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��K=afDGF?I0K=CnU|�¡DG­0]nUQKMC²Ý�I0]_K�N¡DGCeKM>[Tm]eF�h���K°UQ>8S�qVh � ­0­0>8S�Ê?]_��DgUQ]eSGFÍc �0>«I?]eK�>QoG<?��C_]e`baÎa0S3��S3H3K=F?K� S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0H � RA]eK � KMUQ>[DG`baVUQ<0F?H3K=F�\§K=>[I?K=F¯DG<?cÑH3DGF0;PDGC_CeH3KM��KM]eF0K � >8U·<0F0I ® K=]eL8K
DGF0HGK=L8U[K=C_C_U�¢%<?��I0]eKJ\§K=L[KMFVUQCe]_`ba0K=FÀ<0F0IÄDZCeCeKMFÃTGS3F0Tm>8KMUQKMF � K=DGCe]_L[]_K=>[<?F0H3K=FÃI0KM> � ­0­0>8S¥Ê.]_��Dgh
UQ]_S3FÎH3K=��K=]_F0LQDG��K=F � L8­5KMTVUQK�a0KM>QDG<?L[;=<0DG>[��K=]nUQK=F � kfK=>8F0K=>¡\§K=>[I?K=Fµ;M\§K=]²c �0>¡I0]eK�­0>[DGTVUQ]eL8`ba0K
pA��L[K°UQ;M<0F0HÀ>8K=C_KMqZDGFVUQK¼Æ±<0LQDgUQ;�DZF0FfDGa0��K=F¶K=>8¸3>8U[K=>8U�<0F0I � K=I0]_F0H3<0F?H3K=F�DGF0H3KMH3K=��K=F�¢:<0FVU[K=>
I0KMF0K=FÃI0]_K�­0aVÉ�L[]_TZDZCe]eL8`ba0K=FÃ@B>8afDGC_U[<0F0H3L8LQoZU[;=KJDZ<0`ba#c �0>YI0]_K|DG­?­0>[S�Ê.]e��DZUQ]nq3K � ¸GL[<0F0H�H3K=CnUQK=F �
RY]_K�RY]eL8T�<?L[L[]_S3FÎI0K=>PH3KMH3CEogU[UQK°UQKMFÃ��DG>-UQ]eTZK=C:DGC_LO��¸3H3Ce]_`ba0K ® DGa0C�c �?>PI0]eK � F0LQDgUQ;Mc <?F0TVUQ]eSGF0K=F
��K=K=F?I0KMUAI0]eK¡pXFVUQK=>8L[<0`bam<0F?H3K=F �
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� F¼I?]eK=L8K=>Yr�UQKMCeC_K���¸�`bamU[K«]_`ba¼��]e`ba��5KM]6ºAK=>8>[F¼�:>8SGc � RY> � r ����� DGLQDGF?S�\Þc �0>AI?]eK�pAFVUQKM>[L-UQ�?U-h
;=<0F0H�L8S�\^]_KOI0]_KPoG<0¹3KM>[L-U^a0]eCnc >[K=]_`ba0K=F�RY]eL8T�<?L[L[]_S3F0KMF�<0F?I � F0��K=>[Tm<0F?H3K=F¯��K=]�I0KM>^kfS3>[L8`ba�<?F0H
;=<�I0]eKML[K=�Ïi¨a0K=��DJa0K=>8;=Ce]_`ba���K=I0DGF0TGKMF �
³�K=]_FÃRODGF0TÍHG]eC_UAc K=>8F0K=>¡ºXK=>[>8FÎ�:>8SGc � RA> �Ñ�¡� RY<0I?<0`bafD�qZD�c �0>OI?]eK�c >8<0`baVUQ�fDG>8K�Æ±<0LQDG����K=F.h
DG>[��K=]nU � r.KM]eF0K�RA]eL[Tm<0L8L[]_S3F0L[��K=>8K=]nUQL[`ba0DZcdU|KM>[¸G¬5F0KMU[K���]_>OI0]eK�³�¸3H3Ce]_`ba0TGKM]_U=¢%DGFÎL[K=]_F0K=F�DG<0¹GK=>-h
S3>[I0KMFVUQCe]_`ba¼<0��c½DGF0HG>[K=]_`ba0K=F¼�PK=F0FVUQF?]eL[L8K=FÍ<?F0I#@B>8c½DGa?>[<0F0HGK=F#DG<.cBI0K=�©NPK=�0]_KMUAI0K=>Ai¨a0K=SG>[]eK
I0K=>Xkf<0F0TVUQ]_S3F0KMF0>QoG<?��KOU[K=]eC_;=<0a0DG�5KMF �
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ß�àYá�â²ãÅã�ä%åYæbâ:á�á.àAåYç
RY]_K=L[K|RY]eL8L[K=>-UbDZU[]eS3F¼�5K°c½DGL[L-UPL[]_`ba#afDG<0­?U[LQoG`ba?Ce]e`ba#��]_UAI0KM>Pr�U[KMUQ]_H3TGKM]_UYI0K=L � SGC_UQ;M��DZF0F0L[`ba?K=F
�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L�DG<?c�F0S3>8��]_K=>-UQK=FJ<?F0I���K°UQ>[]_L[`ba0KMF � oG<?��KMF � RY]_K·c �0>BI0]_K^�AS3C_Ce]eL8]eS3F?L[TGKM>-h
F0KJI0KML«ÓP­�K=>[DZUQSG>[LOH3K°UQ>8SG¬±KMF0K=F � F0FfDGa0��K=FÃL8]eF0IÃ]e� ® K=L[KMFVUQCe]_`ba0K=FÎoG�m<0]nqZDGCeKMFmUO;=<0>�NP>QDGI�h� KMI0]eF0HG<0F0H �:� C_L�kl<?F0TVUQ]eSGF0K=F0>[oG<0��K�\·KM>[I0KMFËI0]eK¯H3K°\^]e`baVUQK°UQK=F � KM�5KML[H3<?K°hb¢·r.S3��S3C_KMqVh«<0F0I� KML[L[KMCe­�SGUQKMFVUQ]EDZCe>QoZ<0��K���KMU[>QDG`baVU[KMU � � KM]XI?K=F�KMFVUQL[­?>[K=`ba?K=F0I0KMFèWAS3>8��DG�?L[`bafoZU[;=<0F?H3K=F�\§K=>�h
I0KMF�I0]_KP�5K°UQKM]eCe]_HGUQKMF¯�AS3F?L8UbDZFmU[K=F��0]eL^DG<.c�\§K=F0]_H3K � <0L8FfDGa0��K=F�K°Ê.­0C_]e;M]_U^DGF?H3K=H3KM�5KMF �
RYKML8\§K=]_U[K=>8K=F�\§K=>8I0K=F�I0]eK � ¸3L8<0F0H3KMF�I?K=L � F?c½DZF0H3L8\§K=>-UQ­0>8S3�0C_K=��L:c �?>BI0]eKÌ>[oG<0��Ce]_`baJa0S3��S3H3K°h
F0K � S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0HPa0]_F0L[]_`baVUQCe]_`ba�I0K=>:;=KM]_U[Ce]e`ba?K=F�@:FVUj\^]_`bT�C_<0F0H�I0K=> L1

h-³�SG��KMFmU[K^<0F0I
I0KM>YrmUbDG�0]_Ce]nUboZU§�5KM;=�0HGCe]e`ba¯I0KM> � F?c½DGF?H3L[��K=I0]_F0H3<0F?H�<0FVU[K=>[L8<0`baVU �
RY]_K�N¡DGC_K=>[Tm]_F.h��6KMUQ>8S¥qmhÙ�:K=>-c½DGa0>[KMF�;M<0>¡Fm<0��KM>[]_L[`ba0KMF � ­?­0>[S�Ê.]e��DZUQ]_S3FÃI0K=>¡>[oG<0��Ce]e`baÃa0SG��SZh
H3KMF0K=F¼N¡C_K=]_`ba�<?F0HJ\·KM>[I0KMF�q3SGF¼K=]_F0K=�ÏDGCeC_H3K=��K=]_F0K=F�r�UbDGF?I0­0<0F0TVUYDG<0L^��KMUQ>[DG`baVUQK°U �

é�ê ámë�ì0â:ílë
i¨a0]_LÌUQa0KML[]eL¨I?K�DGC_L¨��DG]_F0C_É�\^]nUQa�`=SGFmU[]eFm<0]nUjÉ�­0>8S3­5KM>8U[]eK=L¨SZc6U[a0K � S3CnUQ;=��DGF0F�`=S3C_Ce]eL8]eS3F�S3­�K=>QD�h
UQSG>A]_FÍF0S3>8��KMIÍDGF0I¼��K°UQ>[]_`«L8­fDG`MK=L � i¨a0K|`MS3CeC_]eL[]_S3F¯TGKM>[F0KMC�SGcÁU[a0K|S3­�K=>[DZUQSG>A]_LAL8<0­0­�S3L[KMIÍUQS
��K=KMUÁ>[K=�m<0]_>[KM��KMFmU[L�\^a0]_`ba�DZ>[K·KML[L8K=FVUQ]eDGCeCnÉ�KM��<?]_qZDGCeKMFVU�UQS�NP>QDZI�îïL�`=<?U[SG¬�DZL[L[<?��­?U[]eS3F � kf<0F0`Èh
UQ]_S3FÃL[­fDZ`=K=L�`=SGF0L[]_I0K=>8K=IÀ]_F#UQa0]_LOUQa0KML[]eL�DG>8KJUQa0KJ\§K=]eHGamU[K=I � KM�5KML[H3<?KG¢�r.S3��S3CeK°q#DGF?I � KML[L8K=C
­�SGUQKMFmU[]EDGC6L[­0DG`=KML � pA­#U[S¯D�c KM\�K°Ê.`=KM­?UQ]_S3F0LM¢ÑDGCeC6`=S3F?L8UbDZFmU[L¡]eFVq3S3Cnq3KMI#]eFÍUQa?K|K=L-UQ]e��DZU[K=LPDG>8K
H3]nq3K=F�]eF�KÈÊ.­0Ce]_`=]_U·c S3>[� �
kf<0>8U[a0K=>B`MS3F0L8]eI0KM>QDZU[]eS3F0LBI?K�DGC0\^]nUQa|UQa?KXL8S3Ce<.UQ]eSGF0L�UQSPU[a0K^]eF0]nUQ]EDZCmqZDGC_<0K¨­0>8S3�0CeKM�'c S3>ÁU[a0K¨L[­0Dgh
UQ]eDGCeCnÉ�a0S3��S3H3K=F?K=S3<0L � SGC_UQ;M��DZF0FÃK=�m<fDZU[]eS3F � ºXK=>8KG¢%UQa0K�K°q3S3C_<?UQ]_S3FÃSGcÌ��S3��K=FVUQLP]_F L1

DGF0I
L8UQDG�0]_Ce]_UjÉ�\^]_U[a¯>[K=L8­5KM`MUXUQSJUQa?K�]_F0]_U[]EDGC�`=SGF0I0]_U[]eS3F¯DZ>[KP]eFVqGK=L8U[]eHVDgUQK=I �
N¡DGCeKM>[Tm]eF.hj��K°UQ>[S¥qÃ��KMU[a0S.I?L«c S3>¡UQa0K�Fm<0��KM>[]_`�DGC²DG­0­?>[S�Ê.]e��DZUQ]_S3F�SZcÌUQa0K�L[­fDgUQ]EDZCeC_ÉÍa0S3��S3H3K°h
F0KMS3<0L^­0>[SG�0CeKM�ðDG>[KP`MS3F0L8]eI0KM>[K=I�c >[S3�ÏDJH3K=F0KM>QDGC%­�S3]_FmU^SZc�q�]eK°\ �
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��þfö�ö��°ý�� ø.õ½ûgü���ö�� ó
£ � £ ³¼DZUQa?K=��DZUQ]_L[`ba0K«³�S�I0K=C_Ce]_K=>[<?F0H|q3S3F¼N¡DGL[KMF ���«���«�¡���«�����«���«��������� �
£ � � RY]eK � S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0H ���«�¡���«���«�����«���«�¡���«�����«���«��������� �

£ � ��� £ RODZLYºADG>8U[T�<?H3K=C_��S�I0K=C_C �«�¡���«���«�����«���«�¡���«�����«���«��������� Ý
£ � ��� � ªjFVUQKM>QDGTVU[]eS3F0L8��S�I0KMCeCeKY<0F0I��AS3C_Ce]eL8]eS3F?L[TGKM>[F0K �¡���«�����«���«��������� £ �

£ � Ò ªjFmqZDG>8]EDGF?;=K=]_H3K=F?L[`bafDZcdU[K=F�<0F0I�L[`baV\ÌDZ`ba0K|kfS3>8�|<0Ce]_K=>8<0F0H3KMF �����«���«��������� £�Ò
£ �ï� ³¼DGTm>[S3L8TGS3­?]eL[`ba?KJNP>[¸3¹3KMF�¢f�XS3CeC_]eL[]_S3F0L8]eFVqZDG>[]eDGFVUQK=F±¢.@B>8afDGC_U[<0F0H3L8H3CeKM]e`bam<0F0HGK=F � £��
£ � Ý RY]eK¡>QoZ<0��C_]e`ba�a?S3��SGH3K=F0K«NPCeKM]e`bam<0F0H �«���«�����«���«�¡���«�����«���«���������(� Ò

£ � Ý � £ NPCeKM]e`ba0H3K°\^]e`baVUQL-q3KM>8UQKM]eC_<0F0H3KMF�<0F?I H h i¨a0K=SG>[K=� �«�����«���«���������(� Ý
£ � Ý � � � ¸3L8<0F0H3L8�5KMH3>[]n¬±K¡<0F0I�@�Ê.]eL8U[K=F0;¡q3SGF � ¸3L8<0F0H3KMF �«�����«���«���������(� ¦

£ ��� @:]_F¯F��.UQ;=C_]e`ba0KMLXU[K=`ba0F?]eL[`ba?K=L � KM����D �«���«�����«���«�¡���«�����«���«��������� Ò �
� ���6ö��5ù�õ½ÿ�öÑø�ö��������Àø��6ö����¯ö��	�½ø�õ½ûZü��6ö���ø�ö  � 
��� £ kl<?F0TVUQ]eSGF0K=F0>[oG<0��K ���«���«�����«�¡���«���«�����«���«�¡���«�����«���«��������� ÒGÒ

�.� £ � £ � oG<0��KP]eFVUQKMH3>[]_K=>8�fDG>[KM>^kf<0F0TVUQ]_S3F0K=F ���«���«�¡���«�����«���«��������� ÒGÒ
�.� £ � � r.SG�5S3C_KMqVh²<0F0I � KML[L[KMCe­�SGUQKMFVUQ]EDZCe>QoZ<0��K �«���«�¡���«�����«���«��������� Ò3¦
�.� £ � Ò ªjFVUQKM>[­�S3CEDgUQ]eSGF�<0F0I�RY]_¬5K=>8K=FVUQ]eDZUQ]_S3F�]eF � DGF0DG`ba.h � oG<0��K=F �«���������Þ�3�

��� � @:C_K=��K=FVUbDZ>[K�pAF0HGCeK=]_`bam<0F0H3KMF�<0F?I�­0<?F0TVUj\·KM]eL[K � �?L[`bafoZU[;=<0F?H3K=F ���«���������Þ�V�
�.� ��� £ @BCeKM��KMFVUbDG>8K«pXF0H3C_K=]e`bam<0F?H3K=F �«���«�����«���«�¡���«�����«���«���������Þ�V�
�.� ��� � �6S�q�;MF0K=>�h�pAF?H3CeKM]e`bam<0F0H3KMF �¡���«���«�����«���«�¡���«�����«���«���������Þ�G�
�.� ��� Ò ® K=]nUQK=>8K � �0L8`bafoZUQ;M<0F0H3KMF¼c �0>¨I0]_K�N¡K°\^]e`baVUQL-c <0F0TVUQ]_S3F �«���«���������Þ� ¦
�.� ���ï� � �0L[`bafogUQ;=<?F0H3K=F�c �0>^I0]eK¡@�Ê.­5SGF0K=FVUQ]eDGC_c <?F0TVUQ]eSGF �«�����«���«���������Þ� �

��� Ò � F0��K=>8T�<?F0H3K=F�;=<0� H h�kf<0F0TVU[]eS3FfDZC �«���«�����«���«�¡���«�����«���«��������� Ý � !#"�"�õ$�%�&�6ö��5úMø.õ'�lø�ö�ú�ûgüÑþ)(Ùù¥ø�ö*�Ñø�ú�ô�ÿ	�%�÷õ½ú�õ ÿ5ö6ú=ÿ�+Bø
��þ?ù¥ÿ��gú ,.-
Ò � £ @:]_H3K=F?L[`bafDZcdU[K=F�I0K=>X�ASGCeCe]_L[]_S3F0L8c >8K=�m<0KMF0; �«�����«���«�¡���«�����«���«���������/� £
Ò � � Lp × L1

h � �0L[`bafogUQ;=<?F0H3K=F �«�����«�¡���«���«�����«���«�¡���«�����«���«���������/�Z�
Ò � ��� £ RYKM>X�:KM>[C_<0L8U8UQK=>8� �«�����«�¡���«���«�����«���«�¡���«�����«���«���������/�Z�
Ò � ��� � RYKM>ONPKM\^]_F0FVUQKM>[� �����«�¡���«���«�����«���«�¡���«�����«���«���������/� Ý

Ò � Ò Lp × Lp h � �0L[`bafogUQ;=<?F0H3K=F �«�����«�¡���«���«�����«���«�¡���«�����«���«��������� ¦ �Ò � Ò � £ RYKM>X�:KM>[C_<0L8U8UQK=>8� �«�����«�¡���«���«�����«���«�¡���«�����«���«��������� ¦�£
Ò � Ò � � RYKM>ONPKM\^]_F0FVUQKM>[� �����«�¡���«���«�����«���«�¡���«�����«���«��������� ¦�£

Ò �ï� r�UQK°UQ]eHGTGK=]nU^]eF � KML[L[KMCe­�SGUQKMFVUQ]EDZCe>QoZ<0��KMF ���«�����«���«�¡���«�����«���«��������� ¦ZÒ

q



q�] ªjF0afDZC_UQL-q3KM>[;=KM]e`ba0F?]eL

Ò � �0� £ � �0L[`ba0oZUQ;M<0F0H3KMFJ]eF�H3KM\^]_`bamU[KMU[K=F�r.S3��S3C_KMqVh5<0F0I � K=L[L8K=C_­5SGU[K=FVUQ]eDGCe>[oG<.h
��K=F �����������«���«�����«���¡�«���«�����«���«�����������«���«�����«� ¦ �

Ò � �0� � RAK=>XDGI � <0F?H3]eKM>8UQK�NPKM\^]_F0FVUQKM>[�»<0F?IÍNPCEoZU8UQ<0F?H3L[KM]eH3KMF0L[`bafDgcdUQK=F �����«� ¦3¦
Ò � Ý r�UQK°UQ]_H3TGKM]_U¨]_F���KMU[>[]_L[`ba0KMF�<0F?I�KÈÊ?­�S3F0KMFVUQ]eKMCeC%H3K°\^]e`baVUQK°UQKMF � oG<0��K=F �«�����«� ¤?£

Ò � Ý � £ ³�KMUQ>8]eL8`ba0K � oG<?��K �«�����«���¡�«���«�����«���«�����������«���«�����«� ¤?£
Ò � Ý � � WXS3>[��DG�0L8`bafoZU[;=<0F0HGK=F¯c �0> LΘ

1
h�kf<0F0TVUQ]_S3F0KMF ���«�����������«���«�����«� ¤3Ò

0 1(ÿ.��ø.ö�ù¥ø��6ö&�325ù¥þ)"�õ%�÷õdù��?ù�õ½ö L1

4	5
�0� £ Æ±K=]nUQCe]_`ba0KO@BFVUj\^]e`bTmC_<0F0H�I?K=> L1

h-³�S3��K=FVU[K �«�����«���«�����������«���«�����«� �?£�0� � L1
h-r�UQDG�0]_Ce]_UQoZU§�5KM;=�0H3C_]e`ba¯I0KM> � F?c½DGF0HGL[��K=I0]_F0H3<0F0H ���«�����������«���«�����«� �6�

, 798&:<;>=?:<;@�@�|ømù��gþ0ûZü5ù���ö���A§ý�þ�� ø
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G. 
Ý � £ RY]eK�N¡DGC_K=>[Tm]_F.h��6KMUQ>8S¥qmh � ­0­?>[S�Ê.]e��DZUQ]_S3F �«���«�����«���«�����������«���«�����«� £ � ¦
Ý � � RY]eKPI?]eL[Tm>8KMUQ]_L[]_K=>8U[K�N¡C_K=]_`ba�<?F0H ���«���¡�«���«�����«���«�����������«���«�����«� £ � �
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ªjFÎI?]eK=L8K=��KM]eF?c �?a0>[KMF0I0K=FÎ�¡DG­0]nUQKMC�\^]e>8I#FfDG`baÎK=]eF?K=>PTm<0>[;MK=F�DGCeC_H3K=��K=]_F0K=F¼RODG>8L8UQKMCeC_<0F0H�I0KM>
��DZU[a0K=��DZU[]eL[`ba?K=F�³�S�I0KMCeCe]_K=>8<0F0HAqGS3F�N�DZL[K=F�DG<.c5I?]eK·L8­5KM;=]_K=CeC_K¨�B>[S3�?CeK=��DZU[]eTPI0KM>BL[SPH3KMFfDGF0F.h
UQK=FQP<R°ÖTS<UDV�V�WXRYV[Z^Ô]\�R�KM]eF0H3KMHVDGF0HGK=F �
RY]eK � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H¯DGC_L«��DZUQa?K=��DZUQ]_L[`ba0K � KML[`ba0>8K=]e�?<0F0H3L-c S3>[�ÇI0K=>�;=KM]_U[Ce]e`ba?K=FÄ@BFVU8h
\^]e`bTmCe<0F?HµI0K=L�N¡DGL[;M<0L8UQDGF0I0KML�c �0>�I0]_K=L[KÎr�]_UQ<0DZUQ]_S3F¶\^]_>[I+q3SG>[H3KML8UQKMCeCnU�¢§\§S3��K=]Y\§K=F?]eH3KM>�I0]eK
ºAK=>8CeKM]_UQ<?F0H#I0K=>�NPCeKM]e`bam<0F0HÃ]e�Ç�:S3>[I?K=>[HG>[<0F0I�L-UQK=aVU=¢²L8S3F0I0KM>[F q.]_K=C_��KMa0>|I0]_K � KMU[>QDG`baVUQ<?F0H
I0K=>P��]eTm>[SGL[TGSG­0]eL8`ba0K=FÍ�:S3>8HVoGF0HGK|<0F0IÃI0]_K|K=FVUQL8­0>[KM`ba0K=F?I0K=FÄ��DZU[a0K=��DZUQ]_L[`ba0KMFÎÓO� � K=TVUQK���K=]
I0K=>XRODG>8L8U[K=CeC_<0F0HJI0KM> ® KM`ba0L[KMC_\^]e>8Tm<0F0H�qGS3F���DG>-UQ]eTZK=C_F�]_F�I0K=FÍ³�]_U8UQK=C_­0<0F0TVU^>8�0`bTVU �
ªjFmqZDG>8]EDGF?;=K=]_H3K=F?L[`bafDZcdU[K=F�<0F0I�L8`baV\ÌDG`ba?K¡klSG>[�|<0C_]eKM>[<0F0HGK=FJI0KML � SGC_UQ;M��DZF0F0L[`ba?K=F��XS3CeC_]eL8]eS3F0L�h
S3­5KM>QDZU[S3>[LM¢lI0]eK�]e�»\§K=]nUQK=>8K=F¼�:KM>[CeDG<?cÁI?]eK=L8K=> � >[��K=]nU^q3S3F � K=C_KMqZDGF0;«L[]_F0I�¢f\·KM>[I0KMF#]eF�K=]eF?K=�
K=]eHGK=F0KMF � �0L[`ba?F0]_U8U�I?KMUbDZ]eCeC_]eKM>8UQKM>�qGS3>[H3KML8U[K=CeCnU�¢ÌI0D�I?]eK#a0]_K=>[;M<~�5KMF0¸GUQ]_HGUQKMFèpA��c S3>[�|<?F0H3K=F
I0K=�»��K=L8L[KM>[K=F��:K=>[L-UboGF?I0F0]eL^I0KMLAÓP­�K=>[DZUQSG>[L¨I0]_K=F0C_]e`ba¯L[]_F0I �
@:LOc SGCeHGUYI0]eK�ºAK=>8L8U[K=CeC_<0F0H�I0KML«Æ±<0LQDG����K=F0afDZF0H3LY;°\^]eL8`ba0K=FÎI0K=> � K=L[`ba?>[K=]_�0<0F0H�I0KML�N�DGL8;=<.h
L8UbDZF0I0K=L·DG<?c%I?K=>§@:��K=F?KYI0KM> � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H¡<0F?I�I0KMF���DZT�>8S3L[TZS3­0]_L[`ba���K=SG�fDG`baVUQ�fD�h
>[K=F�<0F0I�]eF � Fm\§K=F?I0<0F0H3KMFÍK=]_H3K=FVU[Ce]e`ba�]_FVUQK=>8K=L8L[]eKM>[KMF0I0K=FÍN¡>8¸3¹3KMF �
ºA]eL-UQS3>8]eL8`ba�¢�UQa0KMS3>[K°UQ]_L[`ba�<?F0I�Fm<0��K=>8]eL[`ba«L[­0]_K=CnU�I?]eK:L[SXH3K=F0DGF0FVUQK§>QoG<0��Ce]_`baPa0S3��S3H3KMF0K � S3C_U[;°h
��DGF?F.h-NPCeKM]e`bam<0F0HOKM]eF0K^KM]eH3KMF0L8UQoGF0I0]_H3K¨<0F0I��5KMI0K=<.UQK=F?I0K � S3CeC_K·]_F�I?K=>:Tm]eF0K°UQ]eL8`ba0K=F�N¡DGL8U[a0K=SZh
>[]eK � RA]eK=L�;=<J��SGUQ]nq.]_K=>8K=F�¢gDG<?c � K=L[SGF0I0K=>8a0K=]nUQKMF�I?]eK=L8K=>BkfS3>8� I0K=>:NPCeKM]e`bam<0F0HYK=]eF?;=<0H3KMa0K=FJ<?F0I
K=]eF?K=F|Tm<0>8;=K=F�ÜX�5KM>[�0C_]e`bTP�0��K=> � ¸3L8�fDG>8TGK=]nUQL8>[K=L8<0C_UQDZUQK·;=<|H3KM�5KMF�¢G]_L8U � <?c H3DG�5K²q3S3F � �0L[`ba?F0]_U8U
£ � Ý �
Æ±<0� � �0L[`ba0C_<0L[L¡\^]e>8IÃK=]eF � K=����D�c S3>[�|<?Ce]eKM>8UY<0F0IÎ�5K°\^]eK=L8K=F�¢%I0DGL¡L[]e`baÎ��K=]ÁI0KM>�pAFVUQKM>[L[<�h
`ba�<?F0H�I0KM> � �0�0]_CeI0<?F0H3L[KM]eH3KMF0L[`ba0DZcdUQKMF�I0KML·�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3>[L�DGCeL:oZ<0¹3K=>8L8U²Fm�?UQ;MCe]_`ba�KM>8\§K=]nh
L[K=F¯\^]e>8I �
RY]eKJpX��c SG>[�|<0F?H3K=FÍ<?F0I � >[HG<0��KMFVUbDZU[]eS3F0KMFÍI0KM> � �0L8`ba0F0]_U8UQK�£ � � ¢�£ � Ò�<?F0I�£ �ï� L8]eF0I#��K=]_L8U
c S3>[��DGCeKM>�WADZUQ<?> � ªjF�I0]_K=L[KM� r.]_F0FµL[]_F0IµI0]_K�I0S3>8UJDGF0H3KMH3K=��K=F0KMF_^ � KM\§K=]_L[Ka`¯I0KM> � <0L8LQDGH3KMF
;=<Ãq3K=>8L8U[K=a0KMF ��� CeC_K|I0S3>-UPc S3>[�|<?Ce]eKM>8U[K=F � <?L[LQDZH3K=F�TG¸3F0F?K=FÀ]_FÃI0K=>¡H3KM�5SGU[K=F0KMF���DZU[a0K=��DZUQ]Úh
L[`ba0KMF�r�UQ>8K=F0H3KY�5K°\^]eK=L8K=F�\§K=>8I0K=F¯<0F?I�DG<?c%I?]eKYKMFVUQL[­?>[K=`ba?K=F0I0KMF�bO<0KMCeC_K=F�\^]_>[I�q3S3>·DGCeC_K=�Å]eF� �0L8`ba0F0]_U8U�£ � Ý�qGK=>8\^]_K=L8K=F �
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pAFVU[K=>¡K=]_F0K=��N�DGLAq3K=>8L8U[K=aVU���DGF#KM]eF0K�NPK=L[DG��UQa?K=]_UYq3S3F Np
��DZ>8UQ]_TGKMCeF�¢�I?]eKJL[]_`baÃ]eF#K=]_F0K=�

NPK=�0]_KMU Ω ⊂ Rd Í d = 1, 2, 3 Î �5K°´fF0I0KMF � RYK=>�Æ±<0L-UbDGF?I I?K=L�N�DZL[K=LJ;M<0>�Æ±K=]nU t ∈ R+
]eL-U

q3SGCeCeL-UboGF?I0]eH¯��K=TgDGF0FVU�¢%\§K=F0FÀ��DGFÀ³¼DGL8L[K m > 0 ¢6��S3L8]_UQ]_S3F x ∈ Ω <0F0IµNPK=L8`baV\^]eF0I0]_H3TGKM]_U
v ∈ R3 K=]_F0K=L � KMI0K=FÎN¡DGL8­fDG>8U[]eTZK=CeLATGKMF0FVU � ªj� � DGa?��KMFÍI0K=>PTmCeDGL[L8]eL[`ba?K=F�³�K=`ba0DGF0]eT�]eL-UPI0]_K
³¼DGL8L[K�K=]eF?K=L|��DG>8U[]eTZK=CeL�<0FfDZ�0afoGF0HG]eH¯q3S3FÄI?K=>�Æ±K=]_U�<0F?IÄI0K=>�N¡DGL[;M<0L8UQDGF0IÄ;M<0>|Æ±KM]_U t \^]e>8II0<0>8`ba

Z(t) = {(mi, xi(t), vi(t)) : i = 1, . . . , Np}
��K=L[`ba?>[]eKM�5KMF � ªjF¼K=]_F0K=�ðKMCeKMTmU[>[]_L[`baÍF0KM<?UQ>[DGCeKMFÍN¡DGLX<0F0I�<0FVUQK=>X�:K=>8FfDG`ba0CeoGL[L8]eH3<0F?H�I0KM>ONP>QD�h
q�]_UQDZUQ]_S3F0L[Tm>[oZcdUQK��0C_K=]e��K=F�Fm<0>�F0S�`baÄ;°\·KM]ÌklDGTVUQS3>8K=F�¢ÑI0]_K�I?]eK�H3K=>[DGI0Ce]_F0]eHghjH3C_K=]e`ba.c ¸3>[��]eH3K � KÈh
\§K=H3<0F?H�I0KM>AN�DGL-UQKM]eCe`ba?K=F�q3KM>[a0]_F0I0K=>8F��

• RA]eKPªjFVUQKM>QDGTVUQ]_S3F�I0K=>X��DZ>8UQ]_TGKMC%��]nU¨I0K=� � DGF?I�I?K=LYN¡KM�0]eK°UQL

• <?F0I�I?]eKPªjFVUQKM>QDGTVUQ]_S3F�I0K=>X��DZ>8UQ]_TGKMC%<0FVUQK=>8K=]_FfDGF0I0KM> �
® oGa0>8K=F0I�I0]_K ® KM`ba0L[KMC_\^]e>8Tm<0F0H���]_U·I0K=� � DGF?I¼DGC_CeKMF�Âf<0]eI?I?É�FfDG��]eL[`ba?K=F�kf>QDGH3KML8U[K=CeC_<0F0H3KMF
H3KM��KM]eF0L[DG� ]eL8U�<0F0IJa?]eK=>�F0]e`baVU�\·KM]_UQKM>Á��KMUQ>[DG`baVUQK°UÁ\·KM>[I0KMF�L[S3C_CÙ¢�TgDGF0F|��DGF|DZF0afDGF0IJI?K=LB@B]eF�h
Âf<0L8L[KML¨I0K=>¨��DG>8U[]eTZK=Ce]_FVUQK=>[DGTVUQ]_S3F�DG<.cÑI0]eKA;=K=]nUQC_]e`ba0KA@BFmUj\^]_`bTmCe<0F0HJI?K=L^N¡DGL[;M<0L8UQDGF0I0L¨��K=a?>[K=>8K
­0aVÉ�L[]_TZDZCe]eL8`ba0K«r.]_U[<fDZU[]eS3F0KMF�<0FVUQKM>[L[`ba?K=]eI?K=F��

• � CeL:K=>8L8U[K=F�@�Ê�UQ>8K=��c½DGCeCfI0]_K�®eV��)S]\�RYV�´¤Z^Ô]\�R°¢VI0]_K^a0]eF0L8]e`baVUQC_]e`ba�]ea0>8K=>:i6K=]eC_`ba0K=F?I0]e`baVUQKAL[SL-UbDG>8TÍq3K=>8I0�0F0FVU�L[]eF?I�¢%IfDGL8L«I0]_K�i�KM]eCe`ba?K=FV\·KM`ba0L[KMC_\^]_>[Tm<0F0H3KMFÄq3KM>[FfDG`ba?CEoGL8L[]eHZU�\§K=>8I0K=F
TZ¸3F0F0KMF �

• � CeL�;°\·KM]_U[K=L�@�Ê.U[>[KM� IfDGL¯k�C_<0]eI+DGCeL�I?]e`baVUQKMLÏ®JØ]V�W½×�V��I�D�J¢Ì��K=L8`ba0>[]_K=��K=FèI0<0>8`ba¿I0]_K@B<0C_K=>-h²<?F0I¼WAD�q.]_K=>�h-r�U[S3TGKML-h-NPCeKM]e`bam<0F0HGK=F �
@BL�L-UQK=C_C_UÑL8]e`ba�I?]eK§kl>[DGH3KZ¢�\^]eK§N�DZL[KG¢�I0KM>[KMF�Æ±<0L8UQDGF0I«L[]e`ba«;M\^]_L[`ba0KMF|I0]eKML[KMF|�5KM]eI0KMF�@�Ê�UQ>8K=��K=F
��KM´fF0I?KMU�¢�;=<���S�I0K=C_Ce]_K=>[KMF�L[]eF?I � RODGL[L§I0]eKML[KYkl>[DGH3KML8UQKMCeC_<0F0H�F0]e`baVU§>[K=]_F�DGTgDGI?K=��]eL[`ba?K=>§WYDZU[<0>
]eL-U�¢�;MK=]_HGUPIfDGL � K=]eL8­0]eKMCÁI0KM>«@B>8IfDZUQ��S3L8­0afoG>8KJ]eF#`�D � ¤ � Tm��ºA¸Ga0K�<0F0IÃI0K=> � KMIfDG>-cÌDGFÃI0KM>
Fm<0��K=>[]_L[`ba0KMF�r.]e��<0CEDZU[]eS3FJI?K=L ® ]_K=I0KM>[KM]eFVUQ>8]_U[U[L²qGS3F � DG<0��c½DGa0>8;=K=<?H3K=F�]eF�I?]eK � UQ��S3L[­0a0oG>[K �
�PK=F0F?;=K=]_`ba0F0KMF0I¼c �0>¨I0]_KPK=>-\ÌoGa?FmU[K|Æ5\^]_L[`ba0KMF0L[]nUQ<fDgUQ]eSGF�L8]eF0I�I0]_KOc S3CeH3KMF0I0KMF�@B]_H3K=F0L8`bafDZcdU[K=F��

• RYDGLBN¡DGL�]_L8U�;=<|I?�0F0F�¢Z<0� K=L���]_U6I0KMF�³�KMU[a0S�I0K=F|I?K=>Á�XS3FVUQ]_F�<?<0��L8��KM`bafDGF0]_T¡TGS3>8>[K=TVU;M<���K=L8`ba0>[KM]e��K=F �



£ � £ � ³�DZUQa0KM��DgUQ]eL8`ba0K«³�S�I0K=C_Ce]eKM>[<0F?H|q3S3F¼N�DZL[K=F Ò

• � F?I0K=>8K=>[L8K=]nUQL^]eL-U^IfDGLXk�Ce<?]eI�;=<�I0]_`bamU=¢f<0�ð�XS3CeC_]eL[]_S3F0KMF�q3KM>[FfDG`ba?CEoGL8L[]eHGK=F�;=<�I0�0>8c KMF �

• ³¼DGF�TgDGF?F � KMI0S�`ba�DZF0F0K=a?��KMF�¢0IfDGL8L^DGF�K=]_F0K=> ® KM`ba0L[KMC_\^]e>8Tm<0F0H�F0]e`baVU^��K=a0>¨DZCeL·;°\·KM]��DG>-UQ]_TGK=C%��KMU[K=]_Ce]eHZUÌL[]_F0I �
� CeLX\·KM]_U[K=>[K«�:K=>[KM]eF?c½DZ`ba�<?F0H¯L[S3C_C�DGF?H3K=F0SG����K=F�\·KM>[I0KMF�¢%IfDGL8LOIfDGL¡N¡DGLAa0S3��S3H3K=F¼]eL8U=¢5I � a �
DGCeC_KA��DG>8U[]eTZK=C�I0]eKML[K=C_�5KO³¼DGL8L[KO��K=L8]_UQ;MK=F�<0F?I�IfDGL8LÌK=LÌL8]e`ba�F?]e`baVUÌ<0�Ï³�S3C_K=Tm�0C_KAafDZF0I0K=CnU��.RY]eK� KM\§K=H3<?F0H�I0KM>AN�DGL-UQKM]eCe`ba?K=F¯]eL-UXDG<0L[L8`ba0Ce]_K=¹3C_]e`ba�U[>QDGF0L8CEDZU[S3>[]_L[`ba0KM>^WYDZU[<0> �
r.]eF0I�I0]_KP­0aVÉ.L8]eTgDGC_]eL[`ba?K=F � K=HGK=CeF���K=TgDGF0FVU�¢lFfDZ`ba¼I0KMF0K=F�;M\§K=]���DG>-UQ]eTZK=CÑ��]_UQKM]eFfDZF0I0K=>Ì\§K=`ba�h
L[K=Cn\^]e>8TGK=F±¢�; � � � ]eF?I0K=� ��DGFÀI0]_K��P>[DZcdU�¢ÑI0]_K�L[]_K�DZ<?c K=]_FfDGF0I0KM>�DZ<0L[�0��K=F±¢�K°Ê.­0C_]e;M]_U«DGF0H3KM�5KMF
TZDZF0F�¢0L8S�TgDGF?F���DGF¯]e� �B>[]_F0;=]_­���]nU¨ºA]_C_c KOI?K=>^WAK°\¨UQS3F?L[`ba0KMFÃN¡KML[K°UQ;=K�DG<?LXKM]eF0KM�ÏH3KMH3K=��K°h
F0K=F � F.c½DGF0H3L8;=<0L-UbDGF0I Z(0) c �0>ÌDGCeC_K t > 0 I0KMF � K°\·KM]eC_L¨a0K=>8>[L[`ba?K=F0I0KMF#Æ±<0L-UbDGF?I���K=>8K=`ba0F?K=F �RY]eKML[K:�:S3>[H3KMa0K=F?L8\§K=]eL8KÌ��K=]eF?afDGC_U[KMU � K=I?S.`ba«L[S¥\·SGa0C?­0>[DGTVUQ]_L[`ba0K§DGCeL�DG<0`ba«­0>[]_F0;=]_­0]eKMCeC_K:r.`baV\^]eKÈh
>[]eHGTGK=]nUQKMF��
• pAFVU[K=>|WXS3>[���5KMI0]eF0HG<0F0H3KMFÀ]eL-U�I?]eK � F0;=DGa0C·I?K=>JN¡DGL-UQK=]_Ce`ba0KMFÀ]_FÀK=]_F0K=� �P<0�?]eTm��K°UQKM>q3S3F«I0K=>�NP>[¸3¹GK=F0S3>8I0Fm<0F0H 1027 � ªj��NPK=H3KMF0LQDgUQ;²;=<0� �PFm<0I0L8K=F.h�N�DGL6�|�0L8L[KMF�I0]_K ® K=`ba�h
L[KMC_\^]e>8Tm<0F0H3KMF�DGC_CeKM>���¸GH3Ce]_`ba0K=FPªjFVUQKM>QDGTVU[]eS3F0L8­fDG>-UQF0KM>�L8]e�|<0C_]eKM>8U±\§K=>8I0K=F±¢g\·DGLÑ;=<«K=]eF?K=�
<0F0>8K�DGC_]eL8U[]eL8`ba�a0S3a0KMF � K=`ba0KMFfDG<?cd\·DGF0I�c �0a0>8U �

• @B]eFJ�:K=>8H3CeKM]e`ba���]_U:³�K=L[L8IfDZU[K=F�]_L8U:<0F0��¸3H3C_]e`ba��GWYDG`ba�I0KM>§ºXK=]_L[K=Fm��K=>8H3L[`ba0KMF�pAF?L[`bafoG>�hc K=>8K=CEDgUQ]eSGFJTZDZF0F���DGF�ÓO>8U§<0F0I�ªj��­0<?CeL:K=]_F0K=L§��DG>-UQ]_TGK=C_L:F0]eKM��DGC_LBH3CeKM]e`ba0;MK=]nUQ]eHP��K=C_]eKM�0]eH
H3K=F0DG<¯��KML[L[KMF �

• RY]_K�³�S�I0K=C_Ce]eKM>[<0F?H�DG<?c²I0]_K=L[KM>P��]_Tm>[S3L8TGS3­0]_L[`ba0KMFÀ@B��K=F0K�KMFmU[afoGCnUP;=<#q�]eKMCeK|�0;°\ � ]e>8>[K°hCeK°qGDZFmU[KOªjF?c S3>8��DgUQ]eSGF0K=F��?RODGLX³�S�I0KMCeC�<0FVU[K=>[L8`ba0K=]_I0KMUXI0<?>[`ba¯\^]eCeC_Tm�0>[C_]e`ba0KYWA<0����KM>[]_K°h
>[<0F?H�Tm�0F0L-UQCe]_`ba¼;°\^]eL[`ba?K=F#H3C_K=]e`ba0DG>8U[]eH3KMF���DG>8U[]eTZK=CeF�<0F0IÍ]_F¼­0>[DGTVUQ]_L[`ba0KMF � FV\§K=F0I0<?F.h
H3K=F�]eL-U·��DGF�DGF�NP>[¸3¹GK=F�\^]_KYRA]e`baVUQKZ¢?RY>8<0`bT�<0F0I�i6K=��­5KM>QDZU[<0>²]eFVUQKM>[K=L8L[]_K=>8U=¢mF0]e`baVU¨DZF
��S3L8]_U[]eS3F�<0F?IÍNPK=L8`bam\^]_F0I0]_H3TGKM]_UXK=]_F0K=L^��K=L8U[]e����UQKMF�i�KM]eC_`ba0K=F0L �

• � <.cf��DZT�>8S3L[TZS3­0]_L[`ba0KM>B@B�5KMF0KÌL8UQDZUQ]_S3FfoG>8KÌÆ±<?L8UboZF0I0K·L8]eF0I���]_T�>8S3L[TZS3­0]_L[`baJDGC_CeKML�DZF0I0K=>8KDGCeL�;=KM]_U[Ce]e`ba¶TGS3F?L8UbDZFmU¯<?F0IËTG¸3F?F0K=F~��]_U�K=]eF?K=� I0K=>[DG>8U�I0KMUQDG]eC_Ce]eKM>8U[K=F�³�S.I?K=CeCXF0]_`bamU
K=>-c½DGL[L-UX\§K=>8I0K=F �

� CeL � <0L-\·KMH�C_]eKMHGU·KML¨FfDGa0KZ¢?L8S3Ce`ba0KMF�Æ5\^]eL[`ba?K=F0L8]_UQ<0DZUQ]_S3F0K=F���]_U§K=]_F0K=>ÌDGIfoG�m<fDZU[K=F � KML[`ba0>8K=]Úh
�0<0F0H#;M<µ�5KMH3K=H3F?K=F � pA�ÇI0]eK��:S3>8U[K=]eC_K�KM]eF0KML|TGSGFmU[]eFm<0]_K=>[C_]e`ba0KMF�³�S�I0K=C_CeL¡c �0>|KM]eFÄI0]_L[Tm>[K°UQKML
ÓP� � K=TVU·\^]_KYK=]_F���DG>8U[]eTGKMCeTZS3CeC_K=TVUQ]nqJFm<?UQ;MK=F�;=<�TG¸3F0F?K=F�¢0��K=I?]eK=FVU§��DZF�L[]_`ba�K=]_F0K=>§­0>[SG�fDG�0]_Ce]eL�h
UQ]eL8`ba0K=F�ºAKM>QDGF?H3K=a0KMF0L8\§K=]_L[K �
RODG;=<��5K°UQ>QDZ`bamU[KMU·��DGF�c �0>²K=]_F0KA��K=L8L[�fDZ>[KP³�K=F0H3K Zx×Zv ⊂ Ω×R3 I0]_K ® DGa0>8L[`ba0KM]eF0C_]e`ba.h
TGK=]nUXIfDZc �0>M¢�I0DGL[LXL[]_`ba¼;=<?>OÆ±KM]_U t K=]_F¼��DG>8U[]eTZK=CÑ��]nU^K=]_F0K=>ANPK=L[`baV\^]_F0I0]eHGTGK=]nUODZ<0LAI?K=>Y³�K=F0HGK
Zv ]e�Ïi6K=]_CeH3KM�0]eK°U Zx ��KM´fF?I0KMU � k��0>^I0]eKML[K ® DGa0>[L8`ba0K=]_F0Ce]_`ba0TGKM]_U=¢0�5KM;=KM]e`ba0F0K°UY��]_U

Pt
(
(x(t), v(t)) ∈ Zx ×Zv

)
,

F0]e����UÌ��DGF�DGF�¢fI0DGL[L^K=L^KM]eF0K¡;=<?H3K=a0¸G>[]eHGKPF0]e`baVUQF?K=HVDZU[]_qGK«RA]e`baVUQK°c <0F0TVUQ]_S3F f HG]e�?U=¢0I � a �

Pt
(
(x(t), v(t)) ∈ Zx × Zv

)
=

∫

Zx

∫

Zv

f(t, x, v) dv dx .



� �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

� <?L[H3KMa0K=F0I|qGS3F�KM]eF0KM� � F?c½DGF?H3L[;M<0L8UQDGF0I�¢g>[KM­0>QoGL8K=FVUQ]_K=>-UÁI0<0>8`ba f0(x, v) ¢g��K=F?¸GUQ]_HGU6��DGF�K=]_F0K@BFVUj\^]e`bTmCe<0F?H3L[H3C_K=]_`ba�<?F0HJc �0>ÌI0]_KOH3K=L8<0`baVUQK¡�:K=>-UQK=]_Ce<0F?H3L[I0]_`baVUQK f(t, x, v) c �0> t > 0
� k��0>ÌI0KMF

klDGCeC÷¢mIfDGL[L¨I?]eKP��DG>8U[]eTGKMC�I0<0>8`ba¯�0]eFfoZ>[KOKMCEDGL-UQ]eL8`ba0KP�XS3CeC_]eL[]_S3F0KMF���]_UQKM]eFfDZF0I0K=>²\·KM`ba0L[KMC_\^]_>[TGKMF�¢
\^]e>8I¯I0]eKP;MK=]_U[Ce]_`ba0K¡@BFmUj\^]_`bTmCe<0F0H�I0<0>8`ba¼I0]_K�¨OØ]�²W��f��Ô<V�V�´¤Z{��R°×��a�I�DVI¡���K=L8`ba0>[]_K=��K=F �
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� ��×����y��Ô<VÙSVÔ]��R°Ö�Vf×��a�IW�¥f�eØÌ�Ú¥YR°×��µ�<�¤ª&¡IR­�OR°Ö¤W§R�SIR°Ö�×�V�SIR°ÖÛZ^Ô]\YW���RbØ]´
ÖÈ×�RyPGØgÖ@�VØ]�©��RYV	SIRYV�ZÌÖ@¯Ì��RYVØ�©�DW%��Ô>�sRYV?�E\¥Ø]V	SIR°Ö¤V�R°×�VERÜRTÝmÔ]�]WXR�Þ���RbØgÖÈ×�RSIR°Ö@\�RY�µ¥YRYV�×�V£ßàVI¡GÖÈ× á�VERa�I��RYV?�.\¥Øâ�©�Y�QPGØgÖXÔ<����RY�ÚSG×�RØ�JÔ]��Ö@\��a��R°×�V�� ×��a�I´��R°×�W¿SIR°ÖÜP<R°Ö@\��a��×�R>SIRYVERYV�°���\YW��<V	SIRà¥YRa\YW÷×��©�©W�� R°ÖTSIRYV?��� RY���a��RAÔ<V�R°×�VERY��IV	SØSIRY��\�RY�µ¥YRYV#�ÎØ]��Ra�]UD��RY×��äã	R°Ö¤�nÔ<�¤¦�R�R°×�VER°Öy\�Ra��Ö��nÔ<VI¡IRYVt°}R°×�W}�IV	S�Ô<VSIRYVQP<R°Öa\��a��×�R>SIRYVERYV��ÎØ]��Ra�]UD��RYV�¡<��R°×��a�<�]R°×�W½×µ¡tPGØgÖ@�VØ]�©��RYV?�{S�«µ�?«yRa\��©�Y�¥YR°Ö@Ra�a�IVERYW�� R°ÖTSIRYV?���B×�Râ\°×��a��SG×�Râ°�Ô]�I�6±�RYVER°Ö��ÎØ]��Ra�]UD��Ra�{SIR°Ö@RYV�°��
\YWÙÔ<V	S�f�B×�\��a��RYV_¡IRY�B×�\a\�RYVÙZÌÖaRYVI�]RYV�� ×�R�¡<W��à�f��ÖÛZÁRa\=Ô<�©WÙÔ<VI�¥Ô]�I�nSIR°Ö#��Ø]��Ra�]UI��RP<R°Ö@�?�<�²Wº«�» ¼{½¿¾ÁÀ}ÂfÃ�Ä
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® K=F0F���DGF�\^]_KY]eF � �0L8`ba0F0]_U8UP£ � £Yq3SGF�KMCeKMTmU[>[]_L[`ba�F0KM<?UQ>[DGCeKMF¯N�DZL8UQKM]eC_`ba0K=F�DZ<0L[H3KMaVU^<0F0I�I0]_K
@B]eFV\^]e>8Tm<0F0H¡I0K=>§NP>QD�q�]_UQDZUQ]_S3F0L[Tm>[oZcdUQKÌTZK=]_F0K � S3C_CeK§L[­0]_K=CeKMF�¢3L8S�]_L8U:I0]_K¨;=KM]_UQC_]e`ba0KÌ@:FVUj\^]_`bT�C_<0F0H
I0KM>^�:KM>8U[K=]eC_<0F0H3L8I0]e`baVU[KOc �0>^K=]eF��PFm<0I0L8K=F.h�N�DGL^H3KMH3K=��K=F�I0<0>8`ba

∀t ≥ 0, x ∈ Ω, v ∈ R3 : f(t, x, v) = f0(x− vt, v) ,

\§S3�5KM]�c �0> x ∈ ∂Ω I0]eK � DGF0I0��K=I?]eF0H3<?F0H3K=F¯;M<���K=>8�0`bTmL[]e`baVU[]eH3KMF¼L[]_F0I � RYD�I0]_K¡��DG>-UQ]_TGK=C%L8]e`ba<0FVUQKM>[KM]eFfDGF?I0K=>�F0]_`bamU���K=KM]eF?Â0<0L[L8K=F�<?F0I¶TZK=]_F0K�oG<0¹3KM>[K=F �P>QogcdUQK�\^]e>8TGKMF�¢B�5K°\·KMHGU�L[]_`ba¶I0KM>� F.c½DGF0H3L8;=<0L-UbDGF0I�K=FVUQCeDGF0H�I0KM>A��DG>8U[]eTZK=C_U[>QD � KMTVUQS3>8]eK=F �
RYKM>XSG�0]eH3K � <0L[I?>[<0`bT¯]eL-U^H3K=>[DGI0KPI0]_K � ¸GL[<0F0H�I0KML � F?c½DGF0HGL8\§K=>8U[­0>[SG�0CeKM��L

∂tf(t, x, v) + (v · ∇x)f(t, x, v) = 0 , f(0, x, v) = f0(x, v) .

RYKM>�RY]n¬±KM>[KMFmU[]EDGC_S3­�K=>QDgUQS3>|]_F�I0]eKML[K=>�NPCeK=]_`bam<0F0HÃ�5KML[`ba0>8K=]_�?U�I?]eK � KMF0]eHGK=F¹åYF0I0KM>[<0F?H3K=F q3S3F
f ¢lI0]_K�I?<0>[`baÍI?K=F¼c >8K=]eKMF¼k�Ce<0H�I0KM>Y��DG>8U[]eTGKMCÑa0K=>-q3S3>8H3K=>8<?c K=FÍ\§K=>8I0K=FÍ<?F0I¼\^]e>8I�I0DGa0K=>ADG<0`baÞ0Ö8Ô<V?\jÕfØgÖ¤WjØbÕ�R°Ö[Ô<WjØgÖ�S�I0KM>#Þ0Ö8Ô<V?\jÕfØgÖ¤W$WXR°Ö¤�»H3K=F0DGF0FVU �� F?I0K=>8K=>[L8K=]nUQL^]eL-U¨I0K=>^i6>QDGF?L[­�S3>8U8UQK=>8�ÏH3C_K=]_`ba0;=KM]_UQ]_H�IfDZL^U[SGUbDZCeKORA]_¬5K=>[KMFVUQ]EDZC5q3SGF f F0DG`ba�I?K=>Æ±K=]nU t <0F0I�K=L²]eL-U§I?K=>§@:]_F?Âf<0L8L§I?K=>²�0]eFfoZ>[K=F��ASGCeCe]_L[]_S3F0K=FJ��]_U[K=]_F0;=<0��K=;M]eKMa0K=F � RY]eKML§H3KML[`ba0]_K=aVU��]_U^ºX]eC_c KYK=]eF?K=L�®JØ]��� ×�\°×ÙØ]V?\YW§R°Ö¤��\°¢.I0K=>¨q3SGF�I0KM>¨�:K=>8U[K=]_Ce<0F0HGL[I0]_`bamU[K f L[KMCe�0L-UYDZ�0afoGF0HZU��

∂tf(t, x, v) + (v · ∇x)f(t, x, v) = Q(f, f)(t, x, v) . Í £ � £ Î
RY]_K � <?c HVDG��K¡I0K=LA�ASGCeCe]_L[]_S3F0L8U[K=>8��LM¢?DG<?`baQ®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<W�ØgÖ�S�I0K=>�®JØ]��� ×�\°×ÙØ]V?\°×�V�WXR�¡GÖ[Ô<�6H3KÈh
FfDGF?FmU=¢f]eL-U^I0]eKOc S3C_H3K=F?I0KG�
Æ±<0>XÆ±KM]_U t ´fF0I0KMF¼]_F�K=]eF?K=�Ï��K=C_]eKM�0]eH|TmC_K=]eF?K=F � DZ<0��q3SGCe<0��K=F�<0�ÏI0]eK¡�6S3L[]nUQ]eSGF x �XS3CeC_]eL[]_SZhF0KMFµL8UbDgU[U�¢��5KM]·I0KMF0K=FµKM]eF0KML|I0KM>|�5K°UQKM]eCe]_HGUQKMFÀi6K=]_Ce`ba0KMFµI0]eK�N¡KML[`baV\^]eF0I?]eH3TZK=]_U v K=>[a0oGC_U � ªjFNPK=L[`baV\^]_F0I0]eHGTGK=]nUQL8­fD3DG>8K=F�DG<0L[HGK=I0>8�0`bTVU��

(v′, w′) 7→ (v, w) . Í £ � � Î



£ � ��� RA]eK � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H Ý

RY]eK � F0;�DGa?C%L[S3C_`ba0K=>X�ASGCeCe]_L[]_S3F0K=F�]eL8U^;M<���K=L-UQ]_����K=F �
ºA]eKM>8qGS3F�]_L8U�;=<+L8<0�?U[>QDGa0]_K=>8K=F+I0]_K � F0;=DGa0C � K=F0KM>��ASGCeCe]_L[]_S3F0K=Fµ;M<0>�L[K=C_�5KMF~Æ±K=]nU t <0F0I+]_�L[K=C_�5KMF¼�:S3C_<0��KMF�¢l�5KM]�I?K=F0KMFÎKM]eF¼��DG>-UQ]eTZK=C�;=<?qGS3>OI0]_K|NPK=L8`bam\^]_F0I0]_H3TGKM]_U v ��K=L[DG¹�<0F0I¼FfDG`baI0K=> ® K=`ba0L8K=Cn\^]e>[Tm<0F?H���K=]eI?K¡�AS3C_Ce]eL8]eS3F?L[­fDG>-UQF0KM>§KM]eF0KPqGS3F v q3KM>[L[`ba?]eK=I?K=F0K|N¡KML[`baV\^]eF?I0]eH3TZK=]nU�5KML[]_U[;=KMF��

(v, w) 7→ (v∗, w∗) , v∗ 6= v 6= w∗ . Í £ � Ò Î
Æ±<0>���DZUQa?K=��DZUQ]_L[`ba0KMFµ@B>8c½DGL8L[<0F0HÃI0]_K=L8K=>�NPKM\^]_F0F.hP<?F0IÄ�:K=>8Ce<0L-UQ�0]_CEDGF0;��5KMF0¸GU[]eHGU«��DZFÄI0]eK
c S3CeH3KMF0I0KMF�ªjF.c S3>[��DZUQ]_S3F0KMF��
• RY]_K���¸GH3Ce]_`ba0K=F�NPK=L8`baV\^]eF0I0]_H3TGKM]_U[L[TGSG�|�0]eF0DZUQ]_S3F0K=F±¢�I0]_K�;=<0� N¡K°\^]eF0Fµ�0;°\ � �:K=>8Ce<0L-Uq3S3F�i6K=]eC_`ba0K=F���]_U^NPK=L8`baV\^]eF0I0]_H3TGKM]_U v c �?a0>[KMF �

• RY]_KP;=K=]nUQC_]e`ba0K¡ºAoG<?´fH3TZK=]nU�¢0��]_U¨I?K=>^I0]eKP��KMU[>[K°¬±KMF0I0K=F¼�AS3C_Ce]_L[]eSGF0K=F�L-UbDZU8U[´fF?I0K=F �
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\=Ô<�©��RYV?\YWjØÌ�­SIR°Ö¶¥YR°×%SIRYV���Ø]��Ra�]UI��Ra��«�«�«�« » ¼{½}¾ÁÀ¿ÂfÃ�Ä
Å�Æ¿Ç�Ç·È§É�ÊÌË

pA�ÏI?]eK � K°UQ>[DG`baVUQ<0F0HGK=F¼;M<�q3K=>8K=]_F?c½DG`ba0KMF�¢f��S�I0KMCeCe]_K=>-U·��DGF�I0]_KP��DG>-UQ]_TGK=CÑDZCeLÌafDZ>8UQK¡�P<0HGK=CeF
��]nU²RY<0>[`ba?��KML[L[KM> dp ¢mI0]eKXFm<0>§I?<0>[`ba¯rmUQ¸3¹3KA��]nUQKM]eFfDGF?I0K=>Á\§K=`ba0L8K=Cn\^]e>[TZK=F¯<0F0I�L[]_`ba�DGF0L8S3F0L-hUQK=FÃF0]_`baVUPH3K=HGK=F0L8K=]_U[]eH���K=KM]eF?Âf<?L[L[KMF � RY]_K��AS3C_Ce]eL8]eS3F?K=F�L[K=]_K=FÃIfDG��K=]�q3S3C_CeTGSG����K=FÍKMCEDGL-UQ]_L[`ba�¢
I � a � K=L^H3]eCnUÌI0]_K�@:>8afDGCnUQ<0F0HJqGS3F�ªj��­0<0C_L

v′ + w′ = v + w , Í £ � � Î
<0F0I�@:F?K=>[HG]eK

|v′|2 + |w′|2 = |v|2 + |w|2 . Í £ � Ý Î
RODG��K=]l]eL-U |·| I?]eK^K=<0TmC_]eI0]_L[`ba0KAWAS3>8��K=]_F0K=LB�:KMTmU[S3>[LM¢ (v′, w′) IfDGL·NPK=L[`baV\^]_F0I0]eHGTGK=]nUQL8­fD3DG>Bq3SG>I0K=> ® K=`ba0L8K=C_\^]_>[Tm<0F0H�<0F0I (v, w) IfDGL � K=F0]_H3KPFfDG`ba�I0KM>A�XS3CeC_]eL8]eS3F �� �(K=]_F?c½DG`ba0L-UQKMF�CEoZL[L8U�L[]_`ba�I0]_K ® KM`ba0L[KMC_\^]e>8Tm<0F0HO��K=L8`ba0>[KM]e��K=F�¢�\·KMF0F|��DGF�K=]eF?K=F|�XS3CeC_]eL8]eS3F0L�h
­fDG>8U[F0K=>P��]_UAI0S3­?­5KMC_UQKM��RY<?>[`ba0��K=L8L[K=>�<0F0IÎDGC_LO>[<?a0K=F0IÎDGF?F0]e����U � RYKMF�;°\·KM]_UQKMFÎ��DG>-UQF0KM>
��S�I0K=C_Ce]_K=>8U²��DGF¯DGC_L¨�B<0F0TVU�¢fI0KM>¨L[]_`ba���]_U·I0K=>PÖ@RY�nÔ<W½×�P<RYV[ZÁRa\��a�I�B×�V	SG×µ¡]��R°×�W v′ −w′ �5K°\·KMHGU �� K=;MK=]e`ba?F0KMU

n ∈ S2 = {y ∈ R3 : |y| = 1}
I0K=F � ]e`baVUQ<?F0H3L8qGK=TVUQSG>=¢BI0KM>�q3S3� ³�]_U8UQKMCe­0<0F?TmU�I0K=LJ>8<0a0KMF0I0K=F ��DG>8U[]eTGKMCeLJDZ<?c^I0K=F�;°\·KM]_UQKMF
��DG>-UQ]eTZK=C%;MK=]eHZU�¢0L8S�´fF?I0KMUXK=]_F0K¡�ASGCeCe]_L[]_S3F�SG¬5K=F0L8]e`baVUQC_]e`ba¯Fm<0>^L8UQDZU[U=¢0\·KMF0F

(v′ − w′) · n ≤ 0 Í £ �ö� Î



� �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

•

n

v′ − w′

v − w

dP

θ

ϑ
ϑ

e

ẽ

÷�øIø ;Xù'ú�ûFü�ý­þ	ÿXþ���� �nÔ]\YW½×�\��a��R¶¥=×�V	�GÖ@R�®JØ]��� ×�\°×ÙØ]VÍ×����PÔGÖ¤W'�]�<¡IRY�²��ØfSIRY���µ«
H3]_C_U � ROD¯I0]eK��XS3CeC_]eL8]eS3F�q3S3C_CeTGSG����K=FÍKMCEDGL-UQ]_L[`baÃ]eL-U�¢±\^]_>[IÃI0]eKJ>8K=CeDZUQ]nq3K�NPK=L[`baV\^]_F0I0]eHGTGK=]nU�DGF
I0KM>�@:��K=F?K�L8K=F0Tm>8K=`baVU�;M< n H3K=L8­0]eKMH3K=CnU�¢�I � a � I?]eK�>8K=CEDgUQ]_qGK¯NPK=L[`baV\^]_F0I0]eHGTGK=]nU v − w FfDZ`baK=>-c S3CeHZUQK=>Ì�AS3C_Ce]eL8]eS3F�]eL8U^HGK=H3KM�5KMF�I0<?>[`ba Í L[]_K=a0K � �0� � £ � £ Î

v − w = (I − 2nnT )(v′ − w′) . Í £ � ¦ Î
� I0I0]_K=>8U�<0F0I|L8<0�?U[>QDGa0]_K=>-UÁ��DGF�I0]_K·ªj��­0<0C_L[K=>8afDGCnUQ<0F0H Í £ � � Î q3S3FJI?]eK=L8K=>ÁN¡C_K=]e`bam<0F?H0¢ZL8SOK=>8afoGCnU��DGF¯I0]eK�NPK=L8`bam\^]_F0I0]_H3TGKM]_UQL-UQ>[DGF0L8c SG>[��DZUQ]_S3F

v = v′ − ((v′ − w′) · n)n , w = w′ + ((v′ − w′) ·n)n , Í £ � ¤ Î
S�I0K=>^oG�m<0]nqZDGCeKMFmU

(
v
w

)
= K(n)

(
v′

w′

)
, K(n) =

(
I − nnT nnT

nnT I − nnT
)
.

k��0>^DZCeCeK n K=>-c �0CeCnUÌI0]_K�i6>QDZF0L8c S3>8��DgUQ]eSGF K(n)

K(n) = K(n)−1,

L[S�IfDGL8LXDG<0L Í £ � ¤ Î <0F?��]nU[UQKMCe�fDZ>
v′ = v − ((v − w) · n)n , w′ = w + ((v − w) ·n)n Í £ � � Î



£ � ��� RA]eK � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H ¦

c S3CeHGU � k��0>«K=CEDZL8UQ]_L[`ba0K��AS3C_Ce]_L[]eSGF0K=FÃ�|<0L8LJDGC_L[S¼��K=;M�0H3C_]e`baÄI0KM>|��DG>QDG��KMU[>[]_L[]eKM>[<0F?H¼F0]_`bamU�I0]eK
pAFVUQKM>[L[`ba?K=]eI?<0F0H Í £ � � Î <0F?I Í £ � Ò Î qGS3>[H3KMF0S3����KMFÄ\·KM>[I0KMF � � KM]Ì]eF0KMCEDGL-UQ]_L[`ba0KMF��AS3C_Ce]eL8]eS3F?K=Fq3K=>8afoGCnU^L[]e`ba�I0]_K=LXDGF0I0KM>[L �
@:L¡c S3C_HGU�¢5IfDGL[L«DGC_CeK�NPK=L8`bam\^]_F0I0]_H3TGKM]_UQL8­fD3DG>8K (v′, w′) ¢%I0]eK�I0<0>8`ba Í £ � � Î ��]_UOK=]eF?K=� n FfDG`baÍ £ �ö� Î H3KMH3K=��K=FÃL8]eF0I�¢5�5KM]ÁI0KM>¡�AS3C_Ce]eL8]eS3F�K=]_F0K=FÎ��DG>8U[]eTGKMCÁ��]_UON¡KML[`baV\^]eF0I?]eH3TZK=]_U v KM>[;=KM<0H3KMF �RODGI0<0>8`baÍL[]_F0IÍDZCeCeK¡�XS3F0L-UQK=C_CEDZU[]eS3F?K=F��5KML8UQ]_���«U�¢0I0]_K«KM]eF0KMF#NPKM\^]_F0FÍDGF¼��DG>-UQ]_TGK=C_F���]_UYNPK°h
L[`baV\^]eF0I?]eH3TZK=]_U v ;=<0>XkfS3CeHGKOafDG��K=F �ªjF�\§K=C_`ba0K=FÃr�]_UQ<0DZUQ]_S3F0K=F�c �?a0>8UXI0]_K«�XS3CeC_]eL8]eS3F�K=]eF?K=LA��D3DG>8K=LX��]nUXNPK=L[`baV\^]_F0I0]eHGTGK=]nUQKMF v <0F0I
w \^]_K=I0KM>«;M<ÄK=]_F0K=� ��DG>8U[]eTZK=C:��]nU«N¡KML[`baV\^]eF?I0]eH3TZK=]nU v S�I0KM> w � RODG;M<Ä�5KM��KM>[TVU«��DGFÎ;=<�hFfoG`ba0L-U�¢±I0DGL[LOI?]eK¡�:K=>8UQDG<0L8`ba�<?F0H v ↔ w ;=<0>X�:K=>8UQDG<0L8`ba�<?F0H v′ ↔ w′ c �0a0>-UO<0F?IÍ��DZFÍL[]_`baI0K=L8afDGCe�ÎDG<.c·I0]_K�kÁoGC_CeK v′ = v <0F0I v′ = w ��K=L8`ba0>QoZF0TGKMFÄTgDGF0F � RYKM>¡K=>[L-UQK�klDGCeC�TgDGF0FÃFm<0>K=]eFVU[>[KMU[K=F�¢0\§K=F?F

v − w ⊥ n⇔ (v − w) · n = 0 Í £ � £ � Î
H3]eCnU�¢�<0F0IÃ��DZFÎL8­0>[]_`baVU¡IfDGF0FÃq3S3FÃKM]eF0KM>PL[`ba0C_K=]_c KMF0I0KMFÀ�XS3CeC_]eL[]_S3F Í K=F0HGC � ¡GÖ8Ô��=×�VI¡��bØ]��� ×�\°×ÙØ]V Î �RYK=>^;M\§K=]nUQK�klDGCeC5Ce]_K=HGUÌqGS3>=¢0\§K=F?F

v − w ‖ n
H3]eCnU�¢?I � a � I0]_K��AS3C_Ce]eL8]eS3F�]eL8U^c >8S3FVUbDGC Í K=F0H3C � ¦ÈÖQØ]V�W Ô<�¿�bØ]��� ×�\°×ÙØ]V Î �0� F Í £ � � Î K=>8TGK=F?FmUY��DZF�¢fIfDGL8L]eF�I0]eKML[K=>Yr.]nUQ<fDZU[]eS3F¯I0]_K«��K=]_I0K=F¼��DG>-UQ]_TGK=CÑC_K=I0]_H3Ce]_`ba�]_a0>[K«NPK=L8`bam\^]_F0I0]_H3TGKM]_UQKMF¼UbDZ<0L[`ba0KMF � RYD
I0]eK���DG>-UQ]_TGK=CXF0]_`bamU�<0FVUQKM>[L[`ba?]eK=I?K=FË\·KM>[I0KMF�¢·a0DZU�DZ<0L�L-UbDZU[]eL8U[]eL8`ba0K=>�r.]e`baVU�TZK=]_F0KÍ�XS3CeC_]eL[]_S3F
L8UbDgU[UQHGKMc <0F0I?K=F � ªjFÃDZCeCeKMFÍDGF?I0K=>8K=FÎr.]nUQ<fDZU[]eS3F?K=FÍTZS3���«UOK=LY;=<0� �:K=>[C_<0L8UPDGF#��DZ>8UQ]_TGKMCeF#��]_U
N¡KML[`baV\^]eF0I?]eH3TZK=]_U v �³�]_U:I0]_K=L8K=F��:SG>[��KMUQ>[DG`baVUQ<0F?H3K=F�CeoGL[L-U:L[]_`ba�I0]_K^c SGCeH3KMF0I0K^kfS3>[�
I0K=L§�AS3C_Ce]_L[]eSGF0L[S3­�K=>[DZUQSG>[L�qGK=>�h
L8UQKMa0K=F±�

Q(f, f)(t, x, v) =∫

R3

∫

S2
+

(
(v − w) · n

)(
f(t, x, v′)f(t, x, w′)− f(t, x, v)f(t, x, w)

)
dn dw , Í £ � £3£ Î

\·S3��K=]
S2

+ = {n ∈ S2 : (v − w) ·n ≥ 0} .
Æ±<0FfoG`ba0L-UBc½oGCeCnUÁDZ<?c�¢GIfDZL[LBI0]_K � �0a0oGF0H3]_H3TGKM]_UÁqGS3F t <0F?I x Fm<0>B�0��K=>BI?]eK·�:KM>8UQKM]eC_<0F0H3L8I0]e`baVUQK fL[K=C_�0L8UXH3KMH3K=��K=F�]eL-UX<0F0I�I0K=>AÓO­5KM>QDZU[S3>¨CeKMI0]eHGCe]e`ba�DG<?cÁI?]eK�NPK=L[`baV\^]_F0I0]eHGTGK=]nUQL-qGDZ>[]EDZ�0CeKO\^]_>[TVU �
RY]eK¡pX>[LQDZ`ba0K«a?]eK=>-c �0>¨]eL-U^I0K=>�¨OØ]�²W��f��Ô<V�V�´¤ZÌÖ8Ô�S<´¤ZÌÖ@RYVI�fU)¥YR°Ö$¡VÔ<VI¡

Np →∞ , dp → 0 : Np d
2
p = `=S3F0L-U �

RY]eKML���K=I0KM<?UQK°UÁDZF0L[`bafDZ<0Ce]_`ba�¢�IfDGL[L�I0]eK²��DG>8U[]eTGKMCm;=<|�B<0F?TmU[K=FJ;M<0LQDG����K=F0L8`ba0>[<0��­?c KMF�¢�H3CeKM]e`ba.h
;=K=]nUQ]_H^DG�5KM>ÑI0]eK:��DG>8U[]eTGKMCEDGF?;�DGa0CVL8SAKM>[a0¸GamU6\^]e>8I�¢�IfDZL[L6I0K=>�NPK=LQDZ��UQ�m<0KM>[L[`ba?F0]_U8UÁDGC_CeKM>%��DG>-UQ]_TGK=C
TGS3F0L-UbDGFVUA�0CeKM]e�?U � ªjF�I0]eKML[KM�Ûr.]eF?F0K¡]eL8U^I0DGLXN�DZLADZCeLÌq3KM>[I0�?F0FVUODGF?;=<0L8K=a0KMF �
RYK=> � <0L8I0>[<0`bT (v − w) · n I0>[�?`bTmUYI0]eK«�ASGCeCe]_L[]_S3F0L[a0oG<?´fH3TZK=]nU¨�5KM]e�ÛºADG>8U[T�<?H3K=C_��S�I0K=C_C%DG<0LM�ÓP��K=LX]eF�K=]_F0K=�©Æ±K=]nUbDG�?L[`ba0F0]nU[UXI0KM> � oGF0HGK ∆t ;M<ÍK=]_F0K=>X�ASGCeCe]_L[]_S3F�TGS3����U=¢fafoGF0HGUXq3SGF¼I0KM>�:>8S � K=TVU[]eS3FµI0KM>J>[KMCEDZU[]_q3KMF N¡KML[`baV\^]eF?I0]eH3TZK=]nU�DG<?cXI0]_K��:K=>8�0]eF0I?<0F0H3L8Ce]eF?]eK�I?K=>��P<0H3KMCe��]_U[U[K=CÚh
­0<0F0TVUQK�DG� Í L[]eKMa0K � �0� � £ � £ Î � RY]eK�ªjFVUQK=HG>QDZU[]eS3F��0�5KM> S2

