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Abstract

In this note we consider an initial-boundary value problem describing a nonlinear
variant of the nonstationary Stokes equation. We prove the existence of a (unique)
global solution with Galerkin-type arguments.

1 Notation and results

In this note we prove the existence of a global solution (u,7) : (0,7) x 2 — R" x R for
the following nonstationary and nonlinear variant of the Stokes-type problem:

u(0,) = up onQu = 0 on(0,7) x 01,
(1.1) divu = 0 and
% _div (Df(e(uw)) = =V in(0,T) x Q.

Here 2 C R™ is a bounded Lipschitz domain, 7" denotes a positive number, and differential
operators like div or the symmetric gradient e(u) act w.r.t. the spatial variable z € .
We assume that f : S” — [0,00) is a potential of class C? defined on the space S™ of
symmetric matrices satisfying for some p € [2, 00) the ellipticity estimate

(1.2) ML+ [e) |0 < D*f(e)(0,0) < AL+ [e]?) T |of?

for all £, 0 € S™ with positive constants A, A. As usual u stands for the velocity field, and
7 denotes the apriori unknown pressure.

We let
Vo= W (R,
Vo = {veV :dive = 0}
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equipped with the norm
[ollv = lle(v)lze

which by Korn’s and Poincaré’s inequality is equivalent to the usual norm. Finally, we
consider a function uy € V5. Note that for technical simplicity we restrict ourselves
to functions vanishing on (0,7") x 9€2. Nonhomogeneous boundary conditions can be
handled in a similar way. Potentials f satisfying (1.2) are of power growth type since
they can be bounded from above and from below (up to irrelevant terms) by the standard
model ®(c) = (1 + |¢]?)?/2,¢ € S”. The physical relevance of power growth potentials is
explained in the monographs [AM] and [BAH], the mathematical background is discussed
in the works [L1] and [L2], we also refer to [MNR] and [MNRR].

Our main concern is to give an elementary existence proof for problem (1.1), more
precisely, we are going to show

THEOREM 1.1. There ezists a unique function u € LP(0,T; V') with distributional time
derivative 4w € L*(0,T; L*(Q;R™)) such that u(0) = uo, u(t) € Vo and

(1.3) /Q%u-godx%—/QDf(e(u)):e(gp) dr =0

for all ¢ € Vi and almost all t € (0,T).

In (1.3) “-” denotes the scalar product in R™, “:” stands for the scalar product of
matrices. We recall that “4 u € L*(0,7T; L*(Q;R"))” means that there exists a function
v in this space such that

d

— u~wdx:/v~wdx Vw € L*(;R™)

holds in the scalar distributional sense on (0,7"). This is equivalent to

/0 u(t)n'(t) dt = —/0 v(t)n(t) dt

for all n € C§°(0,T), where fOT ...... are Bochner integrals.

REMARK 1.1. The solution described in Theorem 1.1 usually is called the strong solu-
tion to problem (1.1).

2 A lemma on finite dimensional nonstationary vari-
ational inequalities

In this section we consider the space R™ equipped with some scalar product [-,-] and

associated norm ||z|| = /[, x].



LEMMA 2.1. Let K denote a compact and convex set in R™. Suppose further that
we are given a point g € K and a vectorfield F : R™ — R™ of class C' satisfying the
monotonicity inequality

(2.1) [F(z) = F(y),x =yl = v(llz —yl) Ve,y eR™

for a function v : [0,00) — [0,00) being continuous and such that v(0) = 0,v(t) > 0
fort > 0. Then there exists a unique Lipschitz curve x : [0,T] — R™ satisfying

{ z(0) =z, x(t) € K forall t €[0,T] and
(2.2) .
(1), y —z(t)] + [F(z(t),y —z(t)] > 0 a.e. forally € K.

Proof: Step 1 “Uniqueness”
Let z(t),y(t) satisfy (2.2). Then we get

[#(t) —9(t),2(t) —y(t)] + [F(x(t) — F(y()),=(t) —y(t)] <0,

thus (see (2.1)) 4 ||z(t) — y(t)[|* < 0 which gives z(t) = y(t) on account of the initial
condition.

