suppose that (4.7;_1), @ > 1, is true. We look at the r.h.s. of (4.6;) and observe that by
asssumption

q+1lta;_q gto;+1/2
/ I s? dex<c(,p), ie. / I 2 dx<c(i,p).
Bp(zo) Bp(zo)

Using Young’s inequality with s very large we get

- 9=2  cit3/2 | ga=2 s oit3/2
/ I's> T, & dz<ec / Iy 2 dx—i—/ r: ?* dz
sptn " sptn sptn

s az+3/2

and obviously the exponent - is below (¢+ 2 +a;)/2. In the same way (recall (3.7)) w

can bound the quantity fs F(p 2)/211(0{#3/2)/2 dz. The finiteness of f 7 nq;ﬁl)ﬂ dz follows
from (4.7;—1). We have 2a; — f; = aj—1 + 1 and pr(J?o) 1(1c{5+1+a2 D2 4y < ¢(i, p), hence

_q 20,5 g s —1t1
2 2 s—1 2
/ F6Fn5 <ec / Is dac—{—/ Fn,é dz |,
sptn sptn sptn
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and =% (a;—1 + 1)3 < (g + 1+ o;—1)/2 for sufficiently large s. For [ dz we

spt
argue in the same way. Finally

g+20;—B; qto;_1+1
2 — 2
/ Fn,é dx = / Fn,é dx
sptn sptn

stays bounded by (4.7;—1). Thus we have proved that all of the quantities on the r.h.s. of (4.6;)
are bounded in an appropriate way which gives (4.7;), in particular we have that

/2 (200 —6:)/2
215 Tns

gtlta,
/ L, dz<c(i,p) <oo
By(zo)
for any ¢ and any p < R. Since o; — 00 as ¢ — 00, the claim follows since now we know

lusllwi B, (o) < clpt) (4.8)

for all t < oo, p < R. O

Having established (4.8), the proof of C'1:*-regularity can be obtained following for example [Bi],
proof of Theorem 5.22, or [BF4] Lemma 2.9, where it is shown that from (4.8) we can deduce
Vsl Lo (B,(z0)) < ¢(p) < oo. Uniform Holder continuity of Vugs then follows as outlined in
[BF4], end of Section 2.1. Alternatively we may quote [LU], Chap.4, Sec.6, or [Mal], Theorem
D, as references for the step from Lipschitz regularity to Holder continuity of the gradient.
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