+
��K=>8�0`bTmL[]_`bamU[]eHGU|DGCeC_K�>QoG<0��Ce]_`ba0K=F



¤ �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

•

•v

•
w

•v
′

•
w′

e

−n

θ

ϑ

θ/2

θ ∈ [0, π] ¢ ϑ = (π − θ)/2 ∈ [0, π/2]÷�øDø ;Xù'ú�ûFü�ý­þ.ÿ��	� � ×�R�ñÌÔGÖ[Ô<��RYW½ÖÈ×�\°×�R°Ö¤�DVI¡eSIR°Ö�ZÁRa\��a�I�B×�V	SG×µ¡]��R°×�WXRYV v′ �IV	S w′V�ÔI�a��
 É «
���Ø¥a�f��«�
 É « É�� �<«
�ASGF0L8U[K=CeCeDZUQ]_S3F0KMF�¢?I0]_KPI0K=>X�XS3CeC_]eL[]_S3F0L8�5KMI0]eF0HG<0F0H Í £ �ö� Î H3K=Fm�0HGK=F �@B]eF0K¡��DZUQa?K=��DZUQ]_L[`ba0KPL-UQ>[KMF0H3K�ºAKM>[C_K=]_U[<0F0H�I0KM> � S3C_U[;=��DGF0F.h�N¡C_K=]e`bam<0F?HJ]eL8UXDZCeCeKML¨DGF0I?K=>[K«DGC_L
UQ>8]_q�]EDZCÙ�.@:>8L8U[��DGC_L¨H3K=CeDGF0HJI0]_K=L���� Æ���� � ¦����fK=]_F0KO\·KM]_U[K=>[K«RODG>8L8U[K=CeC_<0F0H|´fF?I0KMUAL[]_`ba�]_F � �G� � �
@B]eF¿WYDG`baVU[K=]eCPI?K=>�RODG>[L-UQKMCeCe<?F0H Í £ � £3£ Î ]eL-U�I0]eKÃi�DZUQL[DG`ba0KG¢^IfDZL[L�I0K=>�ªjFVUQK=HG>QDZU[]eS3F0L8�5KM>[KM]e`ba��K=;=�?H3Ce]_`baÄI0K=>«�²DG>[]eDG�0CeKMF n q3SGFµI0K=>|>8K=CeDZUQ]nq3K=FµN¡KML[`baV\^]eF0I?]eH3TZK=]_U v − w DG�0afoZF0HGU � RY]_K=L[K� �?afoGF0H3]_H3TGKM]_U�CEoZL[L8U�L8]e`baÀI?<0>[`baÄI?K=FµÜX�5KM>[HVDGF?H�;M<ÀK=]_F0K=>«DGF0I?K=>[KMFÄ��DG>QDG��KMU[>[]_L[]eKM>[<0F?H�I0KM>
NPK=L[`baV\^]_F0I0]eHGTGK=]nUQL-UQ>QDZF0L8c S3>8��DgUQ]eSGF��5KML[K=]nUQ]_H3K=F��® KMH3K=FµI0KM>�ºAS3<?L[K=a?S3CeI0KM>-h�N¡KML8UbDZC_U Í £ � ¦ Î I0KM>Ji�>[DGF0L-c S3>[��DZUQ]_S3F�qGS3F v − w �|<0L[LJKMLJK=]_F0K=FK=]_F0I0KM<?UQ]_H���K=L-UQ]_����U[K=F¯@B]eF?a0K=]nUQL8qGK=TVUQSG> e ∈ S2 HGK=��K=FÎ¢fL[S�IfDGL[L

v′ − w′ = |v − w| e Í £ � £ � Î
H3]_C_U Í L8]eK=a?K � �?� � £ � £ Î �5� I0I?]_UQ]_S3F��0;M\ � r�<0�?UQ>[DGTVUQ]_S3F¼I0]_K=L8K=>¡NPCeKM]e`bam<0F0H�<0F0I#I0KM>Yªj��­0<0CeL8K=>�hafDGCnUQ<0F?H Í £ � � Î Ce]_KMc K=>-U¨I0]_K¡DGC_U[K=>[F0DZUQ]nq3KPRODZ>[L8U[K=C_Ce<0F0H

v′ =
1

2
(v + w + |v − w| e) , w′ =

1

2
(v + w − |v − w| e) . Í £ � £¥Ò Î

RYKM>JH3K=S3��KMU[>[]_L[`ba0K¯Æ±<?LQDG����KMF0afDGF?HÍ;M\^]_L[`ba0KMF¶I0KMF��5KM]eI0KMFÄ�²DG>[]eDGFVUQK=FµI?K=>�NPK=L8`bam\^]_F0I0]_HZh
TGKM]_U[L8UQ>[DGF0L-c S3>[��DZUQ]_S3F0KMF�]eL8U^]_F � �0�0]_CeI0<?F0H¯£ � � IfDZ>[H3KML8UQKMCeCnU �



£ � ��� RA]eK � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H �
k��0>Ì´?Ê.]eKM>8U[K v, w ∈ R3 ��KMUQ>[DG`baVUQK°UY��DGF¯Fm<0F¼DZCeCeHGK=��K=]eF�K=]eF¯ªjFVUQKMH3>QDZC%I0K=>XkfS3>[�

I(F1, F2) =∫

S2
+

F1(v′(n), w′(n), v, w) F2

(
|v − w| , (v − w) · n

|v − w|
)

((v − w) · n) dn , Í £ � £ � Î
\·S3��K=]AI0<0>8`baèI?]eKÍWXSGUbDgUQ]eSGF v′(n) <0F0I w′(n) I0]eK � �0a0oGF0H3]_H3TGKM]_U�I?K=>�H3KML8U[>[]e`ba?K=F0KMFÞNPK°hL[`baV\^]eF0I?]eH3TZK=]_U[K=F¯q3S3F n FfDZ`ba Í £ � � Î a0K=>-q3S3>8H3K=a0SG�5KMF�\§K=>[I?K=F¼L8S3CeC �® oGa0C_U���DZFÄ;=<0>�ªjFmU[K=H3>[DZUQ]_S3FÄ��K=;M�0H3Ce]_`baµ�P<0H3KMCeTGS�S3>8I0]eFfDgUQK=FÀIfDGLJ�XS.S3>8I0]eF0DZUQKMF0L8É�L8U[K=� L[S0¢
IfDGL[L�I0K=>���S3CeDG>8\^]_F0TGKMC·��]_U�I0K=� ® ]eF?TGK=C ϑ DG<?L � �?�0]eC_I0<0F0H�£ � � �0�5KM>[KM]eF0L-UQ]e����U=¢6L8SÍCEoZL[L8UL[]e`ba�IfDGL^ªjFVUQKMH3>QDZC%<0��L8`ba0>[KM]e��K=F�;=<

I(F1, F2) =

2π∫

0

π/2∫

0

F1(v′(ϑ, η), w′(ϑ, η), v, w)F2(|v − w| , cosϑ) |v − w| cosϑ sin ϑ dϑ dη . Í £ � £¥Ý Î
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ϑ =
π − θ

2
. Í £ � £ � Î

RODG>QDZ<0L¨c S3CeHGU
cos ϑ = cos

(π − θ
2

)
= sin

θ

2
=

√
1− cos θ

2
, Í £ � £�¦ Î

c K=>[F?K=>^H3]eCnU
cosϑ sin ϑ =

1

2
sin(2ϑ) =

1

2
sin(π − 2ϑ) =

1

2
sin θ Í £ � £¥¤ Î

<0F0I���]nU dθ = −2dϑ H3KMamU Í £ � £¥Ý Î �0��K=>^]eF
I(F1, F2) =

1

4

2π∫

0

π∫

0

F1(v′(θ, η), w′(θ, η), v, w)F2

(
|v − w| ,

√
1− cos θ

2

)
|v − w| sin θ dθ dη . Í £ � £�� Î
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I(F1, F2) =
1

4

∫

S2

F1(v′(e), w′(e), v, w)F2

(
|v − w| ,

√
1− µ

2

)
|v − w| de,

\·S3��K=] v′(e) <0F?I w′(e) H3K=��oG¹ Í £ � £¥Ò Î H3K=HGK=��K=F�L[]eF?IJ<0F0I µ = µ(v, w, e) I0KM´fF?]eK=>-U:]eL-U:I0<0>[`ba

µ =
(v − w) · e
|v − w| = cos θ . Í £ � �G� Î
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k��0>¨I?]eKPL[­�K=;M]eKMCeCeK ® DGa0C

F1(v′, w′, v, w) = f(v′)f(w′)− f(v)f(w) , F2

(
|v − w| , (v − w) · n

|v − w|
)
≡ 1
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I0]_H3TGKM]_UQL-UQ>[DGF0L8c SG>[��DZUQ]_S3F Í £ � £¥Ò Î �

Q(f, f)(v) =
1

4

∫

R3

∫

S2

|v − w|
(
f(v′)f(w′)− f(v)f(w)

)
de dw . Í £ � � £ Î
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Q(f, g)(v) =

∫

R3

∫

S2

B(v − w, e)
(
f(v′)g(w′)− f(v)g(w)

)
de dw , Í £ � �3� Î

�0;°\ � c �?>¨I0]eK�NPK=L8`bam\^]_F0I0]_H3TGKM]_UQL-UQ>[DGF0L8c SG>[��DZUQ]_S3F Í £ � � Î �
Q(f, g)(v) =

∫

R3

∫

S2
+

B̄(v − w,n)
(
f(v′)g(w′)− f(v)g(w)

)
dn dw ,
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B(v − w, e) =
1

4
|v − w| �0;°\ � B̄(v − w,n) = (v − w) · n
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V (r) = Cγr
−γ ,

\§S3�5KM] γ > 1 ¢ Cγ K=]eF?KO�ASGF0L8UQDGFVUQKO<0F?I r I0KMF�>[KMCEDZU[]_qGK=F � �0L8UQDGF0I�;M\§K=]_K=>¨��DG>8U[]eTZK=C±��K=;MK=]_`ba.hF0K°U�¢fL[S�TgDGF0F¯��DGF¯;=K=]_H3K=F±¢fIfDGL[L^I0KM>X�AS3C_Ce]eL8]eS3F?L[TGKM>[F�I0]_K�N¡KML8UQDGC_U

B̄(v − w,n) = |v − w|1−4/γ b̄(cos ϑ) Í £ � � Ò Î
��K=L[]nUQ;°U Í L[]_K=a0K � £���� Î � RODG��K=]Á]_L8U ϑ I?K=> ® ]eF?TGK=C�;M\^]eL8`ba0K=F v − w <0F0I n ]eF#I0KM>�NPK=L8`baV\^]eF.hI0]_H3TGKM]_UQL-UQ>[DGF0L8c SG>[��DZUQ]_S3F Í £ � � Î � RY]eKOkl<?F0TVUQ]eSGF b̄ CeoGL[L-UÌL8]e`ba�F0]_`bamUÌK°Ê.­0Ce]_;=]nUÌDGF?H3K=��K=F�¢.K=LÌCeoGL[L-UL[]_`ba � KMI0S�`ba�;MK=]eHGK=F�¢fIfDZL[L^H3]eCnU��

b̄(cosϑ) = O
(
(π/2− ϑ)−(1+2/γ)

)
, ϑ→ π/2 . Í £ � �Z� Î
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RY]eKMLX��K=I?K=<?U[KMU�¢fI0DGL[LXK=]_F0K�r.]eF?H3<0CEDZ>[]_UQoZU·c �?>¨L[`ba0C_K=]_c KMF0I0K��ASGCeCe]_L[]_S3F0K=F�DG<?cdUQ>8]_U8U �
RYKM´fF?]eK=>-UX��DGF�c �?> γ > 1

λ = 1− 4

γ
, Í £ � � Ý Î

L[S�H3]eCnU¨L8U[KMU[L λ ∈ (−3, 1] <0F0I Í £ � �Z� Î L8`ba0>[KM]e�?UAL[]_`ba¯<0�»]eF
b̄(cosϑ) = O

(
(π/2− ϑ)−(3−λ)/2

)
, ϑ→ π/2 . Í £ � �<� Î

� F0I0KM>[L§DGCeLÁc �?>²I0DGL²ºYDG>-UQTm<0H3KMCe��S.I0KMCeC.�|<0L[L:]_F�I?]eK=L8K=>·r.]_U[<fDZU[]eS3FJI0]_K^kf<0F0TVUQ]_S3F F2
]_F Í £ � £�Ý Îc S3CeH3KMF0I0KM>[��DG¹3K=F�HGKM\·oGa0C_U¨\§K=>8I0K=F±�

F2(|v − w| , cosϑ) =
b̄(cos ϑ)

cosϑ
|v − w|λ−1 .

pAFVUQKM> � K=>[�?`bT�L8]e`baVUQ]_H3<0F0H�q3S3F Í £ � £ � Î <0F0I Í £ � £�¦ Î I?KM´fF0]_K=>-UA��DGF
bλ(cos θ) =

√
2
b̄(
√

(1− cos θ)/2)√
1− cos θ

=
b̄(cosϑ)

cosϑ
. Í £ � � ¦ Î

® KMH3K=F sin θ = O(θ) c �0> θ → 0 <0F0I Í £ � £�¦ Î H3]eCnU
√

1− cos θ = O(θ) , θ → 0 . Í £ � � ¤ Î
³�]_U Í £ � £ � Î <0F0I Í £ � �<� Î c S3CeHGUÌa0]eKM>QDG<0L

bλ(cos θ) = O(θ−(5−λ)/2) , θ → 0. Í £ � � � Î
� FfDGC_S3H�;M< Í £ � £�� Î K=>[a0oGC_U·��DGF�c �0>ÌI0KMF��XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>B<0FVU[K=>Ì�:K=>-\·KMF0I0<0F?H�qGS3F Í £ � � ¦ Î
Q(f, f)(v) =

1

4

∫

R3

2π∫

0

π∫

0

(
f(v′(θ, η)f(w′(θ, η))− f(v)f(w)

)
|v − w|λ bλ(cos θ) sin θ dθ dη dw , Í £ � Ò � Î

<0F0I�K=L^H3]eCnU·\§K=H3KMF Í £ � � � Î
bλ(cos θ) sin θ = O(θ−(3−λ)/2) , θ → 0 . Í £ � Ò?£ Î

@:]_F0L[K°UQ;MK=F¯q3S3F Í £ � �G� Î ]_F Í £ � Ò � Î C_]eKMc KM>8U¨L8`ba0Ce]_K=¹3C_]e`ba
Q(f, f)(v) =

1

4

∫

R3

∫

S2

(
f(v′)f(w′)− f(v)f(w)

)
|v − w|λ bλ(µ) de dw , Í £ � Ò � Î
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I0]eH3TZK=]nUQL8U[>QDGF?L8c S3>8��DZU[]eS3F Í £ � £¥Ò Î KM>[afoZC_U��

B(|v − w| , e) = bλ(µ) |v − w|λ , λ ∈ (−3, 1] , µ =
(v − w) · e
|v − w| . Í £ � Ò3Ò Î
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Q+(f, g)(v) =

∫

R3

∫

S2

bλ(µ) |v − w|λ f(v′)g(w′) de dw , Í £ � Ò � Î
<0F0I�K=]_F0K=FÙã	R°Ö¤�²�
\YW%WXR°ÖY�

Q−(f, g)(v) =

∫

R3

∫

S2

bλ(µ) |v − w|λ f(v)g(w) de dw , Í £ � ÒVÝ Î
DG<?c ;M<0L[­0DGC_U[K=F � rmUQK=C_C_UJ��DGF�]e� �:K=>8Ce<0L-U[U[K=>[�ÐIfDGLJªjFVUQKMH3>QDGC¨�?�5KM> S2 ]eF��P<0HGK=CeTZS.SG>[I0]_FfDZUQKMF
IfDG>:<0F?I�L[<0�?L8UQ]nUQ<0]_K=>-U µ = cos θ ¢mL[S�KM>[TZK=F0FVUÌ��DGF�¢VI0DGL[L²c �0>:I0]eK ® S3a0CeI?KM´fF0]_K=>-UQa0KM]_U:q3S3F Q−I0]_KPL[S�H3K=FfDZF0FVUQK�ZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�DVI¡

Cb = 2π

1∫

−1

bλ(µ) dµ <∞ Í £ � Ò � Î
K=>-c �0CeCnUÁL8K=]eFJ��<0L[L Í � � ¤�� Î � RY]_K=LÁ]_L8U � KMI0S.`ba�FfDZ`ba�I?K=F�S3�0]_H3K=F � KMUQ>[DG`baVUQ<0F?H3K=F�]e�'DGCeC_H3K=��K=]_F0K=FF0]_`bamUXI0KM>Xk�DZCeCÙ¢�; � � � c S3C_HGU^DG<?L Í £ � � ¤ Î <0F?I Í £ � � � Î

bλ(µ) = O
(
(1− µ)−(5−λ)/4

)
, µ→ 1 . Í £ � Ò3¦ Î

k��0>JÆ±K=FVUQ>[DGCeTm>QDgcdUQ­�SGUQKMFmU[]EDGC_K���]_U γ < ∞ ��K=L[]nUQ;°UJI0K=> ® ]_F0TGKMCEDGFVUQKM]eC§I0K=L��XS3CeC_]eL[]_S3F0L8TGK=>8F0LK=]_F0KPF0]_`bamU[]eFVUQKMH3>[]_K=>8�fDG>[K�r�]eF0H3<?CEDG>8]_UbogU � k��0> µ→ −1 ]eL-U bλ(µ) = O(1)
�

�BaVÉ.L8]eTgDGC_]eL[`ba��5KMLQDGHGUÌI0]eKON¡>[DGI.h � K=I0]_F0H3<0F0H Í £ � Ò � Î ¢mIfDGL[L·I0]eKAL[`ba0C_K=]_c KMF0I0KMF¯�AS3C_Ce]eL8]eS3F?K=F�q3K=>�hFfDG`ba?CEoGL8L[]eHZUX\§K=>8I0K=F¼TG¸3F0F?K=F � RY]eKMLATgDGF?F�L8S�]eFVU[K=>[­?>[KMU[]eKM>8U^\·KM>[I0KMF�¢�IfDGL[LAI0]eK���DG>8U[]eTGKMCÑ�0�5KM>
K=]_F#��SZUQK=FVU[]EDGC���]nUOK=F?I0Ce]_`ba0K=> � KM]e`baV\·KM]_U[K ∆Rmax

]_FmU[K=>[DGH3]eKM>[KMF � RAK=>�r�U[>[K=<V\^]_F0TGKMC θ afoGF?HGUK=]_F0K=]_F0I0KM<?UQ]_H«q3SG� L8S|H3K=F0DGF0FVUQKMF�r�UQ>8K=<0­fDZ>QDG��KMU[K=> r DZ��<0F0I�KMLÌTGSG����U§Fm<0>Ì;M<0>Ì�XS3CeC_]eL[]_S3F�¢\§K=F0F |r| ≤ ∆Rmax
H3]_C_U Í L[]_K=a0K � �?� � £ � Ò Î �ªjL8UXI0]_K � K=I?]eF0H3<?F0H Í £ � Ò � Î KM>8c �0C_C_U�¢.L[S�CEoGL8L8U^L8]e`ba Í £ � ÒVÝ Î \§K=]nUQK=>^;MK=>[C_K=H3KMF��

Q−(f, g)(v) = Cbf(v)

∫

R3

|v − w|λ g(w) dw = f(v)L[g](v) , Í £ � ÒG¤ Î
\§S3�5KM]%I0K=>^C_]eF0K=DG>[K�ÓO­�K=>QDgUQS3>

L[g](v) = Cb

∫

R3

|v − w|λ g(w) dw Í £ � Ò6� Î
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v′ − w′

v − w

dP

∆Rmax

θ

|r|
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B(|v − w| , e) = Cλ |v − w|λ , Cλ > 0 , λ ∈ (−3, 1] Í £ �ï�3� Î
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$ñ�\�RY�?S�Ø]´/���ÎØ]��Ra�]UD��R �
c¶d10 2	~£��hâz&oqh¶~tÕ{lyoY�¶ln~�p�rsk�h43�i�ln~ |�~�w p�rsk65Ôh¶rsktl 7Øvez¿m |�xYoYl Ö

z¿|�~��eln~ wtlnp98 vexqxYofpFoYv�~�pFv4:Ïl{z}hji�v¶z¿p
WA]e`baVU«Fm<0>�DZ<0L�>8K=]eFÎ­0aVÉ�L[]_TZDZCe]eL8`ba0K=FµN¡>8�0F0I0KMFÀ]eFVU[K=>[KML[L[DGFVU�¢6L[S3F0I?K=>[FÀ�5KM]²I?K=>���DZU[a0K=��DZUQ]Úh
L[`ba0KMF�pXFVUQK=>8L[<0`bam<0F?HÍDG<0`ba#��K=I?K=<?U[LQDG��]_L8UYI0]eK«i�DZU[LQDG`ba?KG¢%IfDGL8LPL[]_`ba#I0]eK � FV\·KMF0I0<0F?H�qGS3F
i�>[DGF0L[CeDZUQ]_S3F0KMFµ<0F0I � SGUQDZUQ]_S3F0KMF�DG<?cXI0]eK�NPK=L8`baV\^]eF0I0]_H3TGKM]_U[L8qZDG>[]eDG�0C_K=F�<0F0H3KML8U[¸3>8U�DG<.cYI0KMF
�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>²�0��K=>-UQ>QoZHGU �



£ � �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

Æ±<0>^pXFmU[K=>8L[<0`bam<0F0H�I0]eKML[K=>X@B]eHGK=F0L8`bafDZcdUXI0KM´0F0]eKM>8UX��DZF¯c �?> z ∈ R3

Tz f(v) = f(v − z) ,
<0F0I U ∈ R3×3 L[KM]·KM]eF0K�S3>8U[a0S3H3SGFfDGCeK�³¼DgUQ>[]ÚÊ �6� FÄI0KM>JNPK=L[`baV\^]_F0I0]eHGTGK=]nUQL-UQ>QDZF0L8c S3>8��DgUQ]eSGFÍ £ � £¥Ò Î K=>[TZK=F0FVUA��DZF�<?F0��]nU[U[K=Ce�0DG>·I0]_K�N¡�?C_UQ]_H3TGKM]_UÌqGS3F

(v − z, w − z) 7→ (v′ − z, w′ − z) ,
<0F0I�IfDA��DGF�]_�(�ASGCeCe]_L[]_S3F0L[]_FVUQK=HG>QDGCZL8UbDgU[U��5KM;=�0H3C_]e`ba«I0K=>6�²DG>[]eDG�0CeKMF w KM�5KMF0L[SOHG<?UÁ��K=;M�0H3Ce]_`baI0KM>^�²DZ>[]EDZ�0CeKMF w + z �0��K=> R3 ]eFVU[K=H3>8]eK=>8K=F¯TgDGF0F�¢0c SGCeHGU¨<?F0��]nU[U[K=Ce�0DG>

∀z ∈ R3 : Q(Tz f, Tz g)(v) = TzQ(f, g)(v) . Í £ � � £ Î
RY]_K�ªjFVqZDG>8]EDGF0;�<0FVUQKM>�SG>8UQa?S3H3S3FfDZCeK=F�i6>QDGF?L8c S3>8��DZU[]eS3F?K=F�L[]_K=aVU���DGFµc S3C_H3K=F0I?K=>[��DG¹3KMF�K=]eF±�
@B>[L8KMUQ;°U^��DZF���K=]±I?K=>ÌªjFVUQKMH3>QDgUQ]eSGF��0��K=>ÌI?]eKO@B]_F0a0K=]nUQL8L[­0afoZ>[KOI0]_KA�²DG>8]EDG�?CeK e I0<0>[`ba ẽ = Ue ¢IfDGF?F�H3]_C_U dẽ = de <0F0I

Uv′ = 1

2
(Uv + Uw + |Uv − Uw| ẽ) , Uw′ = 1

2
(Uv + Uw − |Uv − Uw| ẽ) .

kfK=>8F0K=>^H3]_C_U·\§K=HGK=F
µ =

(v − w) · e
|v − w| =

U(v − w) · ẽ
|U(v − w)| ,

IfDGL8L µ ]_FmqZDG>8]EDGFVU^<0FVU[K=>^S3>8U[a0S3H3SGFfDGCeKMF¯i�>[DGF0L8c SG>[��DZUQ]_S3F0K=F�qGS3F v ¢ w <?F0I e ]eL-U � r.K°UQ;°UY��DGF
w̃ = Uw ¢�L[S�HG]eC_U dw̃ = dw ¢ |v − w| = |Uv − w̃| <0F0I#KMLOc S3CeHZUY��]_UAI0K=FÃS3�?]eH3KMF � KMU[>QDG`ba�hUQ<?F0H3K=F±�

Q(f ◦ U , g ◦ U)(v) =

∫

R3

∫

S2

bλ(µ) |v − w|λ
(
f(Uv′)g(Uw′)− f(Uv)g(Uw)

)
de dw

=

∫

R3

∫

S2

bλ(µ) |Uv − w̃|λ
(
f(Uv′)g(Uw′)− f(Uv)g(w̃)

)
dẽ dw̃

= Q(f, g)(Uv) . Í £ � �m� Î
r.S¥\§S3a0C·;M<0>|pXFVUQK=>8L[<0`bam<0F?HÎU[a0K=S3>8KMU[]eL[`ba?K=> � L[­�K=TVUQK�I?K=>JNPCeKM]e`bam<0F0H¼DGCeL�DG<0`baÄ]_��Fm<0��KM>[]Úh
L[`ba?K=FÍ�XS3FVUQKÈÊ.UX]_L8U^K=L^a0]_C_c >8K=]e`ba±¢0DGCnUQK=>8FfDZU[]_q3KOklSG>[��K=F¯I0K=LX�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3>[L§DGF0;M<0H3KM�5KMF �
r.S�]eL-U§K°Uj\ÌD¡c �0>§r�UbDZ�0]eC_]_UbogUQL-h�<0F0I�@B]eF0I0KM<?UQ]_H3TGKM]_U[LQDG<0L8LQDGHGK=F�L8S¥\^]eK^�5KM]lI0K=> � K°UQ>QDZ`bamU[<0F0H�q3S3F
N¡DGCeKM>[Tm]eF.hj��K°UQ>[S¥qVh-³�KMUQa?S.I0KMF¼I0]_K¡L8É�����KMU[>[]_L[`ba0K�klSG>[�»I0KMLO�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3>[L·I0]eK¡H3KMK=]eHgh
F0K°UQKP�²DG>[]eDGFVUQK � RY]eKML[K¡]eL-U^;=<0F0oG`ba0L8UY>[KM]eF�DGCeHGK=�0>[DG]eL8`ba�I0KM´fF?]eK=>-UADGCeL

Q(f, g)(v) =
1

2

∫

R3

∫

S2

B(v−w, e)
(
f(v′)g(w′)+f(w′)g(v′)−f(v)g(w)−f(w)g(v)

)
de dw .

Í £ �ï� Ò ÎÆ±<0L[oZUQ;MCe]e`ba���KMU[>QDG`baVUQK°U·��DGF�K=]_F0KXkfS3>[�'I0K=>§r�É�����K°UQ>[]_L[]_K=>[<?F0H0¢GI?]eK^L[]_`ba�DG<.c±I0]_KX�AS3C_Ce]eL8]eS3F?L-h
H3KMS3��K°UQ>8]eKOL-UQ�?U[;MU��



£ � Ò � ªjFVqZDG>8]EDGF0;MK=]_H3K=F0L8`bafDZcdU[K=F¼<?F0I�L8`baV\ÌDG`ba?KJkfS3>[�|<?Ce]eKM>[<0F?H3K=F £¥Ý

RY]eK¯�:K=>-UbDG<0L8`bam<0F0H e ↔ −e c �?a0>8U�;=<+I0KMF��:K=>-UbDG<?L[`bam<0F0H3KMF µ ↔ −µ ¢ v′ ↔ w′ <?F0I
S2
− ↔ S2

+

� RODZ��]nU¨K=>8afoGC_U^��DGF�c �0>¨I0]_KP�0]eC_]eF0K=DG>[KA�²DG>[]eDGFVUQKPI0KMLA�XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>8L=�

Q(f, g)(v) =

∫

R3

∫

S2

bλ(µ) |v − w|λ
(
f(v′)g(w′)− f(v)g(w)

)
de dw

=

∫

R3

|v − w|λ
(∫

S2
+

bλ(µ)
(
f(v′)g(w′)− f(v)g(w)

)
de

+

∫

S2
−

bλ(µ)
(
f(v′)g(w′)− f(v)g(w)

)
de

)
dw

=

∫

R3

|v − w|λ
(∫

S2
+

bλ(µ)
(
f(v′)g(w′)− f(v)g(w)

)
de

+

∫

S2
+

bλ(−µ)
(
f(w′)g(v′)− f(v)g(w)

)
de

)
dw .

³�]_U^I0KM>^ªjF0I0]eTgDZU[S3>8c <?F0TVUQ]eSGF�c �0>¨K=]_F0K«³�K=F0HGK Ω

1Ω(y) =

{
1 , y ∈ Ω

0 , y /∈ Ω
,

c S3CeHGU·c �0>¨I0]eKP�m<fDZI0>QDZU[]eL8`ba0K�kfS3>8�ÏI0KMLX�AS3C_Ce]eL8]eS3F?L[]eFVU[K=H3>[DGCeL²I0]eK¡RYDG>[L-UQK=C_Ce<0F?H

Q(f, f)(v) =

∫

R3

|v − w|λ
∫

S2

(bλ(µ) + bλ(−µ))1[0,1](µ)
(
f(v′)f(w′)− f(v)f(w)

)
de dw .

Í £ � �3� Î® KMF0I0KMU¡��DGF#I0]_K=L8K=Ce��K=FÃpX��c SG>[�|<0F?H3K=F#DZ<?c²I0K=F�DGCeHGK=�0>[DG]eL8`baÍL8É�����K°UQ>[]_L[]_K=>8U[K=FÎÓO­�K=>QDgUQS3>
DGF¯<0F0I�L[KMU[;MU

b̃λ(µ) = (bλ(µ) + bλ(−µ))1[0,1](µ) , Í £ � � Ý Î
L[S�K=>8afoGC_U^��DGF

Q(f, g)(v) =
1

2

∫

R3

|v − w|λ
∫

S2

b̃λ(µ)
(
f(v′)g(w′)+f(w′)g(v′)−f(v)g(w)−f(w)g(v)

)
de dw .

Í £ � ��� ÎRY]eKML[K:�²DG>[]eDGFVUQK=F«I0K=L�ÓO­5KM>QDZU[S3>[L6��]_UÑL8É�����K°UQ>8]eL[]_K=>-UQK=�¾�AS3C_Ce]eL8]eS3F?L[TGKM>[FP\§K=>[I?K=FJL[]_`ba���K=]mI0KM>
pAFVUQKM>[L[<?`ba�<?F0H�I?K=> � �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=FÎDGCeLXq3S3>-UQKM]eCea0DZcdUOKM>8\§K=]eL8K=F � @:LP]_L8UPTmCeDG>=¢�IfDGL8L
L[]e`ba~I0]_K#K=]_F0HVDGF0HGL��5K°\^]eK=L8K=F0KMFÞªjFVqZDG>[]eDGF0;MK=]eHGK=F0L8`bafDZcdUQKMF¿L8SGc S3>-U�DG<?c«I0K=FèL8É�����K°UQ>[]_L[`ba0KMF
�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3> Q �0��K=>-UQ>[DGH3K=F ��:S3F¯�5KML[S3F0I?K=>[KM> � K=I0KM<?UQ<0F?H�]eL-U^I0]eKPL8`baV\ÌDG`ba?KJkfS3>[�|<?Ce]eKM>[<0F?H|I0K=LX�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3>[LM�

∫

R3

Q(f, g)(v)ψ(v) dv �0;M\ � ∫

R3

Q(f, g)(v)ψ(v) dv , Í £ � � ¦ Î



£ � �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

\§S3�5KM] ψ L8S|;=<�\·oGa0C_K=F�]eL8U=¢mIfDGL[L§I0K=> � <0L8I0>[<?`bT�\§S3a0CeI?KM´fF0]_K=>-U·]_L8U � ªjL-UÌI0]_K=L²I0K=>·k�DZCeCÙ¢GL[S�HG]eC_UI0KM>^c SGCeH3KMF0I0K
2±þ?ù�
�ó<;  (;½ó=;?> V�Ô�¥Y�?�<VI¡G×µ¡ØPGØ]V f �IV	S g ¡G×��²W�¦¤U.ÖÁ¡IRaR°×µ¡<VERYWXR#Þ.Ra\YW ¦¤�IV?�]W÷×ÙØ]VERYV ψ @
∫

R3

Q(f, g)(v)ψ(v) dv

=
1

2

∫

R3

∫

R3

∫

S2

bλ(µ) |v − w|λ
(
f(v′)g(w′)− f(v)g(w)

)(
ψ(v)− ψ(v′)

)
de dw dv .

¨�RY� R°×�\f«¨ªjF�I?K=F��AS�S3>[I0]_FfDZU[K=F
U =

v + w

2
, u =

v − w
2

, dw dv = 8dU du ,

DG<0L8H3K=I?>[�0`bTVU�¢lCeDG<?UQK°U^I0]eKPL8`baV\ÌDG`ba?KJkfS3>[�|<?Ce]eKM>[<0F?H|I0K=LA�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L
∫

R3

Q(f, g)(v)ψ(v) dv

= 23+λ

∫

R3

∫

R3

bλ(µ) |u|λ ψ(U+u)

∫

S2

(
f(U+|u| e)g(U−|u| e)−f(U+u)g(U−u)

)
de du dU .

k��0a?>8U^��DGF¯I0]eKPªjFVUQKMH3>QDgUQ]eSGF���K=;M�0H3C_]e`ba u ]_F�I?K=F��¡<?H3K=C_TGS�S3>[I0]_FfDZU[K=F

R = |u| , ẽ =
u

|u| , du = R2 dR dẽ ,

DG<0LM¢fL[S�K=>8afoGC_UÌ��DGF
∫

R3

Q(f, g)(v)ψ(v) dv =

23+λ

∞∫

0

∫

R3

∫

S2

∫

S2

R2+λψ(U+Rẽ)bλ(µ)
(
f(U+Re)g(U−Re)−f(U+Rẽ)g(U−Rẽ)

)
de dẽ dU dR .

pAFVU[K=> � K�DG`baVUQ<?F0H�q3SGF µ = ẽ · e qGK=>8UQDG<0L8`bamUO��DGF�I0]eK � S3CeC_K=F¯q3S3F e <0F0I ẽ ¢�L8KMU[;MU ũ = Re<0F0I�K=>8afoGCnU
∫

R3

Q(f, g)(v)ψ(v) dv

= 23+λ

∫

R3

∫

R3

∫

S2

bλ(µ) |ũ|λ ψ(U+|ũ|ẽ)
(
f(U+ũ)g(U−ũ)−f(U+|ũ| ẽ)g(U−|ũ| ẽ)

)
dẽ dũ dU .



£ � Ò � ªjFVqZDG>8]EDGF0;MK=]_H3K=F0L8`bafDZcdU[K=F¼<?F0I�L8`baV\ÌDG`ba?KJkfS3>[�|<?Ce]eKM>[<0F?H3K=F £¥¦

RY]eK¡�XS.S3>8I0]eF0DZUQKMFmU[>QDGF?L8c S3>8��DZU[]eS3F

v = U + ũ , w = U − ũ , dũ dU =
1

8
dv dw

c �0a0>8U^;M<
∫

R3

Q(f, g)(v)ψ(v) dv =

∫

R3

∫

R3

∫

S2

bλ(µ) |v − w|λ ψ(v′)
(
f(v)g(w)− f(v′)g(w′)

)
dẽ dv dw

= −
∫

R3

Q(f, g)(v)ψ(v′) dv .

RODG>QDZ<0L¨c S3CeHGUÌI0]eK � KMafDG<0­.UQ<0F0H �
@:FVU[L[­0>8K=`ba0KMF0IÍK=>8afoGCnU^��DGF�c �0>¨I?K=F¼L-É�����KMU[>[]eL8`ba0K=F��ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>=�

∫

R3

Q(f, g)(v)ψ(v) dv

=
1

4

∫

R3

∫

R3

|v − w|λ
∫

S2

bλ(µ)
(
f(v′)g(w′) + f(w′)g(v′)

−f(v)g(w)− f(w)g(v)
)(
ψ(v)− ψ(v′)

)
de dv dw .

@:>8L[K°UQ;MUO��DGF¼]e�ÛªjFVUQK=HG>QDGC�DG<?c:I0KM>OCe]_F0TGKMFÃr.KM]_UQK v I0<0>[`ba w ¢5L8S�UbDZ<0L[`ba0KMFÎDG<?c:I0KM>O>[KM`bamU[K=Fr.K=]nUQKPI0]_KO�²DG>[]eDG�0CeKMF v <0F?I w ]_a0>[K � S3C_CeK=F�<?F0I���DGF¯K=>8afoGCnU^]eF0L8H3K=L[DG��U^I0]_K¡RODG>[L-UQKMCeCe<?F0H
∫

R3

Q(f, g)(v)ψ(v) dv

=
1

8

∫

R3

∫

R3

|v − w|λ
∫

S2

bλ(µ)
(
f(v′)g(w′) + f(w′)g(v′)− f(v)g(w)− f(w)g(v)

)

×
(
ψ(v) + ψ(w)− ψ(v′)− ψ(w′)

)
de dv dw .

k��0>¨I0]_KP��<0DGI0>QDgUQ]eL8`ba0K«klSG>[�ÏI?K=LX�AS3C_Ce]_L[]eSGF0L[S3­�K=>[DZUQSG>[L²K=>[HG]e�?U^L8]e`ba�a0]eKM>QDG<0L^L8SGc S3>8U
∫

R3

Q(f, f)(v)ψ(v) dv =
1

4

∫

R3

∫

R3

|v − w|λ
∫

S2

bλ(µ)
(
f(v′)f(w′)− f(v)f(w)

)

×
(
ψ(v) + ψ(w)− ψ(v′)− ψ(w′)

)
de dv dw . Í £ �ï� ¤ Î

RY]eK��0]eL8a0K=>«H3K=;MK=]_HGUQKMFÄRODG>8L8U[K=CeC_<0F0H3KMFÀI0KM>�L8`bam\·DG`ba0KMF�kfS3>8��I0K=L|�AS3C_Ce]eL8]eS3F?L[]eFVU[K=H3>[DGCeLAL[]eF?I
c �0>^DGCeC_KP�ASGCeCe]_L[]_S3F0L[TZK=>8F0KOI0KM>AkfS3>8� Í £ � Ò3Ò Î H3�0CnUQ]eH � �¡DGF0F¯��DGF Q �0;M\ � Q ]_F�N¡K°\^]eF0F.hB<0F0I�:K=>[C_<0L8U8UQKM>[��DG<?c L8­fDGC_U[K=F�¢mL8S|K=>8afoGC_U§��DGF���]_U²I0KMF0L[KMCe��K=F�pX��c S3>8�|<0F0HGK=F�\^]_KY]_F�r?DgUQ;�£ � Ò � £3�

∫

R3

Q+(f, g)(v)ψ(v) dv =

∫

R3

∫

R3

|v − w|λ f(v)g(w)

∫

S2

bλ(µ)ψ(v′) de dw dv , Í £ �ï� � Î



£¥¤ �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

\§S3>QDG<?L^c �?>XI?K=F�HVDGF0;MK=F¼ÓP­�K=>[DZUQSG>Ìc S3CeHGU=�
∫

R3

Q(f, g)(v)ψ(v) dv =

∫

R3

∫

R3

|v − w|λ f(v)g(w)

∫

S2

bλ(µ)
(
ψ(v′)− ψ(v)

)
de dw dv .

Í £ � Ý � Îk��0>§I0K=F�L-É�����KMU[>[]eL8`ba0K=F¯�XS3CeC_]eL8]eS3F0L-UQKM>[��KM>[afoGCnUÌ��DGF�I0DG>QDG<?LÌI0]eKAL[`baV\·DG`ba0K«klSG>[�|<0C_]eKM>[<0F0H
∫

R3

Q(f, g)(v)ψ(v) dv

=
1

2

∫

R3

∫

R3

|v − w|λ f(v)g(w)

∫

S2

bλ(µ)
(
ψ(v′) + ψ(w′)− ψ(v)− ψ(w)

)
de dw dv .

Í £ � Ý.£ Î
RY]_KPK=FVUQL8­0>[KM`ba0K=F0I?K��²DG>[]eDGFVUQKOc �0>^I0KMF��m<fDZI0>QDZU[]eL8`ba0K=F¼�AS3C_Ce]eL8]eS3F?L8UQKM>[� ]eL-U
∫

R3

Q(f, f)(v)ψ(v) dv

=
1

2

∫

R3

∫

R3

|v − w|λ f(v)f(w)

∫

S2

bλ(µ)
(
ψ(v′) + ψ(w′)− ψ(v)− ψ(w)

)
de dw dv .

Í £ � Ý � Î�|øI�Àø
���F��ö��~ó=;  	; �(;
D Î RY]_K�klSG>[�|<0C_]eKM>[<0F0H Í £ � Ý � Î TgDGF?F�DZ<0`baÀDZCeLPRYK°´fF0]nUQ]eSGF#I0K=L��ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[LXI0]eKMF0K=F±¢\§K=F0F�I?]eK NP>QDGI.h � K=I?]eF0H3<?F0H Í £ � Ò � Î F0]_`baVU�KM>8c �0C_C_U#<?F0I'L8S3��]_UÃTGKM]eF0K � <0L[­fDZC_UQ<?F0H¿]_FNPKM\^]eF?F.h^<0F0IÍ�:KM>[C_<0L8U8UQK=>8� ��¸3H3C_]e`ba¼]_L8U � RY]_K|ªjI0K=KJa?]eK=>8�5KM]�]_L8U�¢�IfDGL8LPI0]eK|RY]_¬5K=>8K=F0;JI0KM>
i6K=L8U8c <0F0TVUQ]_S3F0KMFµI0]eK�r.]eF?H3<0CEDZ>[]_UQoZUPq3SGF bλ �5KMa0K=�?U � ROD�I0]eK�r.]_F0H3<0CeDG>[]nUboZU�DGF�I0K=>|r�UQKMCeC_K
µ = 1 FfDG`ba Í £ � ÒV¦ Î qGS3F�K=]eF?K=>XÓO>[I0Fm<0F?H < 2 ]_L8U=¢0H3K=Fm�0HZUAKMLAa?]eK=>-c �0>=¢?IfDGL[L

∣∣∣∣∣∣

∫

S2

bλ(µ)
(
ψ(v′)− ψ(v)

)
de

∣∣∣∣∣∣
≤ Fψ(v, w)

1∫

−1

bλ(µ)(1− µ) dµ

��]_U�K=]_F0K=>�]e��ºX]eFm�0C_]e`bT#DG<.c f <?F0I g a0]_F0>[KM]e`ba0KMF0IÀ]_FVUQK=HG>[]eKM>[�fDZ>[K=F�S.I?K=>��5KML[`ba0>[oGF0TVUQKMFkf<0F0TVUQ]_S3F Fψ(v, w) H3]eCnU �pA��H3KMTGK=a?>8U�\^<0>[I0K�q3SGFBA +�ÂDÂ
Æ¿ÇC+,� Ý.£D�:F0DG`ba0H3K°\^]eK=L8K=F�¢ÑIfDZL[L¡c �0> γ ≤ 1 ¢%I � a � λ ≤ −3 ¢F0]_`bamUXKM]eF0��DGC±��K=a?> Í £ � Ý � Î KM]eF0KPL8]eF0FVqGS3CeC_KPRYKM´0F0]_U[]eS3F¯I0KMLA�XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>8L§KM>[CEDZ<0�?U �RY]_K=L�]_L8U�F0]e`baVU�\·KM]_UQKM>�­0>8S3�0C_K=��DZUQ]_L[`ba�¢ÑIfD�I0]eK�I0<0>[`ba γ ≤ 1 >[K=­?>QoGL8K=FVUQ]_K=>8U[K=FµªjFVUQKM>QDGT3hUQ]_S3F0L8��S�I0K=C_CeKJF0]_`baVU|I0KMFÄI0K=> � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H¯;=<0HG>[<0F0I?K�Ce]_K=H3KMF0I0K=F � F0F0DGa0��K=F
K=FVU[L[­0>8K=`ba0KMF �

� Î ® ]eK²L[­0oZUQKM>�KM]eF0H3KMa0K=F?I0K=>�I0]eL8T�<.UQ]eKM>8UÑ\§K=>[I?K=F|\^]e>8I�¢¥L[]_F0I�I?]eK:L[`baV\·DG`ba0K=F�kfS3>8�|<0Ce]_K=>8<0F0H3KMFq3SGF Q ¢ Q <0F0I Q+
KM]eF«L[K=a?>ÁFm�?UQ;MCe]e`ba?K=L ® K=>8T�;MK=<0H¡��K=]�I0K=>�UQa0KMS3>[K°UQ]eL8`ba0K=F�pXFmU[K=>8L[<0`bam<0F0H



£ �ï�?� ³�DGTm>[S3L8TGS3­0]_L[`ba0K|N¡>8¸3¹3KMF�¢f�ASGCeCe]_L[]_S3F0L[]_FVqGDZ>[]EDZFmU[K=F�¢�@B>[a0DGC_U[<0F0H3L8H3CeKM]e`bam<0F0H3KMF £��
<0F0I�F�<?��KM>[]eL8`ba0K=F � KMafDGF0I?Ce<0F0H�I0KMLX�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>8L � k��0>·I0K=F�klDGCeC�KMUj\·D?¢fIfDGL8L¨I0]eK
i�KML8U[c <?F0TVUQ]eSGF�]_L[SGU[>[S3­¯]eL-U�¢

ψ = ψ(|·|) ,
TZDZF0FÍ��DGFÍ��K=]Ñ´?Ê.]eK=>-UQKMF v, w ∈ R3 I0<0>8`ba � FV\§K=F0I0<?F0H¯K=]eF?K=>YSG>8UQa?S3H3S3FfDZCeK=F�i6>QDGF0L-c S3>-h
��DZU[]eS3F«I0]eK·ªjFmU[K=H3>[DZUQ]_S3F|�0��K=>�I0]eK¨@B]_F0a0K=]nUQL8L[­0afoZ>[KÌI0KM>QDG>-UB]eF|�¡<?H3K=C_TGS�S3>[I0]_FfDZU[K=FJDG<?L8c �0a.h
>[K=F±¢0IfDGL8LÌI0K=>Ì��S3CeDG>8\^]_F0TGKMC±I0KM>^�¡<?H3K=C_TGS�S3>[I0]_FfDZU[K=F���]_U θ = arccos(µ) �0�5KM>[KM]eF0L-UQ]e����U ��:S3F�I?]eK=L8K=>A³�¸3HGCe]e`ba?TGK=]nUÌ\^]e>8I�DGF���K=a?>[K=>8K=F¼r�UQKMCeC_K=F�NPK=�0>[DG<0`ba¼HGK=��DG`baVU¨\·KM>[I0KMF �

c¶dFE g h4G£z&v�p	G�v4:�ofp�rsktl �×z�H4I¶ln~KJL8 vexqxYofpFoYv�~�pFoq~£��hâz¿o�he~£i�ln~ |�~�w
M z}k�hâxYi�|�~t�¶p��exYlyofrskO|�~��eln~
�ON R>SG×µ¡<� ×��a�ÙSIRY� > ��\YWÙÔ<V	SIRa��SVÔ>�Ú\�RY�µ¥Y\YW#SG×�RÎÖ@R�¡IRY���eØ�\�Ra\YWXRYV ã�ØgÖ$¡��<VI¡IRa�� RYV�V�\°×�Râ�IV�W§R°ÖeSIRYV?\�RY�µ¥YRYV*ã	R°Ö@�?�<�²W$Vf×�\a\�RYV�PGØgÖà\°×��a�O¡IRa��RYV?��S�Ø��a�à±�R>SIRa\Y´��Ô<�}SG×�Ra\�RY�µ¥YRYV � ��Ö@�a��\��a�IVf×�W$W�\Y� R°Ö¤W§R¶� ×�R'¦�R°Ö¤V?�·×�\YWÁRa\â�f�<�f��\��a��ÖaR°×%¥YRYV?�{SVÔ>��B×dÖXÔ<���a�J×�� ã	R°Ö@�?Ô<�²W§RYVØ�²ÔGÖY��R°Ö�®©¯gÖjÕ�R°ÖÜ¥YRa\YW½×��©�©WXRâZÁRa\�RYW��]Rn�²Ô]��Ö¤VERa�I´��RYV	«�» ¼{½}¾ÁÀ¿ÂfÃ�Ä
Å�Æ¿Ç�Ç·È§É�ÊÌË

P â�ë·ì)í:áIë�íRQS -á�íUTAäWV+ìUXRY²ä%å
RY]eK � ¸3L[<0F?H f(t, x, v) ≥ 0 I?K=> � S3C_U[;=��DGF0F.h�N¡C_K=]e`bam<0F?H�]_L8U²c �0>ÌDZCeCeK t ≥ 0 KM]eF0KX�:K=>8U[K=]_Ce<0F0HGL-hI0]e`baVUQK°c <0F0TVUQ]_S3F|<0F?IJ�5KML[`ba0>8K=]e�.UBI0K=F�Æ±<?L8UbDZF0I|I0KML²N�DGL8K=L�DG<?clI0KM>Á­0>[SG�fDG�0]_Ce]eL-UQ]_L[`ba0KMF|@B�5KMF0K �
ªjFµTGS3F0Tm>8KMUQKMF � FV\·KMF0I0<0F?H3K=F ]eL-U|��DGFµDG��K=>�DGFµ­0aVÉ�L[]eTgDGC_]eL8`baÄ��KMa0>|S�I0K=>�\·KMF0]eHGK=>|I0]_>[KMTmU
��KML[L[�0DG>[KMF���Ô]�gÖQØ�\a�VØbÕ�×�\��a��RYV�NP>[¸3¹GK=F�]eFVUQKM>[K=L8L[]_K=>8U²<0F?I�K=L²�|<0L8L§HGK=TmCEoG>-U:\·KM>[I0KMF�¢�\^]_K^��DGF
DG<0LXI0K=>A�PK=F0FVUQF?]eL^q3S3F f L[SGCe`ba0K|N¡>8¸3¹3KMF�H3K°\^]eF0FVU � RA]eK=LXH3KML[`ba0]_K=aVUOI0<?>[`baÍªjFVUQKMH3>QDgUQ]eSGF�I0KML�:>8S.I?<0TVUQL�DG<0L«�:K=>8U[K=]_Ce<0F0HGL[I0]_`bamU[K�<0F?I HGK=K=]_H3F0K°UQK=>|kl<?F0TVUQ]eSGF0K=FÄ]_F v �0��K=>|I0KMF�H3K=L[DG��UQKMFN¡KML[`baV\^]eF0I?]eH3TZK=]_U[L[>[DG<0��¢fDGCeL8S�I0K=> � ]_CeI0<0F?HJL[­�K=;=]_K=C_CeK=>¨³�S3��K=FVUQK¡I0KM>^�:KM>8U[K=]eC_<0F0H3L8I0]e`baVU[KG�
• ³�S3��K=FVU[K�Fm<0C_C_U[K=>^ÓO>[I?F�<?F0H0�RY]eK � ×��a�IW§R ρ ]eL-U^I0KM´0F0]eKM>8UADGCeL

ρ(t, x) =

∫

R3

f(t, x, v) dv . Í £ � ÝZÒ Î
• ³�S3��K=FVU[K�KM>[L-UQK=>AÓO>[I?F�<?F0H0�RY]eK©�J×�W%W%��R°ÖaRØZÁRa\��a�I�B×�V	SG×µ¡]��R°×�W v ]_L8U

ρ(t, x) v(t, x) =

∫

R3

v f(t, x, v) dv . Í £ � Ý � Î
• ³�S3��K=FVU[K�;°\·KM]_U[K=>AÓO>[I0Fm<0F0H?�RYK=>Áõ¤�YÕ	�D��\'ó��
\a\ M ]eL-U

M(t, x) =



∫

R3

vi vj f(t, x, v) dv




3

i,j=1

, Í £ � Ý3Ý Î



�G� �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

<0F?I�I0]_K©�J×�W$W%��R°Ö@RØZÁRa\=Ô<�©W§RYVER°Ö$¡G×�R>SG×��a�IWXR E I?KM´fF0]_K=>-UA��DGF�DGC_L

E(t, x) =
1

2

∫

R3

|v|2 f(t, x, v) dv =
1

2
U[> (M(t, x)) , Í £ � Ý � Î

\§S3��K=]�UQ> (·) I0]eK�r�­0<0>^�5KM;=KM]e`ba0F0K°U �³�]nU^I0K=> � <?c L[­fDZC_UQ<?F0H
v = v + (v − v) ,

<0F?I�<0FVU[K=> � K�DZ`bamU[<0F0H�q3S3F
∫

R3

(v − v(t, x)) f(t, x, v) dv = 0 , Í £ � ÝG¦ Î
CeDGL[L8K=F�L8]e`ba�\·KM]_UQKM>[K²��DZT�>8S3L[TZS3­0]_L[`ba0KÌN¡>8¸3¹3K=F«DG�0C_K=]nUQK=F¡<0F?I�;=<?K=]eF0DGF0I0KM>�]eF � KM;=]_K=am<0F0H
L8KMUQ;MK=F��
RYKM> ï Õ?Ô<V�V��DVI¡]\YWXRYV?\¥ØgÖ P ¢

P(t, x) =

∫

R3

(v − v)(v − v)T f(t, x, v) dv , Í £ � ÝG¤ Î
L-UQK=aVUA��]nUÌI0KM�ðªj��­?<0CeL-Âf<0L[L Í £ � ÝGÝ Î ]eF�I0KM> � K=;M]eK=am<0F?H

M(t, x) = ρ(t, x) v(t, x) vT (t, x) + P(t, x) .

RY]_KP��]nU[U[CeK=>8K|×�V�VER°Ö@R � VER°Ö$¡G×�R>SG×��a�IW§R Í S.I?K=>jW���R°ÖY�J×�\��a��R � VER°Ö$¡G×�R>SG×��a�IWXR Î e

ρ(t, x) e(t, x) =
1

2

∫

R3

|v − v(t, x)|2 f(t, x, v) dv =
1

2
U[> (P(t, x)) Í £ � Ý<� Î

L8<0����]eKM>8UPL8]e`baÎ��]nUOI0KM>¡��]nU[UQC_K=>8K=F#Tm]eF0K°UQ]_L[`ba0KMFÀ@BF0KM>[H3]_K=I0]_`bamU[K�;=<0>«NPK=LQDZ��UQKMF0K=>8H3]eKÈh
I0]_`baVUQKG�

E(t, x) =
1

2
ρ(t, x) |v(t, x)|2 + ρ(t, x) e(t, x) .

RYKM> � Ö¤���a� p(t, x) ]_L8U^H3KMH3K=��K=F�I0<0>8`ba

p(t, x) =
1

3
UQ> (P(t, x)) , Í £ �ö�3� Î

<0F?I���DGF¯K=>8afoGC_UÌI0<0>[`ba��:K=>8H3CeKM]e`ba¯��]nU Í £ � Ý<� Î �
p(t, x) =

2

3
ρ(t, x) e(t, x) . Í £ �ö� £ Î

r.`ba?Ce]eKM¹3Ce]_`ba�]eL-U^I0]eK�Þ	RY�YÕ�R°Ö[Ô<W%��Ö T I?<0>[`ba

ρ(t, x)T(t, x) =
1

3

∫

R3

|v − v(t, x)|2 f(t, x, v) dv =
2

3
ρ(t, x) e(t, x) = p(t, x) ,

Í £ ���V� Î



£ �ï�?� ³�DGTm>[S3L8TGS3­0]_L[`ba0K|N¡>8¸3¹3KMF�¢f�ASGCeCe]_L[]_S3F0L[]_FVqGDZ>[]EDZFmU[K=F�¢�@B>[a0DGC_U[<0F0H3L8H3CeKM]e`bam<0F0H3KMF � £

H3K=HGK=��K=F�¢�]_F#ÜA��K=>8K=]_F0L8U[]e���|<0F0H���]_UAI0KM>�Æ±<0L8UQDGF0I0L8H3CeKM]e`bam<0F0H�c �0>O]_I0K�DZCeKJN¡DGL8K � RA]eK°h
L[K��5KM]eF0a0DGC_U[KMU¨�0�?Ce]e`ba?K=>8\§K=]_L[K�I0]eK¡<0F?]_q3KM>[L8K=CeC_K«N�DGL8TGS3F?L8UbDZFmU[KG¢�I0]eKP]_� � DGa0��K=F�I0]eKML[K=>� >8�5KM]_U:F0]_`bamU§��KMUQ>[DG`baVUQK°U·\^]e>8I � r�UQDZU[U²I0KML[L[KMF�\^]e>8I�KM]eF0K^>[KMF0S3>8��]_K=>8U[K^i�KM��­�K=>[DZUQ<0>8I0K°h
´fF0]nUQ]eSGF�q3K=>-\·KMF0I0K°U �

• ³�S3��K=FVU[K�I?>[]_U8UQKM>^ÓO>[I0Fm<0F0H?�RY]eK � VER°Ö$¡G×�R'ó��
\a\fSG×��a�IWXR r ∈ R3 ]_L8U^I0K°´fF0]eKM>8UXDGC_L

r(t, x) =
1

2



∫

R3

vi |v|2 f(t, x, v) dv




3

i=1

, Í £ �ö� Ò Î
<0F0I���DGF��5KML8UQoZUQ]_HGU·��]_U:I?K=>·SG�0]eH3KMF � <?c L[­fDZC_UQ<?F0H�I0KM>¨NPK=L8`bam\^]_F0I0]_H3TGKM]_UÌL8SGc S3>-U�¢mIfDGL8L

r(t, x) = ρ(t, x)v(t, x)

(
|v(t, x)|2

2
+ e(t, x)

)
+ P(t, x)v(t, x) + q(t, x) ,

\·SG�5KM]%I0K=>����GÖY��R'ó���\a\YP<Ra�]W�ØgÖ q ∈ R3 DGC_L

q(t, x) =
1

2



∫

R3

(vi − vi(t, x)) |v − v(t, x)|2 f(t, x, v) dv




3

i=1

Í £ �ö�G� Î
I0KM´0F0]eKM>8U^]eL-U �

RODG��]_UXL[]_F0I#DGC_CeKP��K=`bafDGF?]eL[`ba#<?F0I¼UQa?K=>[��S�I?É�FfDG��]eL[`ba�>[KMCeKMqZDGFVU[K=FÍ��DGTm>[S3L8TGS3­?]eL[`ba?K=FÎNP>[¸Zh
¹3K=FÃDG<?LYI0KM>Y�:K=>-UQK=]_Ce<0F?H3L[I0]_`baVUQKMc <?F0TVUQ]eSGFÃDG�0H3KMCeK=]nUQK°U � r.­�K=;=]_K=C_C�KM>[TGKMF0FVU¡��DZF�¢5I0DGL[L¡DG<?LYI0KM>
�¡KMF0FVUQF0]_L:I0K=> � ³�S3��K=FVU[KXFm<0C_C_U[K=>B<0F0I�K=>8L8U[K=>§ÓO>[I0Fm<0F0H?¢VI0K=> � @B]eFVUQ>[oGH3K^DG<?c5<0F0I�S3��K=>8afDGCe�
I0K=>^RY]eDGH3S3F0DGCeKMF�I0K=L^L8É�����K°UQ>8]eL[`ba?K=F¼r.­fDGF0Fm<0F?H3L8U[K=F0L8S3>[LA<0F0I�I0K=>^I0>8K=]%�XS3��­�S3F0KMFVUQK=F�I0KML® oG>[��KMÂf<?L[L8qGK=TVUQSG>[LODZCeCeKODGF0I0KM>[K=F¼NP>[¸3¹3KMF�DG�0H3KMCeK=]nUQK°UÌ\·KM>[I0KMF¼TZ¸3F0F0KMF �® DGa?>[L[`ba?K=]eF?Ce]e`ba?TGK=]nUQL-UQa0KMS3>[K°UQ]eL8`ba«HGK=L[­?>[S�`ba0K=F���RA]eKB��DGTm>[S3L8TGS3­0]_L[`ba0KMF«N¡>8¸3¹3K=F¡L8]eF0IP��K=L-UQ]e����U
I0<0>[`baÎ£¥Ò Í ; � i � ;MK=FVUQ>8]eK=>-UQK Î ³�S3��KMFVUQK¡I0K=>¨�:KM>8UQKM]eC_<0F0H3L8I0]e`baVUQK°c <0F0TVUQ]_S3F f �
"*í�ìÌì$ �áZ Ìí:åAá! �å�[�âBìU �â:å§ë.ä%å
pAFVUQKM>�I0KMF|]e�ÞCeKMU[;MU[K=FJpXFmU[K=>[DG�0L[`ba?F0]_U8UÁI0K°´fF0]eKM>8U[K=FJNP>[¸G¹3K=F«L[]eF?I|RY]_`bamU[KG¢gªj��­?<0CeLÑ<0F0I|@:F?K=>-h
H3]eK¯IfDGI?<0>[`baËDZ<0L[H3KM;=KM]e`ba0F0K°U�¢§IfDGL[L��5KM]^K=]eF?K=>�K=CEDZL8UQ]_L[`ba0KMFË�ASGCeCe]_L[]_S3F�DG<?cP��]eTm>8S3L[TZS3­0]eL8`ba0K=>
@:��K=F?K�I?]eK�KMFmU[L[­0>8K=`ba0KMF0I0KMFèN¡>8¸3¹3K=F¶³¼DZL[L[KZ¢²N¡KMLQDG�«UQ]e��­0<0C_L�<0F?Iµh K=F0KM>[H3]_K�I0K=L���DG>8U[]eTGKMCnh
­fD3DG>8K=L�K=>8afDGCnUQK=FË�?CeK=]_�5KMF � ªja?>[KÃ;=KM]_UQC_]e`ba0KÍ@:FVUj\^]_`bT�C_<0F0H DG<?c«��DGTm>[S3L8TGS3­0]_L[`ba0KM>�@:��K=F?K#]eL8U
IfDGa0KM>^qGS3F�K=]eHGK=F0KM�»ªjFVUQK=>8K=L8L[K �
\ ø^]�ö�õdù�õ ÿ�ö'ó=; 0_;÷ó=; @B]eF?K�kl<?F0TVUQ]eSGF φ : R3 −→ R a?K=]e¹ZU�®JØ]��� ×�\°×ÙØ]V?\°×�V�PgÔGÖÈ×½Ô<V�W§R°¢f\§K=F0FÎL[]_KI0]eK¡@B]eHGK=F0L8`bafDZcdU

∀v, w ∈ R3 : φ(v′) + φ(w′) = φ(v) + φ(w)

�5KML[]_U[;MU � v′, w′ L[]eF?I�IfDZ�5KM]�H3K=��oG¹ Í £ � £¥Ò Î Í �0;°\ � Í £ � � Î>Î I?KM´fF0]_K=>-U �



�3� �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

� <?L�I0]eKML[KM>�RYKM´0F0]_U[]eS3F+<?F0I~I0K=>�L8`baV\ÌDG`ba?K=F¾kfS3>8�|<0C_]eK=>8<0F0HÎI0K=L�L-É�����KMU[>[]eL8`ba0K=F~�XS3CeC_]eL8]nh
S3F0L8S3­�K=>QDgUQS3>8L Í £ � Ý.£ Î c S3C_H3K=>-U���DGFËL[SGc SG>8U¯I0]_KÍc S3CeH3KMF0I0K#��DGTm>[S3L8TGS3­?]eL[`ba?KÀr�]e`baVUj\·KM]eL8K�I0KM>�ASGCeCe]_L[]_S3F0L[]_FVqGDZ>[]EDZFmU[K=F��
2±þ?ù�
+ó=; 0_; �	;S� ×�VER£��Ra\a\f¥bÔGÖ@Ra`��IV?�]W÷×ÙØ]V φ : R3 −→ R ×�\YW ¡IRYV�Ô<�QSVÔ<V�V³®JØ]��� ×�\°×ÙØ]V?\°×�V�PgÔGÖÈ×�´Ô<V�WXRa��� RYV�V�¡G×��²W @

∀f, g :

∫

R3

Q(f, g)(v)φ(v) dv = 0 .

RY]_K¡kl>[DGH3KPFfDZ`ba¼I0KM>^@ÁÊ.]_L8UQKMF0;�<0F0I�I0K=>ANPK=L8UQDGC_U^L8S3Ce`ba?K=>Xkf<0F0TVUQ]_S3F0K=F¯H3]_�?U^I0KM>Ìc S3CeH3KMF0I0K
2±þ?ù�
+ó=; 0_;  	;S� ×�VER£��Ra\a\f¥bÔGÖ@Ra`��IV?�]W÷×ÙØ]V φ : R3 −→ R ×�\YW ¡IRYV�Ô<�QSVÔ<V�V³®JØ]��� ×�\°×ÙØ]V?\°×�V�PgÔGÖÈ×�´Ô<V�WXRa��� RYV�V�¡G×��²W @

φ(v) = a |v|2 + b · v + c ,�·Ø<¥YR°× a, c ∈ R �DV	S b ∈ R3 ¥YRY� ×�Rf¥=×µ¡£\°×�V	S�«
RODGL8LÌL[SGCe`ba0KPkf<0F?TmU[]eS3F?K=F��XS3CeC_]eL[]_S3F0L8]eFVqZDG>[]eDGFVUQK=FJL8]eF0I±¢.c S3C_HGU²<0F0��]_U[U[K=C_�fDG>²DG<0LÌI?K=>ÌRAKM´fF0]nUQ]Úh
S3F�L[S¥\^]_K¨I0K=>²@B>[afDZC_UQ<?F0HOq3S3F�³¼DGL8L[KZ¢�ªj��­0<0C_LÁ<0F0I�@BF0K=>8H3]eK¨��K=]?K=]eF?K=>BK=CeDGL8U[]eL8`ba0K=F��ASGCeCe]_L[]_S3F �
RY]_KO<0��H3K=TZK=a0>-UQK � ]e`baVUQ<0F?HJ]eL8U§\·KM]_UQDG<0LÌ\§K=F0]_H3K=>·U[>[]nq.]eDGC � RYKMF � KM\§K=]_LÌc �0>ÌL8U[KMU[]eH3KPkf<0F?TmU[]eSZh
F0KMF|´fF0I0K°U:��DGF«]eF

�
¦b�?<0F0I � £��b� � RY]_K � <0L8\§K=]nUQ<0F0H¡I0KML � K=L[<?C_UbDgUQLBDG<.cl��KML[L[�0DG>[K¨kf<0F?TmU[]eS3F?K=F

]eL-U^< � D � ]eF
� � �Ñ<0F0I � �G� �%;M<�´fF?I0K=F �

� KMH3>[]dc�]_`ba¯L[S3C_C%DGF¯I0]eKML[KM>YrmUQK=C_CeKOqGK=>[KM]eFm�fDG>-U^\·KM>[I0KMF�¢lIfDGL[LXI0]_K¡kl<?F0TVUQ]eSGF0K=F
φ0(v) ≡ 1 , φi(v) = vi , (i = 1, 2, 3) , φ4(v) =

1

2
|v|2 Í £ ��� Ý Î

¨AÔ]\°×�\a�VØ]��� ×�\°×ÙØ]V?\°×�V�PgÔGÖÈ×½Ô<V�WXRYV�H3K=FfDZF0FVUX\§K=>8I0K=F ��� CeC_KODGF0I?K=>[KMF¼�XS3CeC_]eL8]eS3F0L8]eFVqZDG>[]eDGFVUQKMF�CeDGL[L8K=F
L[]_`ba�SZ¬±KMF0L[]_`bamU[Ce]_`ba�]_F¯K=]eF?I0K=<?U[]eH3KM> ® KM]eL8K«DZCeL � ]eF0K=DG>[TZS3�|�0]_FfDZU[]eS3F0KMF�I0KM> φi IfDG>8L8UQKMCeC_K=F �

P âsëÌì)í:á
ë�íRQe �á.ífTYähg�ìUTAâ�ì ë.àYåAç:á.ç�ì�ä	 �íUTÌàYåAç:ä%å
k��0>±I0]eKB��]_U±I0K=F � DGL8]eL8TGS3C_Ce]eL8]eS3F?L[]eFVqZDG>8]EDGFVUQKMFA;M<0LQDZ����K=F0a0oGF0H3KMF0I0K=F���DGTm>[S3L8TGS3­0]_L[`ba0KMF|NP>[¸gh
¹3KMF�TgDGF0FÃ��DGFÃ��]nU¡ºA]_C_c K�q3S3FÄr?DZUQ;�£ �ï�0� � @Áq3S3C_<?UQ]_S3F0L[HGCeK=]_`bam<0F0H3KMF�DZ�0CeKM]_UQKMF � RODZ;=<Î�|<0C_U[]nh
­0C_]e;=]_K=>-U¨��DZF�I0]eK � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

∂tf(t, x, v) + (v · ∇x)f(t, x, v) = Q(f, f)(t, x, v) ,

� KM\§K=]_CeL|��]_U φi c �?> i = 0, . . . , 4 <0F0I�]eFVU[K=H3>8]eK=>-U|��K=;M�0H3Ce]_`baÄI0KM>�N¡KML[`baV\^]eF0I?]eH3TZK=]_U v �0��K=>
R3 �.� <0LÌI0KMF¯RYKM´0F0]_U[]eS3F0KMF�qGS3F¯RY]e`baVU[K Í £ � ÝGÒ Î ¢m��]nU[UQC_K=>8K=>§N¡KML[`baV\^]eF?I0]eH3TZK=]nU Í £ � Ý � Î ¢m]eF0F?K=>[KM>@BF0K=>8H3]eKMI0]e`baVU[K Í £ � Ý<� Î ¢ZI0KM>:RYKM´0F0]_U[]eS3F|I?K=L²r.­fDZF0Fm<0F0H3L-UQK=F?L[S3>8L Í £ � ÝZ¤ Î <0F?I�I?K=L ® oG>8��K°Âf<0L[L�hq3KMTVUQS3>8L Í £ �ö�G� Î K=>8afoGC_UA��DGF¼IfDZLYc S3CeHGK=F0I0K�r�É�L8U[K=�©��DGTm>8S3L[TZS3­0]eL8`ba0K=>O@:>8afDGCnUQ<0F0HGL[H3C_K=]e`bam<0F�h



£ � Ý � RA]eK¡>QoG<?��C_]e`ba�a0S3��S3H3KMF0K�NPCeK=]_`bam<0F0H � Ò

H3K=F��
∂tρ+ I0]nq x(ρv) = 0 Í £ ���6� Î
∂t(ρv) + I0]nq x(ρvvT + P) = 0 Í £ ��� ¦ Î
∂t

(
ρ

(
1

2
|v|2 + e

))
+

3∑

i=1

∂

∂xi

(
ρ

(
1

2
|v|2 + e

)
vi +

3∑

j=1

vj(P)ij + qi

)
= 0 Í £ �ö� ¤ Î

RODG��K=]Ì\^<0>8I0K�I?]eK � �0a0oGF0H3]_H3TGKM]_U�I0KM>���KMU[K=]_Ce]eHZUQK=F NP>[¸G¹3K=Fµq3SGF (t, x) DG<0L�ÜA��K=>[L8]e`baVUQC_]e`ba.hTGK=]nUQL8H3>[�0F?I0K=F¯\·KMH3H3KMCEDGL8L[K=F � ³¼DGF�afDZUAÝJNPCeK=]_`bam<0F0H3KMF¯c �?>¨I0]eKJ£¥ÒJpXFm�5KMTZDZF0FVUQK=F ρ ¢ vi ¢ PijÍ i ≤ j Î <0F0I qi
¢?\ÌDZLA��K=I0KM<?UQK°U�¢lIfDGL8L^��DGF¯;M<0LQoZU[;=C_]e`ba0K � �?L[`ba0C_<0L[L8>[K=CeDZUQ]_S3F0KMF���K=F0¸ZUQ]eHZU �

c¶d&i Ñ�oYluzkje|�m xYoqrsk ktv�m ve�¶ln~tl �ÒxYlyoqrskØ|�~t�
�q� ×�R�ßàVI�¥Ô]�I�)SIR°Öy�ÎØ]��Ra�]UI��R^×�� ¢ÌÔ<�D��R r �&SIR°Ö@RYVØ��Rf¥YRYV	SG×µ¡IR ®�Ö8ÔT¦¤W�
ETm]_F0K°hUQ]_L[`ba0KY@:F?K=>[HG]eK¨h � F0� � I ���«� �j�f��ÖÁ°}R°×�W t �f�B×�\��a��RYV x �DV	S x+dx � ×�R�¡<W���B×����±×��a���J×�W f(x, t)dx ¥YR>�]R°×��a�IVERYV	« � ×�Ra\�RY�µ¥YRà�B×dÖTSJ×��ðÔ<��� ¡IRY��R°×�VERYV�SVÔ<´PGØ]V¶Ô�¥Y�?�<VI¡IRYV?�n�·Ø�×��a�[SIRYVÛ¢ÌÔ<�I� r ×���¢ÌÔ<�D��R R �VØ]V?\YW½Ö¤�.×�R°Ö@Rf« È «�«�« Ë� Ô<V�V��sU�ÖTSIRÜSG×�R�ßàVI�¥Ô]�I� f(t, x)dx P<R°Ö@\��a��×�R>SIRYV�Ô<��\'¦MÔ<����RYV?�6±�R{V�ÔI�a�?SIRY�×��a�³SIRYVQ¢ÌÔ<�I� r Ö@Ra�a�IW'\�ØfSIR°Ö�� ×�V?��\J×�� ¢¨Ô<�I��R R �VØ]V?\YW÷Ö¤��×�R°ÖaRf«¶�ORYV�VV��DV³SG×�Ra\eVf×��a�IW{SIR°Ö�`%Ô<����×�\YW���� RYV�VQSG×�RàßàVI�¥Ô]�I� f(t, x)dx �f�QR°×�VER°ÖÁ¡IRY´¡IRf¥YRYVERYV³°}R°×�WyPGØ]�����VØ]�©��RYV�¡<��R°×��a�ÃÔ<��\'¦q�<���²W��y�·Ø¯×��©��R°Ö«×��a�QSIRYVQ¢ÌÔ<�I�
r ×�� ¢¨Ô<�I��R R �VØ]V?\YW½Ö¤�.×�R°Ö@RYV_��Ô�¡]�Ü\¥Ø�\=Ô�¡IR�×��a����SG×�R_ã	R°Ö¤WXR°×��²�DVI¡9SIR°Ö��Rf¥YRYV	SG×µ¡IRYVQ®�Ö8ÔT¦¤W{\�R°×s�f��Ö©°}R°×�W t R°×�VERe¡<��R°×��a�¤¦�¯gÖ¤�J×µ¡IRa�nS�«µ�?«§Ô<��\¥Ø�Vf×��a�IW�\Ô<V	SIR°Ö@Ra\a��Ô<��\àSG×�Ry�³¯]��Ra�]UI��RÜ�J×�W¿SIRYV#P<R°Ö@\��a��×�R>SIRYVERYV���Rf¥YRYV	SG×µ¡IRYVO®�ÖT�T¦¤WXRYV\°×�V	S©¡<��R°×��a�¤¦�¯gÖ¤�J×µ¡O�IV�W§R°Ö@R°×�V�Ô<V	SIR°ÖÜ¡IRY�J×�\��a�IW�«�» ¼{½}¾ÁÀ¿ÂfÃ�Ä
Å�Æ¿Ç�Ç·È§É�ÊÌË

RY]eKP>[oG<0��Ce]e`ba�]eF0a0SG��S3HGK=F0K � S3C_U[;=��DGF0F.h�N¡C_K=]_`ba�<?F0H Í £ � £ Î ]eL8UÌL[S¥\·SGa0CÑDG<0L¨UQa?K=S3>8KMUQ]_L[`ba0KM>XDGCeLDG<0`ba¯Fm<0��KM>[]_L[`ba0KM>Yr�]e`baVU^K=]_F�TGS3��­0CeKÈÊ.K=L¨��DZUQa0KM��DgUQ]eL8`ba0K=L¨ÓP� � K=TVU � ªj� � K=>8K=]e`ba�I0KM>¨i¨a0K=SZh
>[]eKAK=>8L[`baV\·KM>8UAI0]eKAi�DgUQLQDZ`ba0KG¢fIfDZL[L¨I0KM>Ìi�>[DGF0L8­5S3>-UQS3­�K=>[DZUQSG>·I0]_K � �0C_K=]nUQ<0F0H��5KM;=�0H3C_]e`ba x ��]_UI0K=>²NPK=L8`bam\^]_F0I0]_H3TGKM]_UQL-qZDG>[]eDG�0CeKMFJq3K=>8�0]eF?I0KMU=¢VI0]eK¨pXFVUQK=>8L[<0`bam<0F?H�q3S3F�@�Ê.]eL8U[K=F0;^<0F?I�@B]eF?I0K=<.h
UQ]eHGTGK=]nU^q3S3F � ¸3L8<0F0H3KMF � ³�]_UXL[KMa0>O>[KML8U[>[]eTVU[]_q3KMF¼�:S3>[DG<0L[L8KMU[;=<0F0HGK=FÍ\·DG>YKM]eF¼KM>[L-UQK=>Y@B>8c S3C_H�]eF
I0]eKML[K=> � ]e`baVUQ<?F0H�]eF¯I0K=> � >[��K=]_U

� �3� �Ñ;=<¯q3K=>8;=KM]e`ba0F0KMF �
RODGL � <fl�F0I?K=F¼qGS3FÍDGF0DGC_ÉmUQ]_L[`ba0KMF � ¸3L8<0F0H3KMF¼]_L8U^�0]_LADZ<?c�U[>[]_q�]eDGCeKYkÁoGCeC_KOK=]_F�a?SG¬±Fm<0F?H3L[C_S3L[KML
pAFVUQKM>8c½DGF0HGK=F�¢fL8S�I0DGL[L^��DGF¯DG<?c�DG­0­0>8S�Ê?]_��DgUQ]_qGK � ¸3L[<?F0H3K=F�DGF0HGKM\^]eKML[KMF�]_L8U � RY]eK¡�B>[SG�0CeKM��K
�5KM]²I?K=>�Fm<0��K=>8]eL8`ba0K=F � ¸3L8<0F0H�I0K=>�N¡C_K=]_`ba�<?F0H¼CeDGL[L8K=FÀL8]e`baÎq3K=>8I0K=<.UQCe]_`ba0K=F±¢�\§K=F0FÄ��DGFÎI0]eK
N¡C_K=]e`bam<0F?H�DZ<?c�KM]eF0KM�ÛÓO>8U[L-h²<0F0I¼NPK=L[`baV\^]_F0I0]eHGTGK=]nUQL8H3]_U8UQK=>¨I?]eL[Tm>8KMUQ]_L[]_K=>8U^��KMU[>QDG`baVU[KMU��

{xi : i = 1, . . . , Nx} ⊂ Rd (d = 1, 2, 3) , {vj : j = 1, . . . , Nv} ⊂ R3 .

k��0> � K=I?K=F�Æ±K=]_U[­0<0F0TVU t ]eL8U�DZF Nx
��S3L8]_UQ]_S3F0KMF � K°\·KM]eC_L|c �0> Nv

NPK=L8`baV\^]eF0I0]_H3TGKM]_U[L[­0<0F?TmU[K
K=]eF�c �0F?c I0]_��KMF0L[]_S3FfDGC_K=L·ªjFVU[K=H3>[DGC�DG<?L[;=<V\§K=>-UQK=F � �:KM>8\§K=F0I?KMUX��DZF�a0]eKM>[;M<�; � � � K=]_F0KâbO<fDGI?>QDgh
UQ<0>-c S3>[��K=C÷¢0I0]eK«DG<?cÁI0]eK�H3KM\·oGa0CnUQKMFÃN¡KML[`baV\^]eF?I0]eH3TZK=]nUQL[­?<0F0TVUQK|;M<0>[�?`bT�HG>[K=]ncdUO<0F?IÍ;=<0L[oZUQ;MCe]_`ba



�Z� �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

Ne
�B<0F0TVUQK|DG<?c:I0KM>O@B]eF0a?K=]_U[L[L8­0afoG>8K�c �0>YI?]eK � ­0­0>8S�Ê?]_��DgUQ]eSGF�I0KMLO]eF?F0K=>8K=FÍªjFVUQKMH3>QDZCeK=LAq3K=>�h

\§K=F0I0K°U�¢:L[SÃ]_L8UJI0KM> � <?cd\·DGF0I�q3S3F I0KM>�N¡>8¸3¹3K=F?S3>[I0Fm<0F?H NxN
2
v Ne
� r.`ba0SGF c �0>J>[oG<0��Ce]_`ba

;M\§K=]_I0]e��K=F?L[]eSGFfDGCeKOkÁoGCeC_KY]_L8U^I0KM>XFm<0��K=>8]eL8`ba0K � <?cd\·DGF0I�K=F0S3>8� �® ]eK¡IfDZLOÆ±]nUbDZU¨;M< � KMH3]eF?F�I0KML � �0L[`ba?F0]_U8UQLY;MK=]_HGU�¢fafDgUA��K=>8K=]nUQL � S3CnUQ;=��DGF0F¯L8K=Ce�?L8UA;=<0>¨�:K=>�h
K=]_F?c½DG`bam<0F0HYL[K=]_F0K=>6UQa0KMS3>[K°UQ]_L[`ba0KMF�pXFVUQK=>8L[<0`bam<0F?H3K=F�I0]eKXÖT�<�D�©� ×��a�e�fØ]��Ø>¡IRYVERàZ{��R°×��a�I�DVI¡¡�5KÈh
UQ>[DG`baVUQK°U�¢l�5KM]�I0KM>XI?]eKO�:K=>-UQKM]eCe<?F0H3L[I?]e`baVUQK�DGC_LÌq3S3�ÛÓO>-U^<0FfDG�0a0oGF0H3]_H�DZF0H3K=L8K=a0KMF�\^]_>[I �
RODGL6;=<?H3K=a0¸G>[]eHGK � F?c½DGF?H3L8\§K=>-UQ­0>8S3�0CeKM�¾c �0>ÑI0]eK:>[oG<0��Ce]e`baPa?S3��SGH3K=F0K � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H
CEDZ<?UQK°U

∂tf(t, v) = Q(f, f)(t, v) Í £ ��� � Î
f(0, v) = f0(v) .