Step 2  “Existence for special sets K”

Let K = G for an open, bounded and convex set G with OG of class C?. For p sufficiently
small let U = {x € R™ : dist (x,0G) < p} and define d: U — R as

i) dist (2,0G), if z2eUNK
xTr) =
—dist (z,0G), if zeU—-K.
Here of course “dist” is measured with respect to || - || . Finally, let N : U — R™, N =
grad d (calculated w.r.t. [-,-]) and observe that on K N is just the interior normal

vectorfield of K. Let a denote a number such that
(2.3) a>sup{HF(y)H : yGK}
and fix € € (0, p). We choose a smooth function h. : R — [0, 00) with the properties

(2.4) he(s)=a for|s| <=, h.(s)=0 for|s|> 34—6

DO | ™

With n € Cj(R™;[0,1]),7 =1 on K UU, we finally let
F.(z) = n(z)F(z) — h.(d(z)) N(z).
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Note that F} is of class C*(R™; R™) with compact support, hence the initial value problem
(2.5) i(t) 4+ F.(z(t)) =0 on [0,T], z(0) = o,

admits a unique solution . € C*([0, T];R™).

We claim that

(2.6) z.()eK YO<t<T.

For proving (2.6) let us assume that z.(t) ¢ K for some time ¢ > 0. Since z.(0) € K we
can find ¢, € [0,t) such that z.(t;) € OK and z(s) ¢ K for s > t; close to t;. From (2.5)
we get

0 = [d:(t1), N(2=(tr)] + [Fe(ze(tr)), N (2(t1))]
d
(2.4) dtly, d<x€(t>) i [F(xe(tl)),N(%(tlm -
< % A(a.(t) +sup {|F(y)] : y € K} —a.

and we see by (2.3) that ﬁ d(z.(t)) > 0. This gives d(z-(s)) > 0 for s > ¢; sufficiently

close to t1, hence the solution curve stays inside K which is a contradiction.
Equation (2.5) together with (2.6) implies
(2.7) |-t < sup{||F(y)||: ye K} +a

for all t € [0,7] and all € € (0, p), thus we find a Lipschitz curve z : [0,7] — R™ such

that Te T uniformly (at least for a subsequence). Clearly x(0) = xg, z(t) € K for all

t € [0,7], and (2.7) continues to hold for &(¢) and almost all ¢ € [0,7]. We claim that z is
the solution of (2.2). To this purpose we assume w.l.o.g. that &. — & as € \, 0 weakly in
L*(0,T;R™). From (2.5) we obtain for any y € L?(0,T; R™) with the property y(t) € K
a.e.

0 = /OT[I's,y—:c]dt—i-/oT[Fg(xg),y—x]dt
= /()T[jts,y—x]dx—l—/oT[F(Q;E),y—x]dt

—/0 he (d(z.)) [N (ze),y — x] dt

= Il +]2 —13.



Here we have used that z.(¢) € K, hence n(z.(t)) = 1. Obviously
T
L — / [$7y_$] dta
0

L — /o [F(z),y — ] dt

as € | 0. Let us look at I3:

I; = /0 he(d(z.)) [N(z),y — z] dt

—l—/o he(d(z.)) [N(z:) — N(z),y — «] dt
= Jl + JQ,

|Jo] < diam (K) fOT he (d(xg)) HN(xg) — N(m)H dt ? 0 (by the boundedness of h.),

J = h. (d(xg)) [N(:I;), Y — x} dt

AtE[O,T]: x(t) € 0K}

+/ h. (d(xa)) [N(x), Yy — x} dt
{t€[0,T]: =(t) ¢ OK}

= a+pf.

Clearly h.(d(z.)) Ty 0 on the set {¢t € [0,T]: z(t) ¢ OK}, hence 3 — O ase | 0 by

dominated convergence. By convexity of K we see that a > 0, hence we finally get

/OT[i:,y—x] dt+/0T [F(x),y — 2] dt >0

for all L*- curves y : [0,7] — K, in particular we may choose y(t) = x(t)+¢(t) (y—=(t))
for y € K and p € CJ(0,7),0 < ¢ < 1.