� <?`baÍ]e�ÛºX]eFm�0Ce]_`bT�DG<?cÁI0]eK«WA<0��K=>8]eT�]_L8UAI0]eK¡>[oG<0��Ce]e`ba�a0S3��S3H3KMF0K«N¡C_K=]_`ba�<?F0H���K=I0KM<?UQL[DG���� KM]e��L8S�H3KMFfDGF0FVUQKMFnm�Õ�R°Ö8Ô<W�ØgÖ¤´ ï Õ	� ×�W%W÷×�VI¡JCe¸GL8U²��DZF�;M<0FfoG`ba?L8U¨I0]_K^i�>[DGF0L[­�S3>-UQH3C_K=]e`bam<0F?H0¢mI � a ���DGF|c �0a0>-U²c �?>BK=]eF�Æ±KM]_UQ]_FVUQK=>-qZDGCeC [t, t+∆t/2] K=]eF?K=F�kl>8K=]nÂf<0H3L8`ba0>[]nU[UBS3a?F0KX�AS3C_Ce]eL8]eS3F?K=F�¢gDG��K=><0FVUQKM> � K=>[�?`bT�L8]e`baVUQ]_H3<0F0H�I0K=> � DZF0I0��K=I0]_F0H3<0F0HGK=F�I?<0>[`ba � RY]_KAL8S�KM>[afDGCnUQKMF0K � ­0­0>8S�Ê?]_��DgUQ]eSGF
DGF f I0]_K=FVU�DGCeL � F.c½DGF0H3L8�5KMI0]eF?H3<0F0H�c �0>¡IfDGL�]_� � F?L[`ba0C_<0L[L�c �0> � KMI0K=FµN¡]nU[UQKM>[­0<?F0TVU xi ;=<Ce¸GL[K=F?I0K � F?c½DGF0HGL8\§K=>8U[­0>[SG�0CeKM��;M<0>6>QoG<0��Ce]_`ba¡a0S3��S3H3K=F?K=FJNPCeKM]e`bam<0F0HADG<?c0I0K=��Æ±KM]_UQ]_FVUQK=>-qZDGCeC
[t+ ∆t/2, t + ∆t]

�
RODÃI0]eK��:KM>8U[K=]eC_<0F0H3L8I0]e`baVU[K�F�<?>�F?S.`ba�q3S3F t <?F0I v DG�0a0oGF0HGU=¢ÁL[]_F0I¶I?]eK�]eF � �0L[`ba?F0]_U8U¼£ � �I0K°´fF0]eKM>8U[K=F~NP>[¸3¹GK=F¶kl<?F0TVUQ]eSGF0K=F¶I0K=>�Æ±K=]nU � @BL�c S3C_HGU�DGC_L�<?F0��]nU[U[K=Ce�0DG>[K¯�XS3F0L[KM�m<0K=F0;ÃDZ<0L
I0KMF���DGTm>[S3L8TGS3­?]eL[`ba?K=FÍ@B>8afDGC_U[<0F0H3L8H3CeKM]e`bam<0F0HGK=F Í £ �ö�6� Î h Í £ ��� ¤ Î �Be�gÿ�+Bÿ�ú�õdù�õ ÿ5ö~ó=; ,(;÷ó=; `�U.Ö&±�R>SIR N ¯�\Y�DVI¡ f SIRa\ÁßàV�¦MÔ<VI¡]\Y� R°Ö¤W Õ�ÖQØ<¥f��RY��\�
 É «�op���â¡G×��²W�V±Ø]W$� RYV�´SG×µ¡IR°Ö¤� R°×�\�R

ρ(t) ≡ ρ(0) , v(t) ≡ v(0) , E(t) ≡ E(0) .

RY]_K���DGTm>[SGL[TGSG­0]eL8`ba0K=FË�6K=F0I0DGFVUQL � KMF0K=>�NP>[¸3¹3KMF�¢BI0]_K���]_T�>8S3L[TZS3­0]_L[`ba���K=]¨KM]eF0KM>��XS3CeC_]eL8]eS3F
K=>8afDGCnUQK=F¯�0C_K=]_�5KMF�¢0L[]_F0I¯K=��K=F?c½DZCeCeL¨;MK=]nUQCe]_`ba�TGS3F?L8UbDZFmU �
NPK=aVUX��DGF¯]_F Í £ �ö� � Î qGS3F f0

�?�5KM>X;M<0> � F?c½DZF0H3L[��K=I?]eF0H3<?F0H

f̃0 =
1

ρf(0)
f0(v + vf (0)) ,

��]_U
ρf (0) =

∫

R3

f0(v) dv , vf(0) =

∫

R3

vf0(v) dv ,

L[S�c S3C_HGU¨SG¬5K=F0L8]e`baVUQC_]e`ba

ρ̃(0) =

∫

R3

f̃0(v) dv = 1 , ṽ(0) =

∫

R3

vf̃0(v) dv = 0 .

RY]_K�i�>[DGF0L[CeDZUQ]_S3F0L8]eFVqZDG>[]eDGF0;�I0K=L��ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[LM¢6I?]eK�;M< � K=H3]_F0Fµq3S3F � �?L[`ba0F0]nU[U�£ � Ò
c K=L-UQH3KML8U[K=CeCnU|\^<0>8I0KG¢BC_]eKMc KM>8U�;=<0L[DG����K=Fµ��]_U�I0K=>�@B>8afDGC_U[<0F0H3L8K=]_H3K=F0L8`bafDZcdU�DG<?L��:>8S3­�S3L[]nUQ]eSGF
£ � Ý � £3�



£ � Ý � RA]eK¡>QoG<?��C_]e`ba�a0S3��S3H3KMF0K�NPCeK=]_`bam<0F0H � Ý

ô�ÿ	��ÿ	�%�½þ)�Äó<; ,(; �(; `sU.Ö�SVÔ]\�ßàV�¦MÔ<VI¡]\Y� R°ÖYW Õ�ÖQØ<¥f��RY� �f��Ö�ÖT�<�I�©� ×��a�Ï�fØ]��Ø>¡IRYVERYVÛ¨OØ]�²W��f��Ô<V�V�´Z{��R°×��a�I�DVI¡q
 É «�op���e¡IRYV�U6¡<WyRa\a�}\¥Ø]���a��RÁßàV�¦MÔ<VI¡]\f¥YR>SG×�VI¡<�IVI¡IRYV f0
�f��¥YRYW÷Ö8ÔI�a�IWXRYV?��¦¤U.Ö¶SG×�R

ρ(0) = 1 �DV	S v(0) = 0

¡G×��²Wº«
æ�çsr{çTæ V*ì�ä	 -ífTYç:ä(tu �íUT§ë.áZ[:ä�ì�ë.ä	 Ìì�àAåYç:ä%å àAåàî

H v.w TYäFíBì0äÑã� õYV�¦�Ø]� ¡IR�SIR°Öâ°��
\=Ô<�©��RYV?\YWX¯Ì�sRe� R°Ö>SIRYV9P¥×�RY�²��Ra��Ö�R°×�Vf×µ¡IRj�ÎØ]��Ra�]UD��Rj¡GÖ@¯]´��R°Ö@Ra�ÑÔ<V	SIR°ÖaR��]��R°×�VER°Ö@RjZÁRa\��a�I�B×�V	SG×µ¡]��R°×�WXRYV�Ô<V�VERa�I��RYV?��¥=×�\�\°×��a�ORYV	S?� ×��a�R°×�VERâ\¥Ø]���a��R�ã	R°ÖYWXR°×��²�IVI¡�SIR°ÖØZÁRa\��a�I�B×�V	SG×µ¡]��R°×�WXRYV��DV�WXR°Ö�SIRYVÏ�ÎØ]��Ra�]UI��RYV��R°Ö$¡IRa\YW§RY���²W}�?Ô<W���SVÔ>�¹SG×�Ra\�RY�µ¥YReS<��Ö@�a��SG×�R�°���\=Ô<�©��RYV?\YW§¯Ì�sRjVf×��a�IWs� R°×�WXR°ÖP<R°ÖT�<V	SIR°ÖYW��B×dÖTS�«�» ¼{½}¾ÁÀ¿ÂfÃ�Ä
Å�Æ¿Ç�Ç·È§É�ÊÌË
® ]eKPIfDGLYÆ±]_UQDZU¨;MK=]eHZU�¢?\·DG> � S3C_U[;=��DGF0F�IfD�qGS3F¼�0��K=>8;=KM<0HGU�¢lIfDZL[LXL[]e`ba�I0KM>OÆ±<0L-UbDGF?I�I0KMLON¡Dgh
L[K=L¯��]_U�I?K=>�Æ±K=]nU¯K=]eF?K=>�L8UQDZUQ]_S3FfoG>8K=F � ¸3L[<?F0H¶I?K=L � F?c½DZF0H3L8\§K=>-UQ­0>8S3�0C_K=��L Í £ �ö� � Î ¢·K=]eF?K=�Z{��R°×��a�<¡IRY�B×��a�IW'\>�f��\YW Ô<V	SµDGC_L[S0¢ÁDGF0FfoGa?K=>8U � �:S3>QDZ>[��K=]_U|]eF�I0]eKML[KM> � ]e`baVU[<0F0HÃ\^<0>[I0K�qGS3F�F0]_K°h
��DGF?I�NPK=>[]_F0H3KM>[K=��DGC_LLx Æ_yCz|{�ÂDÂ|� Ò � �±HGK=CeKM]eL-UQKMU � ³¼DgÊ�\·KMCeC�c½DGF0I�¢�IfDGL8LÌIfDGLÌN¡C_K=]e`ba?H3KM\^]_`bamU
IfDG>[HGK=L8U[K=C_C_UÌ\^]_>[I¯I0<0>8`ba¼I0]_KPFfDG`ba�]ea0� �5KMFfDGF0FVUQK¡�:K=>-UQKM]eCe<?F0H

M(v) = A exp(−B |v − c|2) , A, B > 0 , c ∈ R3. Í £ � ¦ � Î
� <0L Í £ �ï� Î <?F0I Í £ � Ý Î c S3CeHZU¨<0F0��]_U8UQK=C_�fDG>M¢.IfDZL[L

Q(M,M)(v) ≡ 0

H3]eCnU � � S3CnUQ;=��DGF0F�H3K=CeDGF0H�L8S3HVDG>AI0K=>¡WADG`baV\·KM]eLM¢�IfDGL8LPI0]eKMLOI0]eK«K=]_F0;=]_H3K=F#F0]_`baVUQF0KMHVDZUQ]nq3KMF#>[K°h
K=CeCn\·KM>8U[]eH3KMFÃkl<?F0TVUQ]eSGF0K=FÎ��]nUPI0]_K=L[KM>�@B]_H3K=F0L8`bafDZcdU�L[]_F0IÎ<0F0IÎK=>��5KML[`bafoZcdU[]eHGU[K�L[]e`baÎ]eFVU[K=F0L8]_q
IfDG��]_U�¢:;M<Ë;=K=]_H3K=F±¢·IfDGL8L�I0]_K � ¸3L[<?F0HÄq3S3F Í £ �ö� � Î ��]_U�I0KM>¯Æ±K=]nU�K=]_F0K=>�L[S3C_`ba0K=F¿³¼D�Ê.\§K=C_Cnh�:K=>8U[K=]_Ce<0F0HJ;M<0L8U[>[KM�?U � RODGL¨qGS3F�]_a0�ÏKM>8c <0F?I0K=F0K«ºA]_C_c L8��]nU[UQKMC5a?]eK=>8;=<�]eL-U^IfDGL H h�kf<0F?TmU[]eS3F0DGC

H[f ] =

∫

R3

f(v) log(f(v)) dv . Í £ � ¦.£ Î
�:K=>[HGCeK=]_`baVU¡��DGF Í £ � ¦ � Î ��]nUPI0K=FÀRYKM´0F0]_U[]eS3F0KMF Í £ � ÝGÒ Î ¢ Í £ � Ý � Î <0F?I Í £ ���V� Î ¢�L8S�KM>[afoGCnU���DGFI0]eKOc S3C_H3K=F?I0K¡DGC_U[K=>8FfDZUQ]nq3KPRYDG>[L-UQK=C_Ce<0F?H�I?K=>A³¼DgÊ�\§K=CeCÚh �:KM>8UQKM]eC_<0F0H3KMF��

Mρ,v,T (v) =
ρ

(2πT )3/2
exp

( |v − v|2
2T

)
. Í £ � ¦ � Î

@:LYCe]eKMHGUXFfDGa0KZ¢±;M<#K=]eF?K=>YHGK=H3KM�5KMF0K=FÎkf<0F0TVUQ]_S3F f ��]nU Mf
I0]_K � KMF0]eH3K«K=]_F0I0K=<.UQ]eH��5KML8U[]e����UQK

³¼DgÊ�\·KMCeCÚh �:K=>-UQKM]eCe<?F0HJ;=<��5KM;=KM]e`ba0F0KMF�¢lI0K=>8K=F�RY]e`baVU[KG¢l��]nU[U[CeK=>8KPNPK=L8`bam\^]_F0I0]_H3TGKM]_UX<0F0I�i�KM��h
­5KM>QDZU[<0>§��]_U:I?K=F�KMFVUQL[­?>[K=`ba?K=F0I0KMF���DGTm>[SGL[TGSG­0]eL8`ba0K=F¯NP>[¸G¹3K=F�q3S3F f �0��K=>8K=]_F0L8U[]e����KMF � RY]_Kq3S3F � SGC_UQ;M��DZF0FÍDGF?H3KMc �0a?>8UQKMF � >8H3<0��K=FVUQK«<0F0I#K=>8;=]_K=C_U[K=F � K=L8<0C_UQDZUQK«CEDGL8L[KMF#L[]e`ba�\^]eK�c S3C_HGU
;=<0L[DG����K=F.c½DGL[L8K=F��



�<� �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

2±þ?ù�
�ó<; ,(;  (; Ô��}`�U�Ös±�R>SIRs¦MÔ]\YW�U)¥YR°Ö8Ô<���.ÕfØ�\°×�W½×�P<Re`E�DV?�]W½×ÙØ]V f 6= 0 ¡G×��²W @
Q(f, f)(v) ≡ 0⇐⇒ f(v) = M(v) .

¥1�K`sU.Ös±�R>SIRs¦MÔ]\YW�U)¥YR°Ö8Ô<���FVf×��a�IW%VER�¡VÔ<W÷×�P<R,`��IV?�]W½×ÙØ]V f ¡G×��²W�SG×�Rj¨OØ]�²W��f��Ô<V�V�´ > VI¡<��R°×��a�I�IVI¡
∫

R3

Q(f, f)(v) log(f(v)) dv ≤ 0 ,

�IV	S�Z{��R°×��a����R°×�W&¡G×��²W}¡IRYV�Ô<��SVÔ<V�V?��� RYV�V f(v) = M(v) «
�~�K`sU.Ös±�R>SIR N ¯�\Y�IVI¡ f PGØ]Vn
 É «�op���¶¡G×��²W�SVÔ]\Jº^hji¨a?K=S3>8K=� @

d

dt
H[f ](t) ≤ 0 ,

�IV	S�Z{��R°×��a����R°×�W&¡G×��²W}¡IRYV�Ô<��SVÔ<V�V?��� RYV�V f(t, v) = Mf0(v) «
¨�RY� R°×�\f«^D Î RODGL[L¨I?K=>¨�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3>Bc �0>^³¼D�Ê.\§K=C_CnhÙ�:K=>8U[K=]_Ce<0F0HGK=F�qGK=>8L[`baV\^]eF0I?KMU�¢f\^<0>�hI0K��5KM>[KM]_UQL¨��K=��K=>8TVU � pA��H3KMTGK=a?>8UX]eL-U Q(f, f)(v) = 0 H3CeKM]e`bam��K=I0KM<?UQKMF0I���]_U

f(v′)f(w′) = f(v)f(w)⇐⇒ log(f(v′)) + log(f(w′)) = log(f(v)) + log(f(w))

c �0>�c½DGL-U6DGCeC_K v, w ∈ R3 � RYDGL6DG�5KM>%a0K=]_¹GU�¢MIfDGL8L log f KM]eF0K:�XS3CeC_]eL[]_S3F0L8]eFVqZDG>[]eDGFVUQK%L[KM]eF¡�|<0L8L �� <?L¡r?DZU[;�£ � �0� Ò�<0F?IÍI0K=>YRYKM´0F0]_U[]eS3F Í £ � ¦ � Î c S3C_HGUXFfDG`baÍKMFmU[L[­0>8K=`ba0KMF0I0KM>«RAKM´fF0]nUQ]_S3F¼I0KM>��KMUQKM]eC_]eHGU[K=F¯�ASGF0L8UQDGFVUQK=F�I0]eK � K=afDG<?­?UQ<0F?H �
� Î r.K°UQ;MUA��DGF�]eF Í £ �ï� ¤ Î ψ(v) = log(f(v)) ¢0L8S�KM>[afoZC_U^��DGF

∫

R3

Q(f, f)(v) log(f(v)) dv =

1

4

∫

R3

∫

R3

|v − w|λ
∫

S2

bλ(µ)
(
f(v′)f(w′)− f(v)f(w)

)
log
( f(v) f(w)

f(v′)f(w′)

)
de dw dv .

RY]_K � K=afDG<?­?UQ<0F?H�c S3C_HGU^DG<?LXI?K=>^i�DgUQLQDZ`ba0KG¢lIfDGL8L¨c �0>XDGCeC_K y1, y2 > 0 I0]_K¡pAF0H3C_K=]_`ba�<?F0H

(y1 − y2) log
(y2

y1

)
≤ 0

H3]_C_U^<0F0IÍN¡C_K=]_`ba0a0K=]nU¨Fm<0>^c �0> y1 = y2
KM]eFVUQ>8KMUQKMF¼TgDGF0F � ªjF�I0]_K=L[KM�ÛklDGCeC���<0L[LADG��K=>^FfDG`ba

i6K=]eCÑD Î F0SGUj\§K=F0I0]_H3K=>-\·KM]eL8K f(v) = M(v) H3K=CnUQK=F �
` Î RY]n¬±KM>[K=FVU[]EDZU[]eS3F�qGS3F

H[f ](t) =

∫

R3

f(t, v) log(f(t, v)) dv



£ � Ý � RA]eK¡>QoG<?��C_]e`ba�a0S3��S3H3KMF0K�NPCeK=]_`bam<0F0H � ¦

FfDG`ba t K=>8H3]e�.U
d

dt
H[f ](t) =

∫

R3

Q(f, f)(t, v) log(f(t, v)) dv +

∫

R3

Q(f, f)(v) dv .

RODGL¡;M\§K=]nUQK�ªjFmU[K=H3>[DGCÁq3KM>[L8`bam\^]_F0I0K°U�¢6IfD φ0(v) ≡ 1 K=]_F0K��AS3C_Ce]_L[]eSGF0L[]_FmqZDG>8]EDGFVU[K«]_L8U �±� <?cIfDGL�K=>8L8U[K#ªjFmU[K=H3>[DGCY\§K=F0I?KMU���DZF+I0]eK � S3C_U[;=��DGF0F.hjpAF0HGCeK=]_`bam<0F0HÄDZ<0L�i6K=]eCA� Î DGF � RY]eK� K=afDZ<0­?UQ<?F0H��?�5KM>XI?]eK�NPCeK=]_`ba0a0KM]_UÌc S3C_HGU^DG<?LA�B>8S3­5SGL[]_U[]eS3F#£ � Ý � £ �

klKM>[F0KM>PTgDGF0FÃ��DZF#;=K=]_H3K=F±¢�IfDGL8L¡c �?>PDGCeC_K|F0]_`bamU[F0K=H3DZUQ]nq3K=F f ¢±c �0>OI0]_K�RY]e`baVU[KG¢%��]_U[U[CeKM>[KJNPK°hL[`baV\^]eF0I?]eH3TZK=]_UX<0F?I�i6K=��­5KM>QDZU[<0>¨K=F?I0Ce]_`ba�L8]eF0I±¢fL8UQK°UQLXH3]eCnU��

H[f ] ≥ H[Mf ] .

ºA]eKM>QDG<?LÁc S3CeH3KM>8U[K � S3C_U[;=��DGF0FJ]_F��:KM>[�0]_F0I0<0F?H«��]_UBI?K=� H h i¨a0K=S3>8K=��¢3IfDGL8L²c �?> � K=I0K � ¸3L[<0F?Hq3S3F Í £ �ö� � Î HG]eC_U=�
f(t, v) −→

t→∞
Mf0(v) .

Æ±K=]_U[H3K=F?S3L[L8K=F¶qGS3F � SGC_UQ;M��DZF0F¶L[DGa0KMF+K=]_F0K=F ® ]eI0KM>[L[­?>[<0`baËIfDZ>[]eF±¢BIfDGL[L�DG<0L�I0K=>�>[KMqGK=>8L[]nh
�0CeKMF�³�K=`bafDGF?]eTl¢:I0]eK�I0KMF��XS3CeC_]eL8]eS3F0L-UQ>[DGF0L8c SG>[��DZUQ]_S3F0K=F Í £ � � Î ;M<+NP>[<?F0I0K¯Ce]_K=HGU=¢�L[]_`ba¶KM]eF0KN¡C_K=]e`bam<0F?H|DG�0C_K=]nUQKMU=¢.]_F�I0KM>ÌK=]_F0K¡Æ±KM]_UQ>8]e`baVUQ<?F0H�CeDG<?U H hji¨a0KMS3>[KM�ÏDZ<0L[H3KM;=KM]e`ba0F0K°U^]eL-U � � S3C_U[;°h��DGF?F�H3KMCEDGF?H«KML§UQ>8SGUQ;XK=]_F0]eHGK=> � KM�|�0am<0F0H3KMF�F0]_`bamU=¢.I?]eKAÆ5\·KM]_c KMC5DZF�I0KM>Ì�ASG>[>[KMTVUQa0KM]_U§L[K=]_F0K=>
N¡C_K=]e`bam<0F?H�DG<?L[;=<?>QoG<0��K=F � ºXK=<?U[K�a0]_F0H3K=HGK=F¼]_L8UAI0]eK«@�Ê.]eL8U[K=F0;«]e>8>[KMqGK=>8L[]e�?CeK=>A�B>[S3;MK=L8L[K|TZK=]eF?K
r�UQ>8K=]_U8c >QDGHGKJ��KMa0>¡<0F0I�c �?>�I?]eK � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H�]eL-U¡H3K=TmCeoG>8U=¢%IfDGL[L�I0KM> � SGC_UQ;M��DZF0F.h
N¡>[DGI.h-NP>[KMF0;=�?�5KM>[HVDGF?H|c �0>^I0]eKML[K=F¯�:K=>8Ce<0L-U^I0K=> � KMqGK=>[L8]e�0]_Ce]nUboZUÌqGK=>[DGFVUj\·S3>-UQC_]e`ba�]eL8U �

æ�çsr{çºè � X²á�àYåAç:á ê ä%çBìU ~��ä¿àYåÁî#g?�L �áVë?ä%å,��[�í:å � X²á�àYåAç:ä%å¾ÁÀ}ÂfÃ�Ä
Å�Æ&Ç&Ç��
£�Ýb�0L8K=C_�0L8U:TZS3F0FVUQK^I0]_K � ¸3L[�0DG>[TZK=]_U:I?K=>B>QoZ<0��C_]e`ba«a0S3��S3H3K=F?K=F�NPCeK=]_`bam<0F0HP��]_U

I0K=FJ��DZUQa?K=��DZUQ]_L[`ba0KMF�³�KMU[a0S�I0K=F�¢ZI0]eK§]ea0��H3KMH3K=��K=F|\·DG>[KMF�¢GF0DG`baV\·KM]eL[KMF�¢V]eF?I0K=��K=>�L[]e`ba�DZ<?c
K=]eF?KPI0]eL8T�>8KMU[K¡�²DZ>[]EDZFmU[KPI0K=>ANPCeKM]e`bam<0F0H�;=<?>[�0`bTm;=SGH �
RYK=>�KM>[L8U[KÃWYDG`baV\§K=]_L�K=]eF?K=>�­0<?F0TVUj\·KM]eL[KMF � ¸3L8<0F0HÄq3SGF Í £ �ö� � Î c �?>�IfDGL¯ºADG>8U[T�<?H3K=C_��S�I0K=C_CH3K=CeDGF0H�� Æ � Â!{�Å�Æ&Çu� £¥¤.�÷¢�I0K=>Ì]_L[SGU[>[S3­�KXL8UQK°UQ]_H3K � F?c½DGF0H3L8�5KMI0]eF?H3<0F0H3KMF f0

��]_U²I0KM�ÏDGL-É���­.h
UQSGU[]eL[`ba?K=F¯�:K=>[a0DGC_U[K=F

f0(|v|) = o(|v|−6) , |v| → ∞
�5K°UQ>QDZ`bamU[KMU[K � pXFVUQK=>§I0]eKML[KMF��:S3>QDG<?L[L[K°UQ;M<0F0H3KMF�H3K=CeDGF0H�]ea0� I0KM>ÌWYDZ`bam\§K=]_L=¢.IfDGL[L§I0]eK � ¸3L[<0F?H
K=]eF?I0K=<?U[]eH«]eL8U·<0F0I�IfDZL H h i¨a0K=S3>8K=��H3]eCnU � kfK=>8F0K=>§;=KM]eHGU[KYK=>·I0]eKA­0<0F0TVUj\§K=]eL8K � KMCEDgÊ?DZU[]eS3F�;=<?>³¼DgÊ�\·KMCeCÚh �:K=>-UQKM]eCe<?F0H�c �?> t → ∞ ��� <?cS�ÌDG>[C_K=��DGFÀH3KMaVU�DG<0`baµI0]_K Í c S3>[��DGCeK Î RYDG>[L-UQK=C_Ce<0F?HI0K=> � ¸3L[<?F0H���]_UÌºA]_C_c KOI0KMLYRA<0afDG��K=CÚh��B>[]_F0;=]_­0LÌ;=<?>[�0`bTl�

f(t, v) = f0(v) exp
(
−

t∫

0

L[f ](τ, v) dτ
)

+

t∫

0

Q+(f, f)(s, v) exp
(
−

t∫

s

L[f ](τ, v) dτ
)
ds

Í £ � ¦GÒ Î



� ¤ �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

� À(�}Ä
ÇC{ � � ��� �¨TZS3F0FVUQK¯I0]_K��:S3>QDZ<0L[L8KMUQ;M<0F0H3KMF�DZF I?]eK � F?c½DGF0H3L8�5KMI0]eF?H3<0F0HÎDG�0L8`baV\ÌoG`ba?K=F�¢
]eF?I0K=�»KM>

f0(v)(1 + |v|4) ∈ L1 ,

q3KM>[CeDGF0HGU[K Í ;M<0>¡RYKM´0F0]_U[]eS3FÍI?K=>¡kf<0F0TVUQ]_S3F0KMF0>QoG<?��K«L[]eKMa0K��¡DG­0]nUQK=C � Î �±� C_LPºA]_C_c L8��]nU[UQKMC%q3K=>�h\§K=F0I0K°UQK«K=>¨IfDG;M<�I?]eKPFfDG`ba�]ea0� �5KMFfDGF0FVU[K=FÍpXF0H3C_K=]e`bam<0F?H3K=F Í L8]eKMa0K � �0L8`ba0F0]_U8U ��� �.� � Î �@B]eF0K·<0��c½DZL[L[KMF0I0K^<0F0I�L-É.L-UQKM��DZU[]eL8`ba0K � >8�5KM]_UB;M<�kf>[DGH3K=FJI?K=>:@�Ê.]eL8U[K=F0;Z¢m@B]eF0I0KM<?UQ]_H3TGKM]_U=¢G�6SZh
L[]nUQ]nq.]nUboZUA<0F0I � K=CeDgÊ?DZUQ]_S3F¼;M<0>�³¼DgÊ�\§K=CeCÚh �:KM>8UQKM]eC_<0F0H�\^<0>8I0K|q3SGFB���_� { ��� � ]eF � Ò.��<0F0I � � �
I0<0>8`ba0H3K°c �0a0>8U � @B>¨K=FVUj\^]e`bTZK=C_U[K¡��DG¹GH3K=�0C_]e`ba�I?]eKO]_�ÏºX]eFm�0Ce]_`bT�DZ<?c�I?]eKPRYK°´fF0]nUQ]eSGF�q3S3F�RY]_`ba.h
UQKZ¢f��]nU[U[CeK=>8K=>ÌN¡KML[`baV\^]eF0I?]eH3TZK=]_UX<0F?I¼i6K=��­5KM>QDZU[<0>¨�5KMI0K=<.UQLQDZ��K L1

hji¨a0KMS3>[]_K¡;=<0�»>[oG<0��Ce]_`ba
a0S3��S3H3KMF0K=F � F?c½DGF0H3L-\·KM>8U[­0>[S3�?CeK=���
2±þ?ù�
�ó<; ,(; 0_; 

���_� { �^� �_È~�>Ë �`�U�Ö¶SIRYV�®JØ]��� ×�\°×ÙØ]V?\a��R°Ö¤Vt¡IRY�²WXR�SG×�RÁßj¥Y\��a�?�<W��f�IVI¡

B(v − w, e) ≤ CB(1 + |v|λ + |w|λ) , Í £ � ¦ � Î
�·Ø<¥YR°× 0 ≤ λ ≤ 2 « � ×�RÁßàV�¦MÔ<VI¡]\f¥YR>SG×�VI¡<�IVI¡Ø¥YRa\°×�W��]R�SG×�R � ×µ¡IRYV?\��a�?ÔT¦¤W§RYV

f0 ≥ 0 , f0 log f0 ∈ L1 , f0(1 + |·|κ) ∈ L1¦¤U�Ö©R°×�V κ > 2 « � Ô<V�VQRTÝ3×�\YW½×�R°Ö¤WnR°×�VER N ¯�\Y�IVI¡ f ≥ 0 �f�I� ßàV�¦MÔ<VI¡]\Y� R°Ö¤W Õ�ÖbØ<¥f��RY��
 É «�op���©�J×�WSIRYV � ×µ¡IRYV?\��a�?ÔT¦¤WXRYV @
∫

R3

f(t, v)ϕ(v) dv =

∫

R3

f0(v)ϕ(v) dv , ϕ(v) = 1, v, |v|2 ,

�IV	S
f(t, ·)(1 + |·|κ) ∈ L1 .ï Õ�R>�=×�RY����¡G×��²W�¦¤U�Ö t1 > 0 SG×�R > VI¡<��R°×��a�I�IVI¡

∀ t ∈ [0, t1] :

∫

R3

f(t, v)(1 + |v|κ) dv ≤ C1

∫

R3

f0(v)(1 + |v|κ) dv ,

�·Ø<¥YR°×©SG×�R�®JØ]V?\YW Ô<V�WXR C1
V���ÖÏPGØ]V t1 � CB \¥Ø]�B×�RQSIR°Ö � ×��a�IWXRÏ�IV	S3ZÁRa\=Ô<�©WXRYVER°Ö$¡G×�R9SIR°ÖßàV�¦MÔ<VI¡]\f¥YR>SG×�VI¡<�IVI¡�Ô�¥Y�?�<VI¡<W�«

Æ±<0� � KM\§K=]_LJH3]eF?H � >8TGK=>-É�I ;M<0FfoG`ba?L8U�q3S3F��XS3CeC_]eL8]eS3F0L8TGKM>[F0KMFµDG<0LM¢�I0]_K�DG<0`ba�]eF v <0F0I w��K=L[`ba?>QoGF0TVU«L[]_F0I � RY]_K�@�Ê?]_L8U[K=F0;�K=]_F0K=> � ¸3L8<0F0H¯c �0>PK=]_F#�5KMH3>[KMF0;MU[K=L�Æ±K=]nUQ]eFVU[K=>8qZDGC_C6c SGCeHGUAc �0>
L[SGCe`ba0KÍªjFVU[K=>QDZTmU[]eS3F?K=FËL[SZc S3>8U�<0F0IËCEoZL[L8U�L[]_`ba+\·KMH3K=F~I0KM>�@B>[afDZC_UQ<?F0HÄI0KM>�RY]e`baVU[K#DG<?c�I0]_K
H3KMLQDG��U[K�Æ±K=]_UQDG`ba0L8K�DZ<0L[I0KMa0F0KMF � RA]eK¯ºYDZ<0­?UbDZ<?c HVDG��K¯�5KML8UQKMaVU�IfDZ>[]eF±¢ÁI0]eK��6S3L[]nUQ]_q�]nUboZU«q3S3F
f(t, ·) c �0>JDGC_CeK t <0F0I�I0]_K�NP�0C_U[]eH3TZK=]_U�I0KML H hji¨a?K=S3>8K=��L|FfDG`ba0;M<V\·KM]eL[KMF � RYKM> � KM\§K=]_L�q3S3Fr?DZU[;�£ � Ý �ï� H3KMCe]_F0HGUOL8`ba0Ce]_K=¹3C_]e`baÍI0DGI0<0>8`ba�¢%IfDGL8L���DGFÃ�XS3CeC_]eL[]_S3F0L8TGK=>8F0K|��]_UYI0K=>�@B]eH3KMF0L[`ba0DZcdUÍ £ � ¦ � Î I0<0>[`ba�K=]_F0K�klSGCeH3KJH3C_K=]_`ba0��oZ¹3]eH���K=L8`ba0>QoZF0TVUQK=>��PK=>[F?K�DG­?­0>[S�Ê.]e��]eKM>8UP<0F?I���]_U�ºX]eC_c KI0KML H h i¨a0K=SG>[K=��LP<0F0IÎI0KML«RA<0F?c S3>8I.h��6KMU[U[]eL�h��P>[]nUQK=>8]e<0��L Í L[]eKMa0K � � � � Î F0DG`baV\·KM]eL8U=¢ÑIfDGL[L�I0]_K



£ � Ý � RA]eK¡>QoG<?��C_]e`ba�a0S3��S3H3KMF0K�NPCeK=]_`bam<0F0H � �
;=<0H3KMa0¸3>8]eH3K�kfS3CeHGK�q3S3F � ¸GL[<0F0HGK=F�L8`baV\ÌDG`baËTZS3��­fDGTVU�]eF L1

]eL-U � @B]eF0K¯H3KMK=]_H3F0KMU[K�i6K=]_C_c S3CÚh
H3K«TZS3FVq3KM>[H3]_K=>8UYIfDGF0F¼L[`baV\ÌDZ`baÎHGK=H3KMF¼K=]_F0K L1

hjkf<0F0TVUQ]_S3F�¢lI0]eK¡KM]eF0K � ¸GL[<0F0H�q3S3F Í £ �ö� � Î ]eL-U �RY]eKML[K � K°\·KM]eL8��K°UQa0S�I0KP]eL-UÌc �0>§I0]eKOi¨a?K=S3>8]eKOI0KM> � S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0H«�0]eL§a0K=<?U[KPI0]eKA�:S3>-h
H3K=a0KMF0L8\§K=]_L[K«L[`ba0C_K=`baVUQa0]_F �
ªjF
� � �¨L8KMU[;MUQK � >[TGKM>8É�I�\^]eK�;=<.q3S3>���S¥q�;=F?K=>Jq3S3>[DG<0LM¢BIfDGL[L f0(1 + |·|4) ∈ L1

<0F0I�TGS3F?FmU[K
;=K=]_H3K=F±¢.IfDZL[LÌI0]_K � ¸3L8<0F0H|c �0> t→∞ ]_� L1

h�r.]eF0F�H3K=H3KMF�I0]_KYI0KM> � F.c½DGF0H3L8�5KMI0]eF0HG<0F0H|;M<0H3K°h
a0¸3>[]_H3K¡³¼D�Ê.\§K=C_CnhÙ�:K=>8U[K=]_Ce<0F0H Mf0

TZS3FVq3KM>[H3]_K=>8U �
£ �|� DGa?>[KYL8­foZU[K=>·KMFVUj\^]e`bTGKMC_U[K � >8TGK=>-É�I�KM]eF0K � ¸3L[�0DG>[TZK=]_U[L8U[a0K=S3>8]eKA]eF L∞ ¢�<0FVUQKM>·I0KM>§�:S3>[DG<0L-hL[KMU[;=<0F?H f0 ∈ L〈2〉1 ∩ L〈ν〉∞ Í L[]_K=a0K � � � Î �@:L�\^<0>[I0K·�5KM>[K=]nUQLÁHGK=LQDZHGU�¢gIfDGL8LÁIfDGL � <fl�F0I0KMF�DZFfDGC_ÉmU[]eL[`ba?K=> � ¸3L8<0F0H3KMFJc �0>�I0]_K � SGC_UQ;M��DZF0F.h
N¡C_K=]e`bam<0F?H0¢ÑL[K=C_�0L8U�]eF�I0K=>«>QoG<0��Ce]_`baÃa0S3��S3H3K=F?K=F�r.]nUQ<fDgUQ]eSGF�¢�K=]_FÄK°Ê�U[>[K=� L8`bam\^]_K=>8]eH3KMLJpAF.h
UQK=>-c½DGF0H3KMFÍ]eL-U � �:S3FÍHG>[S3¹3KM� ® KM>8UY]eL8UYIfDGa0KM>YI0]_K � >[��K=]nUAqGS3F

¾ÁÀ�� � ÂZ{U��� �.�÷¢5]_F¼I0KM>YI0<0>8`ba� KMU[>QDG`baVUQ<?F0H¡I0K=>:kfS3<0>8]eKM>-h U[>QDGF?L8c S3>8��]_K=>8U[K=F�N¡C_K=]_`ba�<?F0HOK=]_F0K¨�PCEDZL[L[KÌDGFfDGCnÉ�U[]eL8`ba0K=> � ¸3L8<0F0H3KMF
c �0>¨I0K=F�klDGCeC5I0K=>A³¼D�Ê.\§K=C_Cnh�³�S3CeKMTm�0CeKP]_I0K=FVUQ]n´f;=]_K=>-UÌ\^<0>[I?K �� <?c � >[TGKM>8É�I0L � >[��K=]_U

� � �ODZ<?c �fDG<0KMF0I�\^<0>8I0K=F+qGS3F������ ÃIÆk� ��� À}Ç ]eF � � �b�A<0F0I � Ò � �AI0]eK
Lp
hj@B]eH3KMF0L[`bafDgcdUQK=F�I0K=> � ¸3L[<?F0H3K=F�c �0>²afDG>8U[K^ªjFmU[K=>[DGTVUQ]eSGF0L[­�SGUQKMFVUQ]EDZCeK^L[KMa0>§I?KMUbDZ]eCeC_]eKM>8UB<0FVU[K=>-h

L[<0`baVU �
RY]eKPc �0>^afDG>-UQK«��SGU[K=FVUQ]eDGCeK¡L8`bam\·oG`ba0L-UQKMFÃ�:SG>QDG<0L8L[K°UQ;=<?F0H3K=FÍDGF¼I0]_K � F?c½DGF?H3L[��K=I0]_F0H3<0F?H0¢fI0]eK
I0]eK�@�Ê?]_L8U[K=F0;#KM]eF0KM>�F0]_`bamU[F0K=H3DZUQ]nq3K=F � ¸GL[<0F0Hµ<?FmU[K=>�@B>8afDGC_U[<0F0HÎq3S3Fè³¼DZL[L[K¼<0F0I~@BF0K=>8H3]eK
HVDG>QDZFmU[]eKM>[K=F±¢5\^<0>8I0K=F�]eFKx + ���	� ÂZ{ �k��� {	Ç�ÇC��{ ��� � � £O�:DZF0H3K=HGK=��K=F � @BL¡H3K=Fm�0HZU�¢�IfDZL[L¡I0]eK� F?c½DGF?H3L[��K=I0]_F0H3<0F?H

f0(1 + |·|2) ∈ L1

K=>8c �?CeC_U �?� <?c�I0DGL H hji¨a0KMS3>[KM�»�|<0L8L^��DGF�DGC_CeKM>[I0]_F0H3L·]_F¯I0]eKML[K=�»k�DZCeC5qGK=>8;=]e`baVU[K=F �
® KMF0]eH3KM>«KMFVUj\^]e`bTGKMC_UJ]_L8U«I0]eK � ¸3L[<?F0H3L8U[a0K=SG>[]eK�c �0>|�XS3CeC_]eL8]eS3F0L8TGKM>[F0KZ¢%I0]eK�r.]eF0HG<0CEDG>8]_UQoZUQKMFÎ]_�® ]eF0TZK=CEDZFmU[K=]_Cf<0F0I<�ZS�I0KM>§]_��Tm]eF0K°UQ]eL8`ba0K=F � FVUQKM]eCf��K=L[]nUQ;MK=F � @BL²\·DG>:\^]eK=I?K=>[<?� � >[TZK=>8É�I�¢�I0KM>
]eF
�
Ýb��I0KMF � ¸3L[<0F?H3L[��K=H3>8]_¬ÎK=>-\·KM]_U[K=>8U[K�<0F?IÍIfDGL � F?c½DZF0H3L8\§K=>-UQ­0>8S3�0C_K=� Í £ �ö� � Î c �0>XI0K=FÍk�DZCeC

−1 < λ ≤ 0 ��KMU[>QDG`baVUQK°UQK � RA]eK�c �0>JI0]_K=L8K λ ]e� ® ]_F0TGKMCEDGFVU[K=]eCÌDG<?cdUQ>8KMU[K=F0I0K�r.]_F0H3<0CeDG>[]nUboZUTGS3F0FVU[KP��]nUÌI0KM>¨]eF � KM��KM>[Tm<0F0H¯£ � Ò � � D Î KM>8\·oGa0FVUQKMF�ªjI0KMK¡I0<0>[`ba��:KM>8\§K=F0I0<?F0H�I?K=>¨i�D¥É�C_S3>-h@:FVUj\^]_`bT�C_<0F0H�I0K=>^i6K=L-U[c <0F0TVU[]eS3F0KMF¼DZF�I0KM>Ar�UQKMCeCeK v ��K=a0S3��K=F¯\§K=>[I?K=F �l� <0L[H3KMa0K=F?I�q3SGF�I0KM>L[`baV\ÌDZ`ba0K=F�kfS3>[�|<?Ce]eKM>[<0F?H Í £ � Ý � Î ¢gI0]eK·DG<0`ba|c �0>�I0]eKÌN¡KML[`baV\^]eF?I0]eH3TZK=]nUQL8U[>QDGF?L8c S3>8��DZU[]eS3F Í £ � � ÎH3]eCnU�¢?I?KM´fF0]_K=>-UQK � >[TZK=>-É.I#KM]eF0K�\��a�I�²ÔI�a��R N ¯�\Y�IVI¡�qGS3F Í £ ��� � Î DGCeL^K=]_F0K«kl<?F0TVUQ]eSGF f ¢fI0]eK¡I0]_KN¡C_K=]e`bam<0F?H

∫

R3

f(t, v)ψ(t, v) dv =

∫

R3

f0(v)ψ(0, v) dv +

t∫

0

∫

R3

f(τ, v)
∂

∂τ
ψ(τ, v) dv dτ

+

t∫

0

∫

R3

∫

R3

∫

S2
+

B̄(v − w,n)f(τ, v)f(τ, w)
(
ψ(τ, v′)− ψ(τ, v)

)
dn dw dv dτ , Í £ � ¦3Ý Î

K=>8c �?CeC_U·c �0>XDGCeC_KPi�KML8U[c <?F0TVUQ]eSGF0K=F ψ ¢lI0]_KP;=<0L[DG����K=F���]_U^]ea?>[K=F�K=>8L8U[K=F¼­0DG>8U[]eK=C_CeKMF � �0C_K=]_U[<0F.hH3K=F FfDG`ba t <0F0I v H3C_K=]e`ba?��oG¹G]eHÍ��K=L8`ba0>QoGF?TmU�L[]_F0I � @BL�H3KMCEDGF?HÎI?K=> � KM\§K=]_L�I0KM>�@�Ê.]eL-UQKMF0;



Ò � �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

L[SGCe`ba0KM> � ¸GL[<0F0HGK=F�<0F0I¯I0KM>¨L[`baV\·DG`ba0K=FÍr�UbDZ�0]eC_]_UbogU§��K=;M�0H3C_]e`ba�I0KM> � F?c½DZF0H3L[��K=I?]eF0H3<?F0H0�0k��0>
K=]_F0K#kfS3C_H3K fn0 q3S3F � F.c½DGF0H3L8�5KMI0]eF0HG<0F0H3KMF�¢ÌI0]_KÍL[`baV\·DG`baÞ]_F L1

H3KMH3K=F f0
TZS3FVq3KM>[H3]_K=>[KMF�¢

TgDGF0F¯��DGF�DG<0L^I0K=>^kfS3C_H3K fn(t, ·) I0KM>¨;=<0HGK=a0¸3>8]eH3KMF Í L[`baV\·DG`ba0K=F Î � ¸3L[<?F0H3K=F�K=]_F0K¡i�KM]eCnc S3CeH3KDG<0L-\ÌoZa0CeKMF�¢�I0]_K�L8`bam\·DG`ba¶]eF L1
H3KMH3K=FµI0]_K � ¸3L8<0F0H f(t, ·) I0KMLJ<0>[L8­0>[�0F?H3Ce]_`ba0K=F � F?c½DGF0HGL-h\§K=>8U[­0>[SG�0CeKM��L^TGSGFmqGK=>8H3]eKM>8U ��� <?`ba Í <?F0I¼H3KM>QDGI?K Î c �0>^I0]eK¡L[`baV\·DG`ba0KMF � ¸3L8<0F0H3KMF�c �0a?>8UQK�I0]_K�:K=>-\·KMF0I0<0F?H�I0KMLYRY<?F?c S3>[I�h���K°U[U[]eL-hj�P>[]_U[K=>8]e<0��L·;M<0� Æ±]eKMC �A +�ÂIÂ
Æ¿ÇC+,� Ý � �:c �0a0>-UQK�K=]_F0KJ\·KM]_UQKM>[K��PCEDGL8L[K�q3S3F�L[`baV\ÌDZ`ba0K=F � ¸3L[<?F0H3K=FÄDG<?cÌI?K=> � DGL[]_LPq3S3F

>[KMH3<0CeoG>[KMF�RY]eL-UQ>8]e�0<?U[]eS3F?K=F�KM]eF�¢�I � a � I?]eKYi6K=L-U[c <0F?TmU[]eS3F?K=F�\^<0>8I0K=F�DGC_L·��K=Ce]_K=�0]_H«SZcdUÌI0]n¬±KM>[K=F�h
;=]_K=>8�fDG>Á<0F?IJ��]nUÁTGSG��­fDZTmU[K=��i�>[oGH3KM>BDGF0H3KMF0S3����KMF � RA]eK=L�\ÌDG>BF?¸GUQ]_H0¢�<0�
I0]_K·q3SGF � >[TZK=>-É.I
F0]_`bamU��5K°UQ>[DG`baVUQKMU[K=F�kÁoZCeCeK −3 < λ ≤ −1 ��K=a0DGF0I0KMCeFÄ;M<ÄTG¸3F?F0K=F � ³�]_U«I0KMF0L[KMCe��K=F � >8H3<.h��K=FVUQKMF�\^]_K � >[TZK=>-É.I¼TGS3F0FVU[K�DG<?`ba�a0]_K=>¨I0]_K¡@�Ê?]_L8U[K=F0;�<0F0I�L[`baV\·DG`ba0K�r�UQDG�0]_Ce]_UQoZU§�5K°\^]eK=L8K=F
\§K=>[I?K=F�¢lK=>-\·KM]_U[K=>8UX<0�ÏK=]eF?K¡�:KM>[L8]eS3F¯I0KML H h i¨a0K=SG>[K=��L �k��0>�I0]_K�>[oG<0��Ce]_`ba�]_F0a0S3��S3H3KMF0K�N¡C_K=]_`ba�<?F0H¼]_L8U�I0]eK�i¨a0KMS3>[]_K�\§K=]nUbDG<0L¡\§K=F0]_H3K=>«K=FVUj\^]e`bTZK=C_U �
WAKM�5KMF¿I?K=>���K=>[KM]_U[L�K=>8\·oGa0FVU[K=F � >[��K=]nU

� �3� �PL8S3CeC_K=F+a0]_K=>�DZ<0`ba¿I?]eK � KM]_U[>QoGH3K � £D�O<0F0I � � �
H3KMFfDGF0FVUX\·KM>[I0KMF�¢±]_F�I0KMF0K=F¼��DZU[a0K=��DZU[]eL[`ba?K«ºX]eCnc L[��]_U[U[K=C5K=]eF?H3KMc �0a?>8UX\^<0>[I0KMF�¢�I0]eK¡I0KM>YpXF.h
UQKM>[L8<0`bam<0F0H¼I?K=> � S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0H�DGCeC_H3K=��K=]_F�¢lL[­�K=;=]_K=C_C � K=I?S.`baÃI0KM> � KMU[>QDG`baVUQ<?F0H�I?K=L
�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L²]eF¯I0]_K=L[KM> � >[��K=]nU^;=<0HG<?UQK¡TGSG����K=F �
WYDgUQ�0>8Ce]e`ba�]_L8U¨I0DG��]nUÌFm<0>¨KM]eF¯L[KMa0>¨TmCeK=]_F0K=>·i�KM]eC�I0KM> � >8�5KM]_UQKMF¯;=<0>^@�Ê.]eL-UQK=F?;¡qGS3F � ¸3L[<0F?H3K=F
<0F0I�]ea0>8K=>§@:]_H3K=F?L[`bafDZcdU[K=F�KM>8\·oGa0FVUÌ\§S3>[I0KMF � ® K=]nUQKM>[KjbO<0KMCeC_K=F�\·KM>[I0KMF�]_F�\§K=]nUQK=>8K=F��:KM>[CeDG<?c
I0]_K=L[KM> � >[��K=]nU^]e� � KM\§K=]eC_]eH3KMF�Æ±<0LQDZ����K=F0a0DGF0HJH3KMFfDGF0FVU �

ced�� M oq~ ~ �ti�Õ xqoqrsktlnp i�lnrsk�~�oqp�rsktlnp9¡³lnm m h
RY]_K � Fm\§K=F?I0<0F0H�I?K=LAc SGCeH3KMF0I0K=F � K=����DZL^\^]_>[I�I0]eK � K°\·KM]eL-c �0a0>[<?F0H���K=]ÑK=]_F0]eH3KMF¼WXS3>[��DG�.h
L[`ba0oZUQ;M<0F0H3KMF�c �0>^I0KMFÍNPKM\^]_F0FVUQK=>8�»I0KMLY�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3>[L²K=FVU[L[`ba0KM]eI0KMF0I¼q3KM>[KM]eF?c½DG`ba?K=F��J øD�Û�Àþ#ó=;£¢	;½ó=; `�U�Ö λ, γ > −3 \�R°×�RYV hλ : [−1, 1] −→ R �IV	S F : R3 −→ R `E�DV?�]W½×ÙØ]VERYV	«ï R°×?¦�R°Ö¤VER°Ö w′ ¦¤U.Ösª�Ý3×�R°Ö¤WXRa\ v ∈ R3 S<��Öa�a�B
 É « É�� �OSIR'ª�Vf×�R°ÖYW�« � Ô<V�Vt¡G×��²W
∫

S2

∫

R3

hλ(µ)|v − w|γF (w′) dw de = 2π 2(γ+3)/2

1∫

−1

hλ(µ)

(1 + µ)(γ+3)/2
dµ

∫

R3

|v − z|γF (z) dz ,

Í £ � ¦ � Î\¥Ø§¦�R°Ö¤V9SG×�RÁõ¤V�W§R�¡GÖ8Ô<��R«Ô<�¤¦¶SIR°Ö¡ÖaRa�a�IWXRYV ï R°×�WXR©RTÝ3×�\YW÷×�R°Ö@RYV	«¨�RY� R°×�\f«^RYK=> � K°\·KM]eL^�5KML8U[K=aVUY]_� ® K=L8K=FVUQC_]e`ba0KMF¼IfDG>8]eF�¢.I0]eK � DZ`=S3�0]Úh�RYK°UQKM>[��]eFfDGFVU[K
det

(
dw

dz

)

��K=;=�?H3Ce]_`ba�I?K=>AN¡>8¸3¹3K
µ(z, e) =

(v − z) · e
|v − z|

Í £ � ¦3¦ Î
IfDG>8;=<0L-UQKMCeCeKMF�¢m\·S3��K=] e ∈ S2 <?F0I v ∈ R3 ´?Ê.]_K=>8U·L[]_F0I � RODG��]_U§H3]eCnUBc �0>·IfDZLÌªjFVUQK=HG>QDGC5DG<?cÑI0KM>
Ce]_F0TGKMF�r.K=]nUQKPq3S3F Í £ � ¦ � Î µ = µ(w, e)

� RY]_KO�²DG>[]eDG�0CeK z ∈ R3 L8K=]%\^]eK w′ IfDG>[HGK=L8U[K=C_C_UXDGC_L

z =
1

2
(v + w − |v − w|e) . Í £ � ¦G¤ Î



£ ���.� @B]_F�F0�.UQ;=C_]e`ba0KML¨UQK=`ba?F0]eL8`ba0K=L � KM����D Ò.£

³¼DGF��5KM>[K=`ba?F0KMU
dz

dw
=

1

2

(
I +

v − w
|v − w|e

T

)
⇒ det

(
dz

dw

)
=

1

8
(1 + µ(w, e)) .

klKM>[F0KM>¨H3]eCnU

2|v−z|2 = 2|v−w−(z−w)|2 =
|v − w|2

2

∣∣∣∣∣
v − w
|v − w|+e

∣∣∣∣∣

2

= |v−w|2(1+µ(w, e)) . Í £ � ¦ � Î
� ]eC_I0KMU¨��DGF�DG<?c���K=]eI?K=F�r.K=]nUQKMF�I0KM>AN¡C_K=]e`bam<0F?H

2(v − z) = (v − w) + |v − w|e
IfDGLAr.TgDGCEDZ>[­0>8S.I0<?TmUÌ��]nU e <0F?I��m<fDGI?>[]eKM>8UXDGF?L[`ba0C_]eK=¹GK=F0I�¢fKM>[H3]_�?U^L[]_`ba

4|v − z|2µ(z, e)2 = |v − w|2(1 + µ(w, e))2 ,

\·S3>[DG<0L^I0<0>8`ba��:KM>[H3C_K=]e`ba¯��]_U Í £ � ¦<� Î c S3C_HGU��
µ(w, e) = 2µ(z, e)2 − 1 <0F0I |v − w| = |v − z|

µ(z, e)
.

RY]eKPH3KML[<0`baVU[K|RODG>8L8U[K=CeC_<0F0H�I0KM> � DZ`=S3�0]Úh�RYK°UQKM>[��]eFfDGFVU[KOCEDG<.UQKMU^I0DG��]nU��

det

(
dw

dz

)
= 4µ(z, e)−2 .

� K=]_��ÜA��K=>8HVDGF0H¯q3SGFÀI0KM>�ªjFVU[H3>QDZU[]eS3F?L8qZDG>[]eDG�0C_K=F w ;=<?>��²DG>8]EDG�?CeK=F z ]_L8U¡c S3CeHGK=F0I0KML¡;=<Î�5KÈhDG`baVUQK=F±�BRY<0>8`ba0CEoG<.cdU w Í c �0>�´?Ê.]_K=>8U[K e ∈ S2 <0F?I v ∈ R3 Î I0K=FµH3KMLQDG�«UQK=F � DG<0� R3 ¢�L8S
I0<0>[`ba?CEoG<?cdU z \§K=H3KMF Í £ � ¦G¤ Î I0K=F�ºYDGC_�0>QDZ<0� Í L[]eKMa0K � �0� � £ � � Î

{z ∈ R3 : µ(z, e) ≥ 0} .
RODG>QDZ<0L^K=>[a0oGC_U^��DGF

∫

S2

∫

R3

hλ(µ) |v − w|γF (w′) dw de

= 4

∫

S2

∫

{z:µ(z,e)≥0}

hλ(2µ(z, e)2 − 1)

µ(z, e)2+γ
|v − z|γ F (z) dz de

= 4

∫

R3

|v − z|γ F (z)

∫

{e:µ(z,e)≥0}

hλ(2µ(z, e)2 − 1)

µ(z, e)2+γ
de dz .

k��0>²I0]eK � K=afDZF0I0Ce<?F0H�I0KMLÌ]eF?F0K=>8K=F�ªjFVUQKMH3>QDZCeL§\·oGa0CnUÌ��DGF�;M<0>Ì��DG>QDZ��K°UQ>[]_L[]_K=>[<?F0H«I?K=>¨ºXK=��]nh
L[­0afoZ>[K {z : µ(z, e) ≥ 0} KM]eF0K^S3>-UQa0SGH3S3FfDGC_KX³¼DZU[>[]nÊ U ∈ R3×3 ¢VI0K=>8K=F�I0>8]_U8UQKAr.­fDGCnUQK^H3KM>QDGI0K
I0<0>[`ba (v − z)/ |v − z| H3KMH3K=��K=F�]eL-U^<0F0I¯c �0>^I0]eKPH3]_C_U=�

e =
1√
2
U




cos η
√

1− µ
sin η

√
1− µ√

1 + µ


 , 0 ≤ η < 2π , −1 ≤ µ ≤ 1 .



Ò � �¡DG­?]_UQKMC�£ � �P]eF0K°UQ]_L[`ba0K«N¡DGL8U[a0K=S3>8]eKP<0F?I � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H

@BL¨c S3CeHGUÌa0]eKM>QDG<0L
µ(z, e) =

√
1 + µ

2
¢ de =

2−3/2

√
1 + µ

dη dµ ,

<0F0I���DGF¯K=>[a0oGC_U=¢?\^]eKP��K=afDZ<0­?UQK°U��

4

∫

{e:µ(z,e)≥0}

hλ(2µ(z, e)2 − 1)

µ(z, e)2+γ
de = 2π 2(γ+3)/2

1∫

−1

hλ(µ)

(1 + µ)(γ+3)/2
dµ .

�|øI�Àø
���F��ö��Ãó=;£¢	; �(; ªjFJDGF0I0KM>[KM>ÁklDGL[L8<0F0HY\^<?>[I0KÌI?]eK=L8K=L � KM����D^<0>[L8­0>[�0F?H3Ce]_`ba|]eF � £O�?L8S�\^]_K
L[­0oZUQKM>Y]eF

� � ��c S3>8�|<0C_]eK=>-UX<0F0IÍ��KM\^]_K=L[KMF � @BLO]_L8UA]e� Æ±<0L[DG����KMF0afDGF0H���]nUXI0K=> � S3C_U[;=��DGF0F.h
NPCeK=]_`bam<0F0H�<0FVUQKM>XI?K=�ðWADG��KMF¥¤:Ô<VE�aRY���nÔ<W½×ÙØ]V���RY�©��Ô��5KMTZDZF0FVU �



$ � & ����� � ¦

§ ����	���� � ���+���©¨
��� � ����� ª ��� � �+�%!#"»�����'�+�

ªjF�I0]_K=L8K=�Û�¡DG­0]nUQK=C�\§K=>8I0K=F¼I0]eK�RYK°´fF0]_U[]eS3F?K=F�I0K=>X]e� � DGa?��KMF�I0]_K=L8K=> � >[��K=]nUADG�»afoG<.´fH3L-h
UQK=F���KMUQ>[DG`baVUQK°UQK=FÍkl<?F0TVUQ]eSGF0K=F0>[oG<0��K¡DGF0H3KMH3K=��K=F�<0F0I�K=]eF?]eH3KP]_a0>[KM>^@:]_H3K=F?L[`bafDZcdU[K=F�;=<0L[DG��h
��KMF0H3KMc½DZL[L8U �?� CeL§\§K=]nUQKM>[KO��DZUQa?K=��DZUQ]_L[`ba0KYºA]eCnc L[��]_U8UQK=C.\·KM>[I0KMF�I?]eKYªjFVU[K=>[­�S3CeDZUQ]_S3F�;°\^]eL[`ba?K=F� DGFfDG`ba�h � oG<0��K=F¯<0F0I�I0]eK¡RA]_¬5K=>[KMFVUQ]EDgUQ]eSGF�]eF � DGFfDZ`ba.h � oG<0��K=F¯Tm<0>[;PqGS3>[H3KML8U[K=CeCnU �
@:L¡c S3C_H3K=F�kfS3>[�|<?Ce]eKM>[<0F?H�<0F0I � KM\§K=]eL�K=]_F0K=> � K=]ea?K�qGS3FÄpXF0H3C_K=]e`bam<0F?H3K=F�¢ÑI0]_KJc �0>«I?]eK�pAF.h
UQK=>8L[<0`bam<0F?H�I0KML§�XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>8L��0;°\ � I0K=>:@B]eHGK=F0L8`bafDZcdUQKMF�I0KM> � ¸3L[<0F?H3K=F�I0K=L:>QoZ<0��C_]e`ba
a0S3��S3H3K=F?K=F � F?c½DZF0H3L8\§K=>-UQ­0>8S3�0C_K=��L^qGS3F � K=I0KM<?UQ<?F0H�L8K=]eF�\§K=>8I0K=F �
RYK=>XCeK°UQ;MU[K � �0L8`ba0F0]_U8UA\^]_I0��KMU^L[]_`ba¼I0KM>Ykf>[DGH3KG¢.\·KMCe`ba0K«ªjFmU[K=H3>8]eKM>[�fDG>8TGKM]_UQL-q3S3>[DG<0L8L[KMU[;=<0F?H3K=F
q3S3F¶I0K=>��:K=>-UQK=]_Ce<0F?H3L[I0]_`baVUQKMc <?F0TVUQ]eSGF¶KM>8c �0C_C_UJ\§K=>[I?K=F+�|�?L[L[KMF�¢²<0� I0]eK ® S3a0C_I0KM´fF?]eK=>-UQa0KM]_U
I0K=L H hjkl<?F0TVUQ]eSGFfDGCeL§;=<�H3KM\·oGa0>8CeKM]eL8U[K=F �

ÐOdqc 7#|�~«G£i�oqv¶~tln~tzkje|�m l
� <0L:>[KM]eF�­0aVÉ�L[]_TZDZCe]eL8`ba0K=F�ÜA��K=>8CeKMH3<0F0H3KMF�a0K=>[DG<0L:\^]e>[I���DGF|q3SGF � F.c½DGF0H3L8�5KMI0]eF0HG<0F0H3KMF�<?F0I� ¸GL[<0F0HGK=F¼I?K=> � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H|q3KM>[CeDGF0H3KMF�¢lIfDGL[LY³¼DGL8L[KZ¢�ªj��­0<0C_L^<0F0IÍ@BF0KM>[H3]_K¡K=F0I.h
Ce]e`ba�L[]_F0I � ® K=HGK=FÃI0K=>ORYKM´fF?]_UQ]_S3FÍI0]_K=L8K=>O��DGTm>[S3L8TGS3­?]eL[`ba?K=F�N¡>8¸3¹3KMFÍCeKM]_UQK°UYL8]e`baÃDG<?LPI0]eKML[K=>
klSG>[I0KM>[<0F0HÄDG��¢²IfDGL[L�I0]eK¼kl<?F0TVUQ]eSGF+�0;=HGC � I0K=>�N¡KML[`baV\^]eF0I?]eH3TZK=]_U�]eF�KM]eF0KM� KMFVUQL[­?>[K=`ba?K=F0I
H3KM\^]_`bamU[KMU[K=F L1

h � DG<?�»Ce]_K=H3KMF���<0L[L � @BLXCe]_K=HGU^FfDZa0KG¢fI0]_K � S3C_U[;=��DGF0F.h�N¡C_K=]_`ba�<?F0HJ�0;M\ � I0KMF
�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>§c �0>YL8S3Ce`ba0K�kf<0F0TVUQ]_S3F0K=F¼;=<#<0FVUQKM>[L8<0`ba0K=F � ROD���DGF¼��K=]_� N¡K°\^]eF0FVUQKM>[�
H3KM\^]_L[L[K�NPCEogU[UQ<?F0H3L[K°¬±KMTVUQK|��K=S3�0DG`baVUQK=FÃTgDGF0F±¢±CeSGa0FVUOL[]_`baÎDG<0`ba#IfDGL�rmUQ<0I0]_<0� I0]eKML[K=LPÓP­�K°h
>QDZU[S3>[L²]eF�K=FVUQL8­0>[KM`ba0K=F?I0K=F�kf<0F0TVUQ]_S3F0K=F?>QoG<0��K=F±¢�F0DG��KMFVUQCe]_`ba�]_F�HGKM\^]e`baVU[KMUQKMF�r.S3��S3CeK°qVh�<?F0I� K=L8L[K=C_­5SZUQK=FVU[]EDGC_>QoG<0��K=F �

èyçÌæ�çTæ ¬®­ àOã�ä� �å§ë.ä%çBìU �ä�ì ê âBì0ä�ì°¯XàYåÜë·ë! §í²åAä%å
£ Î k��0> 1 ≤ p <∞ I0KM´0F0]eKM>8U^��DGF¯I0K=F � DZ<0�ÏI0KM> p ´ ¦MÔI�a� N Rf¥YRa\>¡<��RY´j×�V�W§R�¡GÖÈ×�R°Öq¥bÔGÖ@RYV±`E�DV?�]´W÷×ÙØ]VERYV#I0<?>[`ba

Lp =
{
f : R3 −→ R :

∥∥f |Lp
∥∥ <∞

}
,

Ò3Ò



Ò � ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

\§S3�5KM]
∥∥f |Lp

∥∥ =

(∫

R3

|f(v)|p dv
)1/p

.

� Î ªj� k�DZCeCeK p =∞ I?KM´fF0]_K=>-U¨��DZF�I0KMF � DG<?� L∞ I0K=>Á� Ra\�RYV�W$� ×��a�t¥YRa\��a��ÖT�<V?�]W§RYV?`E�DV?�]W½×ÙØ]´VERYV#I0<0>8`ba�I?]eK�kfS3>[I0KM>[<0F?H0¢0IfDGL8L¨c �0>^I0]eKML[K
‖f |L∞‖ = KML[L sup

v∈R3

|f(v)|

K=F?I0Ce]_`ba�]_L8U �
Ò Î k��0> ν ∈ R I?KM´fF0]_K=>-UA��DGF¯I0]_Ke¡IRY�B×��a�IW§RYWXRYV Lp ´�¢y�<�I��R¡I0<?>[`ba

L〈ν〉p =
{
f : R3 −→ R : 〈·〉ν f ∈ Lp

}
, 1 ≤ p ≤ ∞ .

RY]_K�ZÁRY�B×��a�IW�\'¦¤�IV?�]W÷×ÙØ]VÍ]_L8U^IfDZ�5KM]%I0KM´fF?]eK=>-UADGCeL
〈v〉ν = (1 + |v|2)ν/2 , ν ∈ R . Í �.� £ Î

RY]_K�KMFVUQL[­?>[K=`ba?K=F0I0K|WAS3>8�»CEDG<.UQKMU¨DGCeL8S � K°\·KM]eC_L

1 ≤ p <∞ :
∥∥f |L〈ν〉p

∥∥ =

(∫

R3

〈v〉pν |f(v)|p dv
)1/p

,

�0;°\ �
∥∥f |L〈ν〉∞

∥∥ = KML[L sup
v∈R3

〈v〉ν |f(v)| .

�:K=>-UQKM]eCe<?F0H3L[I?]e`baVUQKMF f ��]_UXK=F?I0Ce]_`ba0K=>YRY]e`baVU[KG¢�ªj��­0<?CeLX<0F0IÃ@BF0K=>8H3]eK�L[]_F0I#DGC_L[S�H3K=FfDZ< � K=F?KG¢c �0>¨I0]_K f ∈ L〈2〉1
H3]_C_U �

k��0>^kf<0F?TmU[]eS3F?K=F
f : Rd −→ R

\§K=>[I?K=F¼I?]eKPK=FVU[L[­0>8K=`ba0KMF0I0K=F � oG<0��KO��]_U Lp
(
Rd
) �0;M\ � L〈ν〉p (Rd) ��K=;=KM]e`ba0F?KMU ��:S3FÃI0KM�©c S3C_H3K=F0I?K=FÍc <0F0I0DG��KMFVUbDGC_K=F�r?DZU[;�\^]e>8IÎa0oG<?´fH�NPK=�0>[DG<0`baÃH3K=��DG`baVUP\§K=>[I?K=F � � KÈh

\§K=]eL8KP´fF0I0KMF¼L[]_`ba�]_F
� �<� �Ñ<0F0I � ÝZ¤.� �

2±þ?ù�
��	;½ó=;½ó=;�²&³±´.�%�ÑøI���@�¯ö��	� ø.õ½ûgü���ö��(µ
ï R°× 1 ≤ p ≤ ∞ �IV	StSIR°Ö��VØ]V�±¤�6¡G×�R°Ö¤WXR � ÝMÕfØ]VERYV�W S<��Ö@�a�

p′ =





p

p− 1
, 1 < p <∞

∞ , p = 1

1 , p =∞

Í �.� � Î
SIR'ª�Vf×�R°Ö¤W¶
$�]�.ÖT� @ 1/p+ 1/p′ = 1 �<« � Ô<V�V�¡G×��²W�¦¤U�Ö f ∈ Lp(Rd) �IV	S g ∈ Lp′(Rd) @

f g ∈ L1

(
Rd
) �IV	S ∥∥f g |L1

(
Rd
)∥∥ ≤

∥∥f |Lp
(
Rd
)∥∥ ∥∥g |Lp′

(
Rd
)∥∥ ,



�.� £ � kf<0F?TmU[]eS3F?K=F0>[oG<0��K Ò3Ý

×�V�õYV�WXR�¡GÖ8Ô<� ¦�ØgÖY�3¦¤U.Ö p <∞ @
∫

Rd

|f(v) g(v)| dv ≤
(∫

Rd

|f(v)|p dv
)1/p (∫

Rd

|g(v)|p′ dv
)1/p′

.