This gives .
0< / o {[#(t).y — 2(t)] + [F(2().y — 2(t)] } dt.

and by the arbitrariness of ¢ inequality (2.2) follows.

Step 3  “Existence for general sets K”



Let now K C R™ denote an arbitrary compact and convex set. If ¢ is a symmetric
mollifier, we let

0() = [ e (M) dist (v, ) dy

i.e. g. denotes the mollification of the distance to K. For any p > 0 the sets [g. < p| are
open, bounded and convex, moreover, Sard’s theorem shows that 0 [g. < p| is a smooth
hypersurface for almost all values of p. For z € K we have

g:-(2) = /m e™op (g) dist (y + z, K) dy

= / e_mgo(g) dist (y + 2z, K) dy <e,
B:(0) €

hence
K Clg. <¢] Clg. <p]

it p>e.

Let ex \, 0,k — oo, and choose py € (g, 2¢x) such that 0 [g., < pi] is smooth. We
apply Step 2 to the sets Ki = [g., < pi), i.e. we get for each k a solution of (2.2) with
K replaced by K. Since obviously K C Bg(x) for a sufficiently large ball Bg(z), we
have that sup,cy ||k Lo 0,) < 00.

Note that in Step 2 we proved that

&kl oy < sup {IFW)] : y € Ky} + ax,
where a, has to be chosen according to (see (2.3))
a, >sup { | F(y)|| : y € Ki} =: &.
Let us define aj, = & + 1. Since &, < sup {||F(y)| : y € Br(zo)} =: & we get
x|l Lo 0y < 26+ 1,

hence (after passing to a subsequence) there is a Lipschitz curve x : [0,7] — R"™ with the
properties z(0) = zg, xx — z uniformly on [0,7] and i} — & weakly in L*(0,T;R™). We
have

dist (z(t), K) < dist (2x(t), K) + ||za(t) — 2(t)|
< Bep [lze(t) 2@ — 0,

hence z(t) € K. Note that dist (zj(t), K) > 3g, would give dist (y,K) > 2¢, on

B, (z1(t)), hence g., (zx(t)) > 2e), which contradicts the fact that z(t) € [g., < p]
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and pg < 2¢y.

Consider y € L*(0,T;R™),y(t) € K a.e., and observe K C K}, thus

/0 [4(t), y(t) — au(t)] dt + / [F(ax(t)) y(t) — ()] dt = 0.

By uniform convergence the second integral converges to fOT [F((t)),y(t) — z(t)] dt, the
first integral equals

T T T
| Bauto).vt) = o0] de+ [ Tn(0)00) ~ 0] de — [ [o(0.0(0) ~ o(0)]
0 0 —o Jo
which follows from @, — @ weakly in L?(0,T;R™) together with 2, — x uniformly on
0, 7).

This implies

| 00 - a@)] @+ [ [P0).50) )] at > 0

for all L? — curves y : [0,7] — R™ such that y(t) € K, and the final claim follows as at
the end of Step 2. This completes the proof of Lemma 2.1. O

3 Proof of Theorem 1.1 with a Galerkin-type argu-
ment

Let {v; : i € N} denote a dense subset of V; and let V,,, the subspace of V{ generated by
the functions wg, vy, ..., v,, m € N. We define K, as the convex hull of {ug,vq,...,v,}.
By Lemma 2.1 there exists a unique Lipschitz function w,, : [0,7] — V}, s.t.

Um (0) = ug, up(t) € Ky, 0<t <T,

(3.1) /Q %um(t) (0= un(t)) dz + /QDf(g(um(t))) () — (u(t)) dz > 0
for almost all ¢t € [0,7] and all v € K,,,.

To justify this suppose that wy,...,wys is some basis in V,, and consider the linear iso-

morphism
M

. M E _
q)m . R — Vm,ZL’ L T;W;, T = (xi>1§i§M-
=1



We define the scalar product (¢ -” denoting the product in R")
M
[z, y] = 3 @y [owi-wjdz,z,y € RM and the vectorfield F : RM — RM through the
ij=1
relation

[F(z),y] :/QDf(e((I)m(x))): (Br(y) dz Yy € RM.

Note that for fixed z € RM the r.h.s. is a linear functional w.r.t. y € R, thus can be
represented by a unique vector F'(z) via the scalar product [-,-]. Let zg = ®,!(uo) and
K = & 1(K,,) which is a compact and convex subset of RM. We show that F satisfies
(2.1): for any z,7 € RM we have

[F(z) - F(#), — 7] = / (Df ((w) — Df(=(@))) : (e(u) — (@) d=

Q

_ /0 /Q D2 (e() + t(e(w) — (@) () — e(0), e(u) — (@) dz dt,

where u = ®,,(x),u = ®,,(%). Since p > 2 we can bound the double integral from below
by

c/ |e(u) — e(@)|” dz,
Q

¢ denoting a positive constant independent of m. Korn’s and Poincaré’s inequality give

/Q\E(U)—e(ﬁ)IZdz > C/Q|u—ﬂ|2dz

M
= 2 (xz‘—ffz')(%—ffj)/wi'% dz = cl|z 7|
: Q

thus [F(z) — F(Z),z — Z] > ¢z — Z||?, and we can apply Lemma 2.1 to our choices
of xg, K and F. Let x,, denote the corresponding solution. By construction it is now
immediate that u,, = ®,,(z,,) is the solution of (3.1).



Next we derive suitable apriori bounds for the sequence {u,,}. By definition uy € K,,,
thus

d
/Qa U, + (U — Up,) dz > /QDf(e(um)) : (e(um) — s(uo)) dx
for almost all ¢, and we get:
/QDf(a(um)) D e(ty) dx + 5 7 / |t |* daz
< /QDf(s(um)) o e(up) dm+/ 7 Um * o dzx.

W.l.o.g. we may assume that Df(0) = 0. Then we obtain (all constants are independent
of m)

(3.2)

d [ /1 )
+ @/ﬂ <§|um(t)|2 — Uy (t) - u0> dx < el (0|15 ol v

calfum ()],

and with Young’s inequality this implies

d 1
4 | (GlmOF = nt) - un) do < calluoll

csllum () [Iy

being valid for almost all ¢. Integrating this inequality from 0 to 7" gives the bound

T
1 1
o [ Nun®I dt [ (5 lnDIF = wnlT) o) do < T ol ~ 5 [ ool do,
0 Q 2 2 Q

hence .
1
o [ Mm@ dt+ [ 5 lunl D do < co(Tluolly + ol ).
0

and if we neglect the second term on the 1.h.s. we arrive at the apriori bound

T
WO dt < c,
5 | ol <
Ce = cﬁ(napa )\7A797T7 ||UO||V),

which means that {u,,} is a bounded sequence in the space LP(0,7;V).

Next consider ¢ € (0,7) s.t. 4 w,,(t) exists and observe that for & > 0 the function
um(t — h) belong to the set K, (since u,,(s) € K,, for all s € [0,T]), hence by (3.1)

/Q % (8 - (tn(t) — it — h))% iz

/Q Df () = (2(tn(t)) — (tnlt — 1)) 3 dr < 0
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and we get by passing to the limit h | 0

/Q ‘% Um(t)}2 dx —{—/QDf(E(um(t))) : %5(157”( t)) dz < 0.

In the same way we use v = u,,(t + h),h > 0, in (3.1) with the result

/Q ‘% Um(t)}Q dr + /Q Df(&(um(t))) : %5(um( )) dxr > 0.

Observing 4 f((um(t))) = Df (e(um(t))) : L e(un(t)) we get

d
0= 1155 tnlsey + 5 [ Tt

which yields upon integration

. H% “m(t)”;(m dt

_ / dt/f E(un(1))) da dt
— /Qf(e(um(o))) dx—/gf(e(um(T))) da:é/gf(s(uo)) dw

Taking into account (3.3), we have shown

LEMMA 3.1. The sequence {uy,} is bounded in the space {w € LP(0,T;V): L w €
L2(0,T; LQ(Q;R"))} equipped with the norm