RODGLÁc S3C_H3K=F0I?K � KM����DY\^]e>8IJ]e� � DGa?��KMFJI0]eKML[K=> � >[��K=]nU:F�<?>Ác �0>BI0K=F�klDGCeC d = 3 q3KM>8\§K=F0I0K°U �pA� I0]eK � �0a0oGF0H3]_H3TGKM]_UÌI?K=>·��KMU[K=]_Ce]eHZUQK=F�N¡>8¸3¹3KMF�q3S3F�I?K=>ÌRA]e��K=F0L8]eS3F�T�CeDG>·a?K=>QDZ<0L[;M<0L8U[K=CeC_K=F�¢
\^]e>[I¯KML^c �?>XI?K=F�DGCeC_H3K=��K=]_F0K=F�klDGC_C5c S3>8�|<0C_]eK=>-UÌ<0F?I���KM\^]_K=L[KMF �
J øI�·�Àþ³�(;½ó=;��(;L� \j\�R°×�RYV ν, ν1, ν2 ∈ R «
Ô�� ï R°× 1 ≤ p ≤ ∞ « � Ô<V�V¼×�\YW	¦¤U�Ö ν1 ≤ ν2

SG×�R � ×�V	¥YRYW%W%�DVI¡
L〈ν2〉
p

(
Rd
)
⊂> L〈ν1〉

p

(
Rd
)

\YWXRYW÷×µ¡�«
¥1� � \à¡G×��²W

∫

Rd

〈v〉ν dv <∞⇔ ν < −d .

�~� ï R°× p > 1 �DV	S f ∈ L〈ν1〉
p

(
Rd
) « � Ô<V�Vt¡G×��²W @

f ∈ L〈ν2〉
1

(
Rd
)
⇐⇒ ν2 < ν1 −

d

p′
,

�·Ø<¥YR°× p′ = p/(p− 1) « ZÁRYV�Ô<��R°Ö @
∥∥∥f |L〈ν2〉

1

∥∥∥ ≤ Cd,p,ν1,ν2

∥∥f |L〈ν1〉
p

∥∥ Í ��� Ò Î
�J×�W{SIR°Öà®JØ]V?\YWÙÔ<V�W§RYV

Cd,p,ν1,ν2 =





(∫

Rd

〈v〉p′(ν2−ν1) dv

)1/p′

, 1 < p <∞

∫

Rd

〈v〉ν2−ν1 dv , p =∞

. Í ���ï� Î

¨�RY� R°×�\f«XD Î k��?> ν1 ≤ ν2
H3]eCnU¨­0<0F0TVUj\§K=]_L[K 〈v〉ν1 ≤ 〈v〉ν2 <0F0I�IfDG��]_U
∥∥f |L〈ν1〉

p

(
Rd
)∥∥ ≤

∥∥f |L〈ν2〉
p

(
Rd
)∥∥ . Í ��� Ý Î



Ò � ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

� Î WASZUj\·KMF0I0]eHGK=>8\§K=]_L[K��|<0L8L ν < 0 HGK=C_U[K=F � � K=;MK=]_`ba0F0KMU χd IfDGLXÓO��K=>8ÂfoG`ba0K=F?��DG¹�I0KM> (d−
1) hjI0]_��KMF0L[]_S3FfDGC_K=F @B]eF0a?K=]_U[L[Tm<0H3KMCeS3��K=>-ÂloG`ba0KZ¢§L8SÀKM>[afoGCnU���DGF¶<0FVUQKM>��:K=>-\·KMF0I0<0F?HÀq3S3F�P<0H3KMCeTGS�S3>8I0]eFfDgUQK=F

∫

Rd

〈v〉ν dv =

∫

Rd

(1 + |v|2)ν/2 dv

= χd

∞∫

0

rd−1(1 + r2)ν/2 dr

(ν<0)

≤ χd




1∫

0

rd−1(1 + r2)ν/2 dr +

∞∫

1

rν+d−1 dr


 .

RODGL¯KM>[L8U[K#ªjFVUQK=HG>QDGCP]_L8U�SG¬5K=F?L[]e`baVU[Ce]e`baË<?FfDG�0afoZF0H3]eHÄqGS3F~I0K=>¯RA]e��K=F0L8]eS3F d <0F0I~I0KM�@�Ê.­5S3F?K=FVUQKMF ν I?<0>[`baË£���K=L8`ba0>QoZF0TVU � RYDGL�;°\·KM]_UQK�]eL8U�H3K=F0DG<ÄIfDGF?FÄTGS3FVqGK=>[HGK=FVU�¢Á\§K=F0F
ν + d− 1 < −1⇔ ν < −d H3]_C_U�¢VI?K=> ® K=>-U¨I0K=L·ªjFmU[K=H3>[DGCeL·]eL8U·]eF�I0]eKML[K=�ÏklDGCeC 1/(ν + d)

�
@BLXc SGCeHGU

∀ν < −d :

∫

Rd

〈v〉ν dv ≤ χd

(
1− 1

ν + d

)
. Í �.��� Î

` Î ªj� k�DZCeC 1 < p <∞ KM>[afoZC_UÌ��DGF�I0<0>[`ba � <?c L8­fDGC_U[K=F�I?K=L¨@�Ê.­5SGF0K=FVUQKMF¯<0F0I � FV\§K=F0I?<0F0HI0KM>AºX¸3CeI?K=>-hjpAF0HGCeK=]_`bam<0F0H0�
∫

Rd

〈v〉ν2 |f(v)| dv ≤
(∫

Rd

〈v〉pν1 |f(v)| ν1 dv

)1/p(∫

Rd

〈v〉p′(ν2−ν1) dv

)1/p′

.

RODGL^KM>[L8U[K¡ªjFmU[K=H3>[DGCÑDG<?c6I0KM>^>[K=`baVU[K=F#r�K=]_U[KO]eL-U^FfDG`ba¯�:S3>QDZ<0L[L8KMUQ;M<0F0H�K=F0I?Ce]e`ba � WYDG`ba¯i6K=]_C
� Î K°Ê.]_L8UQ]_K=>-U^IfDGL^;M\§K=]nUQK¡ªjFVUQK=HG>QDGC%H3KMFfDG<�IfDGF0F±¢0\·KMF0F

p′(ν2 − ν1) < −d⇐⇒ ν2 < ν1 −
d

p′
.

� F0DGCeS3H�afDgU^��DGF¯]_�»klDGCeC p =∞ �
∫

Rd

〈v〉ν2 |f(v)| dv ≤
(∫

Rd

〈v〉ν2−ν1 dv

)
KML[L sup

v∈Rd
|〈v〉ν1 f(v)| ,

<0F0I�IfDGL¨ªjFVUQKMH3>QDZCÑDG<?cÁI?K=>^>[KM`bamU[K=FÍr.K=]nUQKPK°Ê.]_L8UQ]_K=>-U�¢0\§K=F0F ν2 − ν1 < −d
�

�|øI�Àø
���F��ö�� �(;½ó=;  	; r.­�K=;M]eKMCeC:�5KMLQDGHZU�i6K=]_C²` Î I0KML«qGS3>QDGF?H3K=HVDZF0H3K=F?K=F � K=����DZL=¢%IfDGL8L|I0]_K@B]eFm��KMU[U[<0F0H
L〈ν〉p ⊂> L〈2〉1



�.� £ � kf<0F?TmU[]eS3F?K=F0>[oG<0��K Ò3¦

L8UQK°UQ]_H�]_L8U=¢?\·KMF0F
ν > 2 + 3/p′ .

RODG��]_U§]eL8U·TmCEDG>M¢�\^]_KY��DGF�IfDGLÌN¡K°\^]e`baVU¨]_F Lp ��]eF?I0K=L-UQK=F?L·\ÌoZa0CeKMF��|<0L8L=¢0<0��I0]_KO@BF0I0C_]e`ba.hTGK=]nU¨q3S3F¼RY]e`baVU[KG¢fªj��­0<0CeL¨<?F0I¼@BF0KM>[H3]_K¡;=<�H3KM\·oGa0>8CeK=]_L8U[K=F �
k��0>¨I0KMF¼I0>8K=]eI?]e��K=F0L8]eS3FfDZCeK=F�N¡KML[`baV\^]eF0I?]eH3TZK=]_U[L[>[DG<0�ðK=>8afoGCnUA��DGF�DG<0L Í �.�ï� Î <0F0I Í �.�ö� Î I0]eKc S3CeH3KMF0I0KPS3��K=>8K�r.`ba0>[DGF0TGK�c �0>¨I0]_K�rmUQKMU[]eH3TZK=]nUQL[TZS3F0L-UbDGFVUQKZ�

C3,p,ν1,ν2 ≤
(

4π
(

1− 1

3 + p′(ν2 − ν1)

))(p−1)/p

=

(
4π

(3 + ν2 − ν1)p− 4

(3 + ν2 − ν1)p− 3

)(p−1)/p

, Í ��� ¦ Î
c �0> 1 < p <∞ <0F0I

C3,∞,ν1,ν2 ≤ 4π
2 + ν2 − ν1

3 + ν2 − ν1

Í ��� ¤ Î
c �0> p =∞ �
ªj� Æ±<?LQDG����KMF0afDGF?H���]_UXI0K=> � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H��0]eK°UQK°UOK=LAL[]_`ba#DGF�¢�I0K=FÃkf<0F?TmU[]eS3F?K=F.h
>QDG<0�

LΘ
1 =

{
f : R3 −→ R : exp(Θ |·|2)f ∈ L1

} Í ��� � Î
c �0> Θ > 0 ��]_U·I0K=>XWXS3>[�

∥∥f |LΘ
1

∥∥ =
∥∥exp(Θ |·|2)f |L1

∥∥ =

∫

R3

exp(Θ |v|2) |f(v)| dv Í �.� £ � Î
;=<��5K°UQ>QDZ`bamU[K=F � RY]_K�³¼DgÊ�\§K=CeCnq3KM>8UQKM]eC_<0F0H3KMF�c½DGC_CeKMF��5KM]eL[­?]eK=C_L8\§K=]_L[KP<0FVUQKM>^I0]eKML[K��¡DZUQKMH3S3>[]_K �

èyçÌæ�çºè · í ê í�ì�ä([ v àAåàî#¸�ä%á�á.äFì~Q¶íÁë?ä%å²ëf �â�ìjì ­ àOã�ä
k��0> α1, α2, α3 ∈ N0

��K=;MK=]_`ba0F0KMU α = (α1, α2, α3) ∈ N3
0
K=]_F0K=F�RY>8K=]nc½DG`ba0]eF?I0K°Ê5¢

|α| =
3∑

i=1

αi

I0K=F � KMU[>QDGH�I0KMLAªjF?I0K°Ê�<0F?I

∂αg(v) =
∂|α|

∂α1v1 ∂α2v2 ∂α3v3
g(v) .

³�]_U^I0KM>^TGS3��­5SGF0K=FVUQKMFV\·KM]eL[KMF#ÓO>[I?F�<?F0H�I0KM>X³�<0CnUQ]e]_F0I0]_;=K=LM¢

β � α⇐⇒ βi ≤ αi , i = 1, 2, 3 ,

<0F0I�I0K=�»I?>[K=]_I0]e��K=F?L[]eSGFfDGCeKMF � ]_F0S3��]EDGC_TGS�KOl�;=]_K=FVUQKMF
(
α

β

)
=

3∏

i=1

(
αi
βi

)
,



Ò3¤ ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

L[`ba?>[K=]_�?U�L[]_`baÎI?]eKJI0>8K=]eI?]e��K=F0L8]eS3FfDZCeK«k�DZL[L[<?F0H�I?K=> � K=]_�0F0]e;ML[`ba0KMFÀ�B>8S.I0<?TmU[>[KMH3K=CÁc S3C_H3K=F?I0K=>�h
��DG¹3K=F±�

∂α(g1(v) g2(v)) =
∑

β�α

(
α

β

)(
∂βg1(v)

) (
∂α−βg2(v)

)
. Í ��� £3£ Î

k��0> s ∈ N0
<0F0I 1 ≤ p ≤ ∞ ]eL8U^I?K=> ï Ø<¥°Ø]��RYP�´�¢ÌÔ<�D� Ws

p
I?KM´fF0]_K=>-UXDGCeL

Ws
p =

{
g : R3 −→ R : ∀ |α| ≤ s : ∂αg ∈ Lp

}
.

� KM;=�0H3C_]e`ba¯I0KM>AWXS3>[�
∥∥g |Ws

p

∥∥ =

( ∑

|α|≤s

∥∥∂αg |Lp
∥∥p
)1/p

, Í ��� £ � Î
]eL-U Ws

p
KM]eF � DGFfDG`ba�h � DG<0� � ªj� klDGC_CeK p = ∞ ]_L8UAI0]eK|r.<0����K�FfDZU[�0>[C_]e`ba�I0<0>8`ba#IfDGLP³�DgÊ.]nh�|<0�Ï�0�5KM>^DGCeC_K α ;=<¼KM>[L8KMUQ;MK=F �k��0> ν ∈ R ]_L8U^I0KM>Á¡IRY�B×��a�IW§RYWXR ï Ø<¥°Ø]��RYP�´�¢ÌÔ<�D� Ws,〈ν〉

p

Ws,〈ν〉
p =

{
g : R3 −→ R : 〈·〉ν g ∈Ws

p

}

K=��K=F.c½DGCeC_LÌK=]_F � DZFfDG`ba.h � DG<?��¢�\·KMF0F¼KM>X��]_UÌI0K=>XWASG>[�

∥∥g |Ws,〈ν〉
p

∥∥′ =
( ∑

|α|≤s

∥∥∂α
(
〈·〉ν g

)
|Lp
∥∥p
)1/p

, Í ��� £¥Ò Î
S�I0K=>¨I0KM>XoG�m<0]_qZDGC_K=FVUQKMF¼WXS3>[�

∥∥g |Ws,〈ν〉
p

∥∥ =

( ∑

|α|≤s

∥∥〈·〉ν ∂αg |Lp
∥∥p
)1/p Í ��� £ � Î

q3KM>[L8K=a0KMF¼\^]e>8I �� KM;=K=]_`ba0F0K°U C∞ I0K=F � DG<0� DZCeCeKM>%<0F0KMF0I0Ce]_`ba|SGcdU�I0]_¬5K=>8K=F0;M]eKM>[�fDG>8K=F«TGS3��­0CeKÈÊ�\·KM>8UQ]_H3K=F�kf<0F0T3hUQ]_S3F0KMF�¢ÑL[SÍ]_L8U«I0K=> ï �a�I�²ÔGÖYW��f´�¢ÌÔ<�D��I?K=>�L8`ba0F0KMCeC§c½DZCeCeKMF0I0KMF�H3CeDZU[U[K=FÀkl<?F0TVUQ]eSGF0K=F�I0KM´fF?]eK=>-UDGC_L
S =

{
g : R3 −→ C , g ∈ C∞ : ∀ν ∈ R,α ∈ N3

0 : ∃Cν,α : |〈·〉ν ∂αg| ≤ Cν,α
}
.

@B]eF0K¡kfS3C_H3K (gn) q3S3F¼r.`baV\ÌDZ>8UQ;Èh�kf<0F0TVU[]eS3F0KMF¼a0KM]e¹GUÌ]eF S H3KMH3K=F � TGS3FVqGK=>[HGK=FVU�¢l\·KMF0F¼HG]eC_U
∀ν ∈ R,α ∈ N3

0 : lim
n→∞

‖〈·〉ν ∂αgn |L∞‖ → 0 ,

<0F0IÀK=]eF?K�kfS3CeHGK�a?K=]e¹ZU�TZS3FVq3K=>8H3K=FVU�]_F S ��]_U�N¡>8K=F0;°\·KM>8U g ∈ S ¢Ñ\·KMF0F (gn − g) → 0 ]_�DGF0HGK=H3KM�5KMF0K=F�r.]_F0F0KXH3]eCnU � RA]eKY��K=;M�0H3C_]e`ba�I?]eK=L8K=> Í CeSGTZDZCeTGSGFmqGK°Ê.K=F Î i6S3­5SGCeS3H3]_K^DG<?c S L-UQK°UQ]eHGK=FCe]_F0K�DZ>[K=F�kf<0F0TVU[]eS3FfDZCeKBa0KM]e¹3KMFØWXRY�YÕ�R°ÖÈ×�R°ÖYWXR � ×�\YW½Ö°×%¥f�IW½×ÙØ]VERYVJ<0F0I�I?K=>6;=<0H3KMa0¸3>8]eH3K � DG<0�¾\^]e>8I��]_U S′ ��K=;=KM]e`ba0F?KMU �RY]_K¡klSG<0>[]_K=>-h i�>[DGF0L-c S3>[��DZUQ]_S3F�]_L8U^I0K°´fF0]_K=>8UADGC_L

F(g)(ξ) =

∫

R3

g(v) exp(ι(v · ξ)) dv ,



�.� £ � kf<0F?TmU[]eS3F?K=F0>[oG<0��K Ò<�
\·S3��K=] ι I0]_KP]e��DGH3]eF0oG>[KY@:]_F0a0KM]_U^��K=;=KM]e`ba0F?KMU � RA]eK¡]eFVq3KM>[L8K�kfS3<0>8]eKM>-hji6>QDZF0L8c S3>8��DgUQ]eSGF�CEDZ<?UQK°U��

F−1(ĝ)(v) =
1

(2π)3

∫

R3

ĝ(ξ) exp(−ι(v · ξ)) dξ .

³�]_UXºX]eC_c KYI0K=L � <.UQS3��S3>[­?a0]eL8�|<0L=î

F : S −→ S , F−1 : S −→ S ,

CEoGL8L8U|L8]e`baµI0]_K�kfS3<0>8]eKM>-hji6>QDZF0L8c S3>8��DgUQ]eSGFÎqGS3FÄUQKM��­�K=>8]eK=>-UQKMFµRY]eL-UQ>8]e�0<?U[]eS3F?K=FÄKM>[TmCEoG>8K=FÄ<?F0I
I0]eK¡RYK°´fF0]nUQ]eSGF�I?K=>Ar.S3��S3CeK°qVh � oG<0��KAq3KM>QDGC_CeH3KM��KM]eF0KM>[F��
k��0> s ∈ R <0F0I 1 < p <∞ ]eL-U^I0K=>à¨�Ra\a\�RY� ÕfØ]WXRYV�W½×½Ô<� Ö[Ô<�I� Hs

p
I0KM´fF?]eK=>-UADGCeL

Hs
p =

{
g ∈ S′ :

∥∥g |Hs
p

∥∥ <∞
}
,

\·S3��K=]%I?]eK¡WASG>[�»H3KMH3K=��K=F�]eL-U^I0<0>8`ba

∥∥g |Hs
p

∥∥ =

(∫

R3

∣∣F−1 (〈·〉s ĝ) (v)
∣∣p dv

)1/p

, ĝ = F(g) . Í �.� £¥Ý Î
ªj�Ûr.­�K=;=]eDGCeCnc½DGCeC p = 2 c SGCeHGU^DZ<0L^I0K=>X��DZ>[L[K°qZDGCÙî L[`ba0KMF¼ªjI0KMFVUQ]_UQoZU

‖g |L2‖ =
1

(2π)3/2
‖F(g) |L2‖ ,

IfDGL[L^I0]_K � K=L8L[KMCe­�SGUQKMFmU[]EDGC_F0S3>8�ÏI0]_KPK=]eF.c½DG`ba0K=>8K«N¡KML8UbDZC_U

‖g |Hs
2‖ =

(∫

R3

〈ξ〉2s
(
F(g)(ξ)

)2
dξ

)1/2 Í �.� £ � Î
afDZU � RY]eKMLJ]eL8U�]_I0K=FVU[]eL[`ba���]_U�I0K=>�RYK°´fF0]_U[]eS3FµI?K=>�r.S3��S3CeK°qVh � oG<0��K Ws

2
c �0> s ∈ R � WAS�`baDGCeC_H3K=��K=]_F0K=>²H3]eCnU��

2�þ?ù�
��(;½ó=;µ0_; 
$\°×�Ra��R È§ÊZ¹XË �»ºI« Ê «�o¼�`�U.Ö 1 < p < ∞ �IV	S s ∈ N0
\°×�V	S Ws

p
�DV	S Hs

p
×�\¥Ø]��ØgÖjÕ�� @ � \�RTÝ3×�\YW½×�R°Ö@RYV_®JØ]V?\YWÙÔ<V�WXRYV

C ′s ≥ C ′′s > 0 �J×�W
C ′′s
∥∥g |Hs

p

∥∥ ≤
∥∥g |Ws

p

∥∥ ≤ C ′s
∥∥g |Hs

p

∥∥ .
r.`ba0Ce]_K=¹3C_]e`ba+]_L8U�c �0> ν ∈ R I0K=>�¡IRY�B×��a�IWXRYW§R�¨�Ra\a\�RY� ÕfØ]WXRYV�W÷×½Ô<� Ö8Ô<�I� Hs,〈ν〉

p
DGFfDGC_S3Hµ;=<~I0KMF

H3KM\^]_`bamU[KMU[K=F#r�S3�5SGCeKMqVh � oG<?��KMF�I0KM´fF?]eK=>-U^I0<0>8`ba

Hs,〈ν〉
p =

{
g ∈ S′ : 〈·〉ν g ∈ Hs

p

}
,
∥∥g |Hs,〈ν〉

p

∥∥ =
∥∥〈·〉ν g |Hs

p

∥∥ . Í �.� £�¦ Î�|øD��øI���F�6ö��Ú�(;½ó<; ,(; r?DgUQ; ��� £ � � ��K=L[DGHGU�DGCeL8SÄDG<?`ba�¢§I0DGL[L�c �?> s ∈ N0
I?]eK�H3KM\^]_`bamU[KMU[K=F

r.S3��S3CeK°qmhB<0F0I � K=L8L[K=C_­5SZUQK=FVU[]EDGC_>QoG<0��KO]_L[S3��S3>[­?a�L8]eF0I �



�V� ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

è{çTæ�ç�½ � å§ë.ä�ìfQ¶í�ì�âBë! §í:å àAåàî é  ~�«ä�ì0ä%å§ë! �âÁë! Ìí:å# -å#¸�â:åAâ²ífT v ¬®­ àYã�ä%å
RY]_K�ªjFVUQKM>[­�S3CEDgUQ]eSGFÎ;°\^]eL8`ba0K=F � DGFfDG`ba.h � oZ<0��KMF�\^]_>[IÎ�5KMF�<.UQ;MU=¢�<?��q3S3FÄKM]eF0KM>«��K=>8K=]nUQL¡�5KÈh
TgDGF0FVUQKMFÍWXS3>[��L8U[KMUQ]_H3TGKM]_U^KM]eF0KMLYÓO­�K=>[DZUQS3>8LXDG<?cÁI?]eK�r�U[KMUQ]_H3TGKM]_U^��K=;M�0H3Ce]_`ba¼DZF0I0K=>8K=>AWAS3>8��KMF
;=<�L[`ba0C_]eK=¹GK=F � RY]eKML[KML�\^]e>8T�<?F0H3L8qGS3CeC_K²c <?F0TVUQ]eSGFfDGCEDZFfDGC_ÉmU[]eL[`ba?K ® K=>8Tm;=K=<?HO\^]e>[I«�5KM].I?K=>ÁpXFVUQK=>�h
L[<?`ba�<?F0H|I0KM> � �0�0]eC_I0<0F0HGL[K=]_H3K=F?L[`bafDZcdU[K=F�I0K=L·�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>8L�¸GcdU[K=>:K=]_F0H3KML[KMU[;MU²\·KM>[I0KMF �

RY]_K#RY]_¬5K=>8K=FVUQ]eDZUQ]_S3F¶qGS3F � �?�0]eC_I0<0F0H3KMF+��]_U ® K=>-UQKMFË]eF+KM]eF0KM� � DZFfDG`ba.h � DG<?� \^]_>[I+L8SZh
\§S3a0C6�5KM]6I?K=>PrmUbDG�0]_Ce]nUboZU[LQDGFfDZC_É�L[KOI?K=L � F?c½DGF0HGL8\§K=>8U[­0>[SG�0CeKM��LXc �0>AI?]eK¡>QoG<?��C_]e`ba�a0S3��S3H3K=F?K� S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0H�DZCeL¡DG<0`baÎ��K=]BI0KM>«pXFVUQK=>8L[<0`bam<0F?HÍI0K=>¡;MK=]_U[Ce]_`ba0K=FÃ@BFVUj\^]e`bTmCe<?F0H¼I0KM>
³�S3��K=FVU[K�I?K=> � ¸3L[<0F?H�KM]eF0K � S3CeC_KOL[­?]eK=C_K=F �

¾ ö5ù¥ø
��+Bÿ.� þ?ù�õ ÿ�ö
k��0>¨��K=C_]eKM�0]eH3K � DGFfDG`ba�h � oG<0��K V ¢ V̄ L8K=]%I0KM> � DG<?�»I0K=>^L-UQKMU[]eH3KMF¯Ce]eF?K�DG>8K=F�ÓO­5KM>QDZU[S3>[KMF

A : V −→ V̄
��]_U L(V, V̄) ��K=;MK=]_`ba0F0KMU � r.K=]_K=F V,V0,V1

� DGFfDG`ba�h � oG<0��KP��]nU
V0,V1 ⊂ V .

RODGLY��D3DZ> (V0,V1) a0K=]_¹GUXªjFVUQK=>8­5SGCEDZU[]eS3F0L8­fD3DG> � @B]eF0K � �0�?]eCeI?<0F0H0¢fI0]_K � KMI0K=�ÛL8S3Ce`ba0KMF#��DGDG>K=]_F0K=F � DGF0DG`ba.h � DG<0� F(V0,V1) ;=<0S3>8I0F0K°U�¢fa0KM]e¹GUÁõ¤V�W§R°Ö ÕfØ]�nÔ<W½×ÙØ]V?\'¦¤�DV?�]WjØgÖÈ¢.\§K=F0F�H3]eCnU
£ � V0 ∩ V1 ⊂ F(V0,V1) ⊂ V0 + V1

¢0\§S3�5KM]
V0 + V1 = {X0 +X1 : Xi ∈ Vi , i = 0, 1} .

�.� k��0> � KMI0K=L^\§K=]_U[K=>8K�ªjFVU[K=>[­�S3CeDZUQ]_S3F0L[­0D3DG> (V̄0, V̄1) <0F?I � KMI0K=F¼ÓO­5KM>QDZU[S3>
A ∈ L(V0, V̄0) ∩ L(V1, V̄1) ,

H3]_C_U�¢�IfDGL8L^I0]eK�@B]eF0L8`ba0>QoZF0Tm<0F0H�I?K=LAÓO­5KM>QDZU[S3>[L¨]_� c S3C_H3K=F0I?K=F�r.]eF?F0K¡L8UQK°UQ]_H�]_L8U=�
A |F(V0,V1)∈ L(F(V0,V1),F(V̄0, V̄1))

@�Ê.]eL8U[]eKM>8UO;M<0LQogUQ;=C_]e`baÍKM]eF0K|�AS3F0L-UbDGFVU[K C > 0 ¢5L8S�IfDGL8LOc �0> � KMI0K=F#L8S3Ce`ba0KMFÎÓO­5KM>QDZU[S3> A I0]_KÓO­5KM>QDZU[S3>[F?S3>[� I0]eK¡pXF0H3CeKM]e`bam<0F0H
∥∥A |L(F(V0,V1),F(V̄0, V̄1))

∥∥ ≤ C
∥∥A |L(V0, V̄0)

∥∥1−σ ∥∥A |L(V1, V̄1)
∥∥σ

��]_U σ ∈ [0, 1] HG]eC_U=¢§L8Sµa0K=]_¹GU�I0KM>�ªjFVUQK=>8­5SGCEDZU[]eS3F0L-c <0F0TVUQSG>�q3S3� i²É�­ σ � ªjF~I0]_K=L[KM� klDGCeCL[`ba?>[K=]_�?UX��DZF
F(V0,V1) =

(
V0,V1

)
σ
.

RY]_K^c �?>§I0]_K � K=L8L[K=C_­5SZUQK=FVU[]EDGC_>QoG<0��K¨]e� � DGa?��KMF�I0]_K=L8K=> � >[��K=]nU²�5KMF0¸GUQ]_HGUQKMF�ªjFVU[K=>[­�S3CeDZUQ]_S3F0L-h
<0F0I�@B]eFm��KMU[U[<0F0H3L[DG<0L8LQDGH3KMF¼L8]eF0I�]e� c S3CeHGK=F0I0KMFÍr.DZUQ;P;M<0LQDG����K=F0H3K°c½DGL[L-U��



�.� £ � kf<0F?TmU[]eS3F?K=F0>[oG<0��K � £

2�þ?ù�
��(;½ó=;/¢(;L� \j\�R°× 1 < p <∞ �IV	S σ ∈ [0, 1] « � Ô<V�Vt¡G×��²W @
Ô��¿
 È§ÊZ¹XË �»ºI«ÁÀ	«FÂ^
FºD�£�IV	S�ºI« � « Ê 
FºD�¼�`�U�Ö«Ô<����R 1 < p0, p1 <∞ �DV	S s0, s1 ∈ R ¡G×��²W @

(
Hs0
p0
,Hs1

p1

)
σ

= Hs
p , �·Ø<¥YR°× s = (1− σ) s0 + σs1 ,

1

p
=

1− σ
p0

+
σ

p1

.

¥1�¿
 È§ÊZ¹XË �»ºI«FÂ�« É 
FºD�¼�`�U�Ö 1 < p0 < p1 <∞ �IV	S s1 < s0
×�\YW SG×�R � ×�V	¥YRYW$W%�DVI¡
Hs0
p0
⊂> Hs1

p1\YWXRYW÷×µ¡]��� RYV�V��f��\f�<W��f� ×��a�
s0 −

3

p0
≥ s1 −

3

p1¡G×��²W�«
\ õ
Ã:ø
��ø.ö�ù�õ½þ.ù�õ½ÿ�ö õ÷ö­�|þföÑþfûZü��������Àø�ö
r.K=] T > 0 ¢ V K=]eF � DZFfDG`ba0>[DG<0�»��]_U^WXS3>[� ‖·‖ <0F0I�RY<fDZCe>QDZ<0� V∗ � @B]_F0K � �0�0]_CeI0<?F0H

Φ : [0, T ] −→ V
a0K=]_¹GU V h I0]_¬5K=>8K=F0;M]eKM>[�fDG>·]eF t ∈ [0, T ] ¢?\§K=F?F¼K=L^KM]eF Φ′(t) ∈ V HG]e�?U=¢0L[S�IfDGL8L

lim
τ→0

∥∥∥∥
1

τ

(
Φ(t+ τ)− Φ(t)

)
− Φ′(t)

∥∥∥∥ = 0

H3]eCnU � Φ′(t) a0KM]e¹GU V h � �0C_K=]_U[<0F0H|qGS3F Φ ]eF t <0F0I���DGF¯L8`ba0>[KM]e�?UXTm<0>[;Z�

Φ′(t) =
dΦ

dt
(t) .

r.K=] X ∈ V ��K=C_]eKM�0]eH ��� C_L ï �)¥aSG× á�R°Ö@RYV�W½×½Ô<��I?K=>XWAS3>8�Ïq3SGF X ��K=;=KM]e`ba0F?KMUA��DGF¯I0]_K�³�K=F?H3K
∂ ‖X‖ = {X∗ ∈ V∗ : ∀Y ∈ V : ‖X + Y ‖ ≥ ‖X‖+X∗(Y )} ⊂ V∗.

Æ5\^]eL[`ba?K=F+I0KM> V h � �?CeK=]nUQ<0F?H0¢BI0K=> � �0C_K=]nUQ<0F0H�I0K=>�WAS3>8� ‖·‖ <0F0I+I0KMFèr.<0��I0]_¬5K=>8K=FVUQ]eDGCeKMF�5KML8UQKMaVUYI0KM>¨c S3CeH3KMF0I0K�Æ±<0L[DG����KMF0afDGF0H?�2�þ?ù�
��(;½ó=;�-�; 
$\°×�Ra��R È~�
ÊÌË �ï R°× Φ : [0, T ] −→ V \YWXRYW½×µ¡Q¥a�a¡<�µ« ‖·‖ �DV	SÎÔ<�¤¦ [0, T ] ¦MÔ]\YWàU?¥YR°Ö8Ô<��� V ´ÌSG× á�R°Ö@RYVI�=×�R°Öq¥bÔGÖq«}õa\YW�f�
\f�<W��f� ×��a� ‖Φ(·)‖ 
 ×�� U)¥f� ×��a��RYV ï ×�V�VER~��SG× á�R°Ö@RYVI�=×�R°Öf¥bÔGÖF¦¤U�Ö¿¦MÔ]\YW:Ô<����R t ∈ [0, T ] \¥Øj¡G×��²W?¦MÔ]\YWU)¥YR°Ö8Ô<���ÑÔ<�¤¦ [0, T ] @
∀X∗ ∈ ∂ ‖X‖ :

d

dt
‖Φ(t)‖ = X∗

(
dΦ

dt
(t)

)
.

�|øD��øI���F�6ö��/�(;½ó=;�4(; ªjL8U ‖Φ(·)‖ q3S3FÀ�5KML[`ba0>[oGF0TVUQKM>��²DG>[]eDZUQ]_S3FÎDG<?c¨I?K=� ªjFVUQK=>-qZDGCeC [0, T ] ¢L[S�]eL-U ‖Φ(·)‖ DG<0`ba�I0]_¬5K=>8K=F0;M]eK=>8�fDG>Ìc �0>Ìc½DZL8UADGCeC_K t ∈ [0, T ] Í L8]eK=a?K � Ò6�b� Î �



�m� ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

Ð£d@Ð M xYlnm ln~£i�hjz¿l Ä ~t�exqlyoqrskØ|�~t�eln~ |�~�w :�|�~«G£i<5Ôlyoqp�l ÅÇÆtÖ
p�rsk|jji�Õy|�~��eln~

r.S¥\§S3a0C5c �?>·I0]_KYpXFmU[K=>8L[<0`bam<0F0H�I0KM> � �0�?]eCeI?<0F0H3L8K=]eHGK=F0L8`bafDZcdUQKMF�I0KML¨�AS3C_Ce]_L[]eSGF0L[S3­�K=>[DZUQSG>[L:DGC_L
DG<0`ba¶I0K=>�@B]eH3KMF0L[`bafDgcdUQK=F¶I0K=> � ¸3L[<0F?HÀI0KML�>[oG<0��Ce]e`ba�a0SG��S3HGK=F0KMF � F.c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=��L
\§K=>[I?K=F�pAF0H3C_K=]_`ba�<?F0H3K=F�c �0> |v| ¢ 〈v〉ν K°UQ` � K=]eF?KOK=FVUQL8`ba0K=]_I0K=F?I0K � S3C_CeKYL8­0]eKMCeKMF � ªjF¯DGC_C±I0]_K=L8K=FkÁoGC_CeKMFÀTgDGF0F�IfDGL��B>8S3�0CeKM�ÐDZ<?cXK=]eF?K¯RY]e��K=F0L8]eS3FÀ>[K=I?<0;=]_K=>8UJ\§K=>8I0K=F � ÓP�V\§S3a0CÌI?]eK�KMFmU[L8U[K°h
a0KMF0I0K=F¶pAF?H3CeKM]e`bam<0F0H3KMF�F�<?>JK=CeKM��KMFVUbDG>8K�kf<0F0TVUQ]_S3F0K=Fµ��K=]_F0afDGCnUQKMF�¢�L8]eF0IµI0]_K�;=<?H3K=a0¸G>[]eHGK=F� K°\·KM]eL[K�F0]_`bamUX]_����K=>²UQ>[]nq�]EDGC �

è{çºè{çÌæ g�ì�äÑã�ä%å§ë.âBì0ä�ÈèåAç�ì-ä	 �íUT·àYåYç:ä%å
J øD�Û�Àþ³�	; �(;½ó=; ï R°× ν ≥ 2 «
Ô��K`sU.Ö R ≥ 0 �IV	S�Ô<����R y ∈ [0, 1] ¡G×��²W @

0 ≤ (1 +R2(1 + y))ν/2+1 − (1 +R2(1− y))ν/2+1

R2y
≤ (1 + 2R2)ν/2+1 − 1

R2
.

¥1�K`sU.Ö«Ô<����R y ≥ 0 ¡G×��²W
(1 + y2)ν/2+1 − 1 ≤ (2 + y2)ν/2 y2 .�~� � \j\�R°× Cν = 2ν/2 − 1 « � Ô<V�V#¡G×��²W	¦¤U�Ö«Ô<����R y ∈ [0, 1]

(1 + y2)ν/2 − 1− yν ≤ Cν
(
y + yν

)
.

¨�RY� R°×�\f«
D Î ® K=H3KMF (1 +R2(1 + y))ν/2+1 ≥ (1 +R2(1− y))ν/2+1 ]_L8UÌI?]eKOC_]eF0TZKOpAF?H3CeKM]e`bam<0F0H|SZ¬±KMF.h
L[]_`baVUQCe]_`ba�HG�0C_U[]eH � RY]eKP>8K=`baVUQK|r.K=]nUQKP]_L8UXoG�m<0]nqGDZCeK=FVU^;M<

hν,R(y) =
(1 + 2R2)ν/2+1 − 1

R2
y− (1 +R2(1 + y))ν/2+1 − (1 +R2(1− y))ν/2+1

R2
≥ 0 .

k��0>^I0]_KP;M\§K=]nUQK � �0C_K=]nUQ<0F0H�I0]_K=L8K=>^kf<0F0TVUQ]_S3F¯H3]eCnUÌ\§K=H3KMF ν ≥ 2

h′′ν,R(y) = −ν(ν + 2)

4
R2
(

(1 +R2(1 + y))ν/2−1 − (1 +R2(1− y))ν/2−1
)
≤ 0 ,

I � a � hν,R ]eL8U6TZS3F0TgD�q � ® K=H3KMF hν,R(0) = hν,R(1) = 0 c S3CeHGUÑI?]eK � KMafDG<0­?U[<0F0H � hν,R(1) = 0��K=I0KM<?UQK°UYL8­5KM;=]eKMCeC÷¢?IfDGL8LAI?]eK � �?L[`bafoZU[;=<0F?H�L[`ba0DG>8c�]eL8U �
� Î Æ±<0� � KM\§K=]eLXI0K°´fF0]eKM>8U^��DGF¯I0]eK¡ºX]eCnc L8c <0F0TVU[]eS3F0KMF

h1,ν(y) = (1 + y2)ν/2+1 − 1 <0F0I h2,ν,ε(y) = (2 + y2)ν/2+ε y2 .

RY]_K�KM>[L-UQK=F � �0C_K=]nUQ<0F0HGK=F¯CEDG<.UQK=F � K°\·KM]eCeL
h′1,ν(y) = (ν + 2)(1 + y2)ν/2 y



�.� ��� @BC_K=��K=FVUbDG>8K�pAF0H3C_K=]_`ba�<?F0H3K=F�<0F0I�­0<0F?TmUj\§K=]_L[K � �0L8`bafoZU[;=<0F0HGK=F � Ò

<0F0I
h′2,ν,ε(y) = (ν + 2ε)y3(2 + y2)ν/2−1+ε + 2y(2 + y2)ν/2+ε .

RODG>QDZ<0L¨c S3CeHGU

(h2,ν,ε−h1,ν)
′(y) = y

(
(ν+2ε)(2+y2)ν/2−1+ε y2 +2(2+y2)ν/2+ε−(ν+2)(1+y2)ν/2

)
.

RYK=>OKM>[L-UQK�r.<?����DGF0IÍ]_FÍ�PCEDZ����K=>8F¼DG<.c:I0K=>O>8K=`baVUQKMF�r.K=]nUQK�]_L8UYSG¬±KMF0L[]_`baVUQCe]_`baÍF0]_`bamU[F0K°h
HVDZUQ]nq � pXFVUQK=> � K�DZ`bamU[<0F0H�qGS3F 2ν/2+1+ε > ν + 2 c �0>ADGCeC_K ν ≥ 2 <0F0IÍDZFÍI0K=>Xi�DZUQL[DG`ba0KG¢IfDGL[L

(1 + y2)ν/2

(2 + y2)ν/2+ε
,

L8UQ>8K=F0HJ��S3F0SZUQS3F�c½oGCeCnU�¢mK=>8TGK=F?FmU^��DGF�¢�IfDGL8LÌI0]_KY��K=]eI?K=F�qGK=>[�?Ce]eKM�5KMF0K=F�i6K=>8��KYI0]eKAL8UQ>8]eTVUQK
pAF0H3C_K=]_`ba�<?F0H

2(2 + y2)ν/2+ε > (ν + 2)(1 + y2)ν/2

K=>8c �?CeCeKMF � RY]_K¯kf<0F0TVUQ]_S3F h2,ν,ε − h1,ν
]eL-U�DGCeL8SÎL-UQ>8K=F0HÎ��SGF0SGUQSGFÄ\ÌDG`ba?L[K=F?I�c �0> y > 0<0F0IÍ<0F0DG�0afoGF?H3]eH�q3S3F ε > 0 HG]eC_U h1,ν(0) = h2,ν,ε(0) = 0

� ºX]eKM>QDG<0L^c S3C_HGU¨c �0> y > 0 I0]eKL8UQ>8]eTVUQK � �0L[`bafogUQ;=<?F0H
h1,ν(y) < h2,ν,ε(y) ,

<0F0I�DG<0LAr�UQK°UQ]_H3TGKM]_UQL8H3>[�?F0I0K=F¯c �0> ε→ 0 I0]eK � K=afDG<?­?UQ<0F?H �
` Î RY]eK�kf<0F0TVUQ]_S3F0KMF

g1,ν(y) = (1 + y2)ν/2 <0F0I g2,ν(y) = Cν(y + yν−1) + 1 + yν

L[]eF?IÀ��K=]eI?K�TZS3FVq3K°Ê5¢6\^]eK���DGF � KM\§K=]_CeL�CeKM]e`baVU«DGFÀI0KM>«;°\·KM]_U[K=F � �0CeKM]_UQ<?F0H�KM>[TZK=F0FVU � RY]eK
r.K=TgDGFVUQK¡q3SGF g1,ν

;M\^]_L[`ba0KMF � <0F0IÎ£�CeDG<?U[KMU
Sν(y) = Cνy + 1 ,

<0F0I�H3CeKM]e`ba0;MK=]_U[]eH«]eL8UÌI0]eKML¨I0]eKPi�DGF0H3KMFVUQK¡DGF¯I0]_K¡kl<?F0TVUQ]eSGF g2,ν
]_�Ï�B<0F?TmU �?� ® KMH3K=F¯I0KM>

�AS3FVq3KÈÊ.]_UbogUAI?K=>Xkf<0F0TVUQ]_S3F0K=F¯c S3C_HGU

∀y ∈ [0, 1] : g1,ν(y) ≤ Sν(y) ≤ g2,ν(y) ,

<0F0I�IfDG>QDZ<0L^<0F0��]_U[U[K=C_�fDG>·I?]eK � K=a0DG<0­?U[<0F0H �

�|øD��øI���F�6ö����(;��(; �(; @BL�H3]_�?U � F0CeDGL[LÑ;M<0>%�:K=>[��<?UQ<0F?H0¢�IfDGL[L6I0]_K:�AS3F0L-UbDGFVU[K Cν DG<0L � K=����D�.� ��� £¡` Î F?]e`baVUXS3­?UQ]_��DZC±]eL-U�¢0L8S3F0I0KM>[F�q.]_K=C_��KMa0>ÌI0]_K¡pAF0H3C_K=]_`ba�<?F0H���]nU
C̃ν = 2ν/2−1 − 1

H3K=CnUQK=F�L8S3CeCnUQK � @B]eF � KM\§K=]eL^a0]_K=>-q3S3F�C_]eK=HZU¨DGC_CeK=>8I0]eF?H3L§F?]e`baVUXDG<?c6I0KM>^ºYDGF0I � @BL¨�0CeKM]e�?U � K=I0S�`ba
c K=L8U[;=<0a0DGC_U[K=F�¢ÁI0DGL[L�I0]_K�a0]eKM>�q3KM>8\§K=F0I?KMUQK¼�AS3F?L8UbDZFmU[K Cν ]e����KM>«F0S�`ba�I0]eK���K=L-UQK�KÈÊ?­?Ce]e;M]_UDGF0H3KMH3K=��K=F0K¡]_L8U�¢?I0]eKPL8]e`ba�]eF¯I0K=> � ]_U[K=>[DZUQ<0>¨�?]eL[a?K=>Ì´fF0I?K=F¼CeoGL[L-U �



�3� ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

ô�ÿ���ÿ.�%� þ)�Ø�	; �(;  (; ï R°× ν ≥ 2 « � Ô<V�V�¡G×��²W	¦¤U�Ö y1, y2 ≥ 0 @
(y2

1 + y2
2)ν/2 − yν1 − yν2 ≤ Cν(y1 y

ν−1
2 + yν−1

1 y2) .

� Ô�¥YR°×Á×�\YW Cν = 2ν/2 − 1 «¨�RY� R°×�\f«^k��0> y1 = 0 S.I?K=> y2 = 0 ]eL8U§I0]_KApXF0H3C_K=]e`bam<0F?H�SG¬5K=F0L8]e`baVUQC_]e`ba�K=>-c �0CeCnU � k��0>:I0KMF�klDGCeC
y1 6= 0 6= y2

��KMU[>QDG`baVU[K���DGF¯I0]_K¡kl<?F0TVUQ]eSGF

Fν(y1, y2) =
(y2

1 + y2
2)ν/2 − yν1 − yν2

y1 y
ν−1
2 + yν−1

1 y2

,

I0]_K�a?S3��SGH3K=FÃq3S3�ÇNP>QDZI � <0F0I�L8É�����KMU[>[]_L[`baÎ]eF y1
<0F0I y2

]_L8U � RODGa0KM>�TgDGF0FÎ��DZF�S3a?F0K
@B]eF0L8`ba0>QoZF0Tm<0F0H 0 ≤ y1 < y2

DGF0F0KMa0��KMF�<?F0I Fν ]eF¯I0K=>XkfS3>8�
(

1 +

(
y1

y2

)2
)ν/2

− 1−
(
y1

y2

)ν

y1

y2
+

(
y1

y2

)ν−1

��KMUQ>[DG`baVUQKMF � �:K=>8\§K=F?I0KMUA��DZF � KM����D �.� �.� £¡` Î ��]_U y = y1/y2
¢fL[SJc S3CeHZU

Fν(y1, y2) ≤ Cν ,

<0F0I�IfDG��]_UÌI0]eK � KMafDG<0­.UQ<0F0H �

è{çºè{ç�è É í_[Ê�5åYä�ì v ÈèåAç�ì-ä	 �íUT·àYåYç:ä%å
RY]_K�F0DG`baq� ½�Ë
Æ ½ � À	�¿Ä
Ç�{ � � ��� �Ñ�5KMFfDGF0FVUQKMF¼pXF0H3C_K=]e`bam<0F?H3K=F�afDG��K=F�L[]_`ba¼DGC_L¨a0¸�`ba0L8UACeKM]eL-h
UQ<?F0H3L8c½oZa0]eH3KML:ªjF0L8U[>[<0��K=FVU§;=<0>§ºAKM>[CeKM]_U[<0F0HPq3S3FÍÔXÕ�ÖÈ×ÙØgÖ°×Ùh � �0L8`bafoZU[;=<0F0HGK=F�c �0>:I0]_K � ¸3L[<0F?H3K=F
I0KM>X>[oG<0��Ce]_`ba�a0S3��S3H3K=F?K=F � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H|KM>8\^]eKML[KMF �
k��0>�I0K=F�klDGC_C²I?K=>|c �0>«I0]eK�­?>QDGTVUQ]_L[`ba0KMF � FV\·KMF0I0<0F?H3K=F >[KMCeKMqZDGFVU[K=Fµ�PºYrmh-³�S�I0KMCeCeK�]eL-UJI0]_K
c S3C_H3K=F0I?K¡klSG>[�ÏI?]eK=L8K=>XpAF?H3CeKM]e`bam<0F0H3KMF�;°\·KM`bTm��oG¹G]eH0�
J øD�Û�Àþ³�	; �(; 0_; ï R°× ν ≥ 2 �IV	S v′ ¡IRY�O�>�Ì
 É « É�� �ØSIR'ª�Vf×�R°Ö¤Wº« � Ô<V�V�¡G×��²W

∫

S2

〈v′〉ν de ≤ 8π

ν + 2

(
1 + |v|2 + |w|2

)ν/2+1 − 1

|v|2 + |w|2
. Í ��� £¥¤ Î

¨�RY� R°×�\f«XÆ±<0> � �0Tm�0>8;=<0F?H�L8KMUQ;°UY��DGF�c �0>¨��K=C_]eK=�?]eH3KZ¢0DG��K=>Ìc KML8UXH3KM\·oGa0CnUQK v, w ∈ R3

r1 =
1

2
|v + w| , r2 =

1

2
|v − w| , ẽ =

v + w

|v + w| ,

I � a �
v′ = r1ẽ+ r2e .



�.� ��� @BC_K=��K=FVUbDG>8K�pAF0H3C_K=]_`ba�<?F0H3K=F�<0F0I�­0<0F?TmUj\§K=]_L[K � �0L8`bafoZU[;=<0F0HGK=F � Ý

RODG��]_U¨KM>[afoGCnU^��DZF
|v′|2 = r2

1 + r2
2 + 2r1r2(ẽ · e) .

k��0a0>-U^��DGF�I?]eKPªjFVUQKMH3>QDZU[]eS3F��?�5KM>XI?]eK¡@B]eF0a?K=]_U[L[Tm<0H3KMCeS3��K=>-ÂloG`ba0KP]_F��¡<?H3K=C_TGS�S3>[I0]_FfDZU[K=F�DG<?L
<0F0IJ\ÌoZa0C_U:IfDZ�5KM]fK=]eF��XS.S3>8I0]eF0DZUQKMF0L8É�L8U[K=��¢3]eFJI?K=��I0KM>²�AS3L8]eFm<0L:I0K=L²�6S3CEDG>-\^]eF0TZK=C_LB��]nU ẽ ·e�0�5KM>[KM]eF0L-UQ]e����U=¢?L[S�KM>[H3]_�?U^I0]eK�r�<0�0L8U[]_U[<?UQ]_S3F µ = cos θ �

∫

S2

〈v′〉ν de = 2π

π∫

0

(1 + (r2
1 + r2

2 + 2r1r2 cos θ))ν/2 sin θ dθ

= 2π

1∫

−1

(1 + (r2
1 + r2

2 + 2r1r2 µ))ν/2 dµ

=
2π

ν + 2

(
(1 + (r2

1 + r2
2 + 2r1r2 µ))ν/2+1

r1r2

]1

−1

=
2π

ν + 2

(1 + (r1 + r2)2)ν/2+1 − (1 + (r1 − r2)2)ν/2+1

r1r2
. Í �.� £�� Î

r.KMU[;MUX��DZF
R2 = r2

1 + r2
2 =

1

2
(|v|2 + |w|2) , y =

2r1r2

R2
,

L[SJc S3CeHZU y ∈ [0, 1] <0F0I Í ��� £�� Î CEoGL8L8U^L[]_`ba�L8`ba0>[KM]e��K=F¼DGCeL
FR,ν(y) =

4π

ν + 2

(1 + R2(1 + y))ν/2+1 − (1 +R2(1− y))ν/2+1

R2y
,

<0F0I�I0]eK � <0L[L[DGH3K«DG<0L � K=����D �.� �.� � D Î C_]eK°c K=>8UÌI0]eK � KMafDG<0­.UQ<0F0H ��|øD��øI���F�6ö��¬�(;��(; ,(; ROD�I0]_K��:K=>-UbDG<0L8`bam<0F0H e ↔ −e H3CeKM]e`bam��K=I0KM<?UQKMF0IÃ]eL8UO��]nU v′ ↔ w′ ¢c S3CeHGU¨DG<0L^I0K=� q3S3>[DGF0H3KMHVDGF0H3KMF0K=F � K=����DJDZ<0`ba¼L8SGc S3>8U^I?]eK � �?L[`bafoZU[;=<0F?H
∫

S2

〈w′〉ν de ≤ 8π

ν + 2

(
1 + |v|2 + |w|2

)ν/2+1 − 1

|v|2 + |w|2
. Í �.� �G� Î

RODGLXºYDG<?­?UQ>8K=L[<?C_UbDgU^I0]eKML[K=LApAFVU[K=>QDZ�0L[`ba0F?]_U[U[LA]_L8U
J øI�·�Àþ³�(; �(;/¢(; 
$ñXØ]PY�fVER°Ö¤´ > VI¡<��R°×��a�I�DVI¡��ï R°× ν ≥ 2 �IV	S v′ � w′ ¡IRY�O�>�Ì
 É « É�� �ØSIR'ª�Vf×�R°Ö¤W�« � Ô<V�V�¡G×��²W SG×�R > VI¡<��R°×��a�I�DVI¡
∫

S2

(
〈v′〉ν+〈w′〉ν− 〈v〉ν−〈w〉ν

)
de ≤ 4π

(
C1,ν

(
〈v〉〈w〉ν−1+〈v〉ν−1〈w〉

)
−C2,ν

(
〈v〉ν+〈w〉ν

))
.

� ×�R�®JØ]V?\YWÙÔ<V�W§RYV��nÔ<�IWXRYV
C1,ν =

4

ν + 2
(2ν/2 − 1) �DV	S C2,ν =

ν − 2

ν + 2
. Í �.� � £ Î



��� ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

¨�RY� R°×�\f«^WYDG`ba � K=����D �.� �.� � <0F0I�I0K=>XDGF0L8`ba0Ce]_K=¹3KMF0I0KMF � KM��KM>[Tm<0F0H�H3]_C_U
∫

S2

(
〈v′〉ν+〈w′〉ν− 〈v〉ν−〈w〉ν

)
de ≤ 4π

( 4

ν + 2

(
1 + |v|2 + |w|2

)ν/2+1 − 1

|v|2 + |w|2
−〈v〉ν−〈w〉ν

)
.

�:K=>-\·KMF0I0K°UY��DGF � K=����D �.� �.� £¡� Î ��]nU y2 = |v|2 + |w|2 <?F0I���K�DZ`bamU[KMU

2 + |v|2 + |w|2 = 〈v〉2 + 〈w〉2 ,
L[S�c S3C_HGU

∫

S2

(
〈v′〉ν+〈w′〉ν− 〈v〉ν−〈w〉ν

)
de ≤ 4π

( 4

ν + 2

(
〈v〉2 + 〈w〉2

)ν/2 − 〈v〉ν − 〈w〉ν
)
.

RY]_KP>[K=`baVU[KJr.KM]_UQKPCeoGL[L-U^L[]_`ba�\§K=H3KMF

1 =
4

ν + 2
+
ν − 2

ν + 2

<0��L[`ba0>8K=]_�5KMF�;M<
4

ν + 2

((
〈v〉2 + 〈w〉2

)ν/2 − 〈v〉ν − 〈w〉ν
)
− ν − 2

ν + 2

(
〈v〉ν + 〈w〉ν

)
,

<0F0I�I?]eK � FV\·KMF0I0<0F0H�q3SGF¯�AS3>8S3CeCeDG> �.� ��� Ò���]_U y1 = 〈v〉 <?F0I y2 = 〈w〉 Ce]_KMc KM>8U§I0]eK � K=afDZ<0­.hUQ<?F0H �
�|øI�Àø
���F��ö��Û�	; �(;�-�; RA]eKY��K=]_L8U[K=F��6S¥q.;MF0K=>�h�pXF0H3CeKM]e`bam<0F0HGK=F�¢0I?]eKY]_��Æ±<0LQDZ����K=F0a0DGF0H���]_U
I0KM> � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0HX;=<0�
@:]_F0LQDgUQ;ÌTgDG��K=F�¢g��K=afDGF?I0K=CnUQK=F��6SGUQKMF0;=KMF�I?K=>ÁKM<0TmCe]eI?]eL[`ba?K=F
WASG>[� q3S3F v � RY]eK�qGS3>QDZF0H3K=H3DGF0H3KMF0K=F � K°UQ>QDZ`bamU[<0F0H3KMF�CEDGL8L[K=FµL8]e`baµL8SGc S3>-UJDG<?c^I?]eK=L8K=F klDGCeC�0��K=>-UQ>QDZH3K=F � Æ±<?FfoG`ba0L-UA��K=>8K=`ba0F?KMUO��DGF�<0FVU[K=>^�:K=>8\§K=F?I0<0F0H�q3S3F��P<0H3K=C_TGS�S3>[I?]eFfDZU[K=F

∫

S2

|v′|ν de =
2π

ν + 2

(r1 + r2)ν+2 − |r1 − r2|ν+2

r1r2
,

\§S3�5KM] r1, r2
\^]_K�]e� � KM\§K=]eL«q3S3F � KM����D �.� �.� � I0K°´fF0]_K=>8U�L[]_F0I � ³�]_U«I0K=F?L[K=C_�5KMF � K=;MK=]_`ba.h

Fm<0F0H3KMF�\^]_KPI0S3>8U^KM>[afoZC_U^��DGF
∫

S2

|v′|ν de =
4π

ν + 2
Rν (1 + x)ν/2+1 − (1− x)ν/2+1

x
,

RY]_K=L[KMCe��K � KM\§K=]_L[��KMUQa?S.I0KP\^]_KP]eF � K=����D �.� �.� £�D Î Ce]_KMc K=>-U
(1 + x)ν/2+1 − (1− x)ν/2+1

x
≤ 2ν/2+1 ,



�.� ��� @BC_K=��K=FVUbDG>8K�pAF0H3C_K=]_`ba�<?F0H3K=F�<0F0I�­0<0F?TmUj\§K=]_L[K � �0L8`bafoZU[;=<0F0HGK=F � ¦

<0F0I���]nU¨I0K=�»@:]_F0L[K°UQ;MK=F¼I?K=>XRYKM´0F0]_U[]eS3F�qGS3F R K=>8afoGC_U^��DGF∫

S2

|v′|ν de ≤ 8π

ν + 2

(
|v|2 + |w|2

)ν/2
.

³¼DGFÄKM>[TGKMF0FVU�¢BIfDZL[L|i6K=]_C·� Î DG<0L � K=����D �.� �.� £�F0]e`baVUJ��K=F?¸GUQ]_HGU«\^]_>[IÄ<?F0IÄc½oGa0>-U�c S3>-U�\^]eK]e�ÇklDGCeC_K�I?K=>�NPKM\^]_`bamU[L8c <0F?TmU[]eS3F � r.`ba0C_]eK=¹GCe]e`ba�;=KM]eHGU�L[]e`ba±¢�IfDGL8L|��DGFÄ]eFÀI0K=> � <0L[L[DGH3K�qGS3F� KM����D �.� ����� I0]eK�N¡K°\^]e`baVUQL-c <0F0TVUQ]_S3F0KMFµI0<0>[`baµKM<0TmCe]_I0]eL8`ba0K�WXS3>[��K=F�K=>[L8KMU[;=K=FµTgDGF?F�¢�I � a �
��]nU¨I0K=F?L[K=C_�5KMF¼�XS3F0L-UbDGFVUQKMF�\^]_KPI0S3>8U^KM>[afoZC_U^��DGF��

∫

S2

(
|v′|ν+|w′|ν− |v|ν−|w|ν

)
de

≤ 4π
(
C1,ν(|v| |w|ν−1+ |v|ν−1|w| )− C2,ν (|v|ν + |w|ν)

)
. Í �.� �3� Î

èyç�è{ç�½ Í ä	 ë.ä�ì0ä é�ê á�íUT ­ ë!�±àAåYç:ä%å æ¼ÎXì*î, -äÏVËä(tu �íUT§ë.á�æbàYåÁë§ëf §í:å
r.­5KM;=]_K=CeC^��K=]XI0K=>�pAFVUQKM>[L8<0`bam<0F0H I0K=> � �0�0]_CeI0<?F0H3L[KM]eH3KMF0L[`ba0DZcdUQKMF+I0K=L��AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>8L
\·KM>[I0KMF¼I0]_KOc S3CeH3KMF0I0KMF � �0L[`ba0oZUQ;M<0F0H3KMF¼c �0> 〈·〉ν H3<?U[K«RA]eK=F?L8UQK¡C_K=]eL-UQKMF �J øI�·�Àþ³�(; �(;�4(;L� \j\�R°×�RYV v, w ∈ R3 «
Ô��K`�U�Ö«Ô<����R ν ∈ R ¡G×��²W SG×�R|��K=K°UQ>8K°h�pXF0H3C_K=]e`bam<0F?H @

〈v ± w〉ν ≤ 2|ν|/2 〈v〉ν 〈w〉|ν| . Í �.� � Ò Î
¥1� � � R°×µ¡]�IW}\jÕ	� ×�W%W÷×�VI¡?» @ ï R°× ν ≥ 0 «_`�U�Ö v′ � w′ Ô<��\�
 É «
���Ø¥a�f��«�
 É « É�� �e¡G×��²W

〈v′〉ν
〈w′〉ν

}
≤ 〈v〉ν 〈w〉ν �DV	S 〈v〉ν

〈w〉ν
}
≤ 〈v′〉ν 〈w′〉ν ,

¨�RY� R°×�\f«XD Î k��?> ν ≥ 0 HG]eC_UÌ;=<0FfoZ`ba0L8U
〈v + w〉2 = 1 + |v + w|2

≤ 1 + 2 |v|2 + 2 |w|2

≤ 2
(
1 + |v|2

)(
1 + |w|2

)

= 2 〈v〉2 〈w〉2 .
��SGU[K=F0;M]eK=>-U6��DGF¡I0]_K=L8K§pXF0H3C_K=]e`bam<0F?HA��]_U ν/2 <0F0I��5K=DG`baVUQK°U�¢�IfDGL8L6L8]e`ba«DGF�I0K=>�NP�0C_U[]eH3TZK=]_UI0K=> � �0L8`bafoZUQ;M<0F0H3KMFËF0]e`baVU[L�oGF0I?K=>8U=¢B\·KMF0F+IfDGL � >8H3<0��K=FVU�]_F¶I?K=>�N¡K°\^]e`baVUQL-c <0F0TVUQ]_S3F
v − w CeDG<?UQK°U�¢.L[S�K=>[a0oGC_U^��DGF¯I0]eK � K=afDG<?­?UQ<0F?H�c �0>¨F?]e`baVUQF0KMHVDZU[]_q3K�@�Ê.­5SGF0K=FVUQKMF �k��0> ν < 0 \·KMF0I0K°UO��DGF�I0KMF¼��K=>[KM]_U[L¨�5K°\^]eK=L8K=F0KMFÍklDGC_C�DGF�<0F0I�K=>8afoGC_U=�

〈v〉−ν = 〈v − w + w〉−ν ≤ 2−ν/2 〈v − w〉−ν 〈w〉−ν .
RODG>QDZ<0L¨c S3CeHGU

〈v − w〉ν ≤ 2−ν/2 〈v〉ν 〈w〉−ν ,
<0F0IÍ��]_U −ν = |ν| I0]_K���K=a0DG<0­?U[KMUQK � �0L8`bafoZUQ;M<0F0H�c �?> 〈v − w〉ν � RA]eK«pAF0H3C_K=]_`ba�<?F0H�c �0>
〈v + w〉ν ��KM\§K=]_L8UX��DZF�DZFfDGCeSGHJ<0FVUQK=> � K=DG`baVUQ<0F?H�q3SGF 〈−w〉 = 〈w〉 �



� ¤ ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

� Î � <?LAI0KM>X@:>8afDGCnUQ<0F0H�I0KM>X@:F?K=>[HG]eKP��K=]%K=]_F0K=>^�XS3CeC_]eL8]eS3F�c S3CeHGU
〈v′〉2 = 1 + |v′|2

≤ 1 + |v′|2 + |w′|2

= 1 + |v|2 + |w|2

≤ (1 + |v|2)(1 + |w|2)

= 〈v〉2 〈w〉2 .
RY<0>8`baË��SZUQK=F?;=]eKM>[KMF+��]nU ν/2 ≥ 0 c S3CeHZU�I0]eK � KMafDG<0­?U[<0F0HÎc �0> v′ � RODZL[L�;M<0� � K°\·KM]eL]e� ® K=L8K=FVUQC_]e`ba0KMF#Fm<0>YI0]_K�@BF0KM>[H3]_K=KM>[afDGCnUQ<0F?H���K=Fm<?U[;MUO\^<0>8I0KG¢�afDZUY;=<0>AkfS3CeHGKG¢fIfDGL8LOI0]_K� �?L[`bafoZU[;=<0F?H3K=F¶H3�0C_U[]eH��0CeKM]e��K=F�¢6\·KMF0F¶��DGF v′ I?<0>[`ba w′ KM>[L8KMUQ;°U��0;M\ � \§K=F?F¶I0]_K�H3KÈhL8U[>[]_`ba0K=F0KMF��²DG>[]eDG�0CeKMF���]_U²I0KMF�<0F0H3KML8U[>[]e`ba?K=F0KMF�q3K=>-UbDG<?L[`baVU^\·KM>[I0KMF �?� <0¹3K=>8I0K=��]eL-UÌI0KM>� K°\·KM]eLX<0FfDG�0a0oGF0H3]_H�qGS3F�I0K=>^H3K°\ÌoGa?C_UQKMFÍNPK=L8`baV\^]eF0I0]_H3TGKM]_U[L8UQ>[DGF0L-c S3>[��DZUQ]_S3F �

RODGL^FfoZ`ba0L8U[K � K=����D�HG]e�?U¨KM]eF0K¡­0<?F0TVUj\·KM]eL[K�<0FVUQKM>[K�r.`ba0>[DGF0TGK�c �0>¨I0KMF¼Tm]eF0K°UQ]_L[`ba0KMF � FmU[K=]_C
I0KMLY�XS3CeC_]eL[]_S3F0L8TGK=>8F0L¨DGF±�J øD�Û�Àþ³�	; �(; 5(; ï R°× 0 ≤ λ ≤ 1 « � Ô<V�V�¡G×��²W�¦¤U.Ö«Ô<����R v, w ∈ R3 @

|v − w|λ ≥
∣∣∣〈v〉λ − 〈w〉λ

∣∣∣ .¨�RY� R°×�\f« ® KMH3K=F 0 ≤ λ ≤ 1 H3]eCnU
∀y ∈ [0, 1] : (1− y)λ ≥ 1− y ≥ 1− yλ ,

\§S3>QDG<?LX��DGF¯L[SZc S3>8U
∀y1, y2 ≥ 0 : |y1 − y2|λ ≥

∣∣yλ1 − yλ2
∣∣ ,

c S3C_H3K=>-U�¢?]_F0I0KM�»��DZF�DZ<?c���K=]_I0K=F�r.KM]_U[K=F�I0K=F�klDGTVUQS3>
max(y1, y2)

λ = max(yλ1 , y
λ
2 )

q3SG>[;=]_K=aVU �f� <0LXI0K=>¨C_KMUQ;°UQKMF¼pXF0H3CeKM]e`bam<0F0HJ\^]_K=I0KM>[<0�ðL8`ba0Ce]_K=¹GU^��DGF¯DG<?c

∀v, w ∈ R3 :

∣∣∣∣
√

1 + |v|2 −
√

1 + |w|2
∣∣∣∣
λ

≥
∣∣∣〈v〉λ − 〈w〉λ

∣∣∣ .
RY]_K � K=afDZ<0­?UQ<?F0H�KM>[afoGCnU¨��DGF¯L[`ba0C_]eK=¹GCe]e`ba¯DZ<0L^I0K=>XpAF?H3CeKM]e`bam<0F0H3L8TGK°U[UQK

|v − w|λ ≥ ||v| − |w||λ

=

∣∣∣∣∣
|v|2 − |w|2
|v|+ |w|

∣∣∣∣∣

λ

=

∣∣∣∣
√

1 + |v|2 −
√

1 + |w|2
∣∣∣∣
λ

∣∣∣∣∣∣

√
1 + |v|2 +

√
1 + |w|2

|v|+ |w|

∣∣∣∣∣∣

λ

≥
∣∣∣∣
√

1 + |v|2 −
√

1 + |w|2
∣∣∣∣
λ

.



�.� ��� @BC_K=��K=FVUbDG>8K�pAF0H3C_K=]_`ba�<?F0H3K=F�<0F0I�­0<0F?TmUj\§K=]_L[K � �0L8`bafoZU[;=<0F0HGK=F � �
èyç�è{ç�Ð é¶ê á�íUT ­ ë!�±àAåYç:ä%å æ¼ÎXì*îS �ä�g?�ÊQ¶í:åYä%å§ë! �â�ì�æbàYåÁë§ëf §í:å
k��0>ÌI0]_KOpXFmU[K=>8L[<0`bam<0F0H�I0K=> � �0�0]_CeI0<0F?H3L[KM]eH3KMF0L[`bafDgcdUQK=F�I?K=L^�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[LBc �0>¨kf<0F?TVh
UQ]eSGF0K=F¯DG<?L LΘ

1
Í L8]eKMa0K Í �.� � Î>Î \·KM>[I0KMF¼I0]_KP]eF�I0]_K=L[KM�ðpAFVU[K=>QDZ�0L[`ba0F?]_U[UA;=<?LQDG����KMF0H3KML8UQKMCeCnUQK=FºA]eCnc L[>8K=L[<?C_UbDgUQKYqGS3F¼WX<?UQ;MK=F�L[K=]_F �J øI�·�Àþ³�(; �(;÷ó
G	; ï R°× Θ > 0 «

Ô�� ï R°× γ ≥ 0 « � Ô<V�V�¡G×��²W�¦¤U�Ö|Ô<����R y ∈ [0, 1]

exp(γ(1 + y2))− exp(γ(1− y2))

γy
≤ exp(2γ)− 1

γ
.

¥1� ï R°× ν ∈ R �DV	S ε > 0 « � Ô<V�V�¡G×��²W�¦¤U�Ö�Ô<����R y ∈ R @
(1 + y2)ν/2 ≤ C〈ν〉,ε exp(εy2) ,�J×�W SIR°Öj®JØ]V?\YWÙÔ<V�WXRYV

C〈ν〉,ε =





1 , ν ≤ 2ε( ν
2ε

)ν/2
exp (−(ν/2− ε)) , \¥Ø]V?\YW . Í �.� �Z� Î

�~� ï R°× 1/2 ≤ γ ≤ 1 « � Ô<V�V�¡G×��²W�¦¤U.Ö«Ô<����R y ≥ 0

exp(Θy)− 1

Θ yγ
≤ CΘ,γ exp(Θy) ,

�J×�W SIR°Öj®JØ]V?\YWÙÔ<V�WXRYV
CΘ,γ =





1 , γ = 1

1

γ
exp (γ − 1)

(
1− γ

Θ

)1−γ
, 1/2 ≤ γ < 1

. Í �.� � Ý Î

¨�RY� R°×�\f«XD Î RY]_K � FV\§K=F0I0<?F0H�I0KM> � KMH3K=CYqGS3FèI0KÃCÙîïºAS3L8­0]_UQDGCYKM>[H3]_�?U�¢ÌI0DGL[L¯��K=]Y´?Ê.]_K=>8U[K=�
y ∈ [0, 1] c �0> γ → 0 I?K=>6i�KM>[� DG<?c?I0K=>ÑC_]eF0TZK=F�r.K=]nUQK:I0K=>Ñ��K=afDZ<0­?UQK°UQKMF � �?L[`bafoZU[;=<0F?HOI0K=F® KM>8U 2y <0F0I�I0KM>Bi�KM>[�ÅDG<.c5I?K=>B>[KM`baVUQK=F�r.K=]nUQKÌI?K=F ® KM>8U � DGF0F?]e����U � RY]eKÌpAF0H3C_K=]_`ba�<?F0H]eL8UXDZCeL[SJc �0> γ = 0 >[]_`baVUQ]eH �k��0> γ > 0 �0�5KM>[;MK=<0HGUX��DGF¯L[]_`ba�I0<?>[`ba¼;°\·KM]e��DGCe]_H3K=L � �0C_K=]nUQK=F¯I0KM>Xkl<?F0TVUQ]eSGF

gγ(y) = exp(γ(1 + y2))− exp(γ(1− y2))

IfD�q3S3F�¢gIfDGL8L gγ L-UQ>[]_TVU�TZS3FVq3K°Ê|]eL-U�<?F0I|]ea?>�NP>QDZ­0a�IfDZa0K=>6<0FVUQKM>[afDGC_� � KMI0K=>�]ea0>8K=>�r.K=TgDGFVUQKMFq3K=>8CEoG<.cdU � RY]_K�r.K=TgDGFVUQK�;M\^]_L[`ba0KMF 0 <0F?I 1 DG��K=>^]eL-U^H3K=>[DGI0K
(exp(2γ)− 1)y ,

\·S3>[DG<0LXI0]eK � �0L[`ba0oZUQ;M<0F0H
exp(γ(1 + y2))− exp(γ(1− y2))

y
≤ exp(2γ)− 1

c S3CeHGU � RY]_K � K=afDZ<0­?UQ<?F0H�c SGCeHGU¨I?<0>[`ba¼³�<0CnUQ]e­?Ce]eTgDZU[]eS3F���]nU 1/γ DG<.c���K=]_I0K=F�r.KM]_UQKMF �



Ý � ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

� Î RY]_K«kf<0F?TmU[]eS3F
gν,ε(y) = (1 + y2)ν/2 exp(−εy2)

]eL-U^I0]_¬5K=>8K=F0;M]eKM>[�fDG>^��]_U·I0K=> � �?CeK=]nUQ<0F?H

g′ν,ε(y) = y (1 + y2)ν/2−1 exp(−εy2)
(
ν − 2ε(1 + y2)

)
.

ºA]_K=>[DGF�K=>[TZK=F0FVU���DGF±¢ÁIfDGL8L�c �?> ν ≤ 2ε I?]eK¯kf<0F0TVUQ]_S3F gν,ε ]eF y = 0 K=]_F¶³¼DgÊ.]e��<0���K=L[]nUQ;°UA<?F0I�c �?> |y| → ∞ L8U[>[KMF0H���S3F0SZUQS3F�c½oGC_C_U � ªjF�I0]eKML[K=�»k�DZCeC±HG]eC_UÌDGCeL8S gν,ε ≤ 1
�

k��0> ν > 2ε ]eL-U y = 0 K=]_F�CeS3TgDGC_K=L¨³�]eF0]_�|<0� <0F0I�IfDZLX³¼DgÊ.]e�|<?� ��KM´fF?I0KMU^L8]e`ba¯DGF�I0KMFr�U[K=CeC_K=F
x = ±

√
ν

2ε
− 1 .

RYKM>Ykf<0F0TVU[]eS3F0L-\·KM>8UADGF¯I0]_K=L[KMFÍ@�Ê�UQ>8K=��DGCeL-UQK=C_CeKMF�]eL8U
( ν

2ε

)ν/2
exp (−(ν/2− ε)) ,

L[S�IfDGL8LAI?]eK¡pAF?H3CeKM]e`bam<0F0H���]_U¨I0KM>^�5KMafDG<0­?U[KMU[K=FÍ�XS3F0L-UbDGFVUQKMF C〈ν〉,ε H3]eCnU �
` Î Æ±<0� � KM\§K=]eLX��KMUQ>[DG`baVUQK°UA��DGF¯I0]_K¡oG�m<0]_qZDGC_K=FVUQK¡kfS3>8�|<0Ce]_K=>8<0F0H

1− exp(−Θy) ≤ ΘCΘ,γ y
γ , Í ��� �<� Î

I0K°´fF0]eKM>8UXI0]_K¡kl<?F0TVUQ]eSGF0K=F

gΘ(y) = 1− exp(−Θy) <0F0I hΘ,γ(y) = ΘCΘ,γ y
γ (γ ∈ [1/2 , 1]) ,

��]_U^I0KM>AF0S�`ba�;=<¼��K=L-UQ]_����K=F0I?K=F�­5S3L8]_U[]_q3KMF¼�XS3F0L-UbDGFVUQKMF CΘ,γ
<0F0I��5KM>[K=`ba?F0KMUYI0]eK � �.h

CeKM]_U[<0F0H3KMF��
g′Θ(y) = Θ exp(−Θy) , h′Θ,γ(y) = Θ γ CΘ,γ y

γ−1 .

ROD�]_F Í �.� �<� Î c �0> y = 0 NPCeKM]e`ba0a?K=]_UAH3]_C_U�¢fc S3C_HGUAI0]eK � K=afDZ<0­?UQ<?F0H0¢5\§K=F?FÎI?]eKJNP�0CnUQ]eHGTGK=]nUq3SGF
g′Θ(y) ≤ h′Θ,γ(y) ⇐⇒ exp(−Θy) ≤ γ CΘ,γ y

γ−1

FfDG`ba?H3KM\^]_K=L[KMFÍ]eL-U � ªj�»k�DZCeCeK γ = 1 HG]eC_U·I0]eKML^SG¬±KMF0L[]_`baVUQCe]_`ba¯��]nU CΘ,1 = 1
�

k��0>^I0KMF¼klDGC_C 1/2 ≤ γ < 1 ��KMU[>QDG`baVU[KMUX��DZF�I?]eK¡kf<0F0TVUQ]_S3F
1

γ
exp(−Θy) y1−γ ,

<0F0I��5KML8U[]e����U CΘ,γ
DGCeL¨]_a0>ÌH3C_S3�fDGC_K=L^³�DgÊ.]e�|<0� � RY]n¬±KM>[KMFmU[]EDZU[]eS3F�FfDG`ba y Ce]_KMc KM>8U

1

γ
y−γ exp(−Θy)

(
−Θy + (1− γ)

)
.

® K=H3KMF Θ > 0 <0F0I 1/2 ≤ γ < 1 K°Ê.]eL-UQ]_K=>8U^KM]eF¯H3C_S3�fDGC_K=L^³¼D�Ê?]_�|<0�ÏDGF�I?K=>Ar�UQKMCeC_K

y =
1− γ

Θ
,



�.� ��� @BC_K=��K=FVUbDG>8K�pAF0H3C_K=]_`ba�<?F0H3K=F�<0F0I�­0<0F?TmUj\§K=]_L[K � �0L8`bafoZU[;=<0F0HGK=F Ý�£

<0F0I�I0K=>^;=<?H3K=a0¸G>[]eHGK¡kl<?F0TVUQ]eSGF0L8\§K=>-UY]_L8U
1

γ
exp (γ − 1)

(
1− γ

Θ

)1−γ
.

� <0L^i6K=]eC±� Î q3S3F � K=����D �.� �.� £ � K=>8afoGC_U^��DGF¯<0F0��]_U8UQKMCe�fDG>M¢.I0DGL[L^I0]_K«@B]_F���KMU8UQ<0F?H
Lε1 ⊂> L〈ν〉1

c �0>^DGCeC_K ν ∈ R <0F0I ε > 0 \·KMH3K=F�I0KM>AWXS3>[��DG�0L8`bafoZU[;=<0F?H
∥∥f |L〈ν〉1

∥∥ ≤ C〈ν〉,ε
∥∥f |Lε1

∥∥ Í �.� � ¦ Î
L8UQK°UQ]_HP]eL8U � RY]_K � <?L[LQDZH3K^]eF|i6K=]_C0` Î \^]_>[IJ��K=]?I?K=>:pAFVU[K=>[L8<0`bam<0F0H«I0K=> � �0�0]eC_I0<0F0HGL[K=]_H3K=F?L[`bafDZcEhUQK=F�I0KMLYNPKM\^]_F0FVUQKM>[��L Q+

c �0> LΘ
1
h�kf<0F0TVU[]eS3F0KMF�q3S3F�K=FVUQL8`ba0K=]_I0K=F?I0K=> � K=I0KM<?UQ<0F?H�L8K=]eF �

RY]eK � K=I?K=<?U[<0F0H�q3SGFÍi�KM]eC6D Î �5KML8U[K=aVUPIfDG>8]eF�¢lIfDZLAc S3C_H3K=F0I?K � FfDGC_S3H3S3F�;=< � KM����D ��� �.� � ;M<�5K°\·KM]eL[KMF��J øI�·�Àþ³�(; �(;÷óló=; ï R°× Θ > 0 �DV	S v′ ¡IRY�O�>��
 É « É�� �ØSIR'ª�Vf×�R°Ö¤W�« � Ô<V�Vt¡G×��²W @
∫

S2

exp(Θ |v′|2) de ≤ 4π
exp(Θ(|v|2 + |w|2))− 1

Θ(|v|2 + |w|2)
.

¨�RY� R°×�\f« ® ]_KP]e� � KM\§K=]_LXqGS3F � KM����D �.� �.�ï� L8KMUQ;°UX��DGF
r1 =

1

2
|v + w| , r2 =

1

2
|v − w| , ẽ =

v + w

|v + w| ,

I � a �
v′ = r1ẽ + r2e ,

<0F0I«c �?a0>8U�I0]eK:ªjFVUQKMH3>QDgUQ]eSGF«�0��K=>6I0]_K·@B]eF?a0K=]nUQL[L8­0afoG>8K§]_F��P<0HGK=CeTZS.SG>[I0]_FfDZUQKMF�DG<0L � RY]_K=L6K=>[HG]e�?U
∫

S2

exp(Θ |v′|2) de = 2π

1∫

−1

exp(Θ(r2
1 + r2

2 + 2r1r2µ)) dµ

= 2π
exp(Θ(r1 + r2)2)− exp(Θ(r1 − r2)2)

2Θr1r2
.

r.KMU[;MUX��DZF�DZ<0`ba�a?]eK=>Ì\^]_K=I0KM>

R2 = r2
1 + r2

2 =
1

2
(|v|2 + |w|2) , y =

2r1r2

R2
∈ [0, 1] ,

<0F0I¯q3K=>-\·KMF0I0K°U �.� �.� £ � D Î ��]nU γ = ΘR2 ¢fL[S�c S3CeHGU
exp(ΘR2(1 + y2))− exp(ΘR2(1− y2))

ΘR2y
≤ exp(2ΘR2)− 1

ΘR2
.

® KMH3K=F R2 = (|v|2 + |w|2)/2 H3]_C_U¨I?]eKP��K=afDG<?­?UQK°UQK � �0L8`bafoZUQ;M<0F0H �



Ý � ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

Ð£d�0 Å×~�m l{zkGØ|�~t�¶ln~ Õy|�m
H
Ö=7#|�~«G£i�oqv¶~�hex

� KM]e�ðrmUQ<0I0]_<0�»I0KM> � ]nUQKM>QDZU[<0>Ì;=<?>Xi¨a?K=S3>8]eK¡I0K=> � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H«c½oGCeCnU¨DG<?c�¢?IfDGL[LXI0]_K
kfS3>[I?K=>[<?F0H3K=F¼�5KM;=�0H3C_]e`ba�I0K=L H h�kf<0F0TVU[]eS3FfDZCeLÌc �0>AI0]eK � F?c½DZF0H3L8qGK=>-UQK=]_Ce<0F?H�I0<0>8`bafDG<0LY<0FVUQK=>�hL[`ba?]eK=I?Ce]e`ba�L[]eF?I � @B]_F0]eH3K � <.UQS3>8K=F|q3KM>[CeDGF0H3KMF|I0]eK§ªjFVUQK=HG>[]eKM>[�fDZ>[TGKM]_U�q3S3F f0 log f0

¢ZDGF0I?K=>[K·L[KMU-h
;=KMF�CeK=I?]eH3C_]e`ba�I0]eKÌªjFVU[K=H3>8]eK=>8�fDG>8TGK=]nUBI0KMLB­5S3L8]_U[]_q3KMF � FVU[K=]eC_L f0 log+ f0

qGS3>QDG<?LB<0F0I�L[`ba0C_]eKM¹3Ce]_`ba
´fF0I?KMU^��DGF�]eF � >[��K=]nUQK=F¯�0��K=>·IfDGL¨>QoZ<0��C_]e`ba�a?S3��SGH3K=F0K � F?c½DZF0H3L8\§K=>-UQ­0>8S3�0C_K=�Ïc �0>§�:K=>8U[K=]Úh
Ce<?F0H3L8c <?F0TVUQ]eSGF0K=F�]e� � DZ<0� L〈2〉1 ∩Lp I0KMF�CEDZ­0]eIfDZ>[K=F�ºX]eFV\§K=]eLM¢VIfDGL8L²c �0>BL8S3Ce`ba?KAkf<0F?TmU[]eS3F?K=FDG<?U[S3��DZUQ]_L[`ba f log f ∈ L1

H3]eCnU �
NPK=>QDZI0K¼I0]_K¼C_KMUQ;°UQH3KMFfDGF0FVU[KÍi�DgUQLQDZ`ba0KÍ]eL-U�>8K=CEDgUQ]_q�C_K=]_`bamU�;=<Ë��KM\§K=]_L[KMF�¢·\^]eK�\·KM]_U[K=>�<?FmU[K=F
H3KM;=K=]_HGU�\^]e>[I � ÓY¬5K=F¶�0CeKM]e�?U�IfDGF?F+DGC_CeK=>8I0]eF?H3L=¢BS3�¶I0]eK�DGF f HGK=L8U[K=C_C_UQKMF+kfS3>8I0K=>8<0F0H3KMF���K°h\§K=]eL-UQKM`ba0F0]eL8`ba0K=>ÃWADZUQ<?>¼S�I0K=>�\^]e>[TmC_]e`baÞF?SGUj\·KMF0I0]_H+L[]_F0I �X� F0afDZF0I¾q3S3F � K=]_L[­0]_K=CeKMFÞ\^]e>8I
FfDG`ba?H3KM\^]_K=L[KMF�¢:IfDGL8L�C_KMU[;MUQKM>[KMLJI0K=>�klDGC_C·]eL-U � RODG��]_UJTmCEDZ>|]eL-U�¢�I0DGL[L�K=L���K=]ÌI?K=>�NP�0C_U[]eH3TZK=]_U
I0KM> � K=L[<?C_UbDgUQK�F0]e`baVUYDG<?cBI0]_K�RA]e��K=F0L8]eS3F�I0K=LON¡KML[`baV\^]eF?I0]eH3TZK=]nUQL[>[DG<0��LODGF?TGS3����U�¢0\§K=>8I0K=F
kf<0F0TVUQ]_S3F0KMF�qGS3F Rd FfDG`ba R �5K°UQ>QDZ`bamU[KMU � k��?>6I?]eK=L8K=F � �0L[`ba?F0]_U8U���K=;MK=]e`ba?F0KMU e I0]_K·@B<0C_K=>8L[`ba0KÆ�DGa0C �
pA�Å��K=L8L[KM>·;=<�q3KM>[L8U[K=a0KMF�¢.\§K=C_`ba0K � K=I0]_F0H3<0F?H3K=F�F0SGUj\§K=F0I0]_H�<0F?I�\§K=Ce`ba?KAa0]_F0>[KM]e`ba0KMF0I�L8]eF0I±¢
a0]_C_cdU¨KML=¢fI0KMF � S3HVDZ>[]_U[a0�|<0L·]eF���S3L8]_U[]_qVh²<0F0I�WAKMHVDZUQ]nqmUQK=]_C±;M<�;MK=>[C_K=H3KMF�¢

log y = log+ y + log− y ¢ log+ y := max{0, log y} ¢ log− y := min{0, log y} ¢

<0F0I¶�5KM]eI0K¯i6K=]_CeK�H3K°UQ>[KMF0FVU�;M<¶<0FVU[K=>[L8<0`ba0KMF � � KML[`ba0>[oGF0TVU���DGF�L[]_`ba+DG<?cYI0]eK¯a0]_F0L[]_`baVUQCe]_`ba
I0KM>¨RY]e`baVU[KO��]_F0]e��DGC_K^klSG>[I0KM>[<0F0H f ∈ L1

¢�L[SJKÈÊ?]_L8U[]eK=>-UÌIfDZL H h�kf<0F?TmU[]eS3F0DGCl]e��DGCeC_H3K=��K=]_F0K=FF0]_`bamU �
pA�ÏI0]eKML¨K=]eF?;=<0L8K=a0KMF�¢5��KMU[>QDG`baVU[K«��DGF¯DGC_L � K=]_L[­0]_K=C�I0]_K¡kf<0F0TVUQ]_S3F

f1(v) =





1 , |v| < e
1

χd |v|d (log |v|)s
, |v| ≥ e

\§S3�5KM] s ∈ (1, 2) <0F?I χd IfDGL�³¼DZ¹ÄI0K=> (d − 1) hjI0]_��KMF0L[]_S3FfDGC_K=F¶@B]eF0a0KM]_U[L[Tm<0H3KMCeS3��K=>-Âlogh`ba0K«�5KM;=K=]_`ba0F0K°U � f1
]eL-UY]_FVUQK=HG>[]eKM>[�fDZ>ADZ<?c Rd ¢�I?K=F0F#FfDZ`ba#ÜA��K=>8HVDGF0H�;=<Í�P<0HGK=CeTZS.SG>[I0]_FfDZUQKMF��K=>[KM`ba0F0K°UY��DGF¯��]nU¨I0KM>Yr�<0�0L8U[]_U[<?UQ]_S3F y = log r Í r = |v| Î
∥∥f1 |L1

(
Rd
)∥∥ = =

ed χd
d

+

∞∫

e

dr

r(log r)s

=
ed χd
d

+

∞∫

1

dy

ys

<0F0I \·KMH3K=F s > 1 ]_L8U�IfDGL�ªjFVUQKMH3>QDGC^KMF0I0Ce]_`ba �:� F0I?K=>[KM>[L8K=]_U[L���K=>8K=`ba0F0K°U���DGF�\^]eK=I?K=>���]nU



�.� Ò ��� F0��K=>[Tm<0F?H3K=F�;=<0� H h�kf<0F0TVUQ]_S3FfDGC ÝZÒ

�¡<?H3K=C_TGS�S3>[I0]_FfDZU[K=F

H[f1] = − 1

χd

∫

{|v|>e}

d log |v|+ log (χd(log |v|)s)
|v|d (log |v|)s

dv

= −


d

∞∫

e

log r

r(log r)s
dr +

∞∫

e

logχd
r(log r)s

dr + s

∞∫

e

log log r

r(log r)s
dr




= −


d

∞∫

e

1

r(log r)s−1
dr +

∞∫

e

logχd
r(log r)s

dr + s

∞∫

e

log log r

r(log r)s
dr


 ¢

<0F0IÄI0KM> � <?L[I0>8<0`bTÀ]_FÄ�PCEDG����K=>[FÎ]eL-U�<?F���K=L8`ba0>QoZF0TVU�¢BIfDÍDZCeCeK�ªjFVUQKMH3>QDZF0I0K=FµF?]e`baVUQF0KMHVDZU[]_q
L[]eF?IÀ<0F0I�IfDGL«K=>[L-UQK�ªjFVUQK=HG>QDGC:\·KMH3K=F s < 2 I?]_q3KM>[H3]_K=>-U�¢%\^]eK���DGF�\^]_K=I0KM>«��]_U¡I?K=>�SG�0]eH3KMFr.<0�0L-UQ]_U[<?UQ]_S3F���K=L8UQoZUQ]_HGU �
k��0> L1

h�kf<0F0TVUQ]_S3F0KMF�TgDGF0F�I0]eKX@BFVUQ>8S3­0]eKADGC_L[S«DGCeC_K=]eF|\§K=HGK=F�I0KML·WXK=HVDgUQ]_qmU[K=]eC_LB<0Fm�5KML[`ba0>[oGF0TVU
L[K=]_F �
klSG>[I0KM>8U^��DGF�;=<0L[oZUQ;MCe]_`ba�KMF0I0C_]e`ba0K¡@BF0KM>[H3]_KG¢fL[SJ\^]_>[I¯I0K=>^F0KMHVDZU[]_q3KPi6K=]_C�]eFVU[K=H3>8]eK=>8�fDG>M¢?I0KMF0F
c �0> x ∈ (0, 1) H3]eCnUÌI0]_KPK=C_K=��K=FVUbDG>8K � �0L8`bafoZUQ;M<0F0H

log
√
x ≥
√
x− 1√
x
⇒ x log x ≥ 2(x−√x)⇒ x |log x| ≤ 2

√
x ¢

L[S�IfDGL8LXc �0>Ìc½DZL8UX�0��K=>QDZCeC�­�S3L[]nUQ]nq3K=L f HG]eC_U=�
∫

Rd

f(v)
∣∣log− f(v)

∣∣ dv =

∫

{exp(−|v|2)≤f(v)<1}

f(v)
∣∣log− f(v)

∣∣ dv

+

∫

{f(v)<exp(−|v|2)}

f(v)
∣∣log− f(v)

∣∣ dv

≤
∥∥∥f |L〈2〉1

(
Rd
)∥∥∥ + 2

∫

R3

exp(− |v|2 /2) dv
�

ÓO¬5K=F?L[]e`baVU[Ce]e`ba�TgDGF0FÍ��DGF¼I?K=F � K°\·KM]eLPDZ<?c:DGFfDZCeS3H3K ® K=]_L[K���]_UXI0KM>ODGC_CeH3KM��KM]eF0KM>[KMF¼kfS3>8I0K°h
>[<0F0H f ∈ L〈ν〉1

c �0>:��K=C_]eK=�?]eH3KML ν > 0 c �?a0>[KMF � ªj� ºA]eFm�0C_]e`bT�DG<?c%I0]_K^�5KML[S3F0I?K=>[KA­0aVÉ�L[]eTgDGC_]eL8`ba0K� K=I0KM<?UQ<?F0H�\^<?>[I0K�S3a0F0K�@B]eF?L[`ba0>[oGF0Tm<0F0H ν = 2 H3KM\·oGa0CnU �k��0> f ∈ L〈2〉1

(
Rd
) ]eL8UODGCeL8S�;=<0��]eF?I0K=L-UPI0K=>OWAK=H3DZUQ]nq�U[K=]_C�I0KML H h�kf<0F?TmU[]eS3F0DGCeLXK=F0I?Ce]e`ba � k��0>I0K=F���S3L8]_U[]_qmUQKM]eC±>8K=]_`bamUXIfDZL^\^]_K=I0KM>[<0�ÏF0]e`baVUADG<0L � RODG;=<��5K°UQ>[DG`baVUQK¡��DZF�I?]eK¡kf<0F0TVUQ]_S3F

f2(v) =





1

ed |v|d
(

log
1

|v|

)s
, |v| < 1/e

exp
(
− |v|2 + 1/e2

)
, |v| ≥ 1/e ,

c �0> s ∈ (−2,−1) <?F0I+��K�DG`baVUQKZ¢·IfDZL[L�I0]_K¼��K=]_I0K=F � �0L[`ba?F0]_U8UQL[I?KM´fF0]nUQ]_S3F0K=F � KM\§K=]eC_L�I0KM���S3L8]_UQ]nqVh¡�0;M\ � WXK=HVDZU[]_qZDGFVUQKM]eC²q3S3F f2 log f2
K=FVUQL8­0>[KM`ba0K=F � RY]eK¯kf<0F?TmU[]eS3F f2

]_L8U��0��K=>JIfDZL



Ý � ��DZ­0]_U[K=C �.� kf<0F0TVUQ]_S3F0KMF0>QoG<?��KP<0F?I¼pXF0H3CeKM]e`bam<0F0HGK=F

NPK=�0]_KMU |v| > 1/e ��K=;M�0H3C_]e`baÃK=]_F0K=> � K=I?K=FÀN¡K°\^]e`baVUQL-c <0F0TVUQ]_S3FÀ]_FmU[K=H3>8]eKM>[�fDG> � RY]_K�ªjFmU[K=H3>8]eKM>-h�fDG>8TGKM]_U^c �0> s < −1 <0F?I�I0]_K¡�P<0H3K=C B = {v : |v| ≤ 1/e} KM>[afoZC_U^��DGF¯I0<0>[`ba�ÜA��K=>8HVDGF0H�;=<�P<0H3KMCeTGS�S3>8I0]eFfDgUQK=F r = |v| <0F?I�I0]_K�r.<0�0L-UQ]nUQ<?U[]eS3F z = log(1/r) �

1

ed

∫

B

1

|v|d
(

log
1

|v|

)s
dv =

χd
ed

1/e∫

0

1

r

(
log

1

r

)s
dr

=
χd
ed

∞∫

1

zs dz
�

� <.clI0K=>��¡<?H3K=C B ]_L8U�I0]eKÌN¡K°\^]e`baVUQL-c <0F0TVUQ]_S3F 〈v〉ν ��K=L[`ba?>QoGF0TVU:<0F?I�DG<0L�I?K=>�ªjFVU[K=H3>8]eK=>8�fDG>8TGK=]nUq3SGF f2
c S3CeHZU:I0]eK¨ªjFVUQKMH3>[]_K=>8�fDG>[TZK=]nU§qGS3F f2(·) 〈·〉ν ¢VI � a � K=L²H3]eCnU f2 ∈ L〈ν〉1

(
Rd
) c �0>²DGCeC_K ν ≥ 0

�
WYDZ`ba�I?K=�»;M<?q3S3> � KM\^]eKML[KMF0K=F�]eL8U¨DGCeL8S|I0]eKYªjFmU[K=H3>8]eKM>[�fDG>8TGKM]_U¨q3SGF f2 log− f2

HGK=L[]_`ba0K=>-U � k��0>
f2 log+ f2

afDZU^��DGF¯a0]eF?H3K=H3KMF
∫

B

f2(v) log f2(v) dv =
d

ed

∫

B

1

|v|d
(

log
1

|v|

)s+1

dv

+
s

ed

∫

B

1

|v|d
(

log
1

|v|

)s
log log

(
1

|v|

)
dv +

1

ed
log

(
1

ed

)∫

B

1

|v|d
(

log
1

|v|

)s
dv
�

RYKM>|CeK°UQ;MU[K�ªjFVUQKMH3>QDGF?IµK=FVUQL8­0>[]_`bamU��?]eLJDG<.c^K=]eF?K=F�klDGTVUQS3>«I0K=>|kl<?F0TVUQ]eSGF f2
<0F?Iµ]eL8U�IfDGa0KM>

K=F?I0Ce]_`ba � RY]eK^��K=]eI?K=F�qGK=>8�0Ce]_K=��K=F0KMF�ªjFVUQKMH3>QDGF?I0K=F�L8]eF0I�F0]e`baVU[F0K=HVDgUQ]_q�<?F0I�IfDZL§KM>[L8U[KYªjFVUQKMH3>QDZC
��K=>[KM`ba0F0K°UY��DGF¯I0<0>8`ba¼I0]_K�r.<0�0L-UQ]_U[<?UQ]_S3F z = log(1/r) ;=<

d

ed

∫

B

1

|v|d
(

log
1

|v|

)s+1

dv =
d χd
ed

1/e∫

0

1

r

(
log

1

r

)s+1

dr =
dχd
ed

∞∫

1

zs+1 dz ¢

\·DGL^SG¬±KMF0L[]_`baVUQCe]_`ba�<?F���K=L8`ba0>QoZF0TVUO]eL-U�¢0I0D s > −2
�

ªj� � DGa0��K=FÀI?K=> L1
hjkf<0F0TVUQ]_S3F0K=FÃ\^]e>8IÀ��DGF�DGCeL8S�c S3>8I0K=>8FÀ�|�?L[L[KMF�¢6IfDGL[L«I0]eK � F?c½DGF0H3L8�5KÈh

I0]_F0H3<0F0H ∫

Rd

f0(v)(1 + |v|2 + log+ f(v)) dv <∞ ,

�0;°\ � ∫

Rd

f0(v)(1 + |v|2 + log(1 + f(v))) dv <∞

K=>-c �0CeCnU �
ªjL8U � K=I0S�`baÍI0]_K|kf<0F0TVUQ]_S3F¼;M<0LQogUQ;=C_]e`ba p h c½DG`ba¼]eFVUQKMH3>[]_K=>[�0DG>A��]_U 1 < p < ∞ ¢�L[S�KM>[afoZC_UA��DGFDG<0L^I0KM>^K=CeKM��KMFVUbDG>8K=F � �0L8`bafoZU[;=<0F0H

log(1 + x) ≤ x



�.� Ò ��� F0��K=>[Tm<0F?H3K=F�;=<0� H h�kf<0F0TVUQ]_S3FfDGC ÝGÝ

<0F0I�I0K=>XºA¸GCeI0KM>-h�pXF0H3C_K=]e`bam<0F?HJ��]nU p′ = p/(p− 1) �
∫

Rd

f(v) log+ f(v) dv = p′
∫

Rd

f(v) log+(f(v)1/p′) dv

≤ p′
∫

Rd

f(v) log(1 + f(v)1/p′) dv

≤ p′
∫

Rd

f(v)1+1/p′ dv

≤ p′



∫

Rd

f(v)p dv




1/p

∫

Rd

f(v) dv




(p−1)/p

�

k��0>�L8S3Ce`ba?K f ]eL-U�IfDGL H h�kf<0F?TmU[]eS3F0DGC¨\·S3a?CeI0K°´fF0]eKM>8U � ÓY¬±KMF0L[]_`baVUQCe]_`ba+�0C_K=]e�.U�I0]_K � <?L[LQDZH3K>[]e`baVU[]eH0¢�\·KMF0F¼��DGF f ∈ L〈2〉1 ∩ L∞ q3S3>[DG<0L8L[KMU[;MU � ® K=H3KMF

lim
x→0+

x log x = 0 ,

TZDZF0FÎDG<?c§I0]eK|L-UQ>8]eTVUQK���SGL[]_U[]_q�]_UQoZUYqGS3F f q3KM>[;=]_`baVUQKMU�\§K=>[I?K=FÀ<?F0IÎDG<0L¡I0K=FÃ�0]_L[a0KM>[]_H3K=F � KÈhUQ>QDZ`bamU[<0F0H3KMF�c S3C_HGU��
B¶��ÿ�+Bÿ�ú�õ ù¥õ½ÿ�ö·�(;  (;½ó<; ï R°× f ¦MÔ]\YW&U)¥YR°Ö8Ô<����Vf×��a�IW%VER�¡VÔ<W÷×�Pj�IV	S 1 < p ≤ ∞ � ν > 0 « � Ô<V�VO¡G×��²W @

f ∈ L〈ν〉1

(
Rd
)
∩ Lp

(
Rd
)

=⇒ |H[f ]| <∞ «
RODGL[L^I0]_K�pA��TGK=a?>[<0F0H�F0]_`bamUXH3]_C_U=¢.;MK=]eHZU^L[`ba0S3F�IfDGL¨UQ>8]_q�]EDZCeK � K=]eL8­0]eKMC f(v) ≡ 1

�
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� K=]�I0K=F«UQa0KMS3>[K°UQ]eL8`ba0K=F|pAFVUQKM>[L[<?`ba�<?F0H3K=F�;=<?> � S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0H^L8UQDGF0I0KMF|;=<?FfoG`ba0L-UBI0]eK� ¸GL[<0F0HGK=F¼I?K=L � F?c½DGF?H3L8\§K=>-UQ­0>8S3�0CeKM��L¨c �0>^I0]_KP>QoG<?��C_]e`ba¯a0S3��S3H3KMF0K�N¡C_K=]_`ba�<?F0H�<0F0I¼I?K=>[KMF
@:]_H3K=F?L[`bafDZcdU[K=F�]_���:S3>[I?K=>[HG>[<0F0I � @B]_F0KYI0KM>§KM>[L-UQK=F � �0L[`ba0oZUQ;M<0F0H3KMF�c �0>§I?K=F��XS3CeC_]eL[]_S3F0L8S3­5KÈh
>QDZU[S3>Ì\^<0>[I?K¡qGS3F � À(�¿Ä
Ç�{ � � ��� �Ñ��KM\^]_K=L8K=F � k��?>A�XS3CeC_]eL8]eS3F0L8TGKM>[F0KO��]_UÌI0K=>X@B]eH3KMF0L[`ba0DZcdU

B(v − w, e) ≤ CB(1 + |v|λ + |w|λ) , 0 ≤ λ ≤ 2 ,

;=K=]_HGUQKPKM>=¢fIfDZL[L^K=]_F0K��AS3F0L-UbDGFVU[K Cν > 0 KÈÊ.]eL8U[]eKM>8U^��]_U
∫

R3

Q(f, g)(v) 〈v〉ν dv ≤ CBCν
(∥∥f |L〈ν+λ−γ〉

1

∥∥∥∥g |L〈λ+γ〉
1

∥∥+
∥∥f |L〈λ+γ〉

1

∥∥∥∥g |L〈ν+λ−γ〉
1

∥∥) ,

\·S3��K=] ν ≥ 2 ¢ f, g ∈ L〈ν+λ〉
1

<0F0I 0 ≤ γ ≤ 2
�

³�]_U�I0KM> � >[��K=]_U�qGS3F������ ÃIÆk� �b� À}ÇÕ�
Ò � �A��K=H3DGF0F�I?]eK¯L8É�L8U[K=��DZUQ]_L[`ba0K¼pAFVUQKM>[L8<0`bam<0F0HµI0KM>� �0�0]_CeI0<?F0H3L[KM]eH3KMF0L[`ba0DZcdUQKMF�I?K=L²�AS3C_Ce]_L[]eSGF0L[S3­�K=>[DZUQSG>[L%c �0>BI0]_K¨L[S¡H3K=F0DGF0FVUQKMFÍÔ�¥X¡IRa\��a�IVf×�W%W§RYVERYV®JØ]��� ×�\°×ÙØ]V?\a��R°ÖYVER Í K=F?H3C � �Y�IW�Ø§áN��R°Ö¤VERY��\ Î � RYDG>[<0FVU[K=>�qGK=>8L8UQKMaVU���DZF��PK=>8F0K¯q3S3F+I?K=>�klSG>[�Í £ � Ò3Ò Î ¢0�5KM]�I0KMF0K=F bλ K=>8L[KMU[;MUX\^]e>8I�I?<0>[`ba

bλ,ε(µ) = bλ(µ)1[−1,1−ε](µ) . Í Ò � £ Î
� K=].DG�0H3KML[`ba0F?]_U[U[K=F0KMF��AS3C_Ce]_L[]eSGF0L[TZK=>[F?K=F«\^]_>[I«K°Ê.­0Ce]_;=]nU�DZF0H3K=HGK=��K=F�¢g\·KMCe`ba0K^rmUQ>[KM<V\^]eF0TZK=C.qGK=>�h
FfDG`ba0CeoGL[L8]eHGU¨\§K=>8I0K=F � ROD bλ qGS3F�I?K=>AÓO>[I0Fm<0F0H O(1) c �0> µ→ −1 ]_L8U=¢0H3]eCnU

bλ,ε ∈ L∞([−1, 1]) ,

\ÌDGLXI0]_K � FfDGC_É�L8K«I0KM>Y@B]_H3K=F0L8`bafDZcdU[K=F¼I?K=LO�XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>8LÌK=>8a0K=�0C_]e`ba¯q3KM>[K=]_F?c½DG`baVU � RYKM>
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]eF�N¡K°\^]eF0F�h:<0F0I¯�:K=>8Ce<0L-UbDGFVUQKM]eC�Fm<0>XK=>8CEDG<?�?U�¢?\§K=F?F¼��]eF0I0KML8U[K=F0L¨I0]_K«N¡>[DGI.h � K=I0]_F0H3<0F0H

Cb = 2π
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−1

bλ(µ) dµ <∞ Í Ò � � Î
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NPKM\^]eF?FmU[K=>8�»]e��c S3CeH3KMF0I0KMF¼r�]eF0F0K¡F0SG>[��L8UQK°UQ]_HJ]eL8U=�

Q+ :
(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
×
(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
−→ L〈ν〉p ,

\§S3�5KM] ν ≥ 0 <?F0I 1 ≤ p <∞ �³�]nU§I?K=>·Æ±K=]_U:KMFVUj\^]e`bTGKMC_U[K=F�L[]_`ba�I0]_K � �0�0]_CeI0<?F0H3L[KM]eH3KMF0L[`ba0DZcdUQKMF�I0KML·�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3>[L�;=<
K=]_F0K=�ÏK=]eHGK=F0L-UboGF0I?]eH3KMF�kfS3>8L[`bam<0F0HGL[H3KMH3K=F0L-UbDGF?I �CÖ Ã ���C�	� Å�{<+
{ � � � �.�Ñ;=KM]eHGU[KOc �0>A³¼DgÊ�\·KMCeCÚh
³�S3C_K=Tm�0C_KG¢0IfDZL[LXI0K=>X�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>·DZCeL � �0�0]eC_I0<0F0H

Q : (L1 ∩ L∞)× (L1 ∩ L∞) −→ L∞
L8U[KMU[]eH¯]eL-U � �·afDZ>QDGTVUQKM>[]_L8UQ]_L[`baÃc �0>PI0]_KJ�5KM]eI0KMFÎHGK=FfDGF?FmU[K=F � KML[<0CnUbDZU[KJ]eL8U¡I?]eK � <?L[LQDZH3KG¢%IfDZL[L
L[]_`ba�I?K=>:�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>�]_F0F0KM>[afDGC_�JI0K=> Lp×L1

h�pX��H3KM�0<0F0HP\^]_K¨K=]eF�klDGCnUQ<0F0HGL[S3­�K=>[DZUQS3>
q3KM>[afoZC_U � ªjF � �0L8`ba0F0]nU[UYÒ � � \§K=>[I?K=F#WXS3>[��DG�0L8`bafoZUQ;M<0F0H3KMF¼��KM\^]_K=L[KMF�¢lI0]eK«NP<0L8UQDZc L[L8S3F0LA<0F0I
r�U[>[<0`bTm��K=]eKM>[L � K=L[<?C_UbDgUQK¡�5KM]eF0a0DGC_U[K=F �� <?L²I?K=>:i�DgUQLQDZ`ba0KG¢mIfDGL8L§I?]eK � ¸3L[<?F0H«I?K=>:>QoG<?��C_]e`baJa0S3��S3H3KMF0K=F � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0HAc �0>
t → ∞ HGK=H3KMF�I0]_K�³¼DgÊ�\§K=CeCÚh �:KM>8UQKM]eC_<0F0H�>[KMCEDgÊ.]_K=>8U=¢�CeKM]_U[KMUPL8]e`baÎI0]eK�kf>QDZH3K�DG��¢�SG��I0KM>��AS3CÚhCe]_L[]_S3F0L[SG­5KM>QDZU[S3>¨K=]_F0K«HGCEoZU8UQK=F?I0K ® ]_>[Tm<0F0H��5KML[]nUQ;MU � ªj�©klDGC_CeKPI0KM>YDZ�0H3K=L8`ba0F0]nU[UQKMF0K=FÃ�XS3CeC_]eL8]nh
S3F0L8TGKM>[F0K¡TgDGF0F���DGF�I0]_K=L·c �?>·I0KMF¯�:KM>[C_<0L8U8UQK=>8� L8SGc S3>-U·q3KM>[F0KM]eF0KMF�¢fIfD|DZ<0L¨I0K=>ÌRODG>[L-UQKMCeCe<?F0HÍ £ � Ò3¤ Î c S3CeHGU=¢?IfDZL[L Q−(f, f) F0]_K=��DGCeLÌHGCEDZU8UQK=>ÌDGCeL f L[KM]eF¯TgDGF0F �RODGL8LBI0]eKML�c �0>�I0K=F�NPKM\^]_F0FVUQK=>8��DGF0I0KM>[LB]eL-U�¢�\^<0>[I?K·q3S3F

¼�+�À}Ç � � Ò � �0H3KM;=KM]eHGU=�Gk��?>�<0F0KMF0I0C_]e`ba
H3CeDZU[U[KY�XS3CeC_]eL[]_S3F0L8TGK=>8F0K^��]nU·TZS3��­fDGTVUQKM��i6>QoZH3K=>§K°Ê.]eL-UQ]eKM>8U·K=]eF?KO�ASGF0L8UQDGFVUQK C > 0 ¢���]nU§I?K=>I0]_K � �0L8`bafoZUQ;M<0F0H

∥∥Q+(f, g) |W1
2

∥∥ ≤ C
∥∥f |L2

∥∥ ∥∥g |L1

∥∥
H3]_C_U � � {�Ç�Ç���{ ��� � Ý � �ÑTGS3F0FVU[K«I0]_K«N¡CeDZU[U[a0K=]nUQL[��K=I?]eF0H3<?F0H3K=F¯DZF�I0KMF ® ]_F0TGKMCEDGFVU[K=]eC%��K=L8K=]nUQ]nh
H3KMF � k��0> 1/2 < λ ≤ 1 <0F0I p > 6/(2λ− 1) ��KM\^]_K=L^K=>^I0]_K¡WAS3>8��L-UQK°UQ]eHGTGK=]nU

Q+ :
(
L〈ν+1〉

1 ∩ L〈ν+1〉
p

)
×
(
L〈ν+1〉

1 ∩ L〈ν+1〉
p

)
−→W1,〈ν〉

2 .

ªjF(I0KMF � >[��K=]nUQKMFÞq3S3F
¾ÁÀ ���	�C� Ã �Z× { � �k+�ÂIÂ!{�ÃFÃ_{ � � £ � �«<0F0I ¼ � �

Ò3Ò.��\^<0>8I0KµI0K=>#N¡KÈh
\^]eF?FmU[K=>8� DZ<0L[L8`ba0Ce]_K=¹3C_]e`ba�c �0>·kf<0F?TmU[]eS3F?K=F�]eF Í H3KM\^]_`baVUQKMU[K=F Î L2

h � oG<0��K=F��5K°UQ>QDZ`bamU[KMU � Æ±<0�
WYDZ`bam\§K=]_L�I0KM>¯N¡CeoZU[U[<0F0H3L8K=]_H3K=F0L8`bafDZcdU�\^<0>[I?K=F~DGC_CeK=>8I0]eF?H3LJI0]eKÍN¡CeDZU[U[a0K=]nUQL-c S3>[I0KM>[<0F?H3K=F¶DGF
I0KMF¼�XS3CeC_]eL[]_S3F0L8TGK=>8F�q3KM>[L[`ba0oG>8cdU=�

|B(|v − w| , µ)|+ |∂µB(|v − w| , µ)| ≤ CB(1 + |v − w|) .
ªjF�I0KM> � >8�5KM]_U

� � Ò.��\^<0>8I0KPK=>8L8UQ��DGC_L·I0KM>¨�AS3C_Ce]_L[]eSGF0L[S3­�K=>[DZUQSG>B]e� Æ±<0LQDZ����K=F0a0DGF0H|��]_U � K=L�h
L[KMCe­�SGUQKMFVUQ]EDZCe>QoZ<0��KMF|<0FVUQKM>[L8<0`baVU � RY]eKXNPCEoZU8UQ<0F?H3L[KM]eH3KMF0L[`bafDgcdUQK=FJI?K=L§N¡K°\^]eF0FVU[K=>[��L:TGS3F?FmU[K=F
��]_UÌqGK=>[HGCeK=]_`ba0L8\§K=]_L[K�L[`baV\·DG`ba0K=F � K=HG<0CEDG>8]_UQoZUQL-c S3>[I0KM>[<0F?H3K=F�DGF¯I0KMF ® ]eF?TGK=CeDGFVUQKM]eC�I0KMLY�XS3Cnh
Ce]_L[]_S3F0L[TZK=>8F0L¨<0FVUQKM>[L[<?`bamUY<0F0I�FfDG`ba0HGKM\^]eKML[KMF¼\·KM>[I0KMF �
ªjFJI0KM>ÁDGTVUQ<?K=CeC_K=F � >[��K=]nU

� �m� �?L[`ba0C_]eK=¹GCe]e`ba�´fF0I0K°UBL[]_`ba|K=]_F0K � K=H3<?CEDG>8]_UbogUQL8U[a0K=SG>[]eKÁc �?>ÁI0K=F��XS3Cnh
Ce]_L[]_S3F0L[SG­5KM>QDZU[S3>=¢�I0]eKP;M<0LQogUQ;=C_]e`ba�;=<0>ANP>QDGI�h � KMI0]eF0HG<0F0H Í Ò � � Î F?S.`ba¯c S3CeHGK=F0I0KMLÌq3S3>[DG<0L8L[KMU[;MU=�

∃ δ > 0 : ∀ 0 < ε < 1 :

∣∣∣∣∣∣

1∫

−1

bλ(µ) dµ−
1−ε∫

−1+ε

bλ(µ) dµ

∣∣∣∣∣∣
< Cb,λ ε

δ .
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�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>8L§;M<0�ÛNPK=H3KMF0L8UQDGF0I�afDZU�¢?H3Ce]_K=I0KM>8U¨L8]e`ba¯\^]eKPc S3CeHZU��
WYDG`ba�I0KM>·�:S3>8L8UQKMCeC_<0F0H�<?F0I¯RY]eL8Tm<0L[L8]eS3F�I0KM>Ì�0��K=>ÌI?K=F¯�ASGCeCe]_L[]_S3F0L[TZK=>8F�H3K°UQ>[SZ¬±KMF0K=F � F0FfDGa.h
��KMF�<0F0I¯I0K=>^@B]_F?c �0a0>8<0F0HJI0KM>Ìq3K=>-\·KMF0I0K°UQK=F � K=;MK=]e`ba?F�<?F0H3K=F�\^]e>8I�I0]eKP�XS3CeC_]eL8]eS3F0L-c >[KM��<?K=F0;
�5K°UQ>QDZ`bamU[KMU � RY]eKML[K � KMUQ>[DG`baVUQ<0F?H3K=F�L8U[K=C_CeK=F�< � D � I0]_K � DGL8]eLÁI?K=>BWXS3>[��DG�0L8`bafoZUQ;M<0F0H3KMFJc �0>�I0KMF
�:K=>[C_<0L8U8UQKM>[�»]_F�H3KM\^]_`bamU[KMU[K=F Lp h � oG<?��KMF�I0DG> �ªjF � �0L[`ba?F0]_U8UXÒ � � \§K=>8I0K=F � �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F¯I0K=LX�XS3CeC_]eL[]_S3F0L-UQK=>8��L²]eF�I0K=>ÌqGS3FÍNP<.h
L8UbDgc L[L[SGFÄ�5K°UQ>[DG`baVUQKMU[K=F¶r.]nUQ<fDZU[]eS3FÃ<0FVU[K=>[L8<0`baVU � RY]_K�NP�0CnUQ]eHGTGK=]nU�I0K=>«�5K°\^]eK=L8K=F0KMF � �0L8`bafoZU-h
;=<0F0HGK=F(L[]_F0I¾IfDZa0K=>Í;°\ÌDZ>Í�5KM>[KM]_UQL��5KMTgDGF0FVU�¢ � K=I0S�`ba(L[]_F0I¾I0]_K�a0]_K=>�H3K=H3KM�5KMF0K=F � K°\·KM]eL8K
\·KM]_UbDZ<0L�\§K=F0]_H3K=>�UQKM`ba0F0]eL8`baË<0F0I+a?]eF0L8]e`baVUQC_]e`ba�I?K=>�]_F�I0KMF � �?L[`bafoZU[;=<0F?H3K=FËq3SG>[TGSG����K=F.h
I0K=F��AS3F?L8UbDZFmU[K=F�UQ>QDZF0L[­fDZ>[K=FVU[K=> �� �0�0]_CeI0<?F0H3L[KM]eH3KMF0L[`ba0DZcdUQKMF�¢%I0]eK�DZ<0L[L8`ba0Ce]_K=¹3C_]e`ba p hÙc½DG`baÃ]eFVUQKMH3>[]_K=>8�fDG>[K�kf<0F?TmU[]eS3F?K=FÃ�5KM]eF0a0DGCnhUQK=F±¢�L[]_F0I NPK=H3KMF0L8UQDGF0IÄq3SGF � �0L8`ba0F0]_U8U�Ò � Ò � � ]eL[a?K=>�\^<0>8I0K=F WXS3>[��DG�0L8`bafoZUQ;M<0F0H3KMF�I0]eKML[K=>� >8UYFm<0>Yc �0>AI0]eK�kÁoGCeC_K p = 1, 2 �5K°\^]eKML[K=F � RY]_K�a0]_K=>YHGK=;=KM]eHGU[K=F#@B>8H3K=�0F?]eL[L8KJH3K=CnUQKMF�c �0>PDZCeCeK
1 ≤ p ≤ ∞ �ªjF � �?L[`ba0F0]nU[UYÒ � � \§K=>8I0K=FÍI?]eK�@B>[H3KM�0F0]eL8L[K«I0K=> Lp hji¨a0KMS3>[]_K�<?FmU[K=>^�:K=>-\·KMF0I0<0F0H�q3S3FÍªjFVU[K=>-h­5S3CeDZUQ]_S3F0L-UQK=`ba?F0]eTZK=F�DG<?cBI0]_K«KMFVUQL[­?>[K=`ba?K=F0I0KMF � K=L8L[K=C_­5SZUQK=FVU[]EDGC_>QoG<0��K¡�0��K=>8U[>QDGHGK=F¼<?F0IÍ��]_U
I0K=F � KML[<0CnUbDZU[K=F�DG<0L

� � Ò.�ÑTZS3�|�0]_F0]eKM>8U �
WA<0>¨L8K=C_U[K=F�CEDGL8L[KMF�L8]e`ba�kl<?F0TVUQ]eSGF0K=F0>[oG<0��K V ]eI?K=FVUQ]n´f;=]_K=>[KMF�¢?c �0>^I0]_K

Q, �?;M\ � Q+,
�0;°\ � Q− : V× V −→ V

K=]eF?KÌL8U[KMUQ]_H3K � �0�0]_CeI0<0F?HO]eL-U � @B]_F0K¨�PCEDGL8L[K·qGS3FJ��KMUQ>8]eL8`ba0K=F � oG<0��K=FJ��]_U�I0]eKML[KM>B@B]eH3KMF0L[`bafDgcdU
\^]e>[I�]eF � �0L8`ba0F0]_U8U¨Ò � Ý�qGS3>[H3KML8U[K=CeCnU � RODGL·�¡DG­0]_U[K=ClL[`ba?Ce]eKM¹GU§��]nU§I?K=>ÌpXFVUQK=>8L[<0`bam<0F?H�I0KMLÌ�XS3Cnh
Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>8L·c �0>Akf<0F0TVUQ]_S3F0K=F�]eF�K°Ê.­�S3F0KMFmU[]eKMCeCÑH3KM\^]_`baVUQKMU[K=F � oG<0��K=F � ªj� Æ±<0LQDG����K=F.h
afDGF0HÍ��]_U«I0]_K=L[KMF�kf<0F0TVUQ]_S3F0K=F?>QoG<0��K=FÎ\^<0>[I?K=F��0]eL8a0K=>�DG<0L8L[`ba0C_]eK=¹GCe]e`baÄ@:]_H3K=F?L[`bafDZcdU[K=FÄqGS3F� ¸GL[<0F0HGK=FÀI?K=>¡>QoG<?��C_]e`ba#a0S3��S3H3KMF0K=FÀNPCeK=]_`bam<0F0H�c �0>¡I0]eK�k�oGCeC_K λ = 0 <0F?I λ = 1 <0FVUQK=>�hL[<0`baVU � �:SG�År�U[<0I0]e<?�
I0KML²ÓP­�K=>[DZUQSG>[LBL[KMCe�0L-UBc �0>ÁI0KMF�DZCeCeHGK=��K=]eF?K=>[KMF|klDGC_C.I0KMLB�PºOrVh-³�S�I0K=C_CeL
��]nU 0 ≤ λ ≤ 1 CEDGL8L[K=F�L[]e`ba�\§K=]nUQKM>[KP@B>[TZK=F0FVU[F0]eL8L[K¡�0��K=>·I?]eKY;M<0H3KMa0¸3>[]_H3K=F � ¸3L8<0F0H3KMF�K=>-\ÌDG>�hUQK=F �

Ø vez¿he|�p�pFl{i�Õy|�~t�¶ln~ h¶~ wtln~ 8 v¶xYxYofpFoYv�~�p	G�l{z¿~ |�~�w ÓÔlyÕ{lyofrsk�Ö
~Ø|�~t�¶ln~
RY]eK�pAFVUQKM>[L8<0`bam<0F0HÃI0K=> � �0�?]eCeI?<0F0H3L8K=]eHGK=F0L8`bafDZcdUQKMFÄ��K=L[`ba?>QoGF0TVU�L8]e`baÄDZ<?c^afDG>-UQK�ªjFmU[K=>[DGTVUQ]nh
S3F0L[­�SGU[K=FVUQ]eDGCeKZ¢?I � a � K=L^\§K=>[I?K=FÍ�XS3CeC_]eL8]eS3F0L8TGKM>[F0KOI?K=>XkfS3>[�

B(v − w, e) = bλ(µ) |v − w|λ , µ =
(v − w) · e
|v − w| , Í Ò � Ò Î

�5K°UQ>QDZ`bamU[KMU=¢0c �0>^I0]eKPH3]_C_U=�
0 ≤ λ ≤ 1 . Í Ò � � Î

® ]eK¨]eF � �0L[`ba0F?]_U[UA£ � �.� � c KML8U[H3K=L-UQK=C_C_U:\^<0>8I0KG¢m]eL-U:I0]eKANP�0C_U[]eH3TZK=]nUÁI0KM>ÌNP>QDGI�h � KMI0]eF0HG<0F0H Í Ò � � Îc �0>«I?]eK � KMU[>QDG`baVU[<0F0H#I0KML«�:K=>8Ce<0L-U[U[K=>[��L Q−(f, g) DG<?L[>[KM]e`ba0KMF0I � ªj�ÐÆ±<?LQDG����KMF0afDGF?H���]_U



�3� ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

I0]_K=L[KM�ÛÓO­5KM>QDZU[S3>Ì\^]e>8I¯a0]eKM>^DG<0`ba¼F?]e`baVU^��KMa0>¨q3KM>[CEDZF0HGU �� F?I0K=>8L«q3KM>[afoZC_U|KML�L8]e`ba�c �?>�I0KMF�N¡K°\^]eF0FVU[K=>[� Q+(f, g) �Ñk��0>«I?]eK=L8K=F�ÓO­�K=>[DZUQS3>¡\^]e>8IÀI0]_Kc S3C_H3K=F0I?K¡klSG>[I0KM>[<0F0H�DGF�I0KMF ® ]_F0TGKMCEDGFVUQKM]eC�I?K=LX�AS3C_Ce]_L[]eSGF0L[TZK=>[F?L¨H3K=L-UQK=C_C_U=�
k��0> 1 ≤ p ≤ ∞ L[KM]%I0]eK � KMI0]eF?H3<0F0H

Cλ,p,(1) = 2(λ+5−3/p)/2π

1∫

−1

bλ(µ)

(1 + µ)3(1−1/p)/2
dµ <∞ Í Ò � Ý Î

K=>-c �0CeCnU �� <.cBI0K=F¼K=>[L-UQKMF � Ce]_`bT�K=>8L[`ba0KM]eFVUPI0]_K=L[K � KMI0]eF0HG<0F0H�­?>[S3�0C_K=��DZUQ]_L[`ba���Æ±<?LQoZU[;=Ce]_`ba¼;M<0>Or�]eF0H3<�h
CEDZ>[]_UQoZU¨DZF�I?K=>Xr�U[K=CeC_K µ = 1 \^]e>8I�c �0> p > 3 K=]_F0KO\§K=]_U[K=>8K«�6S3CeL-UQKMCeCeKY]eF µ = −1 K=]eF?H3KMc �0a?>8U �RY]_K=L[KM>ÁpX��L-UbDGF0I�\^]e>8TmU�L[]_`ba|DGC_CeKM>[I0]_F0H3L%Fm<0>ÁDZ<?cfI0]_K§�0]_Ce]_F0K�DG>8K:kfS3>[�ÞqGS3F Q FfDZ`ba Í £ � �3� Î DG<0L �k��0>6I0]_K§UQa?K=S3>8KMUQ]_L[`ba0KÌpAFVUQKM>[L[<?`ba�<?F0H¡L[S¥\^]eK§I0]eK§F�<?��KM>[]eL8`ba0K � ­0­0>8S¥Ê.]_��DZU[]eS3F¡q3SGF � ¸3L[<0F?H3K=F
I0KM> � S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0H�L[]_F0I � K=I?S.`baÍFm<0>YI0]eK��m<fDGI0>[DZUQ]_L[`ba0K��²DZ>[]EDZFmU[K Q(f, f) <0F0I#I?]eKL8É�����K°UQ>8]eL[`ba?K¡klSG>[� Q(f, g) q3S3F � KMI0K=<.UQ<0F0H � RY]eKML[K¡DG��K=>·TG¸3F0F?K=F�]eF�oG�m<0]nqZDGCeKMFmU[K=> ® K=]_L[K��]_U¨I0KM� ® ]eF?TGK=CeDGFVUQKM]eC

b̃λ(µ) =
(
bλ(µ) + bλ(−µ)

)
1[0,1](µ) Í Ò �ö� Î

DGFÄr�UQKMCeCeK�q3SGF bλ DG<0L[HGK=I0>8�0`bTVU|\·KM>[I0KMF Í L8]eK=a?K Í £ �ï�3� Î <0F?I Í £ � ��� ÎTÎ � @BFVUQL8­0>[KM`ba0K=F0I CEDZ<?UQK°UI0KM>XL8S�L-É�����KMU[>[]eL8]eKM>8UQKPN¡K°\^]eF0FVUQKM>[���

Q+(f, g)(v) =
1

2

∫

R3

∫

S2

b̃λ(µ) |v − w|λ
(
f(v′)g(w′) + f(w′)g(v′)

)
de dw . Í Ò � ¦ Î

RYKM>�I0<?>[`ba Í Ò ��� Î I?KM´fF0]_K=>-UQK ® ]eF0TZK=CEDZFmU[K=]_CVK=Ce]_��]_F0]eKM>8U�DGCeC_KBF0K=HVDgUQ]_qGK=F µ <0F?I«q3KM>[a0]_F0I0KM>8U�¢�IfDZL[LI0<0>8`baÀI0]_K � K=I?]eF0H3<?F0H Í Ò � Ý Î K=]_F0KJ;=<?LQoZU[;=Ce]_`ba0K�r.]eF?H3<0CEDZ>[]_UQoZUAK=FVUQL-UQK=aVU � RY]_K|�:S3>QDZ<0L[L8KMUQ;M<0F0HÍ Ò � Ý Î ¢0��]_U bλ KM>[L8KMUQ;°UYI?<0>[`ba b̃λ ¢f]_L8U¨\§K=F0]_H3K=>^>8K=L8U[>[]_TmU[]_q�DGCeL Í Ò � £ Î �RODG>[DG<0L^K=>8H3]e�.U^L[]e`ba�I0]_KOc S3CeH3KMF0I0KO�:S3>8H3K=a?K=F0L-\·KM]eL[KZ�
• Æ±<?FfoG`ba0L-U���KM\§K=]_L8U���DGFµK=]_F0K¯WAS3>8��DZ�0L[`bafogUQ;=<?F0HÎc �?>JI0K=F��0]_Ce]eF?K�DG>8K=F NPKM\^]eF?FmU[K=>8�
Q+(f, g) <0FVUQKM>^I0K=> � F?FfDGa0��K Í Ò � Ý Î �
• RYDG>QDG<?L:c SGCeH3KM>8UB��DGF�I0]eK¨KMFVUQL[­?>[K=`ba?K=F0I0K¡WXS3>[��DG�0L8`bafoZU[;=<0F0H¡c �0>BI0KMF�L-É.����KMUQ>8]eL8`ba0K=FÓO­�K=>QDgUQS3>¨FfDZ`ba Í Ò � ¦ Î � RY]_K=L8K�HG]eC_UÌIfDGF0F�<0FVUQKM>XI?K=>^L[`baV\·oG`ba0K=>8K=FÍ�:S3>[DG<0L8L[KMU[;=<0F?H

C̃λ,p,(1) = 2(λ+5−3/p)/2π

1∫

0

b̃λ(µ)

(1 + µ)3(1−1/p)/2
dµ <∞ , Í Ò � ¤ Î

��]_U^I0KM� ® ]eF0TZK=CEDZFmU[K=]_C b̃λ H3KM��oZ¹ Í Ò ��� Î � RY]eK�K=FVU[L[­0>8K=`ba0KMF0I0K � <0L8LQDGHGK«c �0>XI0K=F¼��<0DghI0>[DZUQ]_L[`ba0KMFÍÓO­�K=>[DZUQS3>Ìc SGCeHGU¨L8SGc S3>-UXDG<0L Q+(f, f) = Q+(f, f)
�

³¼DZF#�5K=DG`baVUQKJa0]_K=>[;M<�¢�IfDZL[LOI0]_K � KMI0]eF0HG<0F0H3KMF Í Ò � Ý Î <0F?I Í Ò � ¤ Î ]_� ºX]eFm�0C_]e`bT�DG<?c²I0]_Kr.]_F0H3<0CeDG>[]nUboZUX]_F µ = 1 F?]e`baVU¡L8UQoG>[TZK=>PL[]_F0IÎDGCeLAI0]eKJN¡>[DGI.h � K=I0]_F0H3<0F0H Í Ò � � Î � r.­�K=;=]_K=C_CH3]_C_U§c �0> p = 1
Cλ,1,(1) = 2λ/2Cb .

Í Ò � � Î



Ò � £ � @B]_H3K=F0L8`bafDZcdU[K=F¼I?K=>X�AS3C_Ce]_L[]eSGF0L8c >8K=�m<0K=F?; � £

• RY<0>8`ba��ASG�|�0]eF0DZUQ]_S3FJ��]nUBK=FVU[L[­0>8K=`ba0KMF0I0K=F � �?L[`bafoZU[;=<0F?H3K=F�c �?>§I0KMF��0]_Ce]_F0K�DG>8K=F��0;°\ �L8É�����K°UQ>[]_L[`ba0KMF«�:KM>[Ce<?L8U[U[K=>8�(K=>[a0oGC_U���DZF«I0]_K§r�UQK°UQ]eHGTGK=]nUQL[DG<0L[L[DGH3KMF�c �0>6I0K=F|HGK=LQDZ��UQKMF
�AS3C_Ce]_L[]eSGF0L[S3­�K=>[DZUQSG> � RYKM´0F0]eKM>8U���DGF¡I0KMF�L-É.����KMUQ>8]eL8`ba0K=F¡�:K=>8Ce<0L-U[UQKM>[�(<0FVU[K=>Ñ�:K=>8\§K=F�h
I0<0F0HJqGS3F Í Ò ��� Î ¢
Q−(f, g)(v) =

1

2

∫

R3

∫

S2

b̃λ(µ) |v − w|λ
(
f(v)g(w) + f(w)g(v)

)
de dw , Í Ò � £ � Î

L[S�H3KMF��?HGUXK=L=¢lIfDZL[L^I0]eK�NP>QDZI.h � KMI0]eF?H3<0F0H Í Ò � � Î K=>8c �?CeC_UÌ]eL8U=¢0I0KMF0F¼KMLXHG]eC_U=�
2π

1∫

0

b̃λ(µ) dµ = 2π

1∫

−1

bλ(µ) dµ = Cb <∞ .

k��0>:I0K=F��m<fDGI0>[DZUQ]_L[`ba0KMF�L[S¥\^]eKXI0KMF�L8É�����K°UQ>8]eL[`ba?K=F��XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>�]eL8U²I0]_K � K=I0]_F0H3<0F?HÍ Ò � ¤ Î c �0>¨I0]_KP]eF¯I0KM>A�B>[DgÊ.]eL¨\^]e`baVUQ]_H3K=F��OºOrmh�³�S.I?K=CeC_K Í £ �ï�V� Î SG¬±KMF0L[]_`baVUQCe]_`ba¯K=>8c �?CeC_U �k��0>¨I0KMF�>8K=]eF�DGC_H3K=�?>QDG]_L[`ba¯L8É�����K°UQ>[]_L[]_K=>8U[K=F�NPKM\^]eF?FmU[K=>8��¢0HGK=H3KM�5KMF�I0<?>[`ba

Q+(f, g)(v) =
1

2

∫

R3

∫

S2

bλ(µ) |v − w|λ
(
f(v′)g(w′) + f(w′)g(v′)

)
de dw , Í Ò � £3£ Î

TZDZF0F�K=]_F0KA\§K=]nUQKM>[KPWXS3>[��DG�0L8`bafoZUQ;M<0F0H|HGKM\§S3F0F0KMF¯\§K=>8I0K=F±¢?\·KMF0F���DGF�I0]_KY]_� DGCeC_H3K=��K=]_F0K=F
>[K=L-UQ>8]eTVUQ]nq3K=>8K�klSG>[I0KM>[<0F0H

Cλ,p,(2) = 2(λ+3−3/p)/2 max
(
2, 23(1−1/p)/2

)
π

1∫

−1

bλ(µ)

(1− µ2)3(1−1/p)/2
dµ <∞ Í Ò � £ � Î

DGF+I0KMF¿�XS3CeC_]eL8]eS3F0L8TGKM>[F�L-UQKMCeC_U � RY]eKML[K � KMI0]eF0HG<0F0HÄ]_L8U�; � � � ]e� Æ±<0L[DG����K=F?afDGF0H���]nU�I0KMF
�PºOrVh-³�S�I0K=C_CeKMF#K=��K=F?c½DGC_CeLPFm<0>Pc �0> 1 ≤ p < 3 KM>8c �0C_C_U � RYK=>¡]_F0L[��K=L8S3F0I0KM>[K�c �0>PFm<0��KM>[]_L[`ba0KÆ5\·KM`bTGK¡]eFVUQKM>[KML[LQDZFmU[K¡klDGCeC p = 2 ]_L8UÌDGCeC_K=>[I?]eF0H3L²K=FVU[afDGC_U[K=F � ³¼DGF���K�DG`baVU[KPL[­�K=;=]_K=C_CÙ¢mIfDGL8LÌc �0>
p = 1 H3]eCnU��

Cλ,1,(1) = Cλ,1,(2) .� CeL � �0Tm�0>[;M<0F0H�L[S3C_C±c �0>¨I0]_K=L[KMLY�¡DG­?]_UQKMC±I0]_K�r.`ba0>8K=]e�V\§K=]_L[K
f〈ν〉(v) = 〈v〉ν f(v) I � a � f ∈ L〈ν〉p ⇔ f〈ν〉 ∈ Lp Í Ò � £¥Ò Î

q3K=>8K=]_F��0DG>8U^\§K=>[I?K=F �

0�dqc M oq�eln~�p�rsk�hÙ3�i�ln~ w�l{zÚ8×vexqxYoqp�oYv¶~�p	3�z¿lLÛO|tln~tÕ
Æ±<0> � KMU[>QDG`baVUQ<?F0H|I0KM> Lp×Lp hj@:]_H3K=F?L[`bafDZcdU[K=F�I0K=L²�:K=>[C_<0L8U8UQKM>[��L§]_L8U²K=L§a0]eCnc >[K=]_`ba�¢3;M<0FfoG`ba0L-UI0]eK¡�XS3CeC_]eL[]_S3F0L-c >[K=�m<0KMF0;G¢.I � a � I0K=F�klDGC_U[<0F0H3L8S3­�K=>QDgUQS3>

L[g](v) = Cb

∫

R3

|v − w|λ g(w) dw , Í Ò � £ � Î



�V� ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

;=<µ<?FmU[K=>8L[<0`ba0KMF � RODG>8�0��K=>|a0]_FfDG<0L�CeS3a0FVU�L[]e`baµI0DGLJr�U[<0I0]_<0� I?K=>J�XS3CeC_]eL[]_S3F0L-c >[K=�m<0KMF0;�< � D �
DG<0`ba±¢±\·KMF0FÀ��DGFÍI?]eK�RODG>8L8U[K=CeC_<0F0H�I?K=> � ¸3L[<?F0H¯I0K=L � F.c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=��LP;=<0>P>[oG<0��Ce]_`ba
a0S3��S3H3KMF0K=F � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H���]nUJºX]eC_c K�I0K=L�RY<?afDG��K=Cnhj�B>[]eF?;=]e­?L Í £ � ¦GÒ Î ��DgUQa0KM��DghUQ]_L[`ba�K°Ê?DGTVU���K=H3>8�0F0I0KMF¶��¸�`bamU[K � ÜA��K=>JI0]_K�\·KML[KMFmU[Ce]_`ba0K � K=L8`ba0>QoGF?TmU[a0K=]nU�I0]eKML[K=LJC_]eF0K=DG>[KMF
ÓO­5KM>QDZU[S3>[L¨CeoGL[L-UXL[]e`ba¯I0]_KPc S3CeH3KMF0I0K � <0L[L[DGH3KPUQ>8KM¬5K=F��
J øD�Û�Àþ  (;½ó<;½ó=;�� \�¡IRY�²W§RQSG×�R_ZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�IVI¡�
 � «/ºD���©�IV	S�¦¤U�Ö 1 ≤ p ≤ ∞ \�R°×©SIR°Ö�VØ]V�±¤�<¡G×�R°ÖYWXR � ÝMÕfØ]VERYV�W&¡IRY�O�>��
FºI«/ºD�OSIR'ª�Vf×�R°ÖYW�«��ORYV�V γ ∈ R SG×�Rj¨�R>SG×�VI¡<�IVI¡

1 < p ≤ ∞ : γ > λ+ 3/p′ ¥a�f��« p = 1 : γ ≥ λ

R°Ö�¦¤UD���²W��s\¥Ø¶¡G×��²W @ � ×�R�®JØ]��� ×�\°×ÙØ]V?\'¦ÈÖ@R&%f��RYVI��×�\YWyR°×�V�\YW§RYW½×µ¡IR°Öâ� ×�VER[ÔGÖ@R°Ö6m�Õ�R°Ö[Ô<WjØgÖ
L : L〈γ〉p −→ L〈−λ〉∞ ,

�J×�W SIR°Öàô«ØgÖ¤��Ô�¥Y\��a�?�<W��f�DVI¡
∥∥L[g] |L〈−λ〉∞

∥∥ ≤ 2λ/2 CbCp,λ,γ
∥∥g |L〈γ〉p

∥∥ .

� ×�R�®JØ]V?\YWÙÔ<V�WXR Cp,λ,γ ×�\YW{SVÔ�¥YR°×sSIR'ª�Vf×�R°ÖYW·Ô<��\

Cp,λ,γ =





(∫

R3

〈w〉p′(λ−γ) dw

)1/p′

, 1 < p ≤ ∞

1 , p = 1

. Í Ò � £�Ý Î
¨�RY� R°×�\f«^RYK=>AklDGCeC p = 1 ]eL-U^K=]_F?c½DG`ba��lpXFmU[K=>¨�:K=>-\·KMF0I0<0F?H�q3SGF

|v − w|λ ≤ 〈v − w〉λ

<0F0I�I0KM>A�6K=K°UQ>[KÈh�pXF0H3CeKM]e`bam<0F0H Í � KM����D �.� �.� ¤�D ÎTÎ K=>[a0oGC_U¨��DGF
|L[g](v)| ≤ Cb

∫

R3

〈v − w〉λ |g(w)| dw ≤ 2λ/2 Cb 〈v〉λ
∫

R3

〈w〉λ |g(w)| dw

<0F0I ��DGFµK=>8TGK=F?FmU=¢§I0DGL[LJc �0>JI0]_K�r�UQK°UQ]_H3TGKM]_UQL[DG<0L8LQDGH3K¯]_F I?]eK=L8K=� klDGC_C·I0]_K��:S3>QDZ<0L[L8KMUQ;M<0F0H
γ ≥ λ H3K=Fm�0HGU �k��0> 1 < p <∞ KM>[afoZC_U���DGF«I0<0>8`ba � FV\·KMF0I0<0F?H�I?K=>���K=K°UQ>8K°hÑ<0F?I|I0K=>�ºA¸3C_I0K=>�h�pXF0H3CeKM]e`bam<0F0H

∣∣∣〈v〉−λ L[g](v)
∣∣∣ ≤ Cb 〈v〉−λ

∫

R3

|v − w|λ |g(w)| dw

≤ 2λ/2 Cb

∫

R3

〈w〉λ−γ
∣∣g〈γ〉(w)

∣∣ dw

≤ 2λ/2 Cb

(∫

R3

〈w〉p′(λ−γ) dw

)1/p′ (∫

R3

∣∣g〈γ〉(w)
∣∣p dw

)1/p

.



Ò � £ � @B]_H3K=F0L8`bafDZcdU[K=F¼I?K=>X�AS3C_Ce]_L[]eSGF0L8c >8K=�m<0K=F?; � Ò
RODGLP;M\§K=]nUQK|ªjFVU[K=H3>[DGCÁ]eL-UPFfDG`baÍ�:SG>QDG<0L8L[K°UQ;=<?F0H¼DZF g KMF0I0C_]e`ba � RODGLPK=>8L8U[KJªjFVUQK=HG>QDGCÁ]_L8UYFfDG`ba� KM����D �.� £ � � � Î H3K=FfDZ<�IfDZF0F�KMF0I0C_]e`ba�¢?\§K=F?F¼H3]_C_U��

p′(λ− γ) < −3 .

RYK=>Yk�DZCeC p = ∞ \^]e>[I�q3S3C_CeTZS3����K=F�DGFfDZCeS3H��5K°\^]eK=L8K=FÍ<?F0IÃDG<0LAI0K=>YRYKM´0F0]_U[]eS3F�q3S3F Cp,λ,γc S3CeHGUÌI0]eK � KMafDG<0­.UQ<0F0H �
�|øD��øI���F�6ö��  (;½ó=; �	; @ÁÊ.­0C_]e;M]_UQK�SG�5KM>[K�r.`ba0>[DGF0TGKMF�c �0>�I0]_K¯�AS3F0L-UbDGFVU[K Cp,λ,γ \^<0>[I0KMF+]eF� K=��K=>8T�<?F0H ��� £ � ÒJI0<0>8`ba Í �.� ¦ Î <0F0I Í �.� ¤ Î DGF0HGK=H3KM�5KMF �
pA��I0]_K�kl>[DGH3KJ;M<ÀTmCEoG>8K=F�¢%]_FV\^]eKM\§K=]nU�I0]eK � <0L[L[DGH3K�I?K=L � KM����DGLPS3­.UQ]e��DGC�]eL8U=¢%L[<0`baVU���DGF
FfDG`ba � �0L[`ba0oZUQ;M<0F0H3KMF�c �0>ÑI0]eK²�XS3CeC_]eL[]_S3F0L-c >[K=�m<0KMF0;Áq3SGF�<0FVUQKMF � k��0>�³¼DgÊ�\§K=C_Cnh-³�S3CeKMT��?CeK Í I � a �
λ = 0 Î HG]eC_U·L[­�K=;M]eK=C_C

L[f ](v) = Cb
∥∥f |L1

∥∥ = Cb ρf ,

\·S3��]_U�DGCeC_K=L��5K=DGFVUj\·S3>-UQK°U¯]eL8U � k��?>�I0K=FèklDGC_C 0 < λ ≤ 1 ]_L8U���DGF~DG<?c«pXF0H3CeKM]e`bam<0F0HGK=FDGF0H3K°\^]eK=L8K=F � ªjF�I0KM> � ]nUQK=>[DZUQ<?>Ì´fF0I0KMF�L8]e`ba�I0]eKML[��K=;=�?H3Ce]_`ba�I?]eKOc S3C_H3K=F0I?K=F � �0L8`bafoZUQ;M<0F0H3KMF��
• ���_�

{ �^� �¥� � �÷�l@BLXHG]eC_U
L[f ](v) ≥ C(1 + |v|λ) , 0 < λ ≤ 1 , Í Ò � £ � Î

\·SG�5KM]±I0]_KO�ASGF0L8UQDGFVUQKOq3SGF ∥∥f |L1

∥∥ ¢ ∥∥f |L〈2〉1

∥∥ <0F?I�I0K=� ��S3L8]_U[]_qmUQKM]eC�I0K=L H h�kf<0F0TVUQ]_SZhFfDGC_L·q3S3F f DG�0afoZF0HGU � ªjF�I?K=>[L8K=C_�5KMF � >[��K=]nUÌ\^<0>[I?K«DZ<0`ba�I?]eK¡NP�0C_U[]eH3TZK=]nUÌI0KM>X<?FmU[K=>8K=Fr.`ba0>[DGF0TGK
L[f ](v) ≥ C(|v|λ

∥∥f |L1

∥∥−
∥∥f |L〈2〉1

∥∥) , Í Ò � £�¦ Î
FfDG`ba0HGKM\^]eKML[KMF � ªj�ðNPK=H3KMF0LQDgUQ;P;=< Í Ò � £ � Î ]_L8U¨I0]_K¡NP�0C_U[]eH3TZK=]_U§I0]_K=L[KM>^pAF0HGCeK=]_`bam<0F0HJ<0F.hDG�0afoZF0H3]eH�IfD�q3SGF�¢?S3��I0DGL H hjkf<0F0TVUQ]_S3FfDGCfKMF0I0Ce]_`ba�]eL-UÌS�I0K=>§F0]e`baVU � ³¼DZF��5K=DG`baVUQKZ¢0IfDGL8LI0]eKA<0FVUQKM>[K¡r.`ba?>QDGF0TZKP]eF�KM]eF0KM>ÌpX��H3KM�0<0F0H«q3S3F v = 0 F?K=HVDZU[]_q�]eL-U � RY]eK � �0L8`bafoZU[;=<0F0H��DZ`bamU�IfDZ��]nUJCeKMI0]eH3C_]e`baÄ]_� Æ±<0L[DG����KMF0afDGF0HÃ��]_UJI?K=� DGL-É.��­?U[SGUQ]_L[`ba0KMF �:KM>[afDGCnUQKMF
I0K=>X�XS3CeC_]eL[]_S3F0L-c >[K=�m<0KMF0;Yc �0> |v| → ∞ \^]e>8TmCe]e`ba�r.]_F0F �

•
¾ÁÀ�� � ÂZ{U�u� £G£O�÷��r.K=] f K=]eF?K � ¸GL[<0F0H«I0K=L � F.c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=��L:;=<0>:>QoZ<0��C_]e`baJa0SG��SZhH3K=F?K=F � S3C_U[;=��DGF0F.h�N¡C_K=]_`ba�<?F0H Í £ ��� � Î c �0>¨IfDGLXºYDZ>8UQTm<0HGK=Ce��S�I0K=C_C � RODGF0F�H3]eCnU��

L[f ](t, v) ≥ 1√
7
L[f0](v) . Í Ò � £¥¤ Î

RY<0>[`ba � FV\·KMF0I0<0F0H#qGS3F � K=����D �.� �.� ��CEoGL8L8U«L[]_`baµK=]eF?K�DGCnUQKM>[FfDZU[]_qGK�<0FVU[K=>[K�r.`ba0>QDZF0TGK�c �0>
I0]eKA�AS3C_Ce]_L[]eSGF0L8c >8K=�m<0K=F?;Aa0KM>[C_K=]_U[K=F � RY]_K � <?L[LQDZH3KOI0KML·c S3CeHGK=F0I0KMF�r?DgUQ;=KMLÌCEoZL[L8U·L[]_`ba�<0FVUQKM>ÌI0]eK
�0]eL8a0K=>¨��K=TgDGF0FVU[K=F � �0L[`ba0oZUQ;M<0F0H3KMF¼c S3CeHGK=F0I0KM>[��DG¹3KMF�K=]eF?S3>[I0F?K=F��
• ªj� �:KM>[H3C_K=]e`baÎ;=< Í Ò � £ � Î ]_L8U�I0]_K��XS3F0L-UbDGFVUQK�K°Ê.­0C_]e;M]_U¡H3KMH3K=��K=F �Ñ� CeCeKM>[I0]_F0H3LPTgDGF0FÎI0]_K<0FVUQKM>[K�r.`ba?>QDGF0TZK|c �0>XH3KM\^]_L[L[K v HGCeK=]_`ba � L[K=]_F � RY]eK � �0L8`bafoZUQ;M<0F0H¯]_L8UA]e� NPK=H3KMF0LQDZU[;;=< Í Ò � £ � Î <0FfDG�0a0oGF0H3]_H�qGS3F�I0K=> ® S3a0CeI?KM´fF0]_K=>-UQa0KM]_U¨I0KML H h�kf<0F0TVUQ]_S3FfDGC_L �
• ªj�ÛNPK=H3KMF0LQDgUQ;¡;=< Í Ò � £�¦ Î ]_L8U^I0]_KP<0FVUQKM>[K«r.`ba0>[DGF0TGK«F0]e`baVU[F0K=HVDgUQ]_q �



�G� ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

• ªj�ÇNPK=HGK=F0L[DZUQ;�;=< Í Ò � £¥¤ Î ]_L8U�I0]eK � �0L[`ba0oZUQ;M<0F0HÍ<0F0DG�0afoGF?H3]eH¯q3S3F�K=]_F0K=��TZS3F0Tm>[K°UQKMF� F?c½DGF0H3L-\·KM>8U[­0>[S3�?CeK=�Ï<0F0I�H3]eCnUÌc �0>^DGC_CeK 0 < λ ≤ 1
�

2±þ?ù�
³ (;÷ó=;  (;S� \e¡IRY�²WXR£SG×�RtZÌÖ[Ô�S<´�¨àR>SG×�VI¡<�DVI¡�
 � «/ºD���DV	S f ∈ L〈λ〉1
\�R°×�Vf×��a�IW$VER�¡VÔ<W½×�P]« � Ô<V�V¡IRYV�U<¡<W{SG×�R�®JØ]��� ×�\°×ÙØ]V?\'¦ÈÖ@R&%f��RYVI��
 � « É Àp�ØSIR°Ö > VI¡<��R°×��a�I�IVI¡

L[f ](v) ≥ Cb
∥∥f |L1

∥∥
∣∣∣∣∣〈v〉

λ −
∥∥f |L〈λ〉1

∥∥
∥∥f |L1

∥∥

∣∣∣∣∣ .
Í Ò � £�� Î

¨�RY� R°×�\f«X³¼DGF��5K=DG`baVUQKZ¢gI0DGL[LÑFfDG`ba�I0KM> � K=��K=>8T�<?F0HA;M< � K=H3]_F0F¡I0K=L � K°\·KM]eL[KML6qGS3F�r?DZUQ;²Ò � £ � £
I0]_K � K=I0]_F0H3<0F?H f ∈ L〈λ〉1

a0]eF0>8K=]_`ba0K=F0I#c �0>PI?]eK ® S3a0CeI?KM´fF0]_K=>-UQa0KM]_UPI0KM>¡�AS3C_Ce]_L[]eSGF0L8c >8K=�m<0K=F?;
]eL-U �
³�]nU � KM����D �.� �.� ��KM>[afoZC_U^��DGF

L[f ](v) = Cb

∫

R3

|v − w|λ f(w) dw

≥ Cb

∫

R3

∣∣∣〈v〉λ − 〈w〉λ
∣∣∣ f(w) dw

≥ Cb

∣∣∣∣∣∣

∫

R3

(
〈v〉λ − 〈w〉λ

)
f(w) dw

∣∣∣∣∣∣

=Cb

∣∣∣〈v〉λ
∥∥f |L1

∥∥−
∥∥f |L〈λ〉1

∥∥
∣∣∣ ,

\^]eKP��K=a0DG<0­?U[KMU �
RY]_K¡�AS3C_Ce]eL8]eS3F?L8c >[KM�m<0K=F0;P��K=L8]_U[;MUXDGC_L[S�IfDG��]_U¨I0DGL^DGL8É���­?UQSZUQ]eL8`ba0KP�:K=>8afDGC_U[K=F

L[f ](v) = O(〈v〉λ) , |v| → ∞ .