(/0T||w||’& dt)l/p + ( ;n% wl|2 dt>1/2,

With Lemma 3. 1 we may pass to a suitable subsequence and find a function v €
LP(0,T;V) with & e L2(0,T; L*(€;R™)) such that

U — weakly in  LP(0,T;V),

Ly, — Lu weakly in  L*(0,T; L*(;R"))

and u,, — u strongly in L? (O,T ; LQ(Q;R”)). The last statement follows from the com-
pactness of the embedding (see, e.g. [Li])

{we L0, T; W RY) + 4w e L2(0,T; LA RY) } — L0, T; LA RY)).
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Next we fix n € C3(0,T),n > 0. Multiplying (3.1) with 1 and integrating over [0, T| gives

T d
0 < (1) U (t) - (v = w(t)) da dt
(3.4) /oT /Q dt
+/0 /977(15>Df(5(um(t))) : (6(1}) _ 5(Um(t))) de dt

for any function v € K}, and all m > k. Passing to the limit m — oo we see that the first
integral converges to

/o /Qn(t)% u(t) - (v —u(t)) de dt.

For the second one we observe that it is equal to

/0 /Qn(t)Df(s(v)): (e(v) — e(un(t))) de dt
T / / LD () = DI} : () — (um(®)) do dt
< /0 /gzn(t)Df(e(v)) : (e(v) — e(um(t))) da dt

— /o /Qn(t)Df(s(v)): (e(v) — e(u(t))) du dt.

m—00

Here we used the fact that

LP(0,T;V) 3 ¢ |—>/0 n(t)/QDf(e(v)) : e(p(t)) do dt

is a continuous linear functional and w,, — u weakly in LP(0,T; V).

Our calculations now show that

/0 /Qn(t)% u(t) - (v —u(t)) dedi

= [ [ n0DrEw) - (e - ) dede =0
for any v € Kj,k € N.

Recalling that {v; : i € N} is dense in V; we see that the last inequality holds for any
v € V. Let us also remark that actually u belongs to L?(0,T’; V4) since the w,, are in this
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closed subspace of LP(0,7;V'). By the arbitrariness of n we deduce that for almost all ¢
we have

/c;lt u(t) - (v—u dx—l—/Df ((*U)_g(u(t)>) dz > 0.

Finally, we replace v by u(t) + ew,w € Vy,e > 0, and end up with (after passing to the
limit € | 0)

Oz/jt u(t) wdx—l—/Df (1)) : e(w)dz

which proves Theorem 1.1 by remarking that the uniqueness follows in a standard way.
O

4 Some extensions

We assume first that f can be written as

(4.1) f(e) = Allel),

where A : [0,00) — [0,00) is a smooth, i.e. C? N-function for which the Ay—property
holds and which satisfies for some p > 2

D*f(e)(o,0) = HA(eD]lof - g (e: 0)?]
(4.2) +A"(le) i (e 2 0)?
> AL+ e ) |ay2

for all e,0 € S™. Note that (4.1), (4.2) imply that f grows at least as |¢[P. The space V'
has to be replaced by I/f/L(Q; R™), and we let

Vo={veV:dive=0}
equipped with the norm

[ollv = lle(w)l]L-

Of course, now ug is assumed to be an element of V. By choosing a countable dense
subset of V; and by the appropriate use of Young’s inequality it is easy to modify the
arguments of Section 3 and to prove Theorem 1.1 in this more general setting.

Next we consider the case that f satisfies an anisotropic (p, ¢)—growth condition, i.e.

—2

(4.3) A1+ )T < D2f(e) < A1+ |e?) T
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with exponents 2 < p < g < co. Let V, Vj denote the spaces introduced in Section 1 (with
exponent p ), and we try to find a solution of the evolution problem in the class

X = {UELPOTV EVE],/ /f dxdt<oo}

Of course we assume that ug is a given function from V; s.t. fQ f (s(uo)) dx < oo. This
clearly will follow if e(ug) € L9(€;S™) is assumed (see (4.3)). Let {v;n}men a set of

functions in C§°(2;R™) N Kern (div) being dense in V([j/é(Q; R™) N Kern (div) w.r.t. the
norm ||e(v)||z« and let

Vi, := space generated by ug, v1,. .., Upn,
K,, == convex hull of ug,vy,...,v,.