0Ød@Ð Lp × L1

ÖUÅÜÆ�p�rsk|jâi�Õy|�~t�eln~
ªjFÄI0]_K=L8K=� � �?L[`ba0F0]nU[U«\·KM>[I0KMF�WAS3>8��DG�?L[`bafoZU[;=<0F?H3K=FÀqGS3FÄI0KM> � >8U«�5K°\^]eK=L8K=F�¢6\^]eK�L[]_K�qGS3>
DGC_CeK=� q3SGF±����� ÃIÆk� �b� À}ÇÝ� Ò � �f<0FVU[K=>[L8<0`baVU·\^<0>8I0K=F � RA]eK¨a0]_K=>ÁH3KM;=KM]eHGU[K=F � KM\§K=]_L[K^L[]_F0I�DGCeC_K=>-h
I0]_F0H3L¨\·KML[KMFmU[Ce]_`baÍUQ>QDZF0L[­fDZ>[K=FVU[K=>ADGCeLX]eF

�
Ò � �÷¢l\§S���]_U^I?K=>YªjFVU[K=>[­�S3CeDZUQ]_S3F¯;M\^]eL8`ba0K=F¼H3KM\^]_`ba.h

UQK°UQKMF Lp h � oG<0��K=F�H3K�DG>8�5KM]_U[KMU:\^<0>[I?K � RY]eK L1×L∞ h � �0L[`bafogUQ;=<?F0H3K=F¯DZ<0L
� � �.�lc �0>²I0KMF�klDGCeC

λ = 0 L8]eF0I�DGC_LXr.­5KM;=]eDGC_c½DGC_C5KMFVUQafDGCnUQKMF �

½nçºè{çÌæ é ä�ìuÞ¼ä�ì)ì�àYáVëmë?ä�ì0ã
2±þ?ù�
¬ (; �(;÷ó=;Ù� \O¡IRY�²W§R�SG×�R9ZÌÖ[Ô�S<´�¨àR>SG×�VI¡<�DVI¡-
 � «/ºD�<« � Ô<V�V·¡G×��²W�¦¤U�Ö�Ô<����R ν ≥ 0 �DV	SÄÔ<����R
1 ≤ p ≤ ∞ @ � R°Ö�ã	R°Ö¤�²��\YW$WXR°Ö¤�×SIRa\�®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<W�ØgÖ@\P×�\YWyR°×�VER�\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡

Q− : L〈ν+λ〉
p × L〈λ〉1 −→ L〈ν〉p ,



Ò � ��� Lp × L1
h � �?L[`bafoZU[;=<0F?H3K=F � Ý

�J×�W{SIR°Öàô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q−(f, g) |L〈ν〉p

∥∥ ≤ 2λ/2 Cb
∥∥g |L〈λ〉1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥ . Í Ò � �G� Î
ï Õ�R>�=×�RY���±×�\YW SIR°Ö�ã	R°Ö¤�²��\YW$WXR°Ö¤��R°×�VER�\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡

Q− : L〈ν+λ〉
p × L〈ν+λ〉

1 −→ L〈ν〉p ,

�J×�W{SIR°Öàô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡ @
∥∥Q−(f, g) |L〈ν〉p

∥∥ ≤ 2λ/2 Cb
∥∥g |L〈ν+λ〉

1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥ .
¨�RY� R°×�\f« ® ]_K=I0KM>¨\^]e>[I¯I0]_KOUQ>8]_q�]EDGC_KOpXF0H3CeKM]e`bam<0F0H

∀ v, w ∈ R3 : |v − w|λ ≤ 〈v − w〉λ

��]nU¨I0K=>^�6K=K°UQ>[KÈh�pXF0H3CeKM]e`bam<0F0H Í �.� � Ò Î TZS3�|�0]_F0]eKM>8U � k��0> 1 ≤ p <∞ KM>[afoGCnU^��DZF��

∥∥Q−(f, g) |L〈ν〉p
∥∥p ≤ Cb

p

∫

R3

〈v〉pν |f(v)|p
(∫

R3

〈v − w〉λ |g(w)| dw
)p

dv

≤ 2(pλ)/2 Cb
p

∫

R3

〈v〉p(ν+λ) |f(v)|p
(∫

R3

〈w〉λ |g(w)| dw
)p

dv

= 2(pλ)/2 Cb
p
∥∥g |L〈λ〉1

∥∥p ∥∥f |L〈ν+λ〉
p

∥∥p .
k��0>6I0K=F�klDGC_C p =∞ H3K=aVU���DGF�q3S3C_CeTZS3����K=F«DGFfDZCeS3H^q3S3> � RAK=>Á;°\·KM]_U[K·i6K=]eC�I0KM> � KMafDG<0­?U[<0F0Hc S3CeHGU¨DG<0L^I0K=>^@B]_F���KMU8UQ<0F?H Í �.� Ý Î �
WYDG`baÀRYKM´fF?]_UQ]_S3FÎI0K=L«L8É�����KMU[>[]_L[`ba0KMFÀ�:K=>8Ce<0L-U[UQKM>[��L¡H3K=��oG¹ Í Ò � £ � Î K=>8afoGCnU«��DGF�DG<0L|r?DZUQ;Ò � ��� £¡<0F0��]_U8UQKMCe�fDG>M�
ô�ÿ	��ÿ	�%�½þ)�� (; �	; �(;�� \n¡IRY�²WXR�SG×�R©ZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�IVI¡?
 � «/ºD�<« � Ô<V�VO¡G×��²W?¦¤U�ÖPÔ<����R ν ≥ 0 �DV	S�Ô<����R
1 ≤ p ≤ ∞ @ � R°Öà\�ß �©��RYW½ÖÈ×�\��a��R�ã	R°Ö¤�²�
\YW%WXR°ÖY�ð×�\YWyR°×�VER�\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡

Q− :
(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
×
(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
−→ L〈ν〉p ,

�J×�W{SIR°Öàô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡ @
∥∥Q−(f, g) |L〈ν〉p

∥∥ ≤ 2λ/2−1 Cb

(∥∥g |L〈ν+λ〉
1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥ +
∥∥f |L〈ν+λ〉

1

∥∥ ∥∥g |L〈ν+λ〉
p

∥∥
)
.

½Üç�è{çºè é ä�ì¿VËä(tu �åYå²ë?ä�ì0ã
Æ±<0>%�:S3>[��K=>8K=]_U[<0F0HXI0K=>�pAFVU[K=>[L8<0`bam<0F0H3KMF�I0K=LÁN¡K°\^]eF0FVUQKM>[��L�L8K=]�IfDG>[DGF«KM>[]_F0F0K=>-U�¢�IfDGL8L�\§K=H3KMFÍ £ � £ � Î I?]eK«N¡C_K=]_`ba0a0K=]nU

|v − w| = |v′ − w′|



�6� ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

H3]_C_U � ³�]nUPI0KM>¡��K=K°UQ>8K°h�pXF0H3C_K=]e`bam<0F?H�DZ<0L � K=����D ��� �.� ¤�D Î c S3CeHGUYa0]eKM>QDG<?LYc �0>PDGC_CeK λ ∈ [0, 1]I0]_K � �0L8`bafoZUQ;M<0F0H
|v − w|λ ≤ 〈v′ − w′〉λ ≤ 2λ/2 〈v′〉λ 〈w′〉λ ,

<0F0I���]_U¨I0KM>^;M\§K=]_U[K=F�pAF0HGCeK=]_`bam<0F0H�DG<0L � K=����D �.� �.� ¤J� Î K=>8afoGC_U^��DGF�c �0>^DGC_CeK ν ≥ 0 �
〈v〉ν |v − w|λ

〈v′〉ν+λ 〈w′〉ν+λ
≤ 2λ/2 . Í Ò � � £ Î

k��0>¨I?]eKP�0]_Ce]eF?K�DG>8KPkfS3>[� I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L§H3]eCnUÌI0KM>^c SGCeH3KMF0I0K2±þ?ù�
9 (; �(;� (;«> V�WXR°Ö©SIR°Ö�ã�ØgÖ[Ô<��\a\�RYW��f�DVI¡�
 � « Ê ��×�\YWnSIR°ÖØZÁRY�B×�V�V�W§R°Ö¤�ÒSIRa\j®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<´WjØgÖa\�¦¤U�Ö«Ô<����R ν ≥ 0 �IV	S�Ô<����R 1 ≤ p ≤ ∞ R°×�VER�\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡
Q+ : L〈ν+λ〉

p × L〈ν+λ〉
1 −→ L〈ν〉p ,�·Ø<¥YR°×�SG×�R�ô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡

∥∥Q+(f, g) |L〈ν〉p
∥∥ ≤ Cλ,p,(1)

∥∥g |L〈ν+λ〉
1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥
¡G×��²W�«
¨�RY� R°×�\f«^k��0>�I0K=F � KM\§K=]eL6\·KM>[I0KMF�I0]eK§kÁoGC_CeK p = 1 ¢ p =∞ <0F0I 1 < p <∞ <0FVUQK=>8L[`ba0]_K=I0KMF �
] Î RYK=> � KM\§K=]eL�I0K=> � <0L[L[DGH3K¼c �?> p = 1 ]eL-U�KMCeKM��KMFmUQDG>�;M<�c �0a0>8K=F � � K=Fm<?U[;MU���DGF+I?]eKL[`baV\ÌDZ`ba0KÀkfS3>8�|<0C_]eK=>8<0F0HÎq3S3F Q+

DG<0L Í £ � � � Î ¢§I0]eK�K=>8L8UQKÃpXF0H3C_K=]e`bam<0F?HµDG<0L � K=����D�.� ��� ¤J� Î <0F0I�DGF0L8`ba0Ce]_K=¹3KMF0I�I0]eK¡�6K=KMU[>[KÈh�pAF?H3CeKM]e`bam<0F0H0¢fL8S�KM>[H3]_�?U^L[]_`ba��
∥∥Q+(f, g) |L〈ν〉1

∥∥ ≤
∫

R3

∫

R3

∫

S2

bλ(µ) |v − w|λ |f(v)| |g(w)| 〈v′〉ν de dw dv

≤
∫

R3

∫

R3

∫

S2

bλ(µ) |v − w|λ |f(v)| |g(w)| 〈v〉ν 〈w〉ν de dw dv

≤ 2λ/2 Cb

∫

R3

∫

R3

∣∣f〈ν+λ〉(v)
∣∣ ∣∣g〈ν+λ〉(w)

∣∣ dw dv

= Cλ,1,(1)

∥∥f |L〈ν+λ〉
1

∥∥ ∥∥g |L〈ν+λ〉
1

∥∥ .
RODG��K=]�\^<0>8I0K«]_�ÏC_KMUQ;°UQKMFÍr.`ba?>[]_U8U^I0K=>AÆ±<0L[DG����KMF0afDGF0H Í Ò � � Î q3KM>8\§K=F0I0K°U �

]e] Î k��0>^I0K=F�klDGCeC p =∞ q3K=>-\·KMF0I0K°UO��DGF Í Ò � � £ Î <0F?I�KM>[afoGCnU
∥∥Q+(f, g) |L〈ν〉∞

∥∥ ≤ K=L8L sup
v∈R3

(∫

R3

∫

S2

bλ(µ)
〈v〉ν |v − w|λ

〈v′〉ν+λ 〈w′〉ν+λ

∣∣f〈ν+λ〉(v
′)
∣∣ ∣∣g〈ν+λ〉(w

′)
∣∣ de dw

)

≤ 2λ/2 K=L[L sup
v′∈R3

∣∣f〈ν+λ〉(v
′)
∣∣ K=L8L sup

v∈R3

∫

R3

∫

S2

bλ(µ)
∣∣g〈ν+λ〉(w

′)
∣∣ de dw

= 2λ/2
∥∥f |L〈ν+λ〉

∞
∥∥ KML[L sup

v∈R3

∫

R3

∫

S2

bλ(µ)
∣∣g〈ν+λ〉(w

′)
∣∣ de dw .



Ò � ��� Lp × L1
h � �?L[`bafoZU[;=<0F?H3K=F � ¦

k��?>�IfDGLBªjFVU[K=H3>[DGC0DG<.clI0K=>Á>8K=`baVUQKMF�r�K=]_U[K§\^]_>[I � K=����D�£ �ö�?� £·��]nU hλ(µ) = bλ(µ) ¢ γ = 0<0F?I F (·) =
∣∣g〈ν+λ〉(·)

∣∣ qGK=>8\§K=F?I0KMU � RY]_K=L^Ce]_KMc KM>8U

∥∥Q+(f, g) |L〈ν〉∞
∥∥ ≤ 2(λ+5)/2 π

∥∥f |L〈ν+λ〉
∞

∥∥ ∥∥g |L〈ν+λ〉
1

∥∥
1∫

−1

bλ(µ)

(1 + µ)3/2
dµ

= Cλ,∞,(1)

∥∥f |L〈ν+λ〉
∞

∥∥ ∥∥g |L〈ν+λ〉
1

∥∥ ,

\^]_KP�5KMafDG<0­?U[KMU �

]e]_] Î ªj� klDGC_CeK 1 < p < ∞ L8KMUQ;°U���DGF p′ = p/(p − 1) ¢ÁqGK=>-\·KMF0I0KMU�\^]eK=I?K=> Í Ò � � £ Î <0F?IDGF?L[`ba0C_]eK=¹GK=F0I�I0]eK¡ºX¸3CeI?K=>-hjpAF0HGCeK=]_`bam<0F0H Í r.DZUQ; �.� £ � £ Î �
∥∥Q+(f, g) |L〈ν〉p

∥∥p =

∫

R3

∣∣∣∣∣∣

∫

R3

∫

S2

〈v〉ν |v − w|λ

〈v′〉ν+λ 〈w′〉ν+λ
bλ(µ)f〈ν+λ〉(v

′) g〈ν+λ〉(w
′) de dw

∣∣∣∣∣∣

p

dv

≤ 2(pλ)/2

∫

R3

(∫

R3

∫

S2

∣∣(1 + µ)3/(2p)bλ(µ)g〈ν+λ〉(w
′)
∣∣1/p′

×
∣∣∣(1 + µ)−3/(2p′)bλ(µ)g〈ν+λ〉(w

′)
∣∣f〈ν+λ〉(v

′)
∣∣p
∣∣∣
1/p

de dw

)p
dv

≤ 2(pλ)/2

∫

R3

(∫

R3

∫

S2

(1 + µ)3/(2p)bλ(µ)
∣∣g〈ν+λ〉(w

′)
∣∣ de dw

)p/p′

×
∫

R3

∫

S2

(1 + µ)−3/(2p′)bλ(µ)
∣∣g〈ν+λ〉(w

′)
∣∣ ∣∣f〈ν+λ〉(v

′)
∣∣p de dw dv

≤ 2(pλ)/2 KML[L sup
v∈R3

(∫

R3

∫

S2

(1 + µ)3/(2p)bλ(µ)
∣∣g〈ν+λ〉(w

′)
∣∣ de dw

)p/p′

×
∫

R3

∫

R3

∫

S2

(1 + µ)−3/(2p′)bλ(µ)
∣∣g〈ν+λ〉(w

′)
∣∣ ∣∣f〈ν+λ〉(v

′)
∣∣p de dw dv .

k��?>¨I0K=F�K=>[L-UQKMF¼klDGTVUQSG>Ìq3K=>-\·KMF0I0K°UO��DGF�\^]eK=I?K=> � K=����D�£ �ö�?� £3¢0I0]_K=L8��DGC±��]nU
hλ(µ) = (1 + µ)3/(2p)bλ(µ) ,

<0F?I#DG<?c�I0K=FÍ;°\·KM]_U[K=F#klDGTVUQSG>^\§K=F?I0KMUP��DGF�I0]eK¡��K=>8K=]_U[LA��KM\^]_K=L8K=F0K � �0L[`ba0oZUQ;M<0F0H�DG<?L
i6K=]_C�] Î DGF � Æ±<0LQDG����K=F���]_U

1

p′
= 1− 1

p



� ¤ ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

K=>[HG]e�?U^I0]_K=L^I0]_KP�5KMafDG<0­?U[KMU[K«WXS3>[��DG�0L8`bafoZU[;=<0F0H

∥∥Q+(f, g) |L〈ν〉p
∥∥p ≤ 2(pλ)/2 K=L[L sup

v∈R3

(
25/2π

∥∥g |L〈ν+λ〉
1

∥∥
1∫

−1

bλ(µ)

(1 + µ)3(1−1/p)/2
dµ

)p/p′

× (2π)
∥∥g |L〈ν+λ〉

1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥p
1∫

−1

bλ(µ)

(1 + µ)3(1−1/p)/2
dµ

≤
(
Cλ,p,(1)

p
∥∥g |L〈ν+λ〉

1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥
)p
.

Æ±<0L[DG����K=Fµ��]_U|I0K=F K=FVUQL8­0>[KM`ba0K=F?I0K=F~@B>[HGK=�0F0]_L[L8K=F¶c �?>JI0K=F �0]eC_]eF0K=DG>[KMFµ�0;M\ � L-É�����KMU[>[]nh
L[`ba?K=FJ�:K=>8Ce<0L-U[UQKM>[� Í r?DgUQ;ÌÒ � �.� £Ì<0F?I��AS3>8S3CeCeDG>ÑÒ � �.� � Î K=>8afoGCnU���DGF|<0F?��]nU[UQKMCe�fDZ>6I0DGL�c S3C_H3K=F0I?K� K=L[<?C_UbDgU � @BL^L[KM]6I0DG>QDGF¯KM>[]eF?F0K=>-U�¢fIfDGL8L^I0]eK�NP>QDGI�h � KMI0]eF0HG<0F0HJK=>-c �0CeCnU¨]eL-U�¢?\§K=F?F Í Ò � Ý Î HG]eC_U �
ô�ÿ���ÿ.�%� þ)�Ø 	; �(; 0_;¶� \j\�R°× ν ≥ 0 �IV	S 1 ≤ p ≤ ∞ «
Ô�� � \à¡IRY�²WXR�
 � « Ê �<« � R°Öe¥=×�� ×�VER[ÔGÖ@R�®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<WjØgÖO×�\YWnR°×�VERà\YW§RYW½×µ¡IRàßj¥�¥=×��µS<�DVI¡

Q : L〈ν+λ〉
p × L〈ν+λ〉

1 −→ L〈ν〉p ,�J×�W SIR°Ö�ô«ØgÖ¤��Ô�¥Y\��a�?�<W��f�DVI¡
∥∥Q(f, g) |L〈ν〉p

∥∥ ≤ (Cλ,p,(1) + 2λ/2 Cb)
∥∥g |L〈ν+λ〉

1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥ .

Cb
×�\YW{SVÔ�¥YR°×�S<��Ö@�a��SG×�ROZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�IVI¡q
 � «/ºD�¶¡IR�¡IRf¥YRYV	«

¥1� � \à¡IRY�²WXR6
 � «áàO�<« � R°Ö�V�ÔI�a��
 � «FÂ��e¡IR�¡IRf¥YRYVERÁ\�ß �©��RYW½ÖÈ×�\��a��R£ZÁRY�B×�V�V�WXR°Ö¤�Ï×�\YWyR°×�VERà\YWXRYW÷×µ¡IRßj¥�¥=×��µS<�IVI¡
Q+ :

(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
×
(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
−→ L〈ν〉p ,

�J×�W SIR°Ö�ô«ØgÖ¤��Ô�¥Y\��a�?�<W��f�DVI¡
∥∥Q+(f, g) |L〈ν〉p

∥∥ ≤ 1

2
C̃λ,p,(1)

(∥∥g |L〈ν+λ〉
1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥+
∥∥f |L〈ν+λ〉

1

∥∥ ∥∥g |L〈ν+λ〉
p

∥∥
)
.

�~� � \s¡IRY�²W§Re
 � «áàO�<« � Ô<V�VJ×�\YW�SIR°Ö�\�ß �©��RYW½ÖÈ×�\��a��Rs®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö[Ô<WjØgÖ{R°×�VER�\YW§RYW½×µ¡IR�ßj¥�¥=×��µS<�IVI¡
Q :

(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
×
(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
−→ L〈ν〉p ,

�J×�W SIR°Ö�ô«ØgÖ¤��Ô�¥Y\��a�?�<W��f�DVI¡
∥∥Q(f, g) |L〈ν〉p

∥∥ ≤ 1

2

(
C̃λ,p,(1)+2λ/2 Cb

)(∥∥g |L〈ν+λ〉
1

∥∥∥∥f |L〈ν+λ〉
p

∥∥+
∥∥f |L〈ν+λ〉

1

∥∥ ∥∥g |L〈ν+λ〉
p

∥∥
)
.

Cb
×�\YW{SVÔ�¥YR°×�S<��Ö@�a��SG×�ROZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�IVI¡q
 � «/ºD�¶¡IR�¡IRf¥YRYV	«



Ò � ��� Lp × L1
h � �?L[`bafoZU[;=<0F?H3K=F � �

k��0>�I?K=F DGCeHGK=�0>[DG]eL8`baÄL8É�����K°UQ>[]_L[]_K=>8U[K=FÄN¡K°\^]eF0FVUQKM>[� Í Ò � £3£ Î TZDZF0FµK=]_F0K�\§K=]nUQK=>8K � <0L8LQDGHGK�5K°\^]eK=L8K=Fµ\§K=>[I?K=F�¢ÁI?]eK�;°\ÌDZ>JL8UboZ>[TGKM>[K��:S3>[DG<0L8L[KMU[;=<0F?H3K=F¶DGFÄI0KMF ® ]eF0TZK=CEDZFmU[K=]_C§��K=F0¸ZUQ]eHZU�¢
DG�5KM>¨a0]eF?L[]e`baVU[Ce]e`ba¯I0KM>XWAS3>8��KMF¯qGS3F f <0F0I g L[`ba0oG>8c KM>A<0F?I�ÂfKÈÊ.]e�0C_K=>¨]eL-U �2�þ?ù�
· (; �(;�,(;S� \¶¡IRY�²WXR±
 � « É ºD�<« � Ô<V�VÀ×�\YWÁSIR°Ö«
�Ô<� ¡IRf¥=Ö8ÔG×�\��a�â�O\�ß �©��RYW½ÖÈ×�\°×�R°ÖYWXR�ZÁRY�B×�V�V�WXR°Ö¤�¦¤U.Ö«Ô<����R ν ≥ 0 �IV	S�Ô<����R 1 ≤ p ≤ ∞ R°×�VER�\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡

Q+ :
(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
×
(
L〈ν+λ〉

1 ∩ L〈ν+λ〉
p

)
−→ L〈ν〉p ,

�J×�W{SIRYV�ô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡IRYV
∥∥Q+(f, g) |L〈ν〉p

∥∥ ≤ Cλ,p,(2)

∥∥f |L〈ν+λ〉
1

∥∥ ∥∥g |L〈ν+λ〉
p

∥∥ ,
∥∥Q+(f, g) |L〈ν〉p

∥∥ ≤ Cλ,p,(2)

∥∥g |L〈ν+λ〉
1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥ .¨�RY� R°×�\f« � <0LAr�É�����KMU[>[]_K=H3>8�0F0I0KMF�HGK=Fm�0HGU^KML=¢fI0]_KP;M\§K=]_U[K � �0L8`bafoZUQ;M<0F0H�;=<��5K°\·KM]eL[KMF � k��0>
p = 1 H3]eCnU�c KM>[F0KM> Cλ,1,(1) = Cλ,1,(2)

<0F0I � K=I0K^I0KM>²��K=a0DG<0­?U[KMUQKMF � �0L[`ba0oZUQ;M<0F0H3KMF�K=FVU[L[­0>8]e`baVU
I0K=>^��K=>[KM]_U[L¨�5K°\^]eK=L8K=F0KMF � <0L[L[DGH3K¡c �0> Q(f, g)

�
r.K=]�DGCeL8S 1 < p ≤ ∞ � ® ]eK«�5KM]�I0KMFÃpA��c S3>[��<0F0H3KMF¼��K=]6I0K=>OHGK=S3��KMU[>[]eL8`ba0K=F#r�É�����KMU[>[]eL8]eKÈh>[<0F0H�]_F � �0L[`ba?F0]_U8U«£ � ÒJK=>8afoGCnU^��DGF¯I0<?>[`ba¼I?]eKO�:K=>-UbDG<?L[`bam<0F0H e↔ −e �

Q+(f, g)(v) =
1

2

(∫

R3

∫

S2

bλ(µ) |v − w|λ f(v′)g(w′) de dw

+

∫

R3

∫

S2

bλ(µ) |v − w|λ f(w′)g(v′) de dw

)

=
1

2

∫

R3

∫

S2

(
bλ(µ) + bλ(−µ)

)
|v − w|λ f(v′) g(w′) de dw .

k��0> 1 < p <∞ KM>[afoZC_U²��DZF�DG<?L Í Ò � � £ Î <?F0I�I?K=>ÌºX¸3CeI?K=>-hjpAF0HGCeK=]_`bam<0F0HP\^]eKX]e� � KM\§K=]eL²q3S3Fr?DZUQ;¡Ò � �.� Ò Í i6K=]_C%]e]e] Î>Î
∥∥Q+(f, g) |L〈ν〉p

∥∥p

≤ 2p(λ/2−1)

∫

R3

(∫

R3

∫

S2

(
bλ(µ) + bλ(−µ)

) ∣∣f〈ν+λ〉(v
′)
∣∣ ∣∣g〈ν+λ〉(w

′)
∣∣ de dw

)p
dv

≤ 2p(λ/2−1) sup
v∈R3

(∫

R3

∫

S2

(1 + µ)3/(2p)
(
bλ(µ) + bλ(−µ)

) ∣∣g〈ν+λ〉(w
′)
∣∣ de dw

)p/p′

×
∫

R3

∫

R3

∫

S2

(1 + µ)−3/(2p′)(bλ(µ) + bλ(−µ)
) ∣∣g〈ν+λ〉(w

′)
∣∣ ∣∣f〈ν+λ〉(v

′)
∣∣p de dw dv .

k��0>¨I0KMF�KM>[L8U[K=F¼k�DZTmU[S3>Ìq3KM>8\§K=F0I?KMUO��DGF � K=����D�£ ���?� £¡��]nU
hλ(µ) =

bλ(µ) + bλ(−µ)

(1 + µ)3/(2p)
,



¦ � ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

<0F0I¼I0K=FÍ;°\·KM]_U[K=F#klDGTVUQSG>AL8`bafoZUQ;°UO��DGF¯\^]eK=I?K=>Y��]_UXI0KM>A��K=>8K=]nUQLX�5K°\^]eK=L8K=F0KMFÃpAF0HGCeK=]_`bam<0F0H
c �0>¨I0KMFÍklDGC_C p = 1 DG� � ³¼DGF¯K=>8afoGC_U^L8S

∥∥Q+(f, g) |L〈ν〉p
∥∥p ≤


2(λ+3−3/p)/2π

∥∥g |L〈ν+λ〉
1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥
1∫

−1

bλ(µ) + bλ(−µ)

(1 + µ)3(1−1/p)/2
dµ



p

.

RODGL^ªjFVUQKMH3>QDZCÑDG<?c�I0K=>^>[KM`baVUQK=F#r.K=]nUQKP]eL-U^]eI0KMFVUQ]eL8`ba���]_U
1∫

−1

bλ(µ)

(1 + µ)3(1−1/p)/2
dµ+

1∫

−1

bλ(µ)

(1− µ)3(1−1/p)/2
dµ .

� <?LXI?K=>XpAF0HGCeK=]_`bam<0F0H

1

(1 + µ)3(1−1/p)/2
+

1

(1− µ)3(1−1/p)/2
≤ max(2, 23(1−1/p)/2)

(1− µ2)3(1−1/p)/2
Í Ò � �3� Î

c S3C_HGU¨I0]_K � K=afDZ<0­?UQ<?F0H0�
∥∥Q+(f, g) |L〈ν〉p

∥∥ ≤ Cλ,p,(2)

∥∥g |L〈ν+λ〉
1

∥∥ ∥∥f |L〈ν+λ〉
p

∥∥ .
RYKM>AklDGC_C p =∞ \^]e>8I¯qGS3CeC_TGS3����K=F¯DGFfDZCeS3H|��K=a0DGF0I0KMC_U�� � <0L Í Ò � � £ Î c S3CeHGU
∥∥Q+(f, g) |L〈ν〉∞

∥∥ ≤ 2λ/2−1
∥∥f |L〈ν+λ〉

∞
∥∥ sup
v∈R3

∫

R3

∫

S2

(
bλ(µ) + bλ(−µ)

) ∣∣g〈ν+λ〉(w
′)
∣∣ de dw ,

<0F0I���DGFJK=>8afoGC_U:I?]eKÌ��K=afDZ<0­?UQK°UQK � �0L8`bafoZU[;=<0F0H«I0<0>8`ba � Fm\§K=F?I0<0F0H�q3S3F � K=����D|£ �ö�?� £^<0F0I
I0KM>ApXF0H3C_K=]e`bam<0F?H Í Ò � �3� Î �
0Ød�0 Lp × Lp

ÖUÅÜÆ�p�rsk|jâi�Õy|�~t�eln~
ªjFÀI?]eK=L8K=� � �0L[`ba0F?]_U[U�\§K=>[I?K=F � �0L[`bafogUQ;=<?F0H3K=FÄc �?>�I?K=FÄ�XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>Xc �0>�kf<0F?TmU[]eSZh
F0KMF�DG<0LÁI0KMFJH3KM\^]_`baVUQK=F Lp h � oG<?��KMF�¢ZI � a � ]eF«K=]eF?K=>Á>8K=]eF?K=F Lp h�pX��HGK=�0<0F?HO�5K°\^]eKML[K=F±¢Z\§S3�5KM]
1 < p ≤ ∞ � RYD¼I0KM>|klDGCeC p = 1 I0<0>8`baÄI0]_K�@B>[HGK=�0F0]_L[L8K�I0K=L�CeKMU[;MU[K=F � �0L[`ba?F0]_U8UQL|L8`ba0S3Fq3SGCeCeTZS3����KMF|DG�0HGK=I0KM`bTmU:]_L8U=¢g\^]_>[I|KM>ÁF0]e`baVUÁ\§K=]nUQKM>Á�5KMafDGF0I?K=C_U � ® ]_KÌ��K=>[KM]_U[L�K=>-\ÌoZa0FVU�¢G´fF?I0K=F
L[]_`ba�]_F¯I0K=> � ]_U[K=>QDgUQ<0>Ì�?]eL[a?K=>XDG<0L8L[`ba0C_]eK=¹GCe]e`ba�I?]eK¡kÁoGC_CeK p = 1, 2

�
ªj��pAFVUQKM>[L8`ba0]eKMI�;M<�I0KMF Lp×L1

h � �0L8`bafoZUQ;M<0F0H3KMF¯I0K=L·qGS3>QDZF0H3K=H3DGF0H3KMF0K=F � �0L[`ba0F?]_U[U[L·\^]e>8I
L[]_`ba¼a0]_K=>^;=KM]eH3KMF�¢lIfDGL8LA��DGF�L8UboZ>[TGKM>[K«ªjFmU[K=H3>8]eKM>[�fDG>8TGKM]_UQL-q3S3>[DG<0L8L[KMU[;=<0F?H3K=FÍc �0>^I0]_K�kf<0F?TmU[]eSZh
F0KMF f <0F0I g �5KMF0¸GUQ]_HGU � Æ±<0� � <0L[H3C_K=]_`baÀH3KMF��?HGU � K=I?S.`baÄI?]eK�NP>QDZI.h � KMI0]eF?H3<0F0H�DGCeL«K=]_F0;=]ÚhH3KJkfS3>8I0K=>8<0F0H�DZFÍI0K=F ® ]_F0TGKMCEDGFVU[K=]eC6L[SGHVDG>Ac �?>YI0KMFÎ�?]eCe]_F0K�DZ>[K=F¼NPKM\^]eF?FmU[K=>8� � N¡KML[S3F?I0K=>-UQK� K°UQ>QDZ`bamU[<0F0H3KMFÄc �0>�I0K=FÄL-É�����KMU[>[]eL8`ba0K=FµÓP­�K=>[DZUQSG>«L8]eF0I�IfDGa0KM>�F0]_`bamU�F0¸GU[]eH�<0F0IÄI0]_K�DZ<0L
­0aVÉ�L[]_TZDZCe]eL8`ba0K=>�r.]_`baVU�DGCeC_H3K=��K=]_F0L8U[K=F+ªjFVUQKM>QDGTVU[]eS3F0L8��S�I0KMCeCeK�\·KM>[I0KMFÞI0<0>8`baÞI0]_KÍc S3CeHGK=F0I0KMF
r�U[KMUQ]_H3TGKM]_U[LQDG<0L8LQDGHGK=F�DG�0H3KMI0K=`bTVU �



Ò � Ò � Lp × Lp h � �?L[`bafoZU[;=<0F?H3K=F ¦�£

½Üç�½nçTæ é ä�ì-ÞÍä�ì?ì-àAámëmë.ä�ìfã
2�þ?ù�
t (;  	;½ó=;�� \n¡IRY�²WXR�SG×�R©ZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�IVI¡?
 � «/ºD�<« � Ô<V�V�×�\YW?¦¤U�ÖPÔ<����R 1 < p ≤ ∞ �IV	S�Ô<����R
γ > λ+ 3/p′ �J×�W p′ = p/(p− 1) SIR°Ö�ã	R°Ö¤�²�
\YW%WXR°ÖY� R°×�VER�\YWXRYW½×µ¡IRÁßj¥�¥=×��µS<�DVI¡

Q− : L〈γ〉p × L〈γ〉p −→ L〈γ−λ〉p ,

�J×�W{SIR°Öàô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q−(f, g) |L〈γ−λ〉p

∥∥ ≤ 2λ/2 Cb Cp,λ,γ
∥∥f |L〈γ〉ν

∥∥ ∥∥g |L〈γ〉p
∥∥ .

� ×�R�®JØ]V?\YWÙÔ<V�W§R Cp,λ,γ ×�\YW SVÔ�¥YR°×�S<��Ö@�a�B

� « É�Ê �¶¡IR�¡IRf¥YRYV	«

¨�RY� R°×�\f« � <0L � K=����DJÒ � £ � £Pc S3CeH3KM>8U^��DGF�<0F0��]_U8UQKMCe�fDG>§c �0> 1 < p <∞ �
∥∥Q−(f, g) |L〈γ−λ〉p

∥∥p =

∫

R3

〈v〉p(γ−λ) |f(v)|p |L[g](v)|p dv

≤
∥∥L[g](v) |L〈−λ〉∞

∥∥p
∫

R3

〈v〉pγ |f(v)|p dv

≤ 2(pλ)/2 Cb
pCp

p,λ,γ

∥∥g |L〈γ〉p
∥∥p ∥∥f |L〈γ〉p

∥∥p .
RYK=>XklDGCeC p =∞ ]eL8U¨U[>[]nq.]eDGC �
³¼DGFJL8U[K=C_C_U6c K=L8U=�Z�:KM>[H3C_]e`ba0KMF|��]nU�I?K=F|�:S3>[DG<0L[L8KMU[;=<0F0HGK=F�DGFJI0]_KÌkf<0F0TVUQ]_S3F0KMF f <0F?I g c �?>�I0]_K
Lp × L1

h � �0L[`ba0oZUQ;M<0F0H3KMFÎI?K=LPCeK°UQ;°UQK=F � �0L[`ba?F0]_U8UQLPL[]_F0I#I0]_K�ªjFVUQKMH3>[]_K=>[�0DG>[TZK=]_U[L8c S3>8I0K=>8<0F0H3KMF
a0]eKM>«>8K=L8U[>[]_TmU[]_qGK=> � pA>8LQDG`ba?K�a0]eKM>8c �0>�]eL-U|I0]_K�­0<?F0TVUj\·KM]eL[K�<?FmU[K=>8K¯r.`ba0>[DGF0TGK�c �?>�I0]_K��ASGCeCe]_L[]Úh
S3F0L8c >8K=�m<0KMF0;�DZ<0LAr?DZUQ;�Ò � £ � Ò �

½Üç�½nçºè é ä�ì¿VËä(tu �åYå²ë?ä�ì0ã
RYK=>YN¡K°\^]eF0FVU[K=>[�ð��K=L8]_U[;MU^c �0>Xkf<0F0TVUQ]_S3F0K=F�]eF�H3K°\^]e`baVUQK°UQK=F Lp h � oZ<0��KMF¯I0]eKPc S3C_H3K=F0I?K�rmUQK°hUQ]eHGTGK=]nUQL8K=]eHGK=F0L8`bafDZcdU��
2�þ?ù�
Q 	;  (; �(;S� \j¡IRY�²WXR£SG×�R#ZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�DVI¡�
 � «/ºD�<«�`�U�Ö�Ô<����R ν ≥ 0 �IV	S�Ô<����R 1 < p ≤ ∞¡G×��²W @ � Ö�¦¤UI���²W γ SG×�R�¨�R>SG×�VI¡<�IVI¡

γ > λ+ 3/p′ , p′ = p/(p− 1) ,

\¥Ø�×�\YW{SIR°ÖOZÁRY�B×�V�V�WXR°Ö¤�ÒR°×�VER�\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡
Q+ : L〈ν+γ〉

p × L〈ν+γ〉
p −→ L〈ν〉p ,

�J×�W{SIR°Öàô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q+(f, g) |L〈ν〉p

∥∥ ≤ 2λ/2 CbCp,λ,γ
∥∥f |L〈ν+γ〉

p

∥∥∥∥g |L〈ν+γ〉
p

∥∥ .

� ×�R�®JØ]V?\YWÙÔ<V�W§R Cp,λ,γ ×�\YW SVÔ�¥YR°×�S<��Ö@�a�B

� « É�Ê �¶¡IR�¡IRf¥YRYV	«



¦ � ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

¨�RY� R°×�\f«^pAFVUQKM>��:KM>8\§K=F0I?<0F0H¼I?K=>���KMKMUQ>8K°hjpAF0H3C_K=]_`ba�<?F0HÍDG<?L � KM����D �.� �.� ¤¯D Î KM>[afoZC_U¡��DGFI0]_K � �0L8`bafoZUQ;M<0F0H
|v − w|λ = |v′ − w′|λ ≤ 〈v′ − w′〉λ ≤ 2λ/2 〈v′〉λ 〈w′〉λ .

ROD�FfDG`ba¯�:S3>QDZ<0L[L8KMUQ;M<0F0H γ − λ > 0 H3]eCnU�¢.c SGCeHGUÌDG<0L � K=����D �.� �.� ¤J� Î
〈w〉γ−λ ≤ 〈v′〉γ−λ 〈w′〉γ−λ ⇒ 〈v′〉λ−γ 〈w′〉λ−γ ≤ 〈w〉λ−γ .

k��0> 1 < p <∞ KM>[afoGCnU¨��DGF¯a0]eKM>[��]_U
∥∥Q+(f, g) |L〈ν〉p

∥∥p ≤
∫

R3

〈v〉pν
(∫

R3

∫

S2

bλ(µ) |v − w|λ |f(v′)| |g(w′)| de dw
)p

dv

≤ 2(pλ)/2

∫

R3

〈v〉pν
(∫

R3

∫

S2

bλ(µ) 〈v′〉λ 〈w′〉λ |f(v′)| |g(w′)| de dw
)p

dv

≤ 2(pλ)/2

∫

R3

〈v〉pν
(∫

R3

∫

S2

bλ(µ) 〈v′〉λ−γ 〈w′〉λ−γ
∣∣f〈γ〉(v′)

∣∣ ∣∣g〈γ〉(w′)
∣∣ de dw

)p

dv

≤ 2(pλ)/2

∫

R3

〈v〉pν
(∫

R3

∫

S2

bλ(µ) 〈w〉λ−γ
∣∣f〈γ〉(v′)

∣∣ ∣∣g〈γ〉(w′)
∣∣ de dw

)p

dv .

RY]_K¡k�DZTmU[S3>[]_L[]_K=>[<?F0H
bλ(µ) = bλ(µ)1/p bλ(µ)1/p′

<0F0I � FV\§K=F0I?<0F0H�I0KM>XºA¸3C_I0K=>�h�pAF?H3CeKM]e`bam<0F0H�DG<.c�IfDZLX]_F0F0KM>[K¡ªjFVUQK=HG>QDGC%C_]eKMc KM>[F��
∥∥Q+(f, g) |L〈ν〉p

∥∥p ≤ 2(pλ)/2

∫

R3

〈v〉pν
(∫

R3

∫

S2

bλ(µ)
∣∣f〈γ〉(v′)

∣∣p ∣∣g〈γ〉(w′)
∣∣p de dw

)

×
(∫

R3

∫

S2

bλ(µ) 〈w〉p′(λ−γ) de dw

)p−1

dv. Í Ò � � Ò Î
RYKM>A;°\·KM]_UQK«klDGTVUQS3>¨]_L8UXFfDG`ba Í Ò � � Î <0F0I Í Ò � £�Ý Î HGCeK=]_`ba Cbp−1C p

p,λ,γ
<0F?I¼K=L^c S3C_HGU¨��]_U Í £ �ï� � Î<0F0I � K=����D ��� �.� ¤J� Î �

∥∥Q+(f, g) |L〈ν〉p
∥∥p ≤ 2(pλ)/2Cb

p−1C p
p,λ,γ

∫

R3

〈v〉pν
∫

R3

∫

S2

bλ(µ)
∣∣f〈γ〉(v′)

∣∣p ∣∣g〈γ〉(w′)
∣∣pde dw dv

= 2(pλ)/2Cb
p−1C p

p,λ,γ

∫

R3

∫

R3

∫

S2

〈v′〉pν bλ(µ)
∣∣f〈γ〉(v)

∣∣p ∣∣g〈γ〉(w)
∣∣p de dw dv

≤ 2(pλ)/2Cb
pC p

p,λ,γ

∫

R3

∫

R3

∣∣f〈ν+γ〉(v)
∣∣p ∣∣g〈ν+γ〉(w)

∣∣p dw dv

= 2(pλ)/2Cb
pC p

p,λ,γ

∥∥f |L〈ν+γ〉
p

∥∥p ∥∥g |L〈ν+γ〉
p

∥∥p .



Ò �ï�?� rmUQKMU[]eH3TZK=]nU^]eF � K=L8L[KMCe­�SGUQKMFmU[]EDGC_>QoG<?��KMF ¦ZÒ

k��0> p =∞ K=>8afoGC_U^��DGF�DGFfDZCeS3H

|〈v〉ν Q+(f, g)(v)| ≤ 2λ/2 〈v〉ν
∫

R3

∫

S2

bλ(µ) 〈v′〉λ−γ 〈w′〉λ−γ
∣∣f〈γ〉(v′)

∣∣ ∣∣g〈γ〉(w′)
∣∣ de dw

≤ 2λ/2
∥∥f |L〈ν+γ〉

∞
∥∥∥∥g |L〈ν+γ〉

∞
∥∥
∫

R3

∫

S2

bλ(µ) 〈w〉λ−γ de dw

<0F0I�I0]eK � KMafDG<0­.UQ<0F0H�c S3C_HGU^DG<0L^I0KM>AN¡>[DGI.h � K=I0]_F0H3<0F0HJ<?F0I

C∞,λ,γ =

∫

R3

〈w〉λ−γ dw .

WYDG`ba¯�:S3>QDZ<0L[L8KMUQ;M<0F0H��0�5KM> γ H3]_C_UÌc �?>^DGCeC_K ν ≥ 0

ν + γ > ν + λ+ 3/p′ > ν + λ .

WYDG`ba � K=����D �.� £ � � D Î <0F0I¼r?DZU[;«Ò � Ò � £Pc S3CeHZU¨a0]eKM>QDG<?L
f, g ∈ L〈ν+γ〉

p =⇒ Q−(f, g) ∈ L〈ν+γ−λ〉
p ⊂ L〈ν〉p .

RODG��]_UÌc S3C_HGU¨<0F?��]nU[UQKMCe�fDZ>=�
ô�ÿ	��ÿ	�%�½þ)�t 	;  (;  (;,� \â¡IRY�²WXR£SG×�R�ZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�IVI¡�
 � «/ºD�<«k`sU.Ö ν ≥ 0 �DV	S�Ô<����R 1 < p ≤ ∞¡G×��²W @ � Ö�¦¤UI���²W γ SG×�R�¨�R>SG×�VI¡<�IVI¡

γ > λ+ 3/p′ , p′ = p/(p− 1) ,\¥Ø�×�\YW{SIR°Ö�®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<WjØgÖ¶R°×�VER�\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡
Q : L〈ν+γ〉

p × L〈ν+γ〉
p −→ L〈ν〉p ,�J×�W{SIR°Öàô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡

∥∥Q(f, g) |L〈ν〉p
∥∥ ≤ 2λ/2+1 Cb Cp,λ,γ

∥∥f |L〈ν+γ〉
p

∥∥∥∥g |L〈ν+γ〉
p

∥∥ .
� ×�R�®JØ]V?\YWÙÔ<V�W§R Cp,λ,γ ×�\YW SVÔ�¥YR°×�S<��Ö@�a�B


� « É�Ê �¶¡IR�¡IRf¥YRYV	«
0�dFE ã£i�l{i�oY�aG¶lyoYi oq~ ÓÔlnp�pFlyxO:Ïvâi�ln~©i�ofhâxYzkje|�m ln~
ªjFÍI0]eKML[KM� � �0L[`ba0F?]_U[UY\·KM>[I0KMF#I0]eK�@:>8H3K=�?F0]eL8L[KJDG<?LYI0KMF Lp h � oZ<0��KMFÍDG<.c:I0]eK«]eFÍ�¡DG­?]_UQKMC �q3S3>8H3K=L-UQK=C_C_U[K=F � KML[L[KMCe­�SGUQKMFVUQ]EDZCe>QoZ<0��K|DG<0L[HGK=I0KMa0FVU � @BL¡;=K=]_HGUPL8]e`baÎIfDG��K=]Ù¢5IfDGL8LPI0K=>��ASGCeCe]_L[]Úh
S3F0L[SG­5KM>QDZU[S3>¨I0]eKML[KMCe��K=F�N¡CeDZU[U[a0K=]nUQL8K=]eHGK=F0L8`bafDZcdUQKMF�\^]eK¡L[KM]eF0K � >8H3<0��K=FVUQKP��K=L8]_U[;MU �
Æ±<0>ÌpXFmU[K=>8L[<0`bam<0F0H�\§K=>[I?K=F�;=<0FfoZ`ba0L8U^KMCeK=��K=FVUQDG>[K � KMUQ>[DG`baVUQ<0F?H3K=F�DGF0HGK=L8U[K=C_C_UÌ<?F0I�I0]eKAªjL[SZh
��S3>8­0a0]_KOI0K=> � KML[L8K=Ce­�SGU[K=FVUQ]eDGCe>[oG<0��KO;=<�I0K=F�H3K°\^]e`baVUQK°UQK=FÍr.S3��S3CeK°q�>QoG<0��K=F�qGK=>8\§K=F?I0KMU �� F0L8`ba0Ce]_K=¹3KMF0I�\^]_>[IÀ]_� Æ±<0L[DG����K=F?afDGF0H���]nU¡I0K=FÄN¡CeoZU[U[<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=FÀI?K=LJNPKM\^]_F0F.h
UQK=>8��L¨TmCeDG>=¢?\·DG>8<0�»I0]_K � KMUQ>[DG`baVUQ<0F?H�I0KM> � K=L8L[K=C_­5SZUQK=FVU[]EDGC_>QoG<0��KYqGS3F��:SG>8UQKM]eC�]_L8U �



¦ � ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

½nç�ÐÜçÌæ é�ê á�íUT ­ ë!�±àAåYç:ä%å  �å ç:ä(tu �íUT§ë.ä±ë.ä%å · í ê í�ì�ä([ v àAåàî ¸�ä%á�á�äFì$Q¶í vë?ä%å²ëf �â�ìjì ­ àOã�ä%å
k��0>^I0]_KP\·KM]_UQKM>[KMF � K°UQ>QDZ`bamU[<0F0H3KMF¼\^]e>8I�I?]eKPc S3CeHGK=F0I0K � <0L[L[DGH3K¡q3S3F¼WA<?U[;=K=F¼L[K=]_F � RYKM> � KÈh
\§K=]eL^]_L8U

� � Ò.�%KMFmU[F0S3����KMF �
J øD�Û�Àþ� (; 0C;½ó=; ò�R>SIRÁÕ?ÔGÖ¤W½×�RY����R�ßj¥f��R°×�W%�DVI¡¶V�ÔI�a� v PGØ]V Q+

¥a�f��« Q− �µ�]\a\YW�\°×��a��Ô<��\fSGÖYU��a��RYVÔ<��\ @
∂αQ±(f, g)(v) =

∑

β�α

(
α

β

)
Q±
(
∂βf, ∂α−βg

)
(v) . Í Ò � �g� Î

¨�RY� R°×�\f« ® KMH3K=F�I0KM>Íi�>[DGF0L8CEDZU[]eS3F0L8]eFVqZDG>[]eDGF0;ÀDG<0L � �0L[`ba0F?]_U[U £ � Ò?¢AI0]eKÄSZ¬±KMF0L[]_`bamU[Ce]_`ba¾c �0>
NPKM\^]eF?F.h²<0F0I¯�:K=>8Ce<0L-U[UQKM>[�»HGCeK=]_`ba0K=>8��DZ¹3K=F�H3]_C_U=¢

Q(f, g)(v + z) =

∫

R3

∫

S2

bλ(µ) |v − w|λ
(
f(v′ + z)g(w′ + z)− f(v + z)g(w + z)

)
de dw ,

TgDGF0F���DZF�I0]eK«NPCeK=]_`ba0a0KM]_U
∂αQ±(f, g)(v) = ∂αz Q±(f, g)(v + z)|z=0

IfDG;M<À��K=Fm<?U[;=K=F±¢�I0]_K � �0C_K=]_U[<0F0H Í F0DG`ba z Î ]eFÎIfDGL«�ASGCeCe]_L[]_S3F0L[]_FVUQK=HG>QDGC6a0]eF?K=]eF?;=<0;M]eK=a?K=F � RY]_K� KMafDG<0­?U[<0F0H�c S3CeHZU¨IfDGF0F���]_U¨I0KM> � KM]e�0F?]e;=L8`ba0K=F��B>[S�I0<0TVUQ>8K=H3KMC Í �.� £3£ Î �
RODGL � KM����D�K=>8��¸GH3Ce]_`bamU§K=LM¢0I0]_K¡r�UQK°UQ]_H3TGKM]_UQL[DG<0L8LQDGH3KMF¯I0K=> � �0L[`ba?F0]_U8UQK¡Ò � � <0F0I�Ò � ÒJDG<?c6I0]_K
H3K°\^]e`baVUQK°UQK=FÍr.S3��S3CeK°qVh²�0;M\ � � KML[L8K=Ce­�SGU[K=FVUQ]eDGCe>[oG<0��KO;=<��0��K=>8U[>QDGHGK=F �
k��0> s ∈ N0

<0F?I 1 ≤ p < ∞ L8K=] g ∈ Ws,〈ν+λ〉
1

<?F0I f ∈ Ws,〈ν+λ〉
p

� ³�]nUYI?K=>PWXS3>[� Í ��� £ � ÎK=>8afoGCnU^��DGF¯DZ<0LAr?DZUQ;�Ò � �.� Ò?�
∥∥Q+(f, g) |Ws,〈ν〉

p

∥∥p =
∑

|α|≤s

∥∥∂αQ+(f, g) |L〈ν〉p
∥∥p

≤
∑

|α|≤s

∑

β�α

(
α

β

)p∥∥Q+

(
∂βf, ∂α−βg

)
|L〈ν〉p

∥∥p

≤ C p
λ,p,(1)

∑

|α|≤s

∑

β�α

(
α

β

)p∥∥∂βf |L〈ν+λ〉
p

∥∥p∥∥∂α−βg |L〈ν+λ〉
1

∥∥p

≤ C p
λ,p,(1)C̃ ps

∥∥f |Ws,〈ν+λ〉
p

∥∥p ∥∥g |Ws,〈ν+λ〉
1

∥∥p ,
\§S3�5KM]�c �0> 1 ≤ p <∞ �

C̃s,p =

( ∑

|α|≤s

∑

β�α

(
α

β

)p)1/p

. Í Ò � � Ý Î
RYKM>AklDGC_C p =∞ \^]e>8I�DZFfDGCeSGHJ�5KMafDGF0I0KMC_U=¢0I0]eK¡�XS3F0L-UbDGFVUQK�CEDZ<?UQK°U¨IfDGF?F

C̃s,∞ = max
|α|≤s

∑

β�α

(
α

β

)
. Í Ò � �<� Î



Ò �ï�?� rmUQKMU[]eH3TZK=]nU^]eF � K=L8L[KMCe­�SGUQKMFmU[]EDGC_>QoG<?��KMF ¦GÝ

k��0>%I0KMF«�:K=>8Ce<0L-U[U[K=>[� Q− �|<0L8L6F0DG`baJr?DgUQ;²Ò � �.� £:]_F�I?K=F�S3�0]eHGK=F � �0L8`bafoZUQ;M<0F0H3KMF|Fm<0> Cλ,p,(1)I0<0>[`ba 2λ/2Cb
K=>8L[KMU[;MUÌ\§K=>8I0K=F � Æ±<0L[DG����K=F���]nU§�AS3>8S3CeCeDG>:Ò � �.�ï� <0F0I�r?DgUQ;OÒ � �.� Ý�KM>[afoZC_U§��DGF

L[SGc S3>-U^IfDGL¨c S3C_H3K=F0I?K � KML[<0CnUbDZU=�
2�þ?ù�
* (; 0_;��(;�� \Ø\�R°× ν ≥ 0 � s ∈ N0

�DV	S 1 ≤ p ≤ ∞ «ä`�R°Ö¤VER°Ö£\�R°×àSG×�RØ®JØ]V?\YWÙÔ<V�WXR C̃s,pS<�.Ö@�a��
 � «/º Ê �Ø¥a�f��«å
 � «/ºfo¼�¶¡IR�¡IRf¥YRYV	«
Ô�� � \à¡IRY�²W§R�
 � « Ê �<« � R°Ö¶¥=×�� ×�VER[ÔGÖ@Rà®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<W�ØgÖY×�\YWnR°×�VERj\YWXRYW÷×µ¡IRÜßj¥�¥=×��µS<�DVI¡

Q : Ws,〈ν+λ〉
p ×Ws,〈ν+λ〉

1 −→Ws,〈ν〉
p ,

�J×�W SIR°Öjô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q(f, g) |Ws,〈ν〉

p

∥∥ ≤ C̃s,p(Cλ,p,(1) + 2λ/2 Cb)
∥∥g |Ws,〈ν+λ〉

1

∥∥ ∥∥f |Ws,〈ν+λ〉
p

∥∥ .

¥1� � \�¡IRY�²WXR4
 � « É ºD�<« � Ô<V�V�×�\YW&SIR°ÖÙ
�Ô<� ¡IRf¥=Ö[ÔG×�\��a�â�Ü\�ß]�©��RYW÷ÖÈ×�\°×�R°Ö¤W§RâZÁRY�B×�V�V�W§R°Ö¤� R°×�VER�\YW§RYW½×µ¡IRßj¥�¥=×��µS<�IVI¡
Q+ :

(
Ws,〈ν+λ〉

1 ∩Ws,〈ν+λ〉
p

)
×
(
Ws,〈ν+λ〉

1 ∩Ws,〈ν+λ〉
p

)
−→Ws,〈ν〉

p ,

�J×�W SIRYV�ô«ØgÖ¤��Ô�¥Y\��a�?�<W��f�DVI¡IRYV
∥∥Q+(f, g) |Ws,〈ν〉

p

∥∥ ≤ C̃s,pCλ,p,(2)

∥∥f |Ws,〈ν+λ〉
1

∥∥ ∥∥g |Ws,〈ν+λ〉
p

∥∥ ,
∥∥Q+(f, g) |Ws,〈ν〉

p

∥∥ ≤ C̃s,pCλ,p,(2)

∥∥g |Ws,〈ν+λ〉
1

∥∥ ∥∥f |Ws,〈ν+λ〉
p

∥∥ .

�~� � \�¡IRY�²WXRS
 � «áàO�<« � Ô<V�V�×�\YW�SIR°Ö�\�ß]�©��RYW½Ö°×�\��a��R�®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<WjØgÖyR°×�VER�\YWXRYW÷×µ¡IRsßj¥�¥=×��µS<�IVI¡
Q :

(
Ws,〈ν+λ〉

p ∩Ws,〈ν+λ〉
1

)
×
(
Ws,〈ν+λ〉

p ∩Ws,〈ν+λ〉
p

)
−→Ws,〈ν〉

p ,

�J×�W SIR°Öjô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q(f, g) |Ws,〈ν〉

p

∥∥ ≤ 1

2
C̃s,p
(
C̃λ,p,(1) + 2λ/2 Cb

)

×
(∥∥g |Ws,〈ν+λ〉

1

∥∥ ∥∥f |Ws,〈ν+λ〉
p

∥∥ +
∥∥f |Ws,〈ν+λ〉

1

∥∥ ∥∥g |Ws,〈ν+λ〉
p

∥∥
)
.

� ×�R�®JØ]V?\YWÙÔ<V�WXR Cb ×�\YW{SVÔ�¥YR°×�×�Vn

� «/ºD�ØSIR'ª�Vf×�R°Ö¤Wº«

�AS3�|�?]eF0]_K=>8U���DGF I0]eKML[KML � K=L[<?C_UbDgU���]_U�I0KM� @:]_Fm�5K°U[UQ<?F0H3L[L[DZUQ;�q3S3F+r.S3��S3CeK°q Í L8]eK=a?K�; � � ��
Ý � � Î ¢fL[S�K=>8afoGC_U^��DGF¯I0]_K¡c SGCeH3KMF0I0KP��K=��K=>[TZK=F0L-\·KM>8U[K � <0L8LQDGHGK«�0��K=>^I0]_K � �0�?]eCeI?<0F0H3L8K=]eHGK=F.hL[`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L:c �0>Ar.`baV\ÌDZ>8UQ;Èh�kf<0F0TVU[]eS3F0KMF��
ô�ÿ	��ÿ	�%�½þ)�Ø (; 0_;� (; 
�×�� � ���	� Æ^�DÆ �!æ�ç Æ � Æ¿Ç�À(z×È º �TË �¨^×�� ×�VER[ÔGÖ@R°Ö��DV	SO\�ß]�©��RYW½Ö°×�\��a��R°Öà®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<WjØgÖÁ\°×�V	S£\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡IRYV

Q , Q : S× S −→ S .� V�W�\jÕ�Ö@Ra�a��RYV	SIRa\Ü¡G×��²W�¦¤U.Ö¶SG×�RÁ�f�<¡IRa��¯gÖÈ×µ¡IRYV[ZÁRY�B×�V�V�´{�IV	S[ã	R°Ö¤�²�
\YW%W§R°Ö¤��Rf«



¦ � ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

RY]_K��:S3>[HGK=a0KMF0L8\§K=]_L[KG¢ÑI0]_K|;=<�r?DgUQ;�Ò � �0� � H3KMc �0a?>8UPafDgU�¢�CeoGL[L-UPL[]_`baÃqGS3CeC_TGS3����K=F#DGF0DGCeS3H�DG<?c
I0]_K � �0L[`ba0oZUQ;M<0F0H3KMF¯DG<0L � �0L[`ba?F0]_U8UÌÒ � Ò�DGFV\·KMF0I0K=F�<?F0I���DGF�KM>[afoZC_U§DG<0L²I0K=F�r?oZU[;=K=F�Ò � Ò � £3¢
Ò � Ò � � <?F0I¼�XS3>[SGCeCEDZ>ÌÒ � Ò � Ò�<?F0��]nU[U[K=Ce�0DG>=�
J øD�Û�Àþ¹ (;µ0_; 0_;,� \�\�R°× ν ≥ 0 � s ∈ N0

�IV	S 1 ≤ p ≤ ∞ « � \e¡IRY�²WXR£SG×�RtZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�DVI¡
 � «/ºD�£�IV	SÁ¦�R°Ö¤VER°Ö
γ > λ+ 3/p′ , p′ = p/(p− 1) .� Ô<V�V�¡G×��²W @

Ô�� � R°Ö�ã	R°Ö¤�²��\YW$WXR°Ö¤�ð×�\YWnR°×�VERà\YW§RYW½×µ¡IRàßj¥�¥=×��µS<�DVI¡
Q− : Ws,〈γ〉

p ×Ws,〈γ〉
p −→Ws,〈γ−λ〉

p ,

�J×�W SIR°Ö�ô«ØgÖ¤��Ô�¥Y\��a�?�<W��f�DVI¡
∥∥Q−(f, g) |Ws,〈γ−λ〉

p

∥∥ ≤ 2λ/2 C̃s,pCb Cp,λ,γ
∥∥f |Ws,〈γ〉

p

∥∥∥∥g |Ws,〈γ〉
p

∥∥ .

¥1� � R°ÖØZÁRY�B×�V�V�WXR°Ö¤� �IV	StSIR°Öà®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö[Ô<WjØgÖÁ\°×�V	S£\YWXRYW½×µ¡IRàßj¥�¥=×��µS<�DVI¡IRYV
Q+ , Q : Ws,〈ν+γ〉

p ×Ws,〈ν+γ〉
p −→Ws,〈ν〉

p ,

�J×�W SIRYV�ô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡IRYV
∥∥Q+(f, g) |Ws,〈ν〉

p

∥∥ ≤ 2λ/2 C̃s,pCb Cp,λ,γ
∥∥f |Ws,〈ν+γ〉

p

∥∥∥∥g |Ws,〈ν+γ〉
p

∥∥
∥∥Q(f, g) |Ws,〈ν〉

p

∥∥ ≤ 2λ/2+1 C̃s,pCb Cp,λ,γ
∥∥f |Ws,〈ν+γ〉

p

∥∥∥∥g |Ws,〈ν+γ〉
p

∥∥ .

� Ô�¥YR°×Á×�\YW Cp,λ,γ S<��Öa�a�Ý

� « É�Ê �£�DV	S C̃s,p S<�.Ö@�a�B


� «/º Ê �Ø¥a�f��«�
 � «/ºfo¼�e¡IR�¡IRf¥YRYV	«
k��0> 1 < p <∞ \§K=>[I?K=F�I?]eK=L8K � <0L[L[DGH3KMF|DG<?c?I0]_KBH3KM\^]_`bamU[KMU[K=F � KML[L8K=Ce­�SGU[K=FVUQ]eDGCe>[oG<0��KÁ�0��K=>-hUQ>[DGH3KMF�<0F?I#DG<?c�I0K=F¼k�DZCeC s ∈ R+

0
DG<0L8H3K=I?K=a0FVU � WYDZ`baÃr?DZU[; ��� £ � � <0F0I¼I?K=>ADGF0L[`ba?Ce]eKM¹3K=F?I0K=F� KM��KM>[Tm<0F0H�K°Ê.]eL-UQ]_K=>[KMF¼�XS3F0L-UbDGFVUQKMF cs,(1)

<0F?I cs,(2)
��]nU

∥∥g |Hs,〈ν〉
p

∥∥ ≤ cs,(1)

∥∥g |Ws,〈ν〉
p

∥∥ ,
∥∥g |Ws,〈ν〉

p

∥∥ ≤ cs,(2)

∥∥g |Hs,〈ν〉
p

∥∥ ,
\§S3�5KM] 1 < p <∞ ¢ ν ∈ R <0F0I s ∈ N0

� ³�]nU^I0K=> � KM;=K=]_`ba0Fm<0F0H

Cs,p = cs,(1) cs,(2)C̃s,p Í Ò � � ¦ Î
�0��K=>-UQ>QDZH3K=FJL8]e`ba|I0]_K � <0L[L[DGH3K=F�<0F?I � �0L8`bafoZUQ;M<0F0H3KMF�L[SGc S3>-UBDG<.c5I?]eK � K=L[L8K=C_­5SGU[K=FVUQ]eDGCe>[oG<0��KG¢
]eF?I0K=�ð��DGF C̃s,p I0<0>8`ba Cs,p KM>[L[K°UQ;°U � RY]eK � FV\§K=F0I0<?F0H�q3S3F#r?DZUQ; �.� £ �ö� D Î c �0> p0 = p1 = pCe]_KMc KM>8U¨I0]_KPK=FVUQL8­0>[KM`ba0K=F?I0K=F � <0L[L[DGH3K=F�c �0>XDGCeC_K s ≥ 0 �2±þ?ù�
9 (; 0_;�,(;,� \â\�R°× ν ≥ 0 � s ≥ 0 �IV	S 1 < p < ∞ « � \�¡IRY�²WXR�SG×�R#ZÌÖ8Ô�S<´�¨�R>SG×�VI¡<�IVI¡)
 � «/ºD��IV	SÁ¦�R°ÖYVER°Ö

γ > λ+ 3/p′ , p′ = p/(p− 1) .� Ô<V�V�¡G×��²W @



Ò �ï�?� rmUQKMU[]eH3TZK=]nU^]eF � K=L8L[KMCe­�SGUQKMFmU[]EDGC_>QoG<?��KMF ¦G¦

Ô�� � R°Ö�ã	R°Ö¤�²��\YW$WXR°Ö¤� ×�\YW{R°×�VERj\YWXRYW÷×µ¡IRÜßj¥�¥=×��µS<�DVI¡
Q− : Hs,〈γ〉

p ×Hs,〈γ〉
p −→ Hs,〈γ−λ〉

p ,

�J×�W SIR°Öjô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q−(f, g) |Hs,〈γ−λ〉

p

∥∥ ≤ 2λ/2 Cs,pCbCp,λ,γ
∥∥f |Hs,〈γ〉

p

∥∥∥∥g |Hs,〈γ〉
p

∥∥ .

¥1� � R°Ö£ZÁRY�B×�V�V�WXR°Ö¤�N�DV	S#SIR°Ö�®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<WjØgÖÁ\°×�V	S£\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡IRYV
Q+ , Q : Hs,〈ν+γ〉

p ×Hs,〈ν+γ〉
p −→ Hs,〈ν〉

p ,

�J×�W SIRYV�ô«ØgÖ¤��Ô�¥Y\��a�?�<W��f�DVI¡IRYV
∥∥Q+(f, g) |Hs,〈ν〉

p

∥∥ ≤ 2λ/2 Cs,pCb Cp,λ,γ
∥∥f |Hs,〈ν+γ〉

p

∥∥∥∥g |Hs,〈ν+γ〉
p

∥∥
∥∥Q(f, g) |Hs,〈ν〉

p

∥∥ ≤ 2λ/2+1 Cs,pCbCp,λ,γ
∥∥f |Hs,〈ν+γ〉

p

∥∥∥∥g |Hs,〈ν+γ〉
p

∥∥ .

� Ô�¥YR°×�×�\YW Cp,λ,γ S<�.Ö@�a�B

� « É�Ê �£�IV	S Cs,p S<��Ö@�a�B


� «/º<Â��e¡IR�¡IRf¥YRYV	«
½ÜçèÐÜçºè é ä�ìÅâ�îCémàYåYçê �ä�ì.ë.ä�V+ä(tu -åAå§ë.ä�ìfã àYåÁî V�ì ­ ëmë.àYåYç:á�ä	 �ç²ä%åAá.ífTYâ:æ vë.ä%å
RY]eKApAFVUQKM>[L8<0`bam<0F0H�I0K=L¨N¡K°\^]eF0FVUQKM>[��L§c �0>§kf<0F0TVUQ]_S3F0KMF�DG<0L � K=L8L[KMCe­�SGUQKMFmU[]EDGC_>QoG<?��KMF�]eF�I0KM>� >[��K=]nUë×�� � �C�	� Æ^�IÆ �ZæÙç Æ � Æ&Ç&À(z � � Òb�¨K=>8HVDG��¢ÁI0DGL[L�I0]_K=L[KM>�ÓP­�K=>[DZUQSG>|L[KM]eF0K � >8H3<0��K=FVUQK
H3CEoZU8UQK°U¡<0F0IÎIfDGL[L�a0]_K=>8c �?>�Fm<0>¡q3KM>[H3C_K=]_`ba0L8\§K=]_L[K���S�I0K=>[DZUQK�NPCEDZU8UQa0KM]_U[L8c S3>8I0K=>8<0F0H3KMF�DZF�I0KMF® ]eF0TZK=CEDZFmU[K=]_C�I0K=LX�XS3CeC_]eL[]_S3F0L8TGK=>8F0LÌH3KML8U[K=CeCnU¨\·KM>[I0KMF¼�|�?L[L[KMF �
RY]eK¼r�UQ>[DZUQKMH3]eK�;=<?� WADG`baV\·KM]eL�I0]_K=L8K=>�@B]_H3K=F0L8`bafDZcdU�qGS3F Q+

TgDGF0F+��DGF c S3CeH3KMF0I0KM>[��DG¹3K=F
c S3>[�|<?Ce]eKM>[KMF��
• � KML8UQ]_����KOI0KMF L2

h�DZI � <0F0H3]_K=>-UQK=F�NPKM\^]_F0FVUQK=>8� Q∗+(f, g)
�

• ªjFVUQKM>[­0>8KMUQ]_K=>8K Q∗+(f, g) c �?>�´?Ê.]eK=>-UQKML f DGCeL�C_]eF0K=DG>[KMFP�BL[KM<0I0S�I0]_¬5K=>8K=FVUQ]eDGCeS3­�K=>[DZUQSG> Q∗+(f) ¢DGF0H3K°\ÌDZF0I?UADG<?c g ¢0<0F0I�<0FVUQKM>[L[<?`ba0K�I0KML[L8K=F � �0�0]eC_I0<0F0HGL[K=]_H3K=F?L[`bafDgcdUQK=F �

• r.`ba0C_]eKM¹3K�q3SGF�I?K=F � �0�0]_CeI0<?F0H3L[KM]eH3KMF0L[`ba0DZcdUQKMF�I?K=LÑDGI � <?F0H3]eKM>8U[K=F«N¡K°\^]eF0FVU[K=>[��L Q∗+(f, g)DG<?c � K=F0KPqGS3F Q+(f, g)
�

Æ±<�K=]_F0K=>·kf<0F0TVUQ]_S3F a(v, ξ) ¢ ï ß]�O¥°Ø]�%H3KMFfDGF0FVU�¢.I0KM´0F0]eKM>8UÌ��DGF�I0K=F�;M<0H3K=a?¸3>[]_H3K=F��:L8K=<0I?S.I0]ncEhc K=>[KMFVUQ]EDZCeS3­�K=>[DZUQS3>§I0<0>8`ba

A(v,D)[f ](v) =
1

(2π)3

∫

R3

a(v, ξ)F(g)(ξ) exp(−ι(ξ · v)) dξ .

RY]eKAT�CeDGL[L8]eL8`ba0KOi¨a0KMS3>[]_KYI0KM>Ì�BL[KM<0I0S�I0]_¬5K=>8K=FVUQ]eDGCeS3­�K=>[DZUQSG>[K=F�CEoGL8L8U·L[]e`ba�F0]e`baVU^DGFV\§K=F0I?K=F�¢0I0D
]e� Æ±<0L[DG����KMF0afDGF0H«��]nU:I0K=> � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H«r�É��|��S3CeKXDG<?cdU[>[K°UQK=F±¢.I0]_KAF?]e`baVUÌ]_F�I0KMF
�0�0Ce]_`ba0K=F��PCEDZL[L[KMF¯I0K=>^<0F0KMF0I0C_]e`ba¯SGcdU^I0]n¬±KM>[K=F?;=]eKM>[�fDZ>[K=F�kf<0F0TVU[]eS3F0KMF¯K=FVUQafDZC_UQKMF�L8]eF0I � Æ±<0�



¦G¤ ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

@B>8c S3C_H¼c �0a0>-U�DGC_CeK=>8I0]eF?H3L«I?]eK � K°UQ>[DG`baVUQ<0F0HÃq3SGF ­0DG>QDG��KMU[K=>[DG�0afoGF?H3]eH3KMF�r�É��|��S3CeKMF a(u, ξ)��]_U¨I0KM>X@:]_H3K=F?L[`bafDZcdU
K=L8L sup

u∈R3

|a(u, ξ)| ≤ Ca 〈ξ〉r . Í Ò � � ¤ Î
� C_L¨;=<0HGK=a0¸3>8]eH3KMF¼�BL8K=<0I0S�I0]n¬±KM>[K=FVU[]EDGC_S3­5KM>QDZU[S3>ÌI0K°´fF0]_K=>8U^��DGF

A(u,D)[f ](v) = F−1
ξ→v[a(u, ξ)F [g](ξ)](u, v) . Í Ò � � � Î

RY]_K=L[KM>AÓP­�K=>[DZUQSG>¨]eL8U^KM]eF0K¡L-UQKMU[]eH3K � �0�0]_CeI0<0F?H
A(u,D) : Hr

2 −→ L2 ,

��]_U¨I0KM> � �0L8`bafoZUQ;M<0F0H
K=L[L sup

u∈R3

∥∥A(u,D)[f ] |L2

∥∥ ≤ Ca
∥∥f |Hr

2

∥∥ .

³¼DGF~;MK=]eHZU�¢·I0DGL[L�I0KM>¯�5KM;=�0H3C_]e`baËI0KML L2
h-r.TgDGCeDG>[­0>8S.I?<0TVUQL�;M< Q+

DGI � <0F?H3]eKM>8UQK#ÓP­�K=>[DZUQSG>
IfDG>8L8U[K=CeC_�fDG>Ì]_L8UXDGC_L

Q∗+(f, g)(v) =

∫

R3

f(v − u)A(u,D)[g](v) du , Í Ò � Ò � Î
\§S3�5KM].I0DGLÁrmÉ.���5S3C a(u, ξ) I0KMLÁ�BL[KM<0I0S�I0]_¬5K=>8K=FVUQ]eDGCeS3­�K=>[DZUQSG>[L A(u,D) c SGCeH3KMF0I0K=>8��DZ¹3K=F���]nUI0KM�ð�AS3C_Ce]_L[]eSGF0L[TZK=>[F�;M<0LQDZ����K=F0a0oGF0HGU=�

a(u, ξ) = exp
(
ι
u · ξ

2

)
|u|λ

∫

S2

bλ(µ) exp
(
ι |u| e · ξ

2

)
de . Í Ò � Ò.£ Î

ªj�ÛklDGCeC_KOI0KMLA�PºYrmh-³�S.I0KMCeC_L Í £ � �V� Î K=>8afoGCnUA��DGF�L[S3H3DG>^I0]eKPc S3C_H3K=F0I?K�KÈÊ.­0Ce]_;=]_U[K�RODG>[L-UQKMCeCe<?F0H��]_U^ºX]eC_c KYI0K=>^L[]_F0`°hjkf<0F0TVUQ]_S3F Í L8]eF0` (y) = sin(y)/y Î �
a(u, ξ) = 4πCλ exp

(
ι
u · ξ

2

)
|u|λ L8]eF0`

( |u| |ξ|
2

)
. Í Ò � Ò � Î

pAFVU[K=>¨�:K=>-\·KMF0I0<0F0H�I0K=> � �?L[`bafoZU[;=<0F?H�c �0>¨I0KMFÍÓO­�K=>[DZUQS3> A(u,D) ;MK=]_HGU^��DZF��2±þ?ù�
� 	; 0_;£¢(; 
 È º �>Ë �jÞ���RbØgÖ@RY�ìÂq� É «í�ZÌ×��²W�¦¤U.Ö�SVÔ]\ ï ß]�O¥°Ø]�R
 � « �
É �ØSG×�R > VI¡<��R°×��a�I�DVI¡
|a(u, ξ)| ≤ Ca

|u|λ
|u| |ξ|+ 1

, Í Ò � Ò3Ò Î
\¥Øn¦�Ø]� ¡<W @ `�U�Ö

−1

2
≤ λ ≤ 1 , γ >

3

2
+ λ , f ∈ L〈ν〉2 ,\°×�V	S#SG×�Re� ×�VER[ÔGÖ@RYV}m�Õ�R°Ö8Ô<WjØgÖ@RYV

Q∗+(f) : H−1
2 −→ L〈−γ〉2

Q+(f) : L〈γ〉2 −→ H1
2\YWXRYW÷×µ¡�«



Ò �ï�?� rmUQKMU[]eH3TZK=]nU^]eF � K=L8L[KMCe­�SGUQKMFmU[]EDGC_>QoG<?��KMF ¦ �
klKM>[F0KM>�TgDGF?F+FfDG`ba0HGKM\^]eKML[KMF+\·KM>[I0KMF��Ì@B>8c �?CeC_U�I0KM> ® ]_F0TGKMCEDGFVU[K=]eC^I0KML��XS3CeC_]eL[]_S3F0L8TGK=>8F0L�I0]eK
��S�I0K=>[DZUQKPN¡CeDZU[U[a0K=]nUQL8c SG>[I0KM>[<0F0H

bλ(µ) ∈ Hm
1 ([−1, 1]) , m > 1 , Í Ò � Ò � Î

L[S�HGK=Fm�0HGUYIfDGLYr�É��|�5SGC Í Ò � Ò?£ Î I0K=> � K=I?]eF0H3<?F0H Í Ò � ÒGÒ Î � RODGLX;=<?�Û�OºOrmh�³�S�I0K=C_C6HGK=a0¸3>8K=F0I?Kr�É��|�5SGC Í Ò � Ò � Î KM>8c �0C_C_U Í Ò � Ò3Ò Î K=��K=F.c½DGCeC_L �k��0>PI0KMFÎ�?]eCe]_F0K�DZ>[K=FÎNPKM\^]_F0FVUQKM>[� CeoGL[L-U¡L[]_`ba�DZF0L[`ba0C_]eKM¹3K=F0IÎI0]_K�c S3CeHGK=F0I0K�NPCEogU[UQ<?F0H3L[KM]eH3KMF.h
L[`bafDZcdUX;MK=]eHGK=F��2�þ?ù�
� (; 0_;�-�; 
 È º �TË �âÞ���RbØgÖ@RY� ÉZ¹ � É «í�� ×�R�ã�ØgÖ8Ô<�
\a\�RYW��f�IVI¡q
 � « �^� ��\�R°×�R°Ö�¦¤UI���²Wº«C`�U�Ö

−1

2
≤ λ ≤ 1 , γ >

3

2
+ λ , s′ ≥ 0 , −s′ ≤ s ≤ s′ ,¡G×��²W @ � ×�R�m�Õ�R°Ö[Ô<WjØgÖ@RYV

Q∗+ : Hs′,〈γ〉
2 ×Hs−1

2 −→ Hs,〈−γ〉
2

Q+ : Hs′,〈γ〉
2 ×Hs,〈γ〉

2 −→ Hs+1
2\°×�V	S£\YW§RYW½×µ¡�«

® KMF0I0KMU«��DGFÃI0]eKML[K=L«@B>[H3KM�0F0]_L�c �0> ν ≥ 0 DG<?c·I0]eK�kf<0F0TVU[]eS3F f〈ν〉 DGF�¢%L8S¼K=>8afoGCnU¡��DGFÎDG<?LI0K=>XRYK°´fF0]_U[]eS3F�I?K=>XWAS3>8�»]eF Hs,〈ν〉
p

Í L[]eKMa0K Í �.� £�¦ ÎTÎ L[SGc SG>8U��
ô�ÿ	��ÿ	�%�½þ)�Ø (; 0_;�4(; � ×�R�ã�ØgÖ8Ô<�
\a\�RYW��f�IVI¡q
 � « � Àp��\�R°× R°Ö�¦¤UD���²W�«C`�U�Ö

−1

2
≤ λ ≤ 1 , γ >

3

2
+ λ , s′ ≥ 0 , −s′ ≤ s ≤ s′ ,�DV	S�Ô<����R ν ≥ 0 ¡G×��²W @ � R°ÖØZÁRY�B×�V�V�WXR°Ö¤�»×�\YWyR°×�VER�\YW§RYW½×µ¡IRàßj¥�¥=×��µS<�IVI¡

Q+ : Hs′,〈γ+ν〉
2 ×Hs,〈γ+ν〉

2 −→ Hs+1,〈ν〉
2 .

RY]eK � K=L8L[KMCe­�SGUQKMFmU[]EDGC_>QoG<?��K�K=>-\·KM]eL[KMF#L[]_`baÍL[S3��]_UYDGC_LAH3KMK=]_H3F0KMU[K=LYpA��c K=CeI�c �0>YI?]eK«pAFVUQKM>[L[<�h
`ba�<?F0H�I?K=> � KMH3<0CeDG>[]nUboZU[L[K=]_H3K=F?L[`bafDZcdU[K=F¯I0KMLONPKM\^]_F0FVUQK=>8��L �
RY]eKÌN¡CeoZU[U[<0F0H3L8K=]eHGK=F0L8`bafDZcdUÁTgDGF?F|< � D � IfDZ;=<|q3KM>8\§K=F0I?KMU:\·KM>[I0KMF�¢3I0]_K§c S3C_H3K=F?I0K·��K=;M�0H3Ce]_`ba|I0KML
@ÁÊ.­�S3F0KMFmU[K=F p a?KMUQKM>[S3HGK=F0K Lp h � �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU^I0KMLONPKM\^]_F0FVUQKM>[��L¨;=<��5K°\·KM]eL[KMF��2�þ?ù�
Ï (; 0C; 5(; � ×�R�ã�ØgÖ[Ô<��\a\�RYW��f�DVI¡IRYVÏPGØ]V�®JØgÖQØ]���nÔGÖ � «ÁÀ	«áàØ\�R°×�RYVÛR°Ö�¦¤UD���²W��nRa\à¡IRY�²W§R�
 � « Ê �O�IV	SRa\�\�R°× 1 < p <∞ « > V�WXR°Ö�SIRYV�¨àR>SG×�VI¡<�DVI¡IRYV

1 < q < p , q < r ≤ q

1− (σq)/3
, σ =

2(p− q)
q(p− 2)

, σ ∈ [0, 1] ,

¡G×��²W @ � R°ÖØZÁRY�B×�V�V�WXR°Ö¤�»×�\YWyR°×�VER�\YW§RYW½×µ¡IRàßj¥�¥=×��µS<�IVI¡
Q+ :

(
L〈γ+ν〉

1 ∩ L〈γ+ν〉
∞

)
× L〈γ+ν〉

q −→ L〈ν〉r ,�DV	S�Ra\©RTÝ3×�\YW½×�R°Ö¤WnR°×�VERà®JØ]V?\YW Ô<V�WXR Cλ,p,q,ν,r �s\¥ØØSVÔ]\a\¶SG×�Rjô�ØgÖY��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q+(f, g) |L〈ν〉r

∥∥ ≤ Cλ,p,q,ν,r
∥∥f |L〈γ+ν〉

1

∥∥1/2 ∥∥f |L〈γ+ν〉
∞

∥∥1/2 ∥∥g |L〈γ+ν〉
q

∥∥¡G×��²Wº«



¤ � ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

¨�RY� R°×�\f«^WYDG`ba�I0K=>^ºX¸3CeI?K=>-hjpAF0HGCeK=]_`bam<0F0H�H3]eCnUÌI0]_K � �0L8`bafoZU[;=<0F0H
∥∥f |L〈γ〉2

∥∥ ≤
∥∥f |L〈γ〉1

∥∥1/2 ∥∥f |L〈γ〉∞
∥∥1/2

,

\§S3>QDG<?LY��DGF¼I0<?>[`ba � FV\§K=F0I?<0F0H�q3SGFÃ�AS3>8S3CeCeDG> Í Ò � �0� ¤ Î c �0> ν = s′ = 0 DG<?c:I?]eK�r�UQK°UQ]eHGTGK=]nUI0KM> � �0�0]_CeI0<0F?H
〈·〉−γ Q+ :

(
L〈γ〉1 ∩ L〈γ〉∞

)
× L〈γ〉2 −→ H1,〈γ〉

2
Í Ò � ÒVÝ Î

L[`ba?Ce]eKM¹GU �
@BL�L8K=] p 6= 2 ��RODAFfDG`ba«�:SG>QDG<0L8L[K°UQ;=<?F0HO]eF � K=I0KM� klDGCeC γ ≥ λ H3]eCnU�¢=c S3C_HGU6DG<0L�I0K=> � FV\§K=F0I?<0F0Hq3SGFÍr?DgUQ;�Ò � �.� Ò|c �0>¨I?K=FÍklDGC_C ν = 0 L8­5KM;=]eKMCeC÷¢?IfDGL8L^I0]eK � �0�0]eC_I0<0F0H

〈·〉−γ Q+ : L〈γ〉1 × L〈γ〉p −→ L〈γ〉p Í Ò � Ò � Î
L8U[KMU[]eHÃ]eL-U � WADG`baËr?DgUQ; �.� £ �ö� D Î ��]_U p0 = p <0F0I p1 = 2 c S3CeHZU�DG<0L�I0KMF¶��K=]_I0K=F CeK°UQ;MU[K=F� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0<0>[`ba�ªjFVUQK=>8­5SGCEDZU[]eS3F�¢.IfDGL8L

〈·〉−γ Q+ :
(
L〈γ〉1 ∩ L〈γ〉∞

)
× L〈γ〉q −→ Hσ,〈γ〉

q
Í Ò � ÒV¦ Î

L8U[KMU[]eH�]eL-U�¢?\§K=F0F�H3]eCnU��
σ =

2(p− q)
q(p− 2)

.

WYDZ`baÍr?DgUQ; �.� £ ��� � Î ]_L8U¨c �0>
σ − 3

q
≥ −3

r
⇐⇒ r ≤ q

1− (σq)/3

I0]_K¡@:]_Fm�5K°U[UQ<?F0H
Hσ,〈γ〉
q ⊂> L〈γ〉r Í Ò � Ò3¤ Î

L8U[KMU[]eH � �XS3�|�0]_F0]eKM>8U¨��DGF¯I0]_K=L¨��]_U Í Ò � Ò3¦ Î ¢0L8S�KM>[afoZC_U¨��DGF¯I0]eK�rmUQKMU[]eH3TZK=]nU^I0K=> � �?�0]eC_I0<0F0H
〈·〉−γ Q+ :

(
L〈γ〉1 ∩ L〈γ〉∞

)
× L〈γ〉q −→ L〈γ〉r

<0F0I�IfDG��]_UÌI0]eKP��K=afDZ<0­?UQK°UQK�r�UQK°UQ]_H3TGKM]_UQL8K=]_H3K=F0L8`bafDZcdU¨c �0> p 6= 2 <?F0I ν = 0
�

k��0> p = 2 <?F0I ν = 0 KM>[afoGCnUO��DGF#I0]_K � KMafDG<0­?U[<0F0H¯L[SZc S3>8U¡DZ<0L Í Ò � ÒVÝ Î <0F0I � FV\§K=F0I?<0F0Hq3SGF Í Ò � ÒG¤ Î ��]nU σ = 1
�

® K=F0I0K°UJ��DGFÄI0]_K���KM\^]eKML[KMF0K=F � <?L[LQDZH3K=Fµc �0> ν ≥ 0 DZ<?cXI0]eK�kl<?F0TVUQ]eSGF f〈ν〉 DGF±¢�L8SÍc S3CeHGUI0]_K � K=afDG<?­?UQ<0F?H+I0K=LÍr?DZU[;=K=L � RODG��K=]�K=FVUQafoZC_U�I0]eKÎ�XS3F0L8UQDGFVUQK Cλ,p,q,ν,r I?]eKÎ�AS3F?L8UbDZFmU[K=FI0KM> � KM\§K=]eC_]eH3KMF¯WAS3>8��DZ�0L[`bafogUQ;=<?F0H3K=F¯;M< Í Ò � ÒVÝ Î ¢ Í Ò � Ò � Î ¢?I0KM>^ªjFmU[K=>8­5S3CeDZUQ]_S3F Í Ò � Ò3¦ Î <0F0I¯I0KM>@B]eFm��KMU[U[<0F0H Í Ò � Ò3¤ Î �



Ò � Ý � rmUQKMU[]eH3TZK=]nU^]eF¯��K°UQ>8]eL[`ba?K=F�<0F0I�K°Ê.­5SGF0K=FVUQ]_K=C_C%H3KM\^]_`bamU[KMU[K=F � oG<0��K=F ¤.£

0�d&i ã£i�l{i�oY�aG¶lyoYi¸of~ m l{iFz&ofp�rsktln~ |�~�w l�îë:Ïv�~tln~©i�oqlyxYx©�¶lä5 oqrsk#Ö
i�l{i�ln~ ïÚje|�m ln~

RY]eKP]_F�I?K=F � �0L8`ba0F0]_U8UQKMFÍÒ � � <0F0I�Ò �ï�?� £¡FfDG`ba?H3KM\^]_K=L[KMF0K=F#r�UQK°UQ]eHGTGK=]nUQL[DG<0L[L[DGH3KMF

Q : L〈ν+λ〉
1 × L〈ν+λ〉

1 −→ L〈ν〉1

<0F0I
Q : Hs,〈ν+γ〉

p ×Hs,〈ν+γ〉
p −→ Hs,〈ν〉

p .

�5KML[]_U[;=KMF�I0]_K�r�UQ>8<0TVUQ<0>
Q : V1 × V1 −→ V2 ,

\·S3��K=]%]_�»DGC_CeH3KM��KM]eF0KMF�H3]_C_U��
V2 6⊆ V1 .

@:]_F0K � <?L[FfDGa?��K¡Ce]_K=HGU·c �0> p = 1 <0F0I λ = 0 Í ³�DgÊ�\·KMCeCnh�³�S3C_K=Tm�0CeK Î q3S3> � ªjF�I?]eK=L8K=�ðklDGC_C±]_L8U
V1 = V2

<0F0IÎI0]_K�i�DZU[LQDG`ba0KZ¢ÑIfDGL[L¡I0KM>��AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>XCeSGTZDZC � ]e­0L8`ba0]_U[;°h L8UQK°UQ]_H�]_F L〈ν〉1]eL8U=¢3Ce]_KMc KM>8U:L[SZc S3>8U:I0]_KX@ÁÊ.]_L8UQKMF0;XK=]eF?K=> � ¸3L[<0F?H f(t, ·) ∈ L〈ν〉1
I0KML � F?c½DGF0HGL8\§K=>8U[­0>[SG�0CeKM��L:;=<?>

>QoG<0��Ce]_`ba�a0S3��S3H3KMF0K=F � S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0HJDZ<?c�KM]eF0KM�ÛÆ±K=]nUQ]_FmU[K=>-qGDZCeC �
@:L^]_L8U^TGKM]eF0KPU[>[]_q�]eDGCeK � <?c HVDG��KG¢?L[S3C_`ba0K�kl<?F0TVUQ]eSGF0K=F0>[oG<0��K V ;=<�]eI?K=FVUQ]n´f;=]_K=>[KMF�¢?c �0>^I0]_K

Q : V× V −→ V Í Ò � Ò<� Î
<0FfDG�0a0oGF0H3]_H�qGS3F λ ∈ [0, 1] K=]_F0K�L-UQK°UQ]eHGK � �0�0]eC_I0<0F0H�IfDG>8L8U[K=CeCnU � RODGL8LYI0KM>Pr.`baV\·DG>8U[;°h � DG<?�K=]eF � KM]eL8­0]eKMC�a0]eKM>8c �0>¨]_L8U=¢0;=KM]eHGU[K¡�AS3>8S3CeCeDG>ÌÒ � �0� Ò �� �0L8`ba0F0]_U8U�Ò � Ý � £¯]eL-U�I?K=>��AS3F?L8UQ>8<0TVUQ]_S3F¶��KMU[>[]_L[`ba0KM> � oG<0��K���]nUJI0KM>�@B]eHGK=F0L8`bafDZcdU Í Ò � Ò6� ÎH3KM\^]_I0��K°U � ªj� � F0L8`ba0Ce<?L[L^\·KM>[I0KMF¼I0]_K � �0�0]_CeI0<?F0H3L[KM]eH3KMF0L[`ba0DZcdUQKMF�I0KMLX�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>8L
�5KM;=�0H3C_]e`ba¡I0KM>6KÈÊ.­5S3F?K=FVUQ]_K=CeCVHGKM\^]e`baVU[KMUQKMF L1

h�WXS3>[�èc �0>%�PºYrmh-³�S�I0KMCeCeK�L8UQ<?I0]eKM>8U � RYDG�5KM]3\^]e>8I
L[]e`ba�I0]_K¨�5KM��KM>[TGKMF0L8\§K=>-UQKAi�DZU[LQDG`ba?KAa0KM>QDG<?L[L8U[K=C_CeK=F±¢VIfDGL[L²I0KM>·NPKM\^]_F0FVUQKM>[��I0]_K^@B]eH3KMF0L[`bafDgcdUÍ Ò � Ò6� Î ��K=L8]_U[;MU �
½Üçsr{çTæ P ä±ë�ìf -á�íUTAä ¬¥­ àOã�ä
k��0> 1 ≤ p ≤ ∞ L8K=]

L〈∞〉p =
⋂

ν≥0

L〈ν〉p , Í Ò � �V� Î
<0F0I¯c �0> s ≥ 0 ¢ 1 < p <∞ I0KM´fF?]eK=>-U^��DZF

Hs,〈∞〉
p =

⋂

ν≥0

Hs,〈ν〉
p . Í Ò � � £ Î

RY]eKML[KP�:K=TVUQSG>[>QoZ<0��KO\§K=>8I0K=F � KM\§K=]eC_L¨��]nU¨I0KMF¼kf>&ðM`ba0KMU[��K°UQ>8]eTGKMF
%p(f) =

∞∑

n=0

1

2n

∥∥f |L〈n〉p
∥∥

1 +
∥∥f |L〈n〉p

∥∥ ,
Í Ò � �m� Î



¤ � ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

�0;°\ �

%p,s(f) =
∞∑

n=0

1

2n

∥∥f |Hs,〈n〉
p

∥∥
1 +

∥∥f |Hs,〈n〉
p

∥∥
Í Ò �ï� Ò Î

q3KM>[L8K=a0KMF �
r.KM]eK=F f, g kf<0F0TVU[]eS3F0KMF�DG<0L L〈∞〉p

�0;°\ � Hs,〈∞〉
p
� ROD�I0]_KYH3K°\^]e`baVUQK°UQK=F Lp hB<?F0I � K=L8L[KMCe­�SGUQKMF.hUQ]eDGCe>[oG<0��K � DGFfDG`ba�h � oG<0��KYL[]_F0I�¢mc S3CeHZU·<0F?��]nU[UQKMCe�fDZ>=¢VIfDGL8L L〈∞〉p

��]nU %p(f − g) <0F0I Hs,〈∞〉
p��]_U %p,s(f − g) qGS3CeC_L8UQoGF0I0]_HJ��K°UQ>[]_L[]_K=>8UÌ]eL8U �� KM;=�0H3C_]e`ba�I0K=>²I0K°´fF0]eKM>8U[K=F�³�KMU[>[]eTZK=F���K=I?K=<?U[KMUÌr�UQK°UQ]eHGTGK=]nU�¢VIfDZL[L:c �0>²DGCeC_K¨kf<0F0TVUQ]_S3F0K=F.c S3CeH3KMF

(fk)
∞
k=1
¢ (gk)∞k=1

��]_U

lim
k→∞

%(f − fk) = 0 , lim
k→∞

%(g − gk) = 0

H3]_C_U��
lim
k→∞

%
(
Q(f, g)−Q(fk, gk)

)
= 0 ,

\§S3�5KM] % c �?>XI?]eK � KM\§K=]_Ce]_H3K¡³�K°UQ>[]_T %p �?;M\ � %p,s L8U[K=aVU �RYKM>A�XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>:q3KM>[afoGCnUXL[]e`ba�DG<?c�I0]_K=L[KMF � oG<0��K=F�\^]_KOc S3CeHGU=�
2±þ?ù�
� (;�,(;½ó=; � R°ÖÁ¢ÌÔ<�D� L〈∞〉p

\�R°×}S<�.Ö@�a� %p �DV	S�SIR°ÖÁ¢ÌÔ<�D� Hs,〈∞〉
p

S<�.Ö@�a� %p,s ��RYW½ÖÈ×�\°×�R°Ö¤Wº«
Ô�� � \�¡IRY�²W§R�
 � « Ê �<«f`sU.Ö^Ô<����R 1 ≤ p ≤ ∞ ×�\YW�SIR°Ö�®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö[Ô<WjØgÖ{R°×�VER�\YWXRYW½×µ¡IR�ßj¥�¥=×��µS<�IVI¡

Q : L〈∞〉p × L〈∞〉1 −→ L〈∞〉p .

¥1� � \�¡IRY�²WXR�SG×�RØZÌÖ[Ô�S<´�¨àR>SG×�VI¡<�DVI¡q
 � «/ºD�<«	`�U.Ö s ≥ 0 �IV	S�Ô<����R 1 < p <∞ ×�\YW SIR°Ö�®JØ]��� ×�\°×�´Ø]V?\¥ØbÕ�R°Ö8Ô<WjØgÖ�R°×�VER�\YWXRYW÷×µ¡IRàßj¥�¥=×��µS<�IVI¡�«
Q : Hs,〈∞〉

p ×Hs,〈∞〉
p −→ Hs,〈∞〉

p .

¨�RY� R°×�\f«^RY]eK � ]_Ce]_F0K�DG>8]_UQoZU·I?K=LX�AS3C_Ce]_L[]eSGF0L[S3­�K=>[DZUQSG>[L²Ce]eK°c K=>-U¨I0]eK¡ªjI0KMFVUQ]_UQoZU
Q(f, g)−Q(fk, gk) = Q(f, g)−Q(f, gk) +Q(f, gk)−Q(fk, gk)

= Q(f, g − gk) +Q(f − fk, gk) .
WYDZ`baµ�AS3>8S3CeCeDG>¡Ò � �.� � � Î <0F0I r?DZU[;�Ò � �0� Ý�� Î H3]_C_U�<0FVUQKM>|I0K=F � KM\§K=]eC_]eH3KMFÎ�:SG>QDG<0L8L[K°UQ;=<?F0H3K=F
Q(f, g) ∈ L〈∞〉p

�0;M\ � Q(f, g) ∈ Hs,〈∞〉
p
� r.KM]eKMF (fk)

¢ (gk) kfS3C_H3K=F���]_U

%p(f − fk) k→∞−→ 0 , %1(g − gk) k→∞−→ 0 ,

�0;°\ � c �?>¨I0]eK � KMafDG<0­.UQ<0F0H�� Î �
%p,s(f − fk) k→∞−→ 0 , %p,s(g − gk) k→∞−→ 0 .



Ò � Ý � rmUQKMU[]eH3TZK=]nU^]eF¯��K°UQ>8]eL[`ba?K=F�<0F0I�K°Ê.­5SGF0K=FVUQ]_K=C_C%H3KM\^]_`bamU[KMU[K=F � oG<0��K=F ¤GÒ

RY]eK � �0L8`bafoZU[;=<0F0HGK=FËI0KM>�H3KMFfDGF0FVUQKMF~r?oZU[;=K�Ce]eK°c K=>8F¶��]_U�I0KMF � KM\§K=]_Ce]eHGK=F¶�AS3F0L-UbDGFVU[K=F�c �0>
p ∈ [1,∞] <0F?I¼DGC_CeK ν ≥ 0 �

∥∥Q(f, g)−Q(fk, gk) |L〈ν〉p
∥∥

≤
∥∥Q(f, g − gk) |L〈ν〉p

∥∥+
∥∥Q(f − fk, gk) |L〈ν〉p

∥∥

≤ C1

(∥∥f |L〈ν+λ〉
p

∥∥ ∥∥g − gk |L〈ν+λ〉
1

∥∥ +
∥∥gk |L〈ν+λ〉

1

∥∥ ∥∥f − fk |L〈ν+λ〉
p

∥∥
)
,

<0F0I¯c �0> s ≥ 0 ¢ p ∈ (1,∞) <0F0I�DGCeC_K ν ≥ 0 �
∥∥Q(f, g)−Q(fk, gk) |Hs,〈ν〉

p

∥∥
≤

∥∥Q(f, g − gk) |Hs,〈ν〉
p

∥∥+
∥∥Q(f − fk, gk) |Hs,〈ν〉

p

∥∥

≤ C2

(∥∥f |Hs,〈ν+γ〉
p

∥∥ ∥∥g − gk |Hs,〈ν+γ〉
p

∥∥+
∥∥gk |Hs,〈ν+γ〉

p

∥∥ ∥∥f − fk |Hs,〈ν+γ〉
p

∥∥
)
.

WYDG`baÄ�:S3>[DG<0L8L[KMU[;=<0F?HÎ]_L8U (g − gk)
∞
k=1
]_FµDGCeC_K=FÄ��KMU[K=]_Ce]eHZUQK=F � oG<0��K=FµK=]_F0K�WX<0CeCnc S3CeHGK�<?F0I

IfDG��]_UÌ��K=;M�0H3C_]e`ba�K=]eF?K=> � K=I?K=F�WAS3>8�»]eF k H3C_K=]e`ba?��oG¹G]eH���K=L8`ba0>QoZF0TVU ��� <0L

(f − fk) k→∞−→ 0 , (g − gk) k→∞−→ 0

c S3CeHGU�IfDGF0F±¢VIfDGL[L:I0]_K¨>[KM`bamU[K=F�r.K=]nUQK=F�]_F�I?K=F�q3S3>[DGF0H3KMHVDGF0H3KMF0K=F � �?L[`bafoZU[;=<0F?H3K=F�WA<0C_C_c S3C_H3K=F
L[]eF?I � RODG��]_UÌH3]eCnU^DG<0`ba��5KM;=�0HGCe]e`ba¯KM]eF0KM> � K=I0KMFÍWASG>[�

(Q(f, g)−Q(fk, gk))
k→∞−→ 0

<0F0I�FfDG`ba�I0K=>XRYK°´fF0]_U[]eS3F¯I0KM>A³�KMU[>[]eTZK=F¯c S3CeHZU¨I0]eKP��K=a0DG<0­?U[KMUQK�r�U[KMUQ]_H3TGKM]_U �
³�]_U�I0KM>��:S3>[DG<0L8L[KMU[;=<0F?H Í Ò � ¤ Î H3]_C_U�I0]_K�r�UQK°UQ]eHGTGK=]nUQL[DG<0L[L[DGH3KÃq3S3F(r?DZUQ;ÎÒ � Ý � £ÀD Î c �0>¯I0KMFL8É�����KMU[>[]_L[`ba0KMF¼�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3> �

½Üçsr{çºè ñ íBìfã�â ê á�íUT ­ ë!�±àAåYç:ä%å æ¼ÎAì LΘ
1 v ¯XàYåÁë§ëf §í:åYä%å

Æ±<0�Ûr.`ba0C_<0L[LXI0KMLY�¡DG­0]nUQKMCeL¨L[SGCeCeKMF¯I0]eK � �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F¼I?K=LA�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>8L
DG<?c�I0K=F � oZ<0��KMF

LΘ
1 =

{
f : R3 −→ R : exp(Θ |·|2)f ∈ L1

} Í Ò � �3� Î
<0FVUQK=>8L[<0`baVUA\·KM>[I0KMF � RY]eKML[K¡L[]_F0I�c �?> Θ > 0 ��]_U·I0K=>XWASG>[�

∥∥f |LΘ
1

∥∥ =
∥∥exp(Θ |·|2)f |L1

∥∥ =

∫

R3

exp(Θ |v|2) |f(v)| dv Í Ò �ï� Ý Î
q3K=>8L[KMa0K=F � ªj� Æ±<0LQDZ����K=F0a0DGF0HÄ��]_U�I0K=> � S3C_U[;=��DGF0F.h�N¡C_K=]e`bam<0F?H�\^<0>8I0K=F~I0]_K LΘ

1
h�@B]eHGK=F.h

L[`bafDZcdU[K=FèI0K=> � ¸3L8<0F0H3KMF¿I0KML�>[oG<0��Ce]_`ba+a0S3��S3H3KMF0K=F � F.c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=��L�q3S3F
¾ÁÀ�� ��òÂ!{U�

L8UQ<?I0]eKM>8U � RY]eK«q3S3FÃ]ea?� ]_F
� �.�ÁH3K°c <0F0I0KMF0K=F�DGFfDZC_ÉmUQ]_L[`ba0KMF � ¸GL[<0F0HGK=F#c �0>YI?K=FÎklDGCeCÑI0KM>

³¼DgÊ�\·KMCeCÚh-³�S3C_K=Tm�0C_K�C_]eKMH3K=F�]eF�I0]eKML[K=� kf<0F0TVU[]eS3F0KMF0>QDZ<0�ð<0F0IÍKM]eF0K�K=FVU[L[­0>8K=`ba0KMF0I0K�i¨a0K=SG>[]eK



¤ � ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

\^<0>8I0KÍ]eF
�
£ � �^q3S3>8H3K=L-UQKMCeC_U � k��0>�IfDGL�ºADG>8U[Tm<0H3K=C_��S�I0KMCeCÌ\^<0>8I0K¼]_F � £3£D�XH3K=;MK=]_HGU�¢:IfDGL8L�I0]_K� ¸3L[<?F0H3K=F�I0]_KOc S3CeH3KMF0I0K¡@B]eHGK=F0L8`bafDZcdUX�5KML[]nUQ;=KMF��

∀Θ > 0 : ∃ 0 < Θ′ < Θ : f0 ∈ LΘ
1 ⇒ f(t, ·) ∈ LΘ′

1 (t > 0) . Í Ò � ��� Î
Æ±<0� � K°\·KM]eL¨I0]_K=L[KML � K=L[<?C_UbDgUQL§\^<?>[I0KMF � KM]ea0KMF0K=FVUj\^]e`bTmC_<0F0H3KMF¯qGK=>-\·KMF0I0KMU=¢fI0]eKYDG<0L8L[`ba0C_]eK=¹gh
Ce]_`ba�c �0>¨IfDGL^ºADG>8U[Tm<0H3K=C_��S�I0KMCeC Í λ = 1 Î DGFV\§K=F0I0�0DG>AL8]eF0I � @BL^�|<0L[L-UQK¡IfDGa?K=>¨SG¬5K=F¯�0C_K=]e��K=F±¢S3�ÃK=FVU[L[­0>8K=`ba0KMF0I0K � <0L[L[DGH3KMFÀDG<?`baÎc �0> 0 < λ < 1 H3KMC_U[K=F � WXS3>[��DG�0L8`bafoZU[;=<0F0HGK=FÃc �0>OI0KMF�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>ATZ¸3F0F0KMFÄ��K=]BI0KM>�pXFmU[K=>8L[<0`bam<0F0H¼a0K=Cnc K=F�¢%L8]eF0I�DG��K=>¡]e����KM>Yq3SGFÀK=]_F0K=�
K=]_H3K=F?K=F�ªjFmU[K=>8K=L[L8K �
k��0>X³�DgÊ�\·KMCeCnh�³�S3C_K=Tm�0CeKZ¢0I � a � λ = 0 <?F0I

b0(µ) ≡ C0 ,

]eL-U^I0K=>X�XS3CeC_]eL[]_S3F0L8S3­5KM>QDZU[S3>:c �0>¨�5KMCe]_K=�0]_H3K Θ > 0 K=]_F0K¡L8UQK°UQ]_H3K � �0�?]eCeI?<0F0H

Q : LΘ
1 × LΘ

1 −→ LΘ
1 .

k��0>¨I?K=F¯�:K=>[C_<0L8U8UQKM>[�»]_L8U^I0]_K=L¨\·KMH3K=F

|Q−(f, g)(v)| = |f(v)L[g](v)| ≤ 4πC0

∥∥g |L1

∥∥ |f(v)|
L[SZc S3>8UATmCEDG> � k��?>AI0KMFÎN¡K°\^]eF0FVU[K=>[�ÛKM>[afoGCnUY��DGF¼DG<0LYI?K=>YL8`baV\ÌDG`ba?K=FÄkfS3>8�|<0C_]eK=>8<0F0H Í £ �ï� � Î<0F0I�I0KM>Xi�DZU[LQDG`ba0KZ¢lIfDGL[L¨\§K=H3KMF¼I0KM>X@:F?K=>[HG]eK=KM>[afDZC_UQ<?F0H�I0]eK¡pXF0H3CeKM]e`bam<0F0H

|v′|2 ≤ |v|2 + |w|2

H3]_C_U�¢�I0]_K¡c SGCeH3KMF0I0K � �?L[`bafoZU[;=<0F?H0�
∥∥Q+(f, g)(v) |LΘ

1

∥∥ ≤ C0

∫

R3

exp(Θ |v|2)

∫

R3

∫

S2

|f(v′)| |g(w′)| de dw dv

= C0

∫

R3

∫

R3

|f(v)| |g(w)|
∫

S2

exp(Θ |v′|2) de dw dv

≤ 4πC0

∫

R3

∫

R3

|f(v)| |g(w)| exp
(
Θ(|v|2 + |w|2)

)
dw dv

= 4πC0

∥∥f |LΘ
1

∥∥ ∥∥g |LΘ
1

∥∥ .
ªjFVUQKM>[K=L8LQDGFVU[K=>8\§K=]_L[KJH3]_C_U^DZ<0`ba�c �0> 0 < λ ≤ 1 ¢fIfDGL8LAI0KM>AN¡K°\^]eF0FVUQKM>[�ðKM]eF0K � �?�0]eC_I0<0F0HJq3SGF
LΘ

1
]_F¯L[]e`ba�L[KMCe�0L-UX]eL8U=¢?\^]eKO\§K=]nUQKM>X<?FmU[K=F�H3K=;MK=]eHZU¨\·KM>[I0KMF�\^]e>8I �

RY]_K � K°UQ>[DG`baVUQ<0F0HGK=F(��K=L[`ba?>QoGF0TZK=F L[]_`ba(DG<?c|I0K=F¾Fm<0��K=>8]eL8`ba¾>[KMCeKMqZDGFVU[K=F(klDGC_COI0K=>��PºYrmh
³�S�I0K=C_CeKYc �?>Xa0DG>8U[KPªjFmU[K=>[DGTVUQ]eSGF0L[­�SGUQKMFVUQ]EDZCeKG¢?I0K=>X�ASGCeCe]_L[]_S3F0L[TZK=>8F�CEDG<?U[KMUXDGC_L[S0�

B(v − w, e) = Cλ |v − w|λ , λ ∈ [0, 1] . Í Ò �ï� ¦ Î



Ò � Ý � rmUQKMU[]eH3TZK=]nU^]eF¯��K°UQ>8]eL[`ba?K=F�<0F0I�K°Ê.­5SGF0K=FVUQ]_K=C_C%H3KM\^]_`bamU[KMU[K=F � oG<0��K=F ¤3Ý

é ä�ìuÞ¼ä�ì)ì�àYáVëmë?ä�ì0ã
RYK=>Ñ�:K=>8Ce<0L-U[UQKM>[�(I0KML��XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>8L±q3KM>[L[`ba?CeK=`baVU[K=>8UÁI0]eK:ªjFVUQKMH3>[]_K=>[�0DG>[TZK=]_U[L[KM]eH3KMF0L[`bafDgcEh
UQK=F±¢fI0K=F0F�K=LXH3]_C_U��
2�þ?ù�
� (; ,(;��(; � R°Ö}®JØ]��� ×�\°×ÙØ]V?\a��R°Ö¤V�\�R°×�PGØ]V�SIR°ÖÁZÁRa\YWÙÔ<�²WR
 � «ÁÀ_Â��<« � Ô<V�VJ×�\YW<¦¤U�Ö¨Ô<����R 0 < ε < ΘSIR°Ö�ã	R°ÖY�²��\YW%W§R°Ö¤�×SIRa\j®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö8Ô<W�ØgÖ@\eR°×�VERj\YW§RYW½×µ¡IRÁßj¥�¥=×��µS<�IVI¡

Q− : LΘ
1 × L〈λ〉1 −→ LΘ−ε

1 ,

�J×�W{SIR°Öàô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q−(f, g) |LΘ−ε

1

∥∥ ≤ 22+λ/2π CλC〈λ〉,ε
∥∥g |L〈λ〉1

∥∥∥∥f |LΘ
1

∥∥ .

� ×�R�®JØ]V?\YWÙÔ<V�W§R C〈λ〉,ε ×�\YW}¡IRY�O�>�Ì
FºI«/ºâÀp�ØSIR'ª�Vf×�R°Ö¤W�«¨�RY� R°×�\f« � FfDGC_S3HÃ;=<+I0KMF Lp × L1
h � �0L8`bafoZU[;=<0F0HGK=FËK=>8afoGCnU���DGF <0FVUQKM>��:KM>8\§K=F0I0<?F0HÄI0KM>

��K=K°UQ>8K°h�pXF0H3C_K=]e`bam<0F?H �.� � Ò?�
∥∥Q(f, g) |LΘ−ε

1

∥∥ ≤ 4πCλ

∫

R3

exp
(
(Θ− ε) |v|2

)
|f(v)|

∫

R3

|v − w|λ |g(w)| dw dv

≤ 22+λ/2π Cλ

∫

R3

exp
(
(Θ− ε) |v|2

)
〈v〉λ |f(v)|

∫

R3

〈w〉λ |g(w)| dw dv

= 22+λ/2π Cλ
∥∥g |L〈λ〉1

∥∥
∫

R3

exp
(
(Θ− ε) |v|2

)
〈v〉λ |f(v)| dv .

WYDG`ba � K=����D �.� �.� £ � �¯<0F0I¼I?K=>^RYK°´fF0]_U[]eS3F¯I0KM>AN¡K°\^]e`baVUQL-c <0F0TVUQ]_S3F�HG]eC_U=�

exp
(
− ε |v|2

)
〈v〉λ ≤ C〈λ〉,ε ,

<0F0I�K=L¨c S3CeHZU�¢.\^]_KP�5KMafDG<0­.UQKMU=�
∥∥Q(f, g) |LΘ−ε

1

∥∥ ≤ 22+λ/2π Cλ C〈λ〉,ε
∥∥g |L〈λ〉1

∥∥
∫

R3

exp(Θ |v|2) |f(v)| dv

= 22+λ/2π Cλ C〈λ〉,ε
∥∥g |L〈λ〉1

∥∥∥∥f |LΘ
1

∥∥ .

é ä�ì°V+ä(tu -åAå§ë.ä�ìfã
® �0>[I0KÎ��DGF~]e� klDGC_CeK λ > 0 c �0>¯I0K=F¾N¡K°\^]eF0FVUQKM>[� qGS3>[H3KMa0K=F¿\^]eKÃ�5KM]PI0K=F¿K=]_F0HVDGF0HGLH3K=;MK=]eHZUQK=F � �0L[`bafogUQ;=<?F0H3K=F�c �0>^I0]eK�³¼D�Ê.\§K=C_Cnh�³�S3CeKMTm�0CeKZ¢?L[S�\^�0>8I0K«��DGF�I0]_K�r�UQK°UQ]_H3TGKM]_U

Q+ : LΘ+ε
1 × LΘ+ε

1 −→ LΘ
1



¤ � ��DZ­0]_U[K=C%Ò ��� �?�0]eC_I0<0F0H3L8K=]_H3K=F0L8`bafDZcdU[K=F�I0K=LX�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[L

��]_U
∥∥Q+(f, g) |LΘ

1

∥∥ ≤ 22+λ/2π CλC
2
〈λ〉,ε
∥∥f |LΘ+ε

1

∥∥ ∥∥g |LΘ+ε
1

∥∥
c �0>X�5KMCe]_K=�0]_H3K ε > 0 K=>[a0DGC_U[K=F � RY]_K=L[KMLO@B>[HGK=�0F0]_LACeoGL[L-UYL8]e`ba�q3K=>8�5KML[L8K=>[F±¢±\·KMF0FÍ��DGF�DG<?cBI0]_K­0<0F?TmUj\§K=]_L[K � �0L8`bafoZUQ;M<0F0H

|v′|2 ≤ |v|2 + |w|2
q3KM>[;M]e`baVUQK°UY<0F?I�L-UbDZU8UQI0KML[L[KMF � K=����D ��� �.� £3£Pq3KM>8\§K=F0I?KMU��2±þ?ù�
Û 	; ,(;  (; � R°Ö¶®JØ]��� ×�\°×ÙØ]V?\a��R°Ö¤V9\�R°×�PGØ]V·SIR°Ö�ZÁRa\YWÙÔ<�²W4
 � «ÁÀ_Â��<« � Ô<V�V�×�\YWF¦¤U�Ö�Ô<����R Θ > 0SIR°ÖOZÁRY�B×�V�V�W§R°Ö¤�ÒR°×�VERà\YW§RYW½×µ¡IRàßj¥�¥=×��µS<�DVI¡

Q+ : LΘ
1 × LΘ

1 −→ LΘ
1 ,�J×�W SIR°Öàô«ØgÖ¤��Ô�¥Y\��a�?�<W��f�DVI¡

∥∥Q+(f, g) |LΘ
1

∥∥ ≤ 22+λ/2πCλCΘ,1−λ/2
∥∥f |LΘ

1

∥∥ ∥∥g |LΘ
1

∥∥ .
� ×�R�®JØ]V?\YWÙÔ<V�WXR CΘ,1−λ/2

×�\YW{SVÔ�¥YR°×�¡IRY�O�>�Ì
FºI«/º Ê �ØSIR'ª�Vf×�R°Ö¤W�«
¨�RY� R°×�\f«Ì�:K=>-\·KMF0I0<0F0H�I0KM>ÌL[`baV\·DG`ba0K=FÍklSG>[�|<0C_]eKM>[<0F0H�I0KMLXN¡K°\^]eF0FVUQKM>[��LÌ<0F0I � FV\·KMF0I0<0F0H
q3SGF � K=����D �.� ��� £3£¡C_]eKMc KM>8U

∥∥Q+(f, g) |LΘ
1

∥∥ ≤ Cλ

∫

R3

∫

R3

|v − w|λ |f(v)| |g(w)|
∫

S2

exp
(
Θ |v′|2

)
de dw dv

≤ 4πCλ

∫

R3

∫

R3

|f(v)| |g(w)| |v − w|λ exp(Θ(|v|2 + |w|2))− 1

Θ(|v|2 + |w|2)
dw dv .

� <?LXI?K=>^K=C_K=��K=FVUbDG>8K=F�pAF0HGCeK=]_`bam<0F0H

|v − w|2 ≤ 2(|v|2 + |w|2) ⇒ |v − w|λ ≤ 2λ/2
(
|v|2 + |w|2

)λ/2

c S3C_HGU
|v − w|λ exp(Θ(|v|2 + |w|2))− 1

Θ(|v|2 + |w|2)
≤ 2λ/2

exp(Θ(|v|2 + |w|2))− 1

Θ(|v|2 + |w|2)1−λ/2
.

k��0>¨I?]eKP>[KM`baVUQK�r.K=]nUQK¡I0]eKML[KM>ApXF0H3C_K=]e`bam<0F?H�qGK=>-\·KMF0I0KMUY��DZF � KM����D �.� �.� £ � ` Î ¢0\§S3��K=]%��DGF
y = |v|2 + |w|2 <?F0I γ = 1− (λ/2) \·oGa0CnU � @BL¨c S3CeHGU
∥∥Q+(f, g) |LΘ

1

∥∥ ≤ 22+λ/2πCλCΘ,1−λ/2

∫

R3

∫

R3

|f(v)| |g(w)| exp
(
Θ(|v|2 + |w|2)

)
dv dw

= 22+λ/2πCλCΘ,1−λ/2
∥∥f |LΘ

1

∥∥ ∥∥g |LΘ
1

∥∥
<0F0I�IfDG��]_UÌI0]eKP��K=afDZ<0­?UQK°UQK�r�UQK°UQ]_H3TGKM]_U �
� <?L Í �.� � ¦ Î ��]_U ε = Θ <0F0I�I0K=>^L8U[KMU[]eH3KMF�@B]_F���KMU8UQ<0F?H

LΘ
1 ⊂> LΘ−ε

1

K=>8afoGCnU^��DGF�L8SGc S3>-U��



Ò � Ý � rmUQKMU[]eH3TZK=]nU^]eF¯��K°UQ>8]eL[`ba?K=F�<0F0I�K°Ê.­5SGF0K=FVUQ]_K=C_C%H3KM\^]_`bamU[KMU[K=F � oG<0��K=F ¤3¦

ô�ÿ	��ÿ	�%�½þ)�� (; ,	; 0_; � R°Ö�®JØ]��� ×�\°×ÙØ]V?\a��R°Ö¤VÏ\�R°×{PGØ]V[SIR°Ö�`6ØgÖ¤�ó
 � «ÁÀ_Â��<« � Ô<V�VÄ×�\YWÁSIR°Ö�®JØ]��� ×�\°×�´Ø]V?\¥ØbÕ�R°Ö[Ô<WjØgÖ}¦¤U�Ö�Ô<����R 0 < ε ≤ Θ R°×�VERà\YW§RYW½×µ¡IRàßj¥�¥=×��µS<�DVI¡
Q : LΘ

1 × LΘ
1 −→ LΘ−ε

1 ,

�J×�W{SIR°Öàô�ØgÖ¤��Ô�¥Y\��a�?�<W��f�IVI¡
∥∥Q(f, g) |LΘ−ε

1

∥∥ ≤ 22+λ/2πCλ
(
CΘ,1−λ/2 + C〈λ〉,εC〈λ〉,Θ

)∥∥f |LΘ
1

∥∥ ∥∥g |LΘ
1

∥∥ .

� ×�R�®JØ]V?\YW Ô<V�WXR CΘ,1−λ/2
×�\YWâ¡IRY�O�>�9
FºI«/º Ê ���©SG×�R�®JØ]V?\YWÙÔ<V�W§RYV C〈λ〉,ε �IV	S C〈λ〉,Θ ¡IRY�O�>�
FºI«/ºâÀp�ØSIR'ª�Vf×�R°Ö¤Wº«





$ � & ����� � ô

� � �+� �¯� ����� �����'� � � ���©¨¾� �%�
L1

RY]eKML[K=L^�¡DG­?]_UQKMC5��K=L8`bafoZcdU[]eHGU·L[]e`ba���]_UOÔPÕ�ÖÈ×ÙØgÖÈ×Ùh � �0L[`ba0oZUQ;M<0F0H3KMF¯c �?>ÌI0]eK � ¸3L[<0F?H3K=F�I0KML � F.h
c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=��L

∂tf(t, v) = Q(f, f)(t, v) , f(0, v) = f0(v) , Í �0� £ Î
]e�»klDGC_CeKAI0K=>¨�PºYrmh-³�S.I0KMCeC_KYc �0>^afDG>-UQKPªjFVUQKM>QDGTVUQ]_S3F0L8­5SGU[K=FVUQ]eDGCeK �
Æ±<0FfoG`ba0L-U·\^]_>[I�I?]eKY;MK=]nUQCe]_`ba0KX@BFmUj\^]_`bTmCe<0F0HJI?K=> L1

h�³�S3��K=FVUQK ν h U[K=>ÌÓP>8I0Fm<0F0H0¢�I0K°´fF0]_K=>8UÌDGCeL

Yν(t) =
∥∥f(t, ·) |L〈ν〉1

∥∥ , ν ≥ 0 , Í �0� � Î
<0FVUQK=>8L[<0`baVU �� <0LX�B>[S3­�S3L8]_UQ]_S3F#£ � Ý � £�]_L8U^��K=>8K=]_U[L¨�5KMTgDGF0FVU�¢fIfDZL[L

Y0(t) = ρ(t) ≡ ρ0 , Y2(t) = ρ(t) + 2E(t) ≡ ρ0 + 2E(0) Í �0� Ò Î
H3]eCnUÌ<0F0I�IfDG��]_U¨DGCeC_K Yν ��]_U ν ≤ 2 ]_F t H3C_K=]e`ba?��oG¹G]eH���K=L8`ba0>QoZF0TVUYL8]eF0I �WYDG`baµ�XS3>[SGCeCEDZ>J£ � Ý � � TZDZF0FÄ��DGFÀL8]e`baÄ��K=]²I0K=>�pAFVUQKM>[L8<0`bam<0F0HÃI0K=L � F?c½DZF0H3L8\§K=>-UQ­0>8S3�0C_K=��LÍ �0� £ Î DG<.c?L8S3Ce`ba0K � F?c½DGF0HGL[��K=I0]_F0H3<0F0HGK=F��5KML[`ba0>[oGF0TGKMF�¢�c �0>�I0]_KBI0]eKB��]_U8UQCeKM>[KÁN¡KML[`baV\^]eF0I?]eH3TZK=]_UH3CeKM]e`baÄWX<0CeC§]eL-U � RY]eK � K=I0KM<?UQ<?F0HÃI0K=> L1

h�³�S3��K=FVUQK�CeoGL[L-U|L8]e`baÄc �0>«L[S3C_`ba0K � F.c½DGF0H3L8�5KMI0]eF.h
H3<0F0H3KMF�<0F0I�I?]eKO;M<0H3K=a?¸3>[]_H3K=F � ¸3L8<0F0H3KMF�CeKM]e`baVU·qGK=>QDZF0L[`bafDZ<0Ce]_`ba0K=F�¢?I0K=F0F¯DZF�I0K=>Ì;MK=]nUQCe]_`ba0K=F
@:FVUj\^]_`bT�C_<0F0HXI0K=>�³�SG��KMFmU[K:��]nU ν > 2 TgDGF0F¡��DZF«DZ�0CeKML[K=F±¢�\^]eK |v| qGK=>8U[K=]_C_UÑ]eL-U�� � KBa?¸3a0K=>ÑI0]_KÓP>8I0Fm<0F0H¡I0KM>·³�S3��KMFVUQKG¢GI0]eK¨;M<0�ÅÆ±KM]_UQ­?<0F0TVU t KMF0I0C_]e`ba�L[]_F0I�¢3I0KML8U[S«��K=a0>�^-³¼DGL8L[Ka`XTGS3F?;=K=F�hUQ>[]_K=>-U¨L[]_`ba�]_F¯K=]eF?K=>^pA��H3KM�0<0F0H�<0� �?� k��0>¨I?]eK�³¼DgÊ�\§K=C_C_q3KM>8U[K=]eC_<0F0HJL8]eF0I¯I0]_K L1

h�³�S3��K=FVUQK
�5KMCe]eKM�0]eHGK=>�ÓO>[I0Fm<0F?HµK=F0I0C_]e`ba�¢:I � a � ]e� ºX]eFm�0Ce]_`bT�DG<?cPI?]eK�ªjFmU[K=H3>8]eKM>[�fDG>8TGKM]_UQL8K=]_H3K=F0L8`bafDZcdU[K=F
I0K=> � ¸3L8<0F0HµH3]_�?U�I0]_KÍ;=KM]_UQC_]e`ba0K¼@BFmUj\^]_`bTmCe<0F0H I0KM> L1

h-³�S3��K=FVU[K#K=>[L-UQKÃºX]eFV\·KM]eL8KÃDG<?c�I0]eK
N¡KML[`baV\^]eF0I?]eH3TZK=]_U=¢l��]nUAI?K=>YL8]e`baÍI?]eK � ¸3L[<0F?H f(t, ·) ]e� L1

h-r�]eF0F0K�I0KM>P³¼DgÊ�\§K=C_Cnh �:KM>8U[K=]eC_<0F0H
DGF0FfoGa?K=>8U �
RY]eK²;=KM]_UQC_]e`ba0K§@BFVUj\^]e`bTmCe<0F?HOI0K=> L1

h-³�S3��K=FVU[K§\^<0>8I0K·��K=>8K=]_U[L�qGS3Fõ���_� { �^� �Ý� Òb�.<?FmU[K=>8L[<0`baVUÍ L[]_K=a0K�r.DZUQ;¯£ � Ý � � c �0>PI0K=F�klDGCeC�I0K=>¡DZ�0H3K=L8`ba0F0]nU[UQKMF0K=F�afDG>-UQK=FÃªjFVUQKM>QDGTVU[]eS3F0L8­5SZUQK=FVU[]EDGC_K Î � ªjF�
Ýb��\^<0>[I?K=FÎI0]eK�³�S3��KMFVUQK�I0K=> � ¸3L8<0F0H�c �0>OI?K=FÎklDGCeC�I0K=>O\§K=]_`ba0K=FÎªjFVUQK=>[DGTVUQ]_S3F0L[­�SGU[K=FVUQ]eDGCeK
��]nU −1 ≤ λ < 0 ��KMU[>QDG`baVUQK°U � @BLJTZS3F0FVUQK � KM\§K=]_CeL|HGK=;=KM]eHGU�\·KM>[I0KMF�¢BIfDGL8L�DZCeCeK�³�S3��K=FVU[KG¢I0]eKÌc �0>:I0]_K � F?c½DGF?H3L[��K=I0]_F0H3<0F?H f0

KÈÊ?]_L8U[]eK=>8K=F�¢mDZ<0`ba�DG<.c�K=]_F0K=�
�5KML[`ba0>[oGF0TVUQKMF¯Æ±K=]nUQ]eFVU[K=>8qZDGC_C
[0, t̄ ] HGCeK=]_`ba0��oG¹3]eH«�5KML[`ba0>[oGF0TVUAL[]eF?I �

¤6�



� � �¡DG­0]nUQK=C �0� ³�S3��KMFVUQK¡<0F0I¼r�UbDZ�0]eC_]_UbogUÌ]eF L1

@B]eF0K^KMFmU[L[`ba0KM]eI0KMF0I0KY�:KM>[��K=L8L[K=>8<0F0H|I?]eK=L8K=> � K=L[<?C_UbDgUQK¨c �0>:afDG>-UQK^ªjFVUQK=>[DGTVUQ]_S3F0L[­�SGU[K=FVUQ]eDGCeK^H3KÈh
CEDZF0H)ö ÂIÅ � À&Ã � � � Ý��Ù¢ÑI0KM>�c S3C_H3K=F?I0K=L¡FfDG`baV\§K=]_L[K=FµTZS3F0FVUQKZ�ÁNP]eCnU Yν(0) =

∥∥f0 |L〈ν〉1

∥∥ < ∞c �0>¨KM]eF ν > 2 ¢fL[S�KÈÊ.]eL8U[]eKM>8U¨c �0> � K=I?K=L ν ′ < ν KM]eF0K¡�XS3F0L8UQDGFVUQK Cν′,f0

��]nU
∀t > 0 : Yν′(t) ≤ Cν′,f0 ,

Í �0�ï� Î
I � a � I0]_K�³�S3��K=FVUQK¡L[]_F0I�]eF t HGCeK=]_`ba0��oG¹3]eH«�5KML[`ba0>[oGF0TVU ������ ÃIÆk� ��� À}Çh� � �b�÷¢ � Ò � �§<0FVUQKM>[L8<0`baVUQK¯I0]eK Lp h-³�S3��K=FVU[K�c �0>«afDG>8U[K�ªjFVUQKM>QDGTVU[]eS3F0L8­5SZUQK=FVU[]EDGC_K��]_UPI0KM� ® ]eF0TZK=CeDGFVUQK=]_C bλ,ε Í L[]_K=a0K Í Ò � £ Î <?F0I�HG>[]_¬ÀIfDG��K=]BL8S�\§S3a0C²DG<.c¨@BCe��>[SGU[a0LPDGC_L¡DG<0`baDG<?c � >[TZK=>8É�I0L � >[��K=]_U[K=F�;M<0>[�?`bT � p � D � ;MK=]eHZUQKYKM>ÌI0]_K � K=CED�Ê0DgUQ]eSGF�I0KM> � ¸3L[<?F0HJ;=<0>¨³¼DgÊ�\·KMCeCÚh
�:K=>-UQKM]eCe<?F0HJ]eF Lp �@B]eF0K�\·KM]_U[K=>[K�L[]_H3F0]_´0TZDZFmU[K��:KM>[��K=L8L[K=>8<0F0H�I0KM>�q3SG>QDGF0HGK=HVDGF?H3K=F0KMF~@B>[H3KM�0F0]eL8L[K¼\^<?>[I0K�q3S3F× { � ��+�ÂIÂ!{�ÃFÃ_{ � � �Z� �ÑK=>[>8K=]_`bamU=�fªja0�»H3KMCEDGF?H�L8S3HVDG>¨I?K=>XWYDG`baV\§K=]_L=¢lIfDGL8LXI?]eK � KMI0]eF0HG<0F0H

f0 ∈ L〈2+ε〉
1

c �0>��5KMCe]_K=�0]_H3K=L ε > 0 a0]eF0>8K=]_`ba0K=F0IÎc �0>�I0]eK�H3C_K=]e`ba?��oG¹G]eH3K � K=L[`ba?>QoGF0TVU[a0K=]nUJDGC_CeK=>�³�S3��KMFVUQKc �0> t ≥ t̄ > 0 ]eL-U � ROD�q3SGFÃDG<0L[HGK=F0S3����K=F�L[]eF?I#DGCeC_K¡��SGU[K=FVUQ]eDGCeK���]_U λ ≤ 0
� ªj�ÛklDGCeC λ < 0TGSGF0FVUQK¨RYKML8q�]eC_CeK°U[UQKML=¢�I0KM>�IfDGL6�PºYrmh-³�S�I0KMCeCm�5K°UQ>[DG`baVUQKMU[KG¢Z;=K=]_H3K=F±�Z@BL�K°Ê.]eL-UQ]eKM>[KMFJ�AS3F?L8UbDZFmU[K=F

C0
<0F0I C1

��]_U
Yν(t) ≤ C0 + C1 t .

k��0>X³�DgÊ�\·KMCeCnh�³�S3C_K=Tm�0CeKYK=>[�?>QDG`baVUQK4� {	Ç�ÇC��{ ��� � Ý3Ýb�%I0KMF¼WADG`baV\·KM]eLM¢�I0DGL[L^H3KMFfDG<�I0]eK�³�Sgh
��K=FVUQK¡]eF t �5KML[`ba0>[oGF0TVUOL8]eF0I±¢0I0]eKOc �?> t = 0 KMF0I0Ce]_`ba�L8]eF0I �r.S3H3DG>²RYK=L-q.]_CeC_KMU[U[K=LMî � K=L8<0C_UQDZU§TGS3F0FVU[KYF0S�`ba��0��K=>-UQ>[SZ¬±KMF�\§K=>[I?K=F��!� {�Ç�Ç���{ ��� � Ý � ����KM\^]eKML
c �0>:I0]_KXa0DG>8U[K=F�ªjFVU[K=>QDZTmU[]eS3F?L[­�SGUQKMFmU[]EDGC_K^��]nU ® ]eF0TZK=CEDZFmU[K=]_C bλ,ε ¢mIfDGL[L²��K=>[KM]_U[L§I0]_K � K=I0]_F0H3<0F�hH3KMF f0 ∈ L〈2〉1

<?F0I f0 log+ f0 ∈ L1
I0]_K·H3C_K=]_`ba0��oZ¹3]eH3K � KML[`ba0>[oGF0TVUQa?K=]_U²��K=C_]eK=�?]eH3KM>Á³�SG��KMFmU[K

c �0> t ≥ t̄ > 0 ;=<0>XkfS3C_H3KPafDG��K=F � RY]_K�RODG>[L-UQKMCeCe<?F0H�a0]eKM>^\^]_>[I�I0K=� � KM\§K=]eL ® K=F0Fm��K=>[HGLAc S3CÚhH3KMF �¾ÁÀ�� � ÂZ{U��� £3£���L8`ba0Ce]_K=¹3C_]e`ba�TGS3F0FVU[K ® KMF0Fm�5KM>[H3L�³�KMUQa?S.I0K«L[S���S�I0]_´f;M]eKM>[K=F±¢fIfDGL[LYI0]eK � <0L�h
LQDZH3K�DG<0`ba¯c �0>XDGCeC_H3K=��K=]_F0K=>8KO�ASGCeCe]_L[]_S3F0L[TZK=>8F0KOI0KM>AkfS3>8�

B(v − w, e) = |v − w| h(|v − w| , µ) , µ =
(v − w) · e
|v − w| ,

H3]_C_U�¢m\§K=F0F�I0]eKPc S3C_H3K=F0I?K � K=I0]_F0H3<0F?H�KM>8c �0C_C_U¨]_L8U=�

2π

1∫

−1

h(|v − w| , µ)(1− µ2) dµ <∞ .

� C_L � FV\·KMF0I0<0F?H|\^]e>[I�]e�Å;°\·KM]_U[K=F � �0L[`ba?F0]_U8UÌI0]_KYrmUbDG�0]_Ce]nUboZU�I0K=> � ¸GL[<0F0H�q3S3F Í �0� £ Î ��K=;=�?HZhCe]_`baµI0K=> � F?c½DGF0HGL[��K=I0]_F0H3<0F0HÃFfDZ`ba0H3KM\^]_K=L8K=F � pAFVU[K=>�DGF0I0KM>[KM� ;=<�I0]_K=L[KM� Æ5\§K=`bTÄ\^<0>8I0K=F
I0]_K L1

h�³�S3��K=FVUQK¡DZ<0`ba¼]_F�I?K=> � >8�5KM]_U
� � £D�Ñ<0FVU[K=>[L8<0`baVU �

RYKM>A�BCeDGF¯I0]eKML[K=LA�¡DG­0]nUQK=C_LÌCEDZ<?UQK°U^]e� RYKMUQDG]eC÷�
• ªjF � �0L8`ba0F0]nU[U �0� £¡\^]e>8I�KM]eF0K � <?L[LQDZH3K�;M<0>AL8`baV\ÌDG`ba?K=F�r�UbDZ�0]eC_]_UbogUÌ��K=;=�?H3Ce]_`ba�I0KM> � F.hc½DGF?H3L[��K=I0]_F0H3<0F?HÄIfDG;M<Ë�5KMF�<.UQ;MU=¢ÌI0]_KÍL[SGc SG>8UQ]_H3K�@:>8;=KM<0H3<0F0H DGC_CeKM> L1

h-³�S3��KMFVUQKÍI0KM>� ¸3L8<0F0H�;=<��5K°\·KM]eL[KMF �



�0� £ � Æ±KM]_U[Ce]e`ba?KP@BFmUj\^]_`bTmCe<0F0H�I0K=> L1
h-³�S3��KMFVUQK �.£

• RY]_K=L[K � <0L[L[DGH3K¨\^]e>8I�IfDGF0F�]e� � �?L[`ba0F0]nU[U �0� � q3KM>8\§K=F0I0K°U�¢�<0�
I?]eKXr�UQDG�0]eC_]_UQoZUQL[DG<0L[L[DGH3K;=<¯q3KM>[L[`ba0oG>8c KMF �

RY]eKBa0]_K=>ÑH3KM;=K=]_HGUQKMF � KML[<0CnUbDZU[K:\^<?>[I0KMF � KM\§K=]_CeL%]_a0>[KM� ® KML[KMF�FfDG`ba���K=>[KM]_U[LÑqGS3F�� {�Ç&ÇC��{ ����
Ý � �f<0F0I?���C� ÃIÆ�� ��� À¿Ç�� � �.�?�5K°\^]eK=L8K=F � RYDGL:ºYDG<?­?UbDGF?Ce]eKMH3K=F�a0]eKM>Á]eL-UÁK=LM¢3I0]_KÌK°Ê.­0C_]e;=]nUQK·klSG>[�
I0K=>:�XS3F0L8UQDGFVUQKMF�]eFJI?K=F � �0L8`bafoZUQ;M<0F0H3KMF�DG<0L � �0L[`ba?F0]_U8U ��� �.� � ]eFJI0]_K^@B>[H3KM�0F0]eL8L[K^K=]_F?Âf]_K=¹3KMF
;=<ÄCeDGL[L8K=Fµ<0F0IµL8S3��]_U«I0K=> � FV\·KMF0I0<0F?HÎc �0>«Fm<0��KM>[]_L[`ba0K¯Æ5\§K=`bTZK�;=<0H3oGF0H3C_]e`baÄ;M<Ä��DZ`ba0K=F �� <0L^I0]_K=L[KM�ðNP>[<0F?I¯\^]_>[I¯]eF¯I0]_K=L8K=�»�¡DG­?]_UQKMC±\^]eKMI0K=>¨I0DGL¨�PºOrVh-³�S�I0K=C_C5c �0>¨a0DG>8U[KPªjFmU[K=>[DGT3h
UQ]eSGF0L[­�SGUQKMFVUQ]EDZCeKY��KMU[>QDG`baVU[KMU �

E�dqc ÷Ïlyo¤i�xqoqrsktl M ~£i<5 ofr�GOxf|�~t� wtl{z L1

Ö)g v�m ln~©i�l
Æ±<0>��:S3>8�5KM>[K=]nUQ<0F?HPI0K=>:pXFmU[K=>8L[<0`bam<0F0H«I0K=>B;MK=]nUQCe]_`ba0K=F�@BFVUj\^]e`bTmC_<0F0H�I0K=>²³�SG��KMFmU[K¨�5KMF0¸GU[]eHGU
��DGF�I0DGL¨c S3CeH3KMF0I0K � K=L8<0C_UQDZU Í L8]eK=a?K«DZ<0`ba � � �.� Î �
J øI�·�Àþ_0_;½ó=;÷ó=;e� \�\�R°×�RYV f0, g0 ∈ L〈∞〉1


$\°×�Ra��Râßj¥Y\��a�IVf×�W$W � « Ê « É �t�IV	S f(t, ·) � g(t, ·) SG×�RN ¯�\Y�IVI¡IRYV�SIR°Ö�±�RY� R°×�� ×µ¡IRYVÛßàV�¦MÔ<VI¡]\Y� R°Ö¤WÚÕ�ÖQØ<¥f��RY��R©�f�.Ö�ÖT�<�I�©� ×��a�Û�fØ]��Ø>¡IRYVERYV_¨OØ]�²W��f��Ô<V�V�´Z{��R°×��a�I�DVI¡q
áÀ	« É �<« � \à¡G×��²W @`�U.Ö�Ô<����R ν ≥ 0 ×�\YW ∥∥f(t, ·)− g(t, ·) |L〈ν〉1

∥∥ ¦MÔ]\YW�U?¥YR°Ö8Ô<����V�ÔI�a� t SG× á�R°Ö@RYVI�=×�R°Öq¥bÔGÖ��IV	S�Ra\Á¡G×��²W
d

dt

∥∥f(t, ·)− g(t, ·) |L〈ν〉1

∥∥ =

∫

R3

〈v〉ν (sgn(f(t, v)− g(t, v))) (∂tf(t, v)− ∂tg(t, v)) dv .

� Ô�¥YR°×�×�\YW
sgn(y) =

{
1 , y ≥ 0

−1 , y < 0

SVÔ]\ ï ×µ¡<V��D� PGØ]V y «
¨�RY� R°×�\f«XWADG`ba¯�:S3>QDG<?L[L[K°UQ;M<0F0H�HG]eC_U§c �0>XDGCeC_K t ≥ 0 I?]eK¡RODG>8L8U[K=CeC_<0F0H

f(t, v) = f0(v) +

t∫

0

Q(f, f)(τ) dτ , g(t, v) = g0(v) +

t∫

0

Q(g, g)(τ) dτ ,

I0]eKP]_�ðr.]_F0F0KPI0KM> � S.`ba0F?K=>-h ªjFVUQK=HG>QDGC_K�;M<�qGK=>8L8UQKMa0K=F¼]eL8U Í L[]_K=a0K � �V� � Î �@:L¡L8K=] T > 0 �5KMCe]eKM�0]eH�<0F0I t, t′ ∈ [0, T ]
� RY]eK � Fm\§K=F?I0<0F0H�q3S3F��AS3>8S3CeCeDG>AÒ � ���ï� D Î C_]eK°c K=>8U



� � �¡DG­0]nUQK=C �0� ³�S3��KMFVUQK¡<0F0I¼r�UbDZ�0]eC_]_UbogUÌ]eF L1

\§K=H3KMF Cλ,1,(1) = 2λ/2Cb
<0F0I Cb = 4πCλ

�
∥∥f(t, ·)− g(t, ·) |L〈ν〉1

∥∥−
∥∥f(t′, ·)− g(t′, ·) |L〈ν〉1

∥∥

≤
∥∥f(t, ·)− f(t′, ·) |L〈ν〉1

∥∥+
∥∥g(t, ·)− g(t′, ·) |L〈ν〉1

∥∥

=
∥∥

max(t,t′)∫

min(t,t′)

Q(f, f)(τ, ·) dτ |L〈ν〉1

∥∥+
∥∥

max(t,t′)∫

min(t,t′)

Q(g, g)(τ, ·) dτ |L〈ν〉1

∥∥

≤
max(t,t′)∫

min(t,t′)

∥∥Q(f, f)(τ, ·) |L〈ν〉1

∥∥ dτ +

max(t,t′)∫

min(t,t′)

∥∥Q(g, g)(τ, ·) |L〈ν〉1

∥∥ dτ

≤ 2λ/2+3πCλ |t− t′|
(∥∥f |L〈ν+λ〉

1

∥∥2
+
∥∥g |L〈ν+λ〉

1

∥∥2)
.

WYDZ`baÎ�:S3>[DG<0L8L[KMU[;=<0F?H�c �0> f0
<0F?I g0

]_L8UP\§K=H3KMF Í �0�ï� Î I0K=>¡CeK°UQ;°UQK�klDGTVUQS3>PHGCeK=]_`ba0��oG¹3]eH��5KÈhL[`ba?>QoGF0TVU¡c �0>PDZCeCeK t ≥ 0
� RYDG>QDG<?LOc S3CeHGU=¢5I0DGL[L ∥∥f(t, ·) − g(t, ·) |L〈ν〉1

∥∥ �5KM;=�0HGCe]e`ba t DG�0L8S3Ce<.UL8U[KMU[]eH�DG<?c R+
<?F0I�q3S3F¯��K=L[`ba?>QoGF0TVU[K=>^�²DG>[]eDZUQ]_S3F�DG<.c � KMI0K=�»ªjFVU[K=>8qZDGC_C [0, T ] ]eL8U � WYDZ`ba � K°h��K=>[Tm<0F?H �.� £ � ¤|c S3CeHGU·I0]eK�RY]n¬±KM>[KMF0;=]_K=>[�0DG>[TZK=]_U¨c �?>^c½DZL8UXDGC_CeK t ≥ 0

�
WA<?Fµ;=<0� ;M\§K=]_U[K=F�i6K=]eC²I0KM> � K=a0DG<0­?U[<0F0H0�BRAK=>�RY<fDZCe>QDZ<0� ;=< L〈ν〉1

]eL-U L〈−ν〉∞
<0F0IµSZ¬±KMF.h

L[]_`baVUQCe]_`ba¯H3]eCnU·c �0> F ∈ L〈ν〉1
�

〈·〉ν sgn(F ) ∈ L〈−ν〉∞ .

r.KM] h ∈ L〈ν〉1
�5KMCe]eKM�0]eH � @BLXH3]eCnU
∥∥F + h |L〈ν〉1

∥∥ =

∫

R3

〈v〉ν (F (v) + h(v)) sgn(F (v) + h(v)) dv

≥
∫

R3

〈v〉ν (F (v) + h(v)) sgn(F (v)) dv

=
∥∥F |L〈ν〉1

∥∥+

∫

R3

〈v〉ν h(v) sgn(F (v)) dv .