As before we can solve problem (3.1) with unique solution w,, : [0,T] — V,,.

In order to get apriori bounds for the sequence {u,,}, we assume
e(ug) € L>=(€;S").

If this is not the case, we may insert v := vy in inequality (3.1). As a result we get
estimate (3.2). Assuming f(0) = 0, the convexity of f implies [, D f (E(um)) D e(uy)dr >
Jo f(e(u)) dz, whereas from (4.3) it follows that

| [ Df(etun)) s <luo) da] < el [ [eun)]™ da
“ Q

In order to continue we need the restriction that

(4.4) qg<p+1.

Then [, }e(umﬂqfl dx can be absorbed in [, f(¢(um)) dz (which is bounded from below
by [, |5(um)‘p dx on account of (4.3)), and we find that

/ f(e(um)) do + i i (% |t (£)]? — Uy () - u0> dx < ¢y

with ¢y depending on ug but both constants ¢y, ¢o being independent of m. Following the
arguments presented in Section 3 we see that (3.3) has to be replaced by

(4.5) / /f e(um(t))) da dt < cs,

ie. {u,} “stays bounded” in the space X, in particular we have boundedness in
LP(0,T;V). The calculations carried out before Lemma 3.1 also show that

T d ,
/0 ||E Um(t)HLQ(Q) dt < Ca,
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thus we find u € LP(0,T; V) with £u € L*(0,T; L*(Q; R")) and such that the convergences
stated after Lemma 3.1 hold. By Ls.c. and (4.5) we see that u € X. Returning to (3.4)
and estimating the second integral on the r.h.s. of (3.4) in an obvious way, we deduce the
inequality

0< /0 77(15)/Q %um(t) (v = up(t)) dr dt

[ ) [ DrE) (60 = ) do i

for any v € K}, and all m > k. Since the functions vy are smooth, we see that we may
pass to the limit m — oo, thus

oS/0 n(t)/ﬂ %u(t)-(vk—u(t))dxdt

/O n(t)/QDf(e(vk)): (2(ve) — e(u(t))) dz dt.

Now, if v GI/?/;(Q; R™) N Kern (div) is arbitrary, we have that e(v;) — (v) in L(Q2;S")
for a subsequence, but this is not enough to get

*

| DrE) - tule) ds — [ D) - eu(e) de

k—o00

% is correct if £(v) € Lr-1 @ V(Q;S") and 5(vk) — ¢(v) strongly in this space. So if we

replace in the beginning V[/1 N Kern (div) by W o N Kern (div) and choose {v;} as

(g—1)
a dense subset, then we have shown:

THEOREM 4.1. Let [ satisfy (4.3) together with (4.4). Then there exists a function
u: [0,T] — Vf/'; N Kern (div),u(0) = ug, such that u € LP(0,T;W}), 4 u € L*(0,T; L?)

and 0 < [, 2L u(t)- (v—u(t)de+ [, Df(e(v)) : (e(v) — e(u(t))) dz for a.a. t and all
v EWl (-1 Kern (div).

REMARK 4.1. If one can prove higher integrability of (u(t)), then the argument from
Section 3 turns this evolution variational inequality into the evolution equation. We there-
fore have produced some kind of “weak” solution.
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Finally we discuss how to remove (4.4) in the anisotropic case (4.3).

If we consider the example
2 2
FE) = (1+[aP)" + (1 + [eal)”

for some decomposition € = (g13), then it is easy to see that for each § > 0 there is a
constant ¢ (0) such that

(4.6) |Df(e)] <6f(e)+c(6) VeeS"
holds. Thus we may replace the inequality stated before (4.4) by (recall e(uy) € L™)

‘/QDf(E(um)) : e(up) dm‘ < 5/9]‘“(5(1%)) dz + ¢ (6),

and for 0 small enough we arrive at (4.5). We therefore can replace (4.4) in Theorem 4.1
by the condition (4.6) with the same result. Note that under the assumption (4.4) we
clearly have (4.6), thus (4.6) is less restrictive than (4.4).
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