RY]_K � K=afDZ<0­?UQ<?F0H�c S3C_HGU^DG<?L¨I0K=>XRYK°´fF0]_U[]eS3F¯I0KMLOr�<0�5I?]_¬5K=>[KMFVUQ]EDZCeLÌ<0F?IÍr?DgUQ; �.� £ � ¦ �
ªj�Ûr.­�K=;M]EDGCnc½DGCeC g0(v) ≡ 0 c S3C_HGU^DG<0L^I0KM� � K=����D�c �?>¨F0]e`baVUQF?K=HVDZU[]_qGK f(t, ·)

d

dt

∥∥f(t, ·) |L〈ν〉1

∥∥ =

∫

R3

〈v〉ν ∂tf(t, v) dv . Í �0� Ý Î
RYKM>�]_F0afDGCnUQC_]e`ba0K|<?F0I���KM\§K=]_L8U[K=`ba0F0]_L[`ba0K��PK=>[FÎI0KML�c S3C_H3K=F?I0K=F�r?DZU[;=KML«H3KMaVU�DZ<?cä���_� { ��� ��
Ýb�·]_�ÇÆ±<0LQDZ����K=F0a0DGF0H���]nU«I?K=>|�XS3F0L-UQ>[<?TmU[]eS3FÀI0K=>«L[`baV\ÌDZ`ba0K=F � ¸3L[<0F?H3K=FµI0KML � F?c½DGF0H3L�h
\§K=>8U[­0>[SG�0CeKM��L Í �0� £ Î ;M<0>[�?`bT � RY]eKML[K=C_�5KMF�³�KMU[a0S�I0K=FJCeDGL[L8K=FJL[]_`ba|c �0>�I?]eK·L8`baV\ÌDG`ba?KYrmUbDG�0]_Ce]nUboZU��K=;=�?H3Ce]_`ba�I?K=> � F?c½DZF0H3L[��K=I?]eF0H3<?F0H�DGFV\·KMF0I0K=F±�



�0� £ � Æ±KM]_U[Ce]e`ba?KP@BFmUj\^]_`bTmCe<0F0H�I0K=> L1
h-³�S3��KMFVUQK �GÒ

2�þ?ù�
�0_;½ó=;��(; 
 ¼ ����� {�Ç&ÇC��{ ��� È~� À Ë �� \à\�R°× (Bn(v − w, e))∞n=1
R°×�VERe`6Ø]� ¡IRjPGØ]VÎÔ�¥X¡IRa\��a�IVf×�W%WXRYVERYV�®JØ]��� ×�\°×ÙØ]V?\a��R°Ö¤VERYV?��SG×�R·Õ	�DV?�]W%´� R°×�\�R£¡IR�¡IRYV*SIRYV_®JØ]��� ×�\°×ÙØ]V?\a��R°Ö¤V B(v − w, e) SIRa\Ø®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö[Ô<WjØgÖ@\ Q �VØ]V�P<R°Ö$¡G×�R°Ö@RYV�DV	SÜ¦¤U�Ö�SG×�RÁ¡G×��²W @
∀n ∈ N : Bn(v − w, e) ≤ B(v − w, e) .ï R°×?¦�R°Ö¤VER°Ö�R°×�VER�`�Ø]� ¡IR (f0,n)∞n=1 ⊂ L1

Vf×��a�IW%VER�¡VÔ<W½×�P<R°ÖS`��IV?�]W÷×ÙØ]VERYV#¡IR�¡IRf¥YRYV��J×�W @
×Á� f0,n

×�\YW¿ßàV�¦MÔ<VI¡]\f¥YR>SG×�VI¡<�DVI¡{¦¤U.Ö¶SVÔ]\àßàV�¦MÔ<VI¡]\Y� R°Ö¤W Õ�ÖbØ<¥f��RY�
∂tf(t, v) = Qn(f, f)(t, v) , f(0, v) = f0,n(v) ,�·Ø<¥YR°× Qn

SIRYV�®JØ]��� ×�\°×ÙØ]V?\¥ØbÕ�R°Ö[Ô<WjØgÖ��J×�Ws®JØ]��� ×�\°×ÙØ]V?\a��R°Ö¤V Bn
¥YR>�]R°×��a�IVERYWº«

×d×Á� fn(t, v) ¥YR>�]R°×��a�IVER¶SG×�R}±�RY� R°×�� ×µ¡IRjVf×��a�IW%VER�¡VÔ<W÷×�P<R N ¯�\Y�IVI¡��J×�W
sup

n∈N,t≥0

∫

R3

fn(t, v)
(
1 + |v|2 + |log(fn(t, v))|

)
dv <∞

� Ô<V�V³RTÝ3×�\YW½×�R°ÖYW{R°×�VERtÞ	R°×�� ¦�Ø]� ¡IR fnj �s\¥ØØSVÔ]\a\s¦¤U�Ö�Ô<����R t ≥ 0

fnj (t, v) ⇀ f(t, v) 
$\��a�I�²ÔI�a��R L1
´�®JØ]V�P<R°Ö$¡IRYVI�1� ,�·Ø<¥YR°× f(t, v) R°×�VER6
$\��a�I�²ÔI�a��R~� N ¯�\Y�DVI¡�SIRa\àßàV�¦MÔ<VI¡]\Y� R°ÖYW Õ�ÖQØ<¥f��RY��\õ
áÀ	« É �J×�\YWº«

ROD�I0K=>Pr?DZUQ;�a0]eKM>Yc �0>OI0KMFÃklDGCeCÑI0KM>O�PºOrVh-³�S�I0K=C_CeK�c �0>YafDZ>8UQK�ªjFmU[K=>[DGTVUQ]eSGF0L[­�SGUQKMFVUQ]EDZCeK«qGK=>�h
\·KMF0I0KMUX\^]e>8I�¢0L8KMUQ;°UY��DGF

Bn(v − w, e) = B(v − w, e) = Cλ |v − w|λ .
k��0>�I?]eK=L8KÌªjFVUQKM>QDGTVUQ]_S3F0L8��S�I0K=C_CeK:\·KM]e¹O��DGF�c KM>[F0KM>=¢ZIfDGL[L:RA]e`baVUQKÌ<?F0I�@:F?K=>[HG]eK·I?K=> � K°\·KM]eCe]_H3K=F� ¸GL[<0F0H�;=KM]_U[Ce]e`ba�TZS3F0L-UbDGFVUAL[]eF?I �
RYK=> � K°\·KM]eL8]eI0KMK�I?K=L�ºYDG<?­?UQ>8K=L[<?C_UbDgUQLPI0]_K=L[KML � �0L8`ba0F0]_U8UQL¡Ce]_K=HGUOI0]eK�c SGCeH3KMF0I0KJi�DZUQL[DG`ba0K�;=<.h
H3>[<0F?I0K Í L[]_K=a0K � ÝGÒb� Î ��r�K=]eKMF�;°\·KM] � F?c½DGF?H3L8\§K=>-UQ­0>8S3�0CeKM��K

d

dt
y1(t) = F1(t, y1) , y1(0) = y0

1

d

dt
y2(t) = F2(t, y1) , y2(0) = y0

2

H3K=H3KM�5KMF � NP]eC_U
y0

1 ≤ y0
2
<?F0I ∀ t, y : F1(t, y) ≤ F2(t, y) ,

L[SJc S3CeHZUÌc �0>^I0]eKP;M<0H3KMa0¸3>[]_H3K=F � ¸3L8<0F0H3KMF
∀ t ≥ 0 : y1(t) ≤ y2(t) .

pAFVUQKM>��:K=>-\·KMF0I0<0F?HOI0K=>6�:S3>[��K=>8K=]nUQ<0F0HGK=F|DZ<0L � �0L[`ba?F0]_U8U �.� � TgDGF0F«��DZF«IfDZ��]nU�I?]eKBc S3CeHGK=F0I0K� <0L8LQDGH3K²�0��K=>6I0]eK²;=KM]_U[Ce]e`ba?K:@:FVUj\^]_`bT�C_<0F0HOI?K=> L1
h�³�S3��K=FVUQK²��KM\§K=]eL8K=F � RY]_K � KM\§K=]eL8L8U[>QDZU[K=H3]_K

S3>[]_K=FVUQ]_K=>8UÌL[]e`ba�DGF¯I0KM>^�:SG>[H3KMa0K=F0L-\·KM]eL8K�]eF
�
Ý � �Ñ<?F0I � Ò � � �



� � �¡DG­0]nUQK=C �0� ³�S3��KMFVUQK¡<0F0I¼r�UbDZ�0]eC_]_UbogUÌ]eF L1

2±þ?ù�
�0_;½ó=;� (;,� \e\�R°× f0 ∈ L〈2〉1
Vf×��a�IW%VER�¡VÔ<W÷×�P©�J×�W |H[f0]| < ∞ �IV	S f(t, ·) SG×�R��f�<¡IRa��¯gÖ°×µ¡IRN ¯�\Y�DVI¡OSIRa\yßàV�¦MÔ<VI¡]\Y� R°ÖYW Õ�ÖQØ<¥f��RY��\a
áÀ	« É ���&�·Ø<¥YR°×¿SIR°Ön®JØ]��� ×�\°×ÙØ]V?\a��R°Ö¤V�SIRa\�m�Õ�R°Ö8Ô<WjØgÖa\ Q SG×�R¦�Ø]� ¡IRYV	SIR£ZÁRa\YWÙÔ<�²Wy¥YRa\°×�W��fW @

B(v − w, e) = Cλ |v − w|λ , 0 < λ ≤ 1 .

� Ô<V�V�¡G×��²W�¦¤U�Ö�Ô<����R t ≥ 0 �IV	S�Ô<����R ν > 2 SG×�RÁßj¥Y\��a�?�<W��f�DVI¡
∥∥f(t, ·) |L〈ν〉1

∥∥ ≤




Aλ,ν,(1)(f0)

Aλ,ν,(2)(f0)
(

1− exp
(
− λAλ,ν,(1)(f0)

ν − 2
t
))




(ν−2)/λ

.

� Ô�¥YR°×Á×�\YW
Aλ,ν,(1)(f0) = 4π Cλ

(
2λ/2 C1,ν + C2,ν

)∥∥f0 |L〈2〉1

∥∥ Í �0��� Î
Aλ,ν,(2)(f0) = 4π Cλ C2,ν

∥∥f0 |L1

∥∥ ∥∥f0 |L〈2〉1

∥∥−λ/(ν−2)
,�·Ø<¥YR°× C1,ν

�DV	S C2,ν
S<�.Ö@�a�B
FºI«/º É �¶¡IR�¡IRf¥YRYV�\°×�V	S�«

¨�RY� R°×�\f«XÆ±< f0
I0KM´0F0]eKM>8UÌ��DGF�K=]eF?KA­0<?F0TVUj\·KM]eL[KP��S3F0SZUQS3F�\ÌDZ`ba0L[KMF0I0K¡kfS3CeHGK^qGS3F � F?c½DGF0H3L�h

��K=I0]_F0H3<0F0HGK=F�I0<0>[`ba

f0,n(v) = exp
(− |v|2

n

)
f0(v) , n ∈ N . Í �0� ¦ Î

® K=H3KMF f0 ∈ L〈2〉1
H3]eCnU«SZ¬±KMF0L[]_`bamU[Ce]_`ba f0,n ∈ L〈∞〉1

<0F?I�DG<0L � K=����D �0� £ � £�c S3CeHGU«I0]_K�RY]ncEh
c K=>8K=F0;M]eKM>[�fDG>8TGKM]_U«I0K=> L〈ν〉1

h�WXS3>[��I?K=>�;=<0H3KMa0¸3>8]eH3KMF�F0]_`baVUQF0KMHVDZUQ]nq3KMF � ¸3L[<0F?H3K=F fn(t, ·) I0K=L� F.c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=��L Í �0� £ Î �kfK=>8F0K=>^H3]_C_U·c �?>ADZCeCeK n ∈ N �
∥∥f0,n |L1

∥∥ ≤
∥∥f0 |L1

∥∥ ,
∥∥f0,n |L〈2〉1

∥∥ ≤
∥∥f0 |L〈2〉1

∥∥ , Í �0� ¤ Î
L[S¥\^]_K

∥∥f0,n − f0 |L〈2〉1

∥∥ n→∞−→ 0 . Í �0� � Î
ROD |H[f0]| K=F?I0Ce]_`baÄ]eL-U|<0F0IµI?]eK�kf<0F?TmU[]eS3F y(1 + |log(y)|) c �?> y ≥ 0 ��S3F0SGU[S3F�\·oG`ba0L-U�¢c S3C_HGU«DG<0L|I0KM>J³�SGF0SGUQSGF0]eK�I0K=>�klSGCeH3KZ¢6I?K=F � �?L[`bafoZU[;=<0F?H3K=F Í �?� ¤ Î <0F0IµI?K=� H hji¨a0KMS3>[KM��¢IfDGL8LXDG<0`ba¼I?]eK � KMI0]eF0HG<0F0H�]e] Î ]eF�r?DgUQ; �0� £ � � KM>8c �0C_C_U¨]_L8U �³�]nU^I0K=> � KM;=K=]_`ba0Fm<0F0H

Yn(t) =
∥∥fn(t, ·) |L〈ν〉1

∥∥ =

∫

R3

〈v〉ν fn(t, v) dv ,

I0KM> � KM;=]_K=am<0F0H Í �0� Ý Î <0F0IÎI0K=>�L[`baV\·DG`ba0KMF¶kfS3>8�|<0C_]eK=>8<0F0H�I0KML��XS3CeC_]eL8]eS3F0L8S3­�K=>QDgUQS3>8L Í £ � Ý � ÎK=>8afoGCnU^��DGF
d

dt
Yn(t) =

1

2
Cλ

∫

R3

∫

R3

|v − w|λ fn(v)fn(w)

∫

S2

(
〈v′〉ν + 〈w′〉ν − 〈v〉ν − 〈w〉ν

)
de dw dv .

Í �?� £ � Î



�0� £ � Æ±KM]_U[Ce]e`ba?KP@BFmUj\^]_`bTmCe<0F0H�I0K=> L1
h-³�S3��KMFVUQK �3Ý

Æ±<0> � �?T��?>[;=<?F0HX\^]_>[I¡I0]_K t h � �0afoGF0HG]eH3TZK=]_U±I0K=>6kf<0F0TVU[]eS3F fn ]eFPI?K=F�ªjFmU[K=H3>[DGCeKMFP\·KMH3H3K=CeDGL[L8K=F �� <?c�IfDGL^ªjFVUQKMH3>QDGC%��K=;M�0H3C_]e`ba¯I0K=>¨�²DG>8]EDG�?CeK=F e \§K=F0I0K°UY��DGF¯I0]_K¡��S¥q�;=F0KM>-h�pXF0H3C_K=]e`bam<0F?H�DG<?L� KM����D �.� �.�ö� DZF�<?F0I�KMLAKM>[H3]_�?U¨L8]e`ba
d

dt
Yn(t) ≤ 2π Cλ

(
C1,ν

∫

R3

∫

R3

|v − w|λ
(
〈v〉 〈w〉ν−1 + 〈v〉ν−1 〈w〉

)
fn(v) fn(w) dw dv

− C2,ν

∫

R3

∫

R3

|v − w|λ
(
〈v〉ν + 〈w〉ν

)
fn(v) fn(w) dw dv

)
.

Í �0� £3£ Î
� K=I0KMLPI0K=>PªjFVUQKMH3>QDZCeKJDG<.c§I?K=>O>8K=`baVUQKMFÄr.KM]_U[K|]eL-UP]eFVqZDG>[]eDGFVUO<0FVU[K=>O�:K=>-UbDG<?L[`bam<0F0H3KMF v ↔ w

�
@:L¨c S3C_HGU

d

dt
Yn(t) ≤ 4π Cλ

(
C1,ν

∫

R3

∫

R3

|v − w|λ 〈v〉ν−1 〈w〉 fn(v) fn(w) dw dv

− C2,ν

∫

R3

∫

R3

|v − w|λ 〈v〉ν fn(v) fn(w) dw dv

)
.

Í �0� £ � Î

pA�¾IfDZL�KM>[L8U[K§ªjFVU[K=H3>[DGCmFfDG`ba�SG�5KMF|DG�0;M<0L[`ba0oZUQ;MK=F�¢gq3K=>-\·KMF0I0K°UB��DZF�I?]eK²��KMKMUQ>8K°hjpAF0H3C_K=]_`ba�<?F0HÍ �.� � Ò Î �
|v − w|λ 〈v〉ν−1 〈w〉 ≤ 2λ/2 〈v〉ν−1+λ 〈w〉1+λ ≤ 2λ/2 〈v〉ν 〈w〉2 .

RODG>QDZ<0L¨c S3CeHGUÌ<0F0��]_U[U[K=C_�fDG>

∫

R3

∫

R3

|v − w|λ 〈v〉ν−1 〈w〉 fn(v) fn(w) dw dv ≤ 2λ/2
∥∥f0 |L〈2〉1

∥∥Yn(t) , Í �0� £¥Ò Î

I0K=F0F¯\§K=H3KMF¼I0KM>A@B>8afDGC_U[<0F0HJq3SGF¼RY]_`baVUQK�<0F0I�@:F?K=>[HG]eKP]eF��:KM>[�0]_F0I0<0F0H���]_U Í �0� ¤ Î H3]eCnU
∥∥fn(t, ·) |L〈2〉1

∥∥ ≡
∥∥f0,n |L〈2〉1

∥∥ ≤
∥∥f0 |L〈2〉1

∥∥ . Í �0� £ � Î
� <?c�IfDGLX;M\§K=]_U[K¡ªjFmU[K=H3>[DGCÑ]eF Í �?� £ � Î \^]_>[I�I0]eK � �0L[`ba0oZUQ;M<0F0H�DG<?L � K=����D ��� �.� �J<0FVUQKM> ® K=HZh



� � �¡DG­0]nUQK=C �0� ³�S3��KMFVUQK¡<0F0I¼r�UbDZ�0]eC_]_UbogUÌ]eF L1

CEDZL[L[KMF�I?K=L � KMU[>QDGHGK=L¨q3KM>8\§K=F0I0K°U � Æ±<0LQDG����K=F���]_U Í �0� £ � Î K=>8H3]e�?U^L8]e`ba��
∫

R3

∫

R3

|v − w|λ 〈v〉ν fn(v) fn(w) dw dv

≥
∫

R3

∫

R3

(
〈v〉ν+λ − 〈w〉λ 〈v〉ν

)
fn(v) fn(w) dw dv

≥
∫

R3

∫

R3

〈v〉ν+λ fn(v) fn(w) dw dv −
∫

R3

∫

R3

〈w〉2 〈v〉ν fn(v) fn(w) dw dv

=
∥∥f0,n |L1

∥∥
∫

R3

〈v〉ν+λ fn(v) dv −
∥∥f0,n |L〈2〉1

∥∥Yn(t)

≥
∥∥f0,n |L1

∥∥
∫

R3

〈v〉ν+λ fn(v) dv −
∥∥f0 |L〈2〉1

∥∥Yn(t) . Í �0� £¥Ý Î
� FV\§K=F0I?<0F0H�I0KM>XºA¸3C_I0K=>�h�pAF?H3CeKM]e`bam<0F0H Í r?DZUQ; �.� £ � £ Î c �0>

f1(v) = 〈v〉(ν−2)(ν+λ)/(ν−2+λ) (fn(v)
)(ν−2)/(ν−2+λ)

f2(v) = 〈v〉(2λ)/(ν−2+λ) (fn(v)
)λ/(ν−2+λ)

,

��]_U¨I0KMF¼@�Ê.­�S3F0K=FVU[K=F

p =
ν − 2 + λ

ν − 2
⇒ p′ =

p

p− 1
=
ν − 2 + λ

λ

Ce]_KMc KM>8U¨I0]_K � �0L8`bafoZU[;=<0F0H
(∫

R3

〈v〉ν fn(v) dv

)1+λ/(ν−2)

≤
(∫

R3

〈v〉2 fn(v) dv

)λ/(ν−2) ∫

R3

〈v〉ν+λ fn(v) dv

≤
∥∥f0,n |L〈2〉1

∥∥λ/(ν−2)
∫

R3

〈v〉ν+λ fn(v) dv .

r.K°UQ;MUX��DGF¯I0]eKML^]eF Í �?� £�Ý Î K=]eF±¢0L[S�K=>8afoGC_U^��DGF
−
∫

R3

∫

R3

|v − w|λ 〈v〉ν fn(v) fn(w) dw dv

≤ −
∥∥f0,n |L1

∥∥ ∥∥f0,n |L〈2〉1

∥∥−λ/(ν−2) (
Yn(t)

)1+λ/(ν−2)
+
∥∥f0 |L〈2〉1

∥∥Yn(t) ,

<0F0I�I0]_K=L^K=>8H3]e�?UÌ;=<0L[DG����K=F���]_U Í �0� £�Ò Î <0F0I Í �?� £ � Î
d

dt
Yn(t) ≤ A1Yn(t)− A2,n

(
Yn(t)

)1+λ/(ν−2)
, Í �?� £ � Î



�0� £ � Æ±KM]_U[Ce]e`ba?KP@BFmUj\^]_`bTmCe<0F0H�I0K=> L1
h-³�S3��KMFVUQK �3¦

\·S3��K=]

A1 = 4π Cλ
(
2λ/2C1,ν + C2,ν

)∥∥f0 |L〈2〉1

∥∥ Í �0� £�¦ Î
A2,n = 4π CλC2,ν

∥∥f0,n |L1

∥∥ ∥∥f0,n |L〈2〉1

∥∥−λ/(ν−2)
. Í �0� £¥¤ Î

� <?c H3>8<0F0I�I0KM> � KM��KM>[Tm<0F0H�]e� � F0L[`ba0C_<0L[L^DZF�r?DZUQ; �0� £ � � TgDGF0F Yn FfDG`ba¯S3��K=F¯DG�0HGK=L[`ba0oZUQ;°U\·KM>[I0KMF¼I0<0>8`ba¼I0]_K � ¸3L[<0F?H�I0KML � F?c½DGF?H3L8\§K=>-UQ­0>8S3�0CeKM��L
d

dt
Ỹ (t) = A1Ỹ (t)− A2,n

(
Ỹ (t)

)1+λ/(ν−2)
, Ỹ (0) = Yn(0) .

RY]eK � ¸3L8<0F0H�I0]eKML[K=> � KM>[F0SG<0CeC_]nh�RA]_¬5K=>[KMFVUQ]EDZCeH3C_K=]e`bam<0F?H«CeDG<?UQK°U

Ỹ (t) =

(
A2,n

A1

(
1− exp

(
− λA1

ν − 2
t
))

+
(
Ỹ (0)

)−λ/(ν−2)
exp

(
− λA1

ν − 2
t
))−(ν−2)/λ

,

<0F0I�IfDG��]_U¨H3]_C_U

Yn(t) ≤
(
A2,n

A1

(
1− exp

(
− λA1

ν − 2
t
))

+
(
Yn(0)

)−λ/(ν−2)
exp

(
− λA1

ν − 2
t
)
)−(ν−2)/λ

.

Í �0� £�� Î

ÓO¬5K=F?L[]e`baVU[Ce]e`ba�c S3C_HGU¨IfDZ>QDG<0L^I0]_KOq3S3F Yn(0) <0FfDZ�0afoGF0HG]eH3K � �0L[`bafogUQ;=<?F0H0�

Yn(t) ≤


 A1

A2,n

(
1− exp

(
− λA1

ν − 2
t
))




(ν−2)/λ

.

RY]eK � K=a0DG<0­?U[<0F0HÍc S3C_HGU�F�<?FÄ��]nU�r?DZUQ; �0� £ � � I0<0>[`baÀI0K=F NP>[KMF0;=�0��K=>8HVDGF0H j → ∞ c �0>«K=]nhF0K�H3K=KM]eH3F0K°UQK�i�KM]eCnc S3CeH3K (fnj)
� RODG��K=]:��K�DG`baVU[K���DGF�� � <0L«I?K=>�L[`baV\ÌDZ`ba0K=F L1

h��XS3FVq3KM>[H3KMF0;
f0,n ⇀ f0

c S3C_HGU
Ynj (t)

j→∞−→ Yν(t) =
∥∥f(t, ·) |L〈ν〉1

∥∥
­0<0F0TVUj\§K=]eL8K�c �?>^c½DZL8UXDGC_CeK t <0F0I¯\·KMH3K=F Í �0� � Î H3]_C_U

lim
n→∞

A2,n = Aλ,ν,(2)(f0) .

RYK=>�r?DZU[;���K=L[DGHGU«DGCeL8S0¢%IfDGL8L�c �?>���K=C_]eKM�0]eH3KML t̄ > 0 DGC_CeK L1
h-³�SG��KMFmU[K�K°Ê.]eL-UQ]eKM>[KMFÀ<0F0I�]eF tH3CeKM]e`ba0��oG¹3]_H|�5KML[`ba0>[oGF0TVUPL8]eF0I�¢f<?FfDG�0afoZF0H3]eH�IfD�q3SGF�¢5SG�¼L[]_K¡;=<0>YÆ±K=]nU t = 0 K°Ê.]_L8UQ]_K=>8K=F � RY]_K\·KML[K=FVU[Ce]e`ba?KO�:S3>QDG<?L[L[K°UQ;M<0F0H�a0]eKM>8c �0>§]eL8U=¢?IfDZL[L^RY]_`bamU[KP<0F0I�@BF0K=>8H3]eKAc �0>ÌI0]_K � F.c½DGF0H3L8�5KMI0]eF.h

H3<0F0H���K=L[`ba?>QoGF0TVUA<0F0I¯c �0>^I0]eK � ¸3L8<0F0H�;=KM]_UQC_]e`ba�TZS3F0L8UQDGFVUYL8]eF0I �



�3¤ �¡DG­0]nUQK=C �0� ³�S3��KMFVUQK¡<0F0I¼r�UbDZ�0]eC_]_UbogUÌ]eF L1

ªjF|I0KM> � >[��K=]_U
�
Ý � �÷¢�]eF�I?K=>�I?]eK=L8K � K°\·KM]eL8��K°UQa0S�I0K·KM>[L-UQ��DGCe]_H^qGK=>-\·KMF0I0KMUB\^<?>[I0KZ¢G��KMUQ>[DG`baVUQK°UQK� {	Ç�ÇC��{ ���µI0]eK�³�S3��KMFVUQK¡]eF¯I0KM>AkfS3>8�

Xν(t) =

∫

R3

|v|ν f(t, v) dv

<0F0I(��K=Fm<?U[;MU[KµL8UbDgU[U#I0KM> � �?L[`bafoZU[;=<0F?H¿DZ<0L � K=����D �.� �.� � � >[TZK=>8É�I0L#<?FmU[K=>8K r.`ba0>QDZF0TGKÍ Ò � £ � Î � RODZ��]nU�\ÌDZ>�I0]eK ® S3a0C_I0KM´fF?]eK=>-UQa0KM]_U¯I0KML H h�kf<0F0TVU[]eS3FfDZCeL�DZ<0`baèc �?>�I0]eK � �0L[`bafogU8h;=<?F0H3K=FµKM]eF0K��5K°\·KM]eL-UQK=`ba?F0]eL8`ba0K�WASGUj\§K=F0I?]eH3TZK=]_U � k��?>�I0]_K�NP�0C_U[]eH3TZK=]nU�qGS3F r?DZU[; �0� £ � Ò�\·DG>
I0]_K=L[K � K=I0]_F0H3<0F?H|CeKMI0]eH3C_]e`ba�F0¸GU[]eH0¢m<0��I0]eKAL[`baV\·DG`ba0K«r�UbDZ�0]eC_]_UbogU:�5KM;=�0H3C_]e`ba�I?K=> � F?c½DGF0H3L8�5KÈh
I0]_F0H3<0F0H�DG<?L[Fm<?UQ;MK=F�;=<�TG¸3F0F?K=F �
RY]_K L1

h�³�S3��K=FVUQKP\^<0>8I0K=F�]eF?;M\^]eL8`ba0K=F�DG<0`ba�c �0>¨L[`baV\·DG`ba0K � ¸GL[<0F0HGK=F¼��]_U·I0K=>^a0]_K=>ÌqGS3>[H3KÈh
c �0a0>-UQKMFÄ³�K°UQa0S�I0K�<0FVUQKM>[L8<0`baVU Í L8]eKMa0K ¼ ����� {�Ç&ÇC��{ ��� � Ò � � Î � RA]eK�;=KM]_UQC_]e`ba0K|@:FVUj\^]_`bT�C_<0F0HI0KM> Lp h�³�S3��K=FVUQKPc �0>¨L8`bam\·DG`ba0K � ¸GL[<0F0HGK=F�]eL8UANPK=HGK=F0L-UbDGF0I�DGTVUQ<?K=CeC_K=>^kfS3>8L[`bam<0F0H �

�|øI�Àø
���F��ö��/0_;½ó=;µ0_; ªj� � KM\§K=]_L|q3S3F r?DgUQ; �0� £ � Ò�afogU[UQK���DGFÀ�5KM]§I0KM> � �?L[`bafoZU[;=<0F?HÎI?K=L
ªjFVUQKMH3>QDGC_L|DG<.c¨I0K=>«>[KM`bamU[K=F¶r.KM]_UQK�q3SGF Í �0� £�Ý Î I0]_K�ºA¸GCeI0KM>-h�pXF0H3C_K=]e`bam<0F?H¼DGCnUQKM>[FfDZU[]_qÍc �?>�I0]_Kkf<0F0TVUQ]_S3F0KMF

f1(v) = 〈v〉ν
(
fn(v)

)ν/(ν+λ)
, f2(v) =

(
fn(v)

)λ/(ν+λ)

��]_U¨I0KMF¼@�Ê.­�S3F0K=FVU[K=F
p =

ν + λ

ν
, p′ =

ν + λ

λDGFV\§K=F0I0KMFÍTG¸GF0F0K=F � RA]eK=L¨c �0a?>8UXDG<?c�I0]_K«pXF0H3C_K=]e`bam<0F?H

−
∫

R3

∫

R3

|v − w|λ 〈v〉ν fn(v) fn(w) dw dv

≤ −
∥∥f0,n |L1

∥∥1−λ/ν(
Yn(t)

)1+λ/ν
+
∥∥f0 |L〈2〉1

∥∥Yn(t)

<0F0I�K=F?I0KMUA�5KM]%DGF0L8S3F0L-UQK=F�q3S3C_CeTZS3����K=F¯DZFfDGCeSGH3K=� �:S3>[HGK=a0KMF���]_U¨I?K=> � �0L8`bafoZU[;=<0F0H?�

∥∥f(t, ·) |L〈ν〉1

∥∥ ≤




Aλ,ν,(1)(f0)

Ãλ,ν,(2)(f0)
(

1− exp
(
− λAλ,ν,(1)(f0)

ν
t
))




ν/λ

, Í �?� �G� Î
\§S3�5KM]

Ãλ,ν,(2)(f0) = 4π CλC2,ν

∥∥f0 |L1

∥∥1−λ/ν
.

r?DZU[; �0� £ � Ò¯;=KM]eHGU=¢�IfDGL8L«I0]_K�]eF � �0L8`ba0F0]nU[U�Ò � Ý � £��5K°UQ>[DG`baVUQKMU[K=FÄ��KMU[>[]_L[`ba0KMF � oG<0��KJTGKM]eF0KML-h
\§K=H3L¡Tm�0F0L-UQCe]_`ba0K��ASGF0L8U[>[<0TVUQK�L8]eF0I�¢±L[S3F0I?K=>[FÃ]_��Æ±<0L[DG����KMF0afDGF0H���]_UAI0KMF � ¸3L8<0F0H3KMFÎI?K=L� F.c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=��L Í �0� £ Î c �0>6afDG>-UQK·ªjFVU[K=>QDZTmU[]eS3F?L[­�SGUQKMFmU[]EDGC_KOÔÌÕfØ�\YW§R°ÖÈ×ÙØgÖÈ×�I0<?>[`bafDG<?LÁK=]_F0K� S3CeC_KOL[­0]_K=C_K=F �



�0� ��� L1
h�r�UbDG�?]eCe]nUboZU§��K=;=�?H3Ce]_`ba�I?K=> � F?c½DZF0H3L[��K=I?]eF0H3<?F0H �<�

�|øD��øI���F�6ö���0_;½ó<; ,(; NP]eCnU Yν(0) <∞ ¢GL[S¡C_]eK=L-UÁ��DGF�DG<0L Í �0� £�� Î I0]_K·c S3C_H3K=F0I?K¨pAF0HGCeK=]_`bam<0F0HDG���

Yν(t) ≤
(
Aλ,ν,(2)(f0)

Aλ,ν,(1)(f0)

(
1− exp

(
− λAλ,ν,(1)(f0)

ν − 2
t
))

+
(
Yν(0)

)−λ/(ν−2)
exp

(
− λAλ,ν,(1)(f0)

ν − 2
t
)
)−(ν−2)/λ

.

RODG>QDZ<0L^K=>[a0oGC_U^��DGF�I0]_KP]eF t H3C_K=]_`ba0��oZ¹3]eH3K � �0L8`bafoZU[;=<0F0H

Yν(t) ≤ C̄λ,ν(f0) , C̄λ,ν(f0) = max

((Aλ,ν,(2)(f0)

Aλ,ν,(1)(f0)

)−(ν−2)/λ

, Yν(0)

)
. Í �0� � £ Î

Aλ,ν,(1)(f0) <0F0I Aλ,ν,(2)(f0) L8]eF0I�]eF Í �?��� Î I?KM´fF0]_K=>-U �
E�d>Ð L1

Ö�ã£i�h4Æ�oYxqo¤iCjjiÇÆÏlyÕÊ�t�¶xYofrsk wtl{zÇÅ×~«3<he~t��p	ÆÏlnwtoq~��¶|�~t�
Æ±]eK=C·I0]eKML[K=L � �0L8`ba0F0]nU[UQL�]eL-U�I0K=>�WYDG`baV\§K=]_L=¢²IfDGL[L�I0]_K � ¸3L8<0F0H�I0K=L � F?c½DZF0H3L8\§K=>-UQ­0>8S3�0C_K=��LÍ �0� £ Î L1

hjL-UbDG�0]_C·��K=;M�0H3Ce]_`ba�I0K=> � F.c½DGF0H3L8�5KMI0]eF0HG<0F0H f0
]eL-U � @BL�\·KM>[I0KMF�IfDG��K=]§\^]eK=I?K=>�I0]eK

�PºOrVh-³�S�I0K=C_CeKO��KMU[>QDG`baVU[KMU��

B(v − w, e) = Cλ |v − w|λ , 0 ≤ λ ≤ 1 .

� <0`baÎc �0>¡I0]eK�>QoZ<0��C_]e`baÃa0S3��S3H3KMF0K � S3CnUQ;=��DGF0F�h-NPCeK=]_`bam<0F0H�\^]_>[IÎIfDGL¡c S3CeH3KMF0I0K���K=>[�?a0��UQK� KML[<0CnUbDZU^Fm�?U[;=Ce]_`ba¯L[K=]_F��
J øI�·�Àþ90_; �(;÷ó=; 
 J øI�·�ÀþÏC�ÿ�öèýt��ÿ�ö�ø�þ��$� �}\°×�Ra��R È§Ê��ÌË �� \j\�R°× [a, b] ⊂ R R°×�V�õ¤V�W§R°Ö¤PgÔ<�����IV	S C ∈ R « � ×�Ràßj¥�¥=×��µS<�IVI¡IRYV

Y : [a, b] −→ R
h : [a, b] −→ R+

\�R°×�RYVn
�¦MÔ]\YW�U)¥YR°Ö8Ô<��� �©\YWXRYW÷×µ¡�« � Ô<V�V#¡G×��²W @ õ@\YW	¦¤U�Ö 
�¦MÔ]\YW§Ô<����R~� t ∈ [a, b] SG×�R > VI¡<��R°×��a�I�IVI¡
X(t) ≤ C +

t∫

a

h(τ)X(τ) dτ

R°Ö'¦¤UI���²W��s\¥Øy¦�Ø]� ¡<W
X(t) ≤ C exp




t∫

a

h(τ) dτ


 .



£ �3� �¡DG­0]nUQK=C �0� ³�S3��KMFVUQK¡<0F0I¼r�UbDZ�0]eC_]_UbogUÌ]eF L1

kfK=>8F0K=>¡��K=F0¸GU[]eHGUO��DGFÃF0S�`baÎI0]eK|c S3C_H3K=F?I0K � �0L8`bafoZUQ;M<0F0H�c �0>PI0K=F�L8É�����K°UQ>[]_L[`ba0KMFÀ�XS3CeC_]eL8]nh
S3F0L8S3­�K=>QDgUQS3>M¢�I?]eKYKM]eF0KMF�r.­�K=;M]EDGCnc½DGCeCfI?K=>ÌpXF0H3C_K=]e`bam<0F?H«q3SGF � À	�¿Ä
Ç�{ � � ��� �5IfDG>8L8UQKMCeCnU � pAFVU[K=>
�:K=>-\·KMF0I0<0F?H|I0K=>:L8`bam\·DG`ba0KMF�klSG>[�|<0C_]eKM>[<0F0H Í £ � Ý.£ Î <0F0I � K=����D �.� �.�ö� KM>[afoZC_U:��DGF�L8­5KM;=]_K=CeCÍ L8]eKMa0K�DG<0`ba Í �0� £ � Î <0F?I Í �0� £G£ Î>Î

∫

R3

〈v〉ν Q(f, g)(v) dv

=
1

2
Cλ

∫

R3

∫

R3

|v − w|λ f(v)g(w)

∫

S2

(
〈v′〉ν + 〈w′〉ν − 〈v〉ν − 〈w〉ν

)
de dw dv

≤ 2πCλC1,ν

∫

R3

∫

R3

|v − w|λ
(
〈v〉ν−1 〈w〉+ 〈v〉 〈w〉ν−1 )f(v)g(w) dw dv

≤ 21+λ/2π Cλ C1,ν

(∥∥f |L〈ν−1+λ〉
1

∥∥ ∥∥g |L〈1+λ〉
1

∥∥+
∥∥f |L〈1+λ〉

1

∥∥ ∥∥g |L〈ν−1+λ〉
1

∥∥
)
, Í �?� �3� Î

��]_U¨I0KM>X�AS3F0L-UbDGFVU[K=F C1,ν
F0DG`ba Í �.� � £ Î �RODG��]_U^L8]eF0I¼DGCeC_KP�:S3>[��K=>8K=]_U[<0F0H3KMF�c �?>AI0KMF � K°\·KM]eLYI?K=LOºADG<0­?U[>[KML[<0CnUbDZU[LAI0]_K=L8K=L � �0L[`ba?F0]_U8UQL

H3K°UQ>[SZ¬±KMF��
2±þ?ù�
¹0C; �(; �(;Ù� \O\�R°× ν ≥ 2 « f(t, ·) �IV	S g(t, ·) \�R°×�RYV*SG×�RÜ±�RY� R°×�� ×µ¡IRYV N ¯�\Y�DVI¡IRYV­SIRa\©ßàV�´¦MÔ<VI¡]\Y� R°Ö¤WÚÕ�ÖQØ<¥f��RY��\õ
áÀ	« É �¶�f��SIRYVtßàV�¦MÔ<VI¡]\f¥YR>SG×�VI¡<�DVI¡IRYV f0, g0 ∈ L〈ν+λ〉

1
« � Ô<V�Vt¡G×��²W

∥∥f(t, ·)− g(t, ·) |L〈ν〉1

∥∥ ≤
∥∥f0 − g0 |L〈ν〉1

∥∥ exp
(
Cλ,ν(f0, g0) t

)
.

� ×�R ï WÙÔ�¥=×�� ×�W��<W'\a�VØ]V?\YWÙÔ<V�W§R Cλ,ν(f0, g0) ×�\YW SIR'ª�Vf×�R°Ö¤W·Ô<��\
Cλ,ν(f0, g0) = 21+λ/2πCλ

(
C1,ν

(∥∥f0 |L〈2〉1

∥∥ +
∥∥g0 |L〈2〉1

∥∥ + C̄λ,ν(f0) + C̄λ,ν(g0)
)

+ C̄λ,ν+λ(f0) + C̄λ,ν+λ(g0)
)
,

Í �?� � Ò Î
�·Ø<¥YR°× C̄λ,·(·) ¡IRY�O�>�Ì
áÀ	«/º

É �£�DV	S C1,ν
¡IRY�O�>��
FºI«/º É �£SIR'ª�Vf×�R°Ö¤W§×�\YW�«

¨�RY� R°×�\f«^WYDG`ba � K=����D �0� £ � £¡]eL8U ∥∥f(t, ·)− g(t, ·) |L〈ν〉1

∥∥ I0]n¬±KM>[K=F?;=]eKM>[�fDZ>¨��]nU
d

dt

∥∥f(t, ·)− g(t, ·) |L〈ν〉1

∥∥ =

∫

R3

〈v〉ν sgn(f(t, v)− g(t, v)) ∂t(f(t, v)− g(t, v)) dv .

³�]nU^I0K=>^L8É�����K°UQ>8]eL[`ba?K=F�klSG>[�ÏI?K=LX�AS3C_Ce]_L[]eSGF0L[S3­�K=>[DZUQSG>[L·KM>[afoZC_U^��DGF�a0]eKM>QDG<?L=�
d

dt

∥∥f(t, ·)− g(t, ·) |L〈ν〉1

∥∥=

∫

R3

〈v〉νsgn(f(t, v)− g(t, v))
(
Q(f, f)(t, v)−Q(g, g)(t, v)

)
dv

=

∫

R3

〈v〉ν sgn(f(t, v)− g(t, v))Q(f + g, f − g)(t, v) dv .



�0� ��� L1
h�r�UbDG�?]eCe]nUboZU§��K=;=�?H3Ce]_`ba�I?K=> � F?c½DZF0H3L[��K=I?]eF0H3<?F0H £ � £

Æ±<0> � �0Tm�0>8;=<0F?H�I0K°´fF0]eKM>8U^��DGF
F+(t, v) = f(t, v) + g(t, v) , F−(t, v) = f(t, v)− g(t, v) .

� <0L^I0KM> � �0L[`ba0oZUQ;M<0F0H
− sgn(F−(v))F+(v)F−(w) ≤ F+(v)

∣∣F−(w)
∣∣

c S3CeHGUÌ��]nU Í �?� �3� Î <0F0I�I0K=> � �?L[`bafoZU[;=<0F?H Í Ò � �G� Î DG<0LAr?DZU[;«Ò � �.� £3�
d

dt

∥∥F−(t, ·) |L〈ν〉1

∥∥

≤
∫

R3

〈v〉ν Q(F+,
∣∣F−

∣∣)(t, v) dv + 2π Cλ

∫

R3

∫

R3

|v − w|λ 〈v〉ν F+(v)
∣∣F−(w)

∣∣ dw dv

≤ 21+λ/2π Cλ C1,ν

(∥∥F+ |L〈ν−1+λ〉
1

∥∥ ∥∥F− |L〈1+λ〉
1

∥∥ +
∥∥F+ |L〈1+λ〉

1

∥∥ ∥∥F− |L〈ν−1+λ〉
1

∥∥
)

+ 21+λ/2πCλ
∥∥F+ |L〈ν+λ〉

1

∥∥∥∥F− |L〈λ〉1

∥∥

≤ 21+λ/2π Cλ

(
C1,ν

(∥∥F+ |L〈ν〉1

∥∥+
∥∥F+ |L〈2〉1

∥∥)+
∥∥F+ |L〈ν+λ〉

1

∥∥
) ∥∥F− |L〈ν〉1

∥∥ , Í �0� �Z� Î
\·S3��K=]^I0]_K¯CeKMU[;MU[K � �0L[`ba0oZUQ;M<0F0HÄ\§K=H3KMF ν ≥ 2 ≥ 1 + λ H3]_C_U ��� <0`ba�a0]eKM>�\^<?>[I0K�]eF I0K=FªjFmU[K=H3>[DGCeKMF¯I0]eK t h � �0afoZF0H3]eHGTGK=]nU^I0K=>Xkf<0F0TVU[]eS3F0KMF F+ <0F0I F− \§K=H3HGK=CEDZL[L[KMF �WYDG`ba Í �0� � £ Î DZ<0L � K=��K=>8T�<?F0H �?� £ � Ý|<0F0I�I0K=>XRYK°´fF0]nUQ]eSGF�q3S3F F+ H3]_C_U
∥∥F+(t, ·) |L〈ν〉1

∥∥ ≤ C̄λ,ν(f0) + C̄λ,ν(g0) ,
∥∥F+(t, ·) |L〈ν+λ〉

1

∥∥ ≤ C̄λ,ν+λ(f0) + C̄λ,ν+λ(g0) ,

<0F0I¯\·KMH3K=F�I0K=>X@B>[afDZC_UQ<?F0HJq3S3F�RY]e`baVU[K�<?F0I¼@BF0KM>[H3]_K¡]eL8U
∥∥F+(t, ·) |L〈2〉1

∥∥ ≤
∥∥f0 |L〈2〉1

∥∥+
∥∥g0 |L〈2〉1

∥∥ .
³�]_U

Cλ,ν(f0, g0) = 21+λ/2πCλ

(
C1,ν

(∥∥f0 |L〈2〉1

∥∥+
∥∥g0 |L〈2〉1

∥∥+ C̄λ,ν(f0) + C̄λ,ν(g0)
)

+ C̄λ,ν+λ(f0) + C̄λ,ν+λ(g0)
)

\^]e>[I Í �0� �g� Î ;=<
d

dt

∥∥F−(t, ·) |L〈ν〉1

∥∥ ≤ Cλ,ν(f0, g0)
∥∥F−(t, ·) |L〈ν〉1

∥∥ .
ªjFmU[K=H3>[DZUQ]_S3F�q3S3F 0 �0]_L t DG<?c���K=]eI?K=F¼r.K=]nUQK=F¯KM>[H3]_�?U

∥∥F−(t, ·) |L〈ν〉1

∥∥ =
∥∥F−(0, ·) |L〈ν〉1

∥∥ + Cλ,ν(f0, g0)

t∫

0

∥∥F−(τ, ·) |L〈ν〉1

∥∥ dτ .

� FV\·KMF0I0<0F?H�I0K=L¡NP>[SGFm\·DGC_Cnh � KM����DGL �0� �.� £�<0F?IÍ@B]eF0L8KMU[;=K=F#I?K=>ORAKM´fF0]nUQ]_S3F�qGS3F F− C_]eKMc KM>8UI0]eK � KMafDG<0­.UQ<0F0H �



£ �V� �¡DG­0]nUQK=C �0� ³�S3��KMFVUQK¡<0F0I¼r�UbDZ�0]eC_]_UbogUÌ]eF L1

r.­�K=;M]eK=C_C5c S3C_HGU¨FfDgUQ�0>8Ce]e`ba¯DZ<0LAr?DZUQ; �?� �.� � I0]_K¡@:]_F0I0KM<?UQ]_H3TGKM]_U¨I0KM> � ¸GL[<0F0H�I0KML � F?c½DGF?H3L8\§K=>-U8h
­0>8S3�0CeKM��L Í �0� £ Î � � K=]�H3KMFfDG<0KM> � FfDGCnÉ�L[K¡I0K=> � K°\·KM]eL8K«;M<�I0KMFÍr.oZUQ;MK=F �0� £ � ÒJ<0F0I �0� �.� � L8UQKMCeCnUL[]_`ba|a0KM>QDG<0LM¢ZI0DGL[L�I0]eK§@B>[afDGCnUQ<0F?HYI0KM>�@BF0KM>[H3]_K·IfDZc �?>�L8S3>[HGU=¢�IfDGL[L�I0]eK � KM\§K=]_Ce]_H3K=F«�AS3F?L8UbDZFmU[K=F
]eF¼I0K=F � �?L[`bafoZU[;=<0F?H3K=FÎ;M\·DG>Oq3SGFÎI?K=F � F?c½DZF0H3L[��K=I?]eF0H3<?F0H3K=F±¢±F0]_`bamU�DZ�5KM>Yq3S3F#I?K=>�Æ±K=]nU tDG�0a0oGF0H3KMF �
RY]_K=L[KM>¡pA��L8UQDGF0I¼qGK=>QDZF0CEDGL8L8U[Kõ� {�Ç�Ç���{ ��� � ÝG¦b�ÁIfDZ;=<�¢�I?]eK|@B]_F0I0K=<.UQ]eHGTGK=]nUOI0KM> � ¸3L[<?F0H¯;=<
<0FVUQKM>[L8<0`ba0K=F±¢�\§K=F0F�TGK=]_F0K�@BF0K=>8H3]eKMK=>[a0DGC_U[<0F0H�q3KM>[CEDZF0HGUP\^]e>8I � RODGLPqGK=>[�?Ce�?¬5K=F0I?K�@B>[HGK=�0F0]_L
CEDZ<?UQK°U�¢�I0DGL[LJ��DGFÄ��K=C_]eK=�?]eH�q�]_K=CeK � ¸GL[<0F0HGK=F�I0K=L � F?c½DGF0H3L-\·KM>8U[­0>[S3�?CeK=��L Í �0� £ Î TGS3F?L8UQ>8<0]eKÈh>[KMFÄTgDGF0F�¢ÑI0]_K�; � � � ;M<0� Æ±K=]nUQ­0<0F?TmU t = 0 K=]_F0K�DZF0I0K=>8K�NPK=L[DG��UQKMF0K=>8H3]eK���K=L8]_UQ;MK=FµDZCeLPc �0>
t > 0

� ªjF
�
Ò � �%\^<0>[I0K�I0]_K=L¨c �0>^I0]eKPL8`baV\ÌDG`ba?K=F � ¸3L[<?F0H3K=F�]eF L1

q3KM>QDGC_CeH3KM��KM]eF0KM>8U=�0k��0> � KMI0K
��K=Ce]_K=�0]_H3K�K=F?I0Ce]_`ba0K#³�KMF0H3K�q3S3F~Æ±KM]_U[­0<0F0TVUQKMF {tn : n = 1, . . . , N} <0F0I � KMI0K#³�K=F0H3K
{En : n = 1, . . . , N} q3SGF¼@BF0KM>[H3]_KM\§K=>8U[K=F�TgDGF0F���DGF�K=]_F0K � ¸3L[<?F0H f(t, ·) ´fF?I0K=F�¢?I0]eKPDZ<?cI0KM� ªjFVU[K=>8qZDGC_C [tn, tn+1) I0]_K�@:F?K=>[HG]eK En

��K=L[]nUQ;°U � RY]eK«pA>8LQDG`ba?K�a0]_K=>8c �?>X]_L8UYDG<0LX��DgUQa0KM��Dgh
UQ]_L[`ba0KM>|r�]e`baVU�I0]eK � >8H3<0��K=FVUbDgUQ]eSGFÎ��]_UOI0K=>¡L[`baV\·DG`ba0KMF¶�XS3��­fDGTVUQa0KM]_U¡]_F L1

¢%I0]_K��5KM]BI0K=F
@�Ê.]eL8U[K=F0;M�5K°\·KM]eL8K=F¼qGK=>8\§K=F?I0KMUA\^]e>[I �
@B]eF0I?K=<?U[]eHJ]eL-UXDGCeL8SJFm<0>^I0]eKO­?amÉ�L8]eTgDGCe]_L[`ba�L[]_F0FVq3S3C_CeK � ¸3L8<0F0H0¢0I?]eKPI0]_K¡@:F?K=>[HG]eK=KM>[afDZC_UQ<?F0HJ�5KÈh
>[�?`bT�L8]e`baVUQ]_HGU �
k��0>�I0]eK�L8`bam\·DG`ba0KMF � ¸3L[<?F0H3K=F�L-UQK=aVU�K=]_F0K�K=FVU[L[­0>8K=`ba0KMF0I0KÍ@B]_F0I0K=<.UQ]eHGTGK=]nUQL[DG<0L[L[DGH3K��0]_L[a0KM>
F0S�`ba¼DZ<0L �
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ú û ü®ýeþÿü-ý M � �������
!#" ���������
L � � ����	ð�%�NM�� �µ��� � ò M ����" � ���+�

ªjFµI0]eKML[K=� Tm<0>[;MK=F �¡DG­0]_U[K=C²L[S3C_CeKMF�N�DZCeK=>8Tm]eF.hj��KMU[>[S¥qVh � ­0­0>[S�Ê.]e��DZU[]eS3F0KMF�;M<0>JFm<0��K=>[]_L[`ba0KMF� ¸GL[<0F0H�I0KML � F?c½DGF0HGL8\§K=>8U[­0>[SG�0CeKM��L
∂tf(t, v) = Q(f, f)(t, v) , f(0, v) = f0(v) , Í Ý � £ Î

�5KML[­0>8S.`ba0KMF�\§K=>8I0K=F � RODGL§Æ±]_K=C0IfDZ�5KM]�]_L8U:I0]_K^ºAKM>QDG<0L[DG>[��K=]nUQ<0F?H«I0KM>²DG<?cdUbDZ<0`ba0K=F?I0K=F�U[a0K=SG>[K°h
UQ]eL8`ba0K=F�kf>QDGHGK=F�<0F0I�IfDG>[�?�5KM>Xa?]eFfDG<?LXI?]eK�Ô¡Õ�ÖÈ×ÙØgÖÈ×Ùh � K°UQ>QDZ`bamU[<0F0H�q3S3F � L8­5KMTmU[K=FÍI?K=>^­0>QDZTVh
UQ]eL8`ba0K=F � K�DGC_]eL[]_K=>8<0F0H �
@:]_FËTm<0>[;MK=>¯ÜA��K=>8�0Ce]_`bT¶�?�5KM>�I0KMU[K=>8��]_F0]eL-UQ]eL8`ba0KÍFm<0��K=>8]eL[`ba?KÎ³�KMU[a0S.I?K=F~;=<0> � ¸3L8<0F0HÄqGS3FÍ Ý � £ Î L[SGCeC�I0KM> � K=H3>8�0F0I0<?F0H�I?K=L^ªjFVUQK=>8K=L8L[K=LODGF¯I0]eKML[K=F¼³�K°UQa0S�I0K=F�I0]eKMF0K=F±�
£ � \ õ÷ú�û6��øVù¥ø�C�øI� ÿ%ûVõ ù��­�ÀÿF�ÑøI�÷úq² \�� 1Wµ�A RYDGL � F?c½DGF0H3L-\·KM>8U[­0>[S3�?CeK=� Í Ý � £ Î \^]_>[IÍDZ<?cK=]_F0K=� N¡KML[`baV\^]eF?I0]eH3TZK=]nUQL[HG]_U[U[K=> {vi : i = 1, . . . , N} ��KMU[>QDG`baVUQK°U � ³�]_UPI0KM> � KM;=K=]_`ba.hFm<0F0H

fi(t) = f(vi, t)
K=>8afoGC_U²��DGF�I0]eKX;=<0HGK=a0¸3>8]eH3KXI0]_L[Tm>[K°UQKY>[oG<0��Ce]_`ba�a?S3��SGH3K=F0K � S3CnUQ;M��DGF?F.h-NPCeKM]e`bam<0F0H¡]eF
kfS3>[� K=]eF?K=LAr�É�L8U[K=��LXHGKM\§¸3a0F0C_]e`ba0KM>ARA]_¬5K=>[KMFVUQ]EDZCeH3C_K=]e`bam<0F?H3K=F��

∀ i = 1, . . . , N : ∂tfi(t) =
N∑

j=1

N∑

k=1

N∑

l=1

B̃k,l
i,j

(
fk(t)fl(t)− fi(t)fj(t)

)
.

RODG��K=]�L[­0]_K=CnU B̃k,l
i,j
I?]eK � S3C_CeK:I0KMLÁI0]eL8Tm>[KMU[]eL8]eK=>-UQKMFJ�AS3C_Ce]_L[]eSGF0L[TZK=>[F?L�<0F?IJ��DGF«�0��K=>[;MK=<0HZU

L[]_`ba�C_K=]_`bamUXIfD�qGS3F�¢fIfDGL8LYDZ<0L¨I0K=>Ar�É�����K°UQ>8]eK=��K=I?]eF0H3<?F0H
B̃k,l
i,j = B̃i,j

k,l = B̃j,i
l,k

I0]eKÌ@:>8afDGCnUQ<0F0HPI?K=>²RY]e`baVU[KG¢Vªj��­0<0CeL�<0F0I�@:F?K=>[HG]eKÌc �0>ÁI?]eK � ¸3L[<?F0H¡I0K=>BI0]_L[Tm>[K°UQKMF�NPCeKM]nh
`bam<0F0H�c S3C_HGU � RA]eKXI0]eL8T�>8KMU[K=F���DGTm>[S3L8TGS3­0]_L[`ba0KMF¯NP>[¸3¹3KMF�L8]eF0I�IfDG��K=]5DG<?c%FfDZa0K=C_]eK=HGK=F0I0K� >-U^<0F0I ® KM]eL[K¡I0K°´fF0]_K=>8U=�

M̃(l)
h =

N∑

i=1

fi(t)φl(vi) , l = 0, . . . , 4 ,

£ � Ò
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•

•vi

•
vj

•v
′
i

•
v′j

e

÷�øDø ;Xù'ú�ûFü�ý	�EÿXþ � °��.ÖÏñ§ÖQØ<¥f��RY��Ô<W÷×��¸SIR°Ö N Ô�¡IRÛPGØ]V v′i
�IV	S v′j ¥YR°× � ãE��´ã	R°Ö�¦MÔ]��ÖaRYV	«

\§S3��K=] φl I0]eK � K°\·KM]eCe]_H3K � DZL[]eL8TGS3C_Ce]_L[]eSGF0L[]_FmqZDG>8]EDGFVU[KA��K=;MK=]e`ba?F0KMU=�

φ0(v) ≡ 1 , φα(v) = vα (α = 1, 2, 3) , φ4(v) =
1

2
|v|2 . Í Ý � � Î

�B>[SG�0CeKM��DZU[]eL8`ba#�5KM]ÁI0]eKML[KM� Æ±<0HVDGF?H�]eL8UOI0]eKJi�DZUQL[DG`ba0KZ¢%IfDGL[LPc �0>PKM]eF#H3KMH3K=��K=F?K=L�N¡KÈh
L8`bam\^]_F0I0]_H3TGKM]_UQL8­fD3DG> (vi, vj) I?]eKBH3KM��oG¹ Í £ � £¥Ò Î I?KM´fF0]_K=>-UQK=F�NPK=L[`baV\^]_F0I0]eHGTGK=]nUQKMF (v′i, v

′
j)]_�¾DGC_CeH3KM��KM]eF0KMFYF0]_`bamUÑ\^]_K=I0KM>�DZ<?c?I?K=�ÞqGS3>[H3KMH3K=��K=F?K=FJNP]_U8UQKM>�Ce]_K=H3KMF Í L[]_K=a0K � �0� � Ý � £ Î �RY]_K � K=L-UQ]e���|<0F?H�I?K=>�;=<0CeoGL[L8]eH3KMFÀ@B]eF?a0K=]nUQL8qGK=TVUQSG>[K=F el ∈ S2 ]_L8U�K=]_F�;=DGa0C_K=FVUQa0KMS3>[KÈh

U[]eL[`ba?K=L��:>8S3�0C_K=� <0F?I�K=L�L8U[K=C_C_U�L[]_`ba�a0KM>QDG<?L=¢:IfDGL8L�I0]_K¯H3K=L8<0`baVUQK=F+�:<?F0TVUQKÍDZ<?cOI0KM>
@B]eF?a0K=]nUQL[L8­0afoG>8KO<0F0>8K=H3KMCe��oG¹3]_H«q3KM>8U[K=]eCnUÌL8]eF0I�<0F?I�I?]eKYL8S�TGS3F0L-UQ>8<0]eKM>8UQK � ­0­0>8S¥Ê.]_��DZU[]nh
S3F�I0K=L�ªjFVUQKMH3>QDGC_L«�?�5KM>«I0]_K�@B]_F0a0K=]nUQL8L[­0afoZ>[K�K=]eF?K���K=L8`ba0K=]_I0K=F0K��AS3FVq3KM>[H3KMF0;=SG>[I0Fm<0F0H
��K=L8]_UQ;°U Í L8]eK=a?K � £ � � Î �� <0LAU[a0K=S3>8KMU[]eL[`ba?K=>¡r.]_`baVUY]_L8UAIfDGLY;M]_U[]eK=>-UQK � K=L[<?C_UbDgUYH3C_K=]_`bam\§S3a0C�DGC_LY@B>8c SGCeH�;=<ÍL8K=a0KMF�¢
IfD¯K=L¡CeDGF0H3K�Æ±KM]_UP<0F?T�CeDG>P\ÌDZ>=¢%S3�ÎI0]eK�RÌ�P³¯h-³�K°UQa0S�I0KMFÀ�0��K=>8afDG<0­?U«TGSGF0L[]_L8UQKMFVU�;M<0>� SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H�L[K=]_F¯TG¸3F0F?K=F �
@B]eFP\§K=]nUQK=>8K=L6�B>[S3�?CeK=�¿�5KM]3I0KMF�RÌ�¡³�h �:K=>-c½DGa0>8K=F�]eL8U=¢�IfDGL8L%I0]eKBI?]eL[Tm>8KMUQK§NPCeKM]e`bam<0F0H¨;M<.h
L[oZUQ;MCe]e`ba?K�<?F0I¼IfDZ��]nU¨­0aVÉ�L[]eTgDGC_]eL8`ba�<0F?L[]eF?F0]eH3K��XS3CeC_]eL[]_S3F0L8]eFVqZDG>[]eDGFVUQK=F��5KML[]nUQ;=KMF¼TgDGF0F �
@BL^�5KMIfDG>-cÁ;=<?LQoZU[;=Ce]_`ba0K=>^@B>-\ÌoGHG<0F0H3KMF�¢lI0]eKML[K=LA�B>[S3�?CeK=� ;=<��5KMa0K=��K=F Í L8]eK=a?K � £¥Ò�� Î �
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�
�B]eS3F0]_K=>[DG>[��K=]nU�DZ<?c^I0]eKML[KM� NPK=�0]_KMU«\^<0>[I0K�qGS3F

¾ÁÀ�� � ÂZ{U�W� �.�·H3K=C_K=]eL-UQK°U � @:>«TGS3F?FmU[K
;=KM]eH3KMF�¢%IfDGL8L¡c �?>�I?K=FÄklDGC_C�I0KM>«³¼DgÊ�\·KMCeCÚh-³�S3C_K=Tm�0C_KJIfDGL � F?c½DGF?H3L8\§K=>-UQ­0>8S3�0CeKM� Í Ý � £ ÎI0<0>8`ba � Fm\§K=F?I0<0F0H�I?K=>XkfS3<0>[]_K=>�hji6>QDGF0L-c S3>[��DZU[]eS3F�I0]eKOc S3C_H3K=F?I0K¡kfS3>[�ÏDGF0F0]_����U=�

∂tf̂(t, ξ) = C0

(∫

S2

f̂
(ξ + |ξ| e

2

)(ξ − |ξ| e
2

)
de− f̂(0, ξ)f̂(t, ξ)

)

f̂(0, ξ) = f̂0(ξ) ,

\·SG�5KM]
∀ t ≥ 0 : f̂(t, ξ) =

∫

R3

f(t, v) exp(ι(v · ξ) dv .

³¼DGF���K�DG`baVUQKZ¢mIfDGL[L:I0<?>[`ba�I0]eK^kfS3<0>8]eKM>-hji6>QDZF0L8c S3>8��DgUQ]eSGF«I0]_K^RY]e��K=F?L[]eSGFJI0K=L:ªjFVUQKMH3>QDgh
UQ]_S3F0L[��K=>8K=]_`ba0K=L¨q3SGF�c �0F.cÁDG<.cÁ;M\§K=]Ñ>8K=I0<0;M]eKM>8U^\^<0>[I?K �
RY]eK«Fm<0��KM>[]_L[`ba0K � <0L[Fm<?U[;=<0F0H�I0]_K=L[KM>PRODG>8L8U[K=CeC_<0F0H�KM>8c S3C_HGUPDZ<?c:K=]_F0K=� N¡KML[`baV\^]eF?I0]eHZh
TGKM]_UQL8H3]_U8UQKM>¨<0FVUQK=>¨�:KM>8\§K=F0I0<?F0H�I0KMLYk�k�i·h � CeH3S3>8]_U[a0�|<0LMî Í L[]eKMa0K � £ � � Î �RY]eKP³¼DgÊ�\·KMCeCÚh-³�S3C_K=Tm�0C_KOL[]_F0I¯IfDGI0<0>8`ba¼DZ<0L[H3KM;=KM]e`ba0F0K°U�¢fIfDZL[L^L[]_`ba�I?]eKPkfS3<0>8]eKM>-hji6>QDZF0L-h
c S3>[��DZU[]eS3F�I0K=>B>[oG<0��Ce]_`ba�a0S3��S3H3KMF0K=F � S3C_U[;=��DGF0F.h�N¡C_K=]e`bam<0F?HODG<?c�I0]_KÌkfS3<0>8]eKM>-hji6>QDZF0L-h
c S3>[��]eKM>8U[K^qGS3F f ;M<0>[�?`bTmc �?a0>[KMF�CeoGL8L8U � RY]_K=LÌ]_L8U§�5KM]5I?K=F�ªjFVUQKM>QDGTVUQ]_S3F0L8­5SGU[K=FVUQ]eDGCeKMF���]_U
0 < λ ≤ 1 F0]_`bamU^I?K=>XklDGCeC �@B]eFJDGCnUQKM>[FfDZU[]_qGK=>BÆ±<?HVDGF0HPafDgUÁ;=<?�ÅÆ±]eKMCÙ¢gI0]eK·�B>[S3�0C_K=��K·I0KM>:RÌ�¡³¯hÙ�:K=>8c½DZa0>[KMF���]_U�I0KM>� DGH3K�I?K=>YHGK=L8U[>[]_`ba0K=F0KMF�N¡KML[`baV\^]eF0I?]eH3TZK=]_U[K=F#;M<Í<0��H3K=a0KMF#<0F0IÍKM]eF0K�KOl�;=]_K=FVUPDG<?L[;=<�h
\·KM>8U[K=F0I0KYRODG>8L8UQKMCeC_<0F0H¡I0K=L§�ASGCeCe]_L[]_S3F0L[SG­5KM>QDZU[S3>[LÁ;M<�KM>[>8K=]e`ba?K=F � r.S¡\^<0>[I0KX; � � � ]eF

�
Ò?£D�

I0]eKOc SGCeH3KMF0I0K¡kfS3>[� I0K=LANPKM\^]_F0FVUQK=>8��L^a0KM>[H3KMCeKM]_UQK°U��

Q+(f, f)(v) = Fy→v
∫

R3

T̃ (u, y)F−1
z→y

(
f(z − u)f(z + u)

)
(u, y)du ,

��]nUÌI0KM�Û�PK=>[F

T̃ (u, y) = 8

∫

S2

B(2 |u| , µ) exp(−ι |u| (y · e)) de , µ =
u · e
|u| .

r.­�K=;=]_K=C_C�\^<0>[I?K�I0]_K�ªjFmU[K=H3>[DZUQ]_S3FÃ�0��K=>¡I0]eK�@B]eF?a0K=]nUQL[L8­0afoG>8K�]eFÎK=]eF?K=FÃq3S3FÎI0K=>�Æ±K=]nU t<0FfDG�?afoGF0H3]_H3K=F � <0L[I0>8<0`bT�q3KM>[CeDGH3K=>-U �
ÓO�m\§S3a0ClL8]e`ba�]_F�I0K=>§RODG>8L8UQKMCeC_<0F0H¡q3S3F Q+

I0]eKXRY]_��KMF0L[]_S3F�I0K=L²ªjFVUQK=HG>QDZU[]eS3F0L8�5KM>[KM]e`ba0KML
DG<?c}��KM>[a0¸3aVUYafDZU�¢f��K=L8]_U[;MUAI0]eKML[K«klSG>[�|<0C_]eKM>[<0F0HJI?K=F��:SG>8UQKM]eC÷¢0IfDGL8LYL[]_K�DG<?c:klDGCnUQ<0F0HGL-h
]eFVUQKMH3>QDZCeK=F��5KM>[<0aVU²<0F0I�L[]_`ba�I?]eK � <0L8\§K=>-UQ<0F0H«I0K=L²NPKM\^]_F0FVUQKM>[��L:DG<?c5K=]eF?K=�
>8K=H3KMCe��ogh
¹3]eHGK=F¯NP]_U8UQK=>·��]nU¨ºA]_C_c KAI0K=LXkÁk�i·h � C_H3S3>[]nUQa0��<0L=îmL[KMa0>^KOl�;=]_K=FVU^>[K=DGCe]_L[]_K=>[KMF�CEoGL8L8U � RYKM>
�PK=>[F T̃ �|<?L[LOFfDgUQ�0>8Ce]e`ba�K°Ê?DGTVU¡��K=TgDGF0FVUPL8K=]eF¼S.I0KM>PDGC_L � ­0­0>[S�Ê.]e��DZU[]eS3F���]nUODG<?L[>[KM]nh`ba0K=F?IÀa0S3a?K=>�NPK=FfDG<?]eH3TZK=]_UPqGS3>[C_]eKMH3K=F � k��0>PI0]_K|�PºOrVh-³�S�I0K=C_CeK|]_L8U¡KM>[L8U[K=>8K=L�I0K=>�klDGCeC÷¢
K=L^H3]_C_UÌF0oG��C_]e`ba��

B(u, e) = Cλ |u|λ ⇒ T̃ (u, y) = 25+λπ Cλ |u|λ L8]eF0` (|u| |y|) .
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RY]_K�@:>8afDGCnUQ<0F0HJqGS3F¼RA]e`baVUQKZ¢�ªj��­0<0C_L¨<0F0I¼@:F?K=>[HG]eK¡]eL-U^�5KM]%I0]eKML[K=FÍ³�KMU[a0S�I0K=F�TGKM]eF0KML-h
\§K=H3LAHVDG>[DGFVUQ]eKM>8UA<0F0I�K=LO�|�?L[L[KMFÍ]eF � K=I0KM�©Æ±K=]_U[L[`ba0>8]_U8UAKMFVUQL[­?>[K=`ba?K=F0I0K��XS3>[>8K=TVUQ<0>8K=F
qGS3>[H3KMF0S3����KMF�\·KM>[I0KMF �

Ò � �%ÿ	���gõ ø
���°ý�þ)�½ø
���%õ½öF�Y2�+Bø
�±ù��gþ)�$�ÀøVù�üÑÿF�Ñø�ö
ªjF�I0K=> � >[��K=]_UBqGS3F � Æ � { ���	� + � � { � Ã � Æ&Å�{|� � Òb�f\^<0>[I0KXIfDGLBc S3C_H3K=F?I0KÌ�:K=>-c½DGa0>[KMF�;M<0>
Fm<0��K=>8]eL[`ba?K=F � K=afDZF0I0Ce<?F0H�qGS3F Í Ý � £ Î q3SG>[H3KML[`ba0CeDGH3K=F±�RY]_K¡DG­0­0>8S�Ê?]_��DgUQ]_qGK � ¸3L[<0F?H�\^]_>[I�]eF�I0KM>XklSG>[�

fN (t, v) =
N∑

k=−N
f̂k(t) exp

(
ι(k · v)

) Í Ý � Ò Î
H3KML[<0`baVU=¢l\§S3��K=]

N = (N,N,N) ∈ N3 , k = (k1, k2, k3) ∈ Z3 , −N ≤ k1, k2, k3 ≤ N

<0F?I
f̂k(t) =

∫

[−π,π]3

f(t, v) exp
(
− ι(k · v)

)
dv .

RODZ�5KM]�\^]_>[I�DGF?H3K=F0SG����K=F�¢mIfDZL[LÌI0KM>·i6>QoGHGK=>§qGS3F f(t, ·) ]e� ® �?>8c K=C [−π, π]3 KMFmU[afDGCÚhU[K=FÍ]_L8U � RY<0>8`baÃI0]eK«kfS3>[I0KM>[<0F?H0¢5I0DGL[LOI0DGL � K=L[]_I0<0<0� L2
hjSG>8UQa?S3H3S3FfDZC6;M<ÃDGCeC_K=F¯UQ>8]eH3SZh

F0SG��K°UQ>[]_L[`ba0KMF¼�6S3C_É�F0SG��KMF¯qGS3�ÛNP>QDGI ≤ N ]_L8U�¢?I � a �

∀k = −N , . . . ,N :

∫

[−π,π]3

(
∂tfN (t, v)−Q(fN , fN )(t, v)

)
exp

(
−ι(k·v)

)
dv = 0 ,

KM>[afoGCnU|��DGFµK=]_F r�É�L8U[K=� H3K°\·¸Ga0F0Ce]_`ba0K=>�RA]_¬5K=>[KMFVUQ]EDZCeH3C_K=]e`bam<0F?H3K=FÀc �?>|I0]eK�H3K=L8<0`baVUQK=F
�XS.K�l�;M]eKMFmU[K=F f̂k �?� <0`ba¯a0]eKM>ÌTgDGF0F���DGF�I0K=F�kÁk�i·h � C_H3S3>8]_UQa?�|<0L:;=<0>¨K�l�;=]eKMFVUQK=F � KÈh>8K=`ba0Fm<0F0H¡I0KM>:�AS�KOl�;=]_K=FVUQKMF�K=>8c SGCeH3>8K=]e`ba«K=]_F0L[K°UQ;=KMF � RY]_K=L[K·L[SPH3KMFfDGF0FVUQKMF ï Õ�Ra�]W÷Ö8Ô<�²��RY´W��fØfSIRYV�L8]eF0IJHGK=TGKMF0F0;MK=]e`ba?F0KMU²I0<0>8`baJI0]eK � ­0­0>8S�Ê?]_��DgUQ]eSGF«I0KM> � ¸3L[<?F0H¡DGCeL � ]eF0K=DG>[TZS3��h
�0]_FfDZU[]eS3FYqGS3F�SG>8UQa?S3H3S3FfDZCeK=F¡kf<0F?TmU[]eS3F?K=F¡<0F0I¡\^<0>[I?K=F�;=<?qGS3>�]_�(Æ±<0L[DG����KMF0afDGF0H¨��]_U
qGK=>[L8`ba0]eKMI0K=F?K=FÃNPCeKM]e`bam<0F0H3KMF�I?K=>Xk�Ce<?]eI0I?É�FfDZ��]_T�qGK=>-\·KMF0I0KMU Í L8]eK=a?K � £�¦b� Î �� KM]BI0K=>�r�­5KMTmU[>QDGC_��K°UQa0S�I0KJ]_L8UPKM]eF0;M]eH�<0F0I�DGC_CeK=]_FÍI0]_K�RY]e`baVUQK�KM]eF0K�@B>[a0DGC_U[<0F0H3L8H3>[¸3¹GK
c �0>§I0]eK � ¸3L[<?F0H|I0KM>ÌI0]eL8Tm>[KMU[]eL8]eK=>-UQKMF�NPCeK=]_`bam<0F0H � WAS�`ba�L[`baV\§K=>8K=>¨\^]eKMHGU·I?]eKYi�DZU[LQDG`ba0KZ¢
IfDZL[LP\·KMH3K=FÀI0K=> � ­?­0>[S�Ê.]e��DZUQ]_S3FÍ��]_UPSGL[;=]_CeC_]eK=>8K=F0I?K=F � F?LQDZU[;Mc <0F0TVU[]eS3F0KMFÀI0]_K�WA]_`bamU-h
F0KMHVDZU[]_q�]_UQoZU�F0]e`baVU�H3DG>QDGFVU[]eK=>-U�\§K=>8I0K=FËTgDGF?F�¢§\^]_K�]_F�I0KM> � >8�5KM]_U

� �3� �ODZF0afDGF0I¶q3S3F
Fm<0��K=>8]eL[`ba?K=F � KM]eL[­?]eK=C_K=F�FfDG`ba0H3K°\^]eKML[K=Fµ\^<0>8I0K � RY]eK��:K=>-\·KMF0I0<0F0H#qGS3Fµk�]_C_UQKM>[FÎ�5KÈh
a0KM�?UOI?]eK=L8K=LP�B>8S3�0CeKM��¢l��K=KM]eFVUQ>[oG`baVUQ]eHZUO<0FVUQKM>OpX��L-UboGF0I?K=F � K=I?S.`baÍI?]eK � ­0­0>8S¥Ê.]_��DZU[]nh
S3F?L[�m<fDGC_]_UbogU Í L8]eK=a?K � � Ý�� Î �V� <0`ba���K=]fI?K=>·r.­5KMTVUQ>QDZCe;=KM>[C_K=H3<0F?H�HGK=Ce]_F0HGUBI?]eK � <?L[CEDZH3K=>8<0F0HI0KM>�ªjFVUQKMH3>QDgUQ]eSGF|�0��K=>�I?]eKÌ@B]_F0a0K=]nUQL8T�<?H3K=C_S3�5KM>8ÂloZ`ba0KÌ]eF«K=]_F0K=F|;MK=]nUQ<0FfDZ�0afoGF0HG]eH3KMF � <0L�h
I0>8<0`bT �

RODG��]_U�]_L8U|F0DZUQ�0>8Ce]_`baÀFm<0>�KM]eF�T�C_K=]_F0K=>«i�KM]eC:I0K=>�F�<?��KM>[]eL8`ba0K=FÄ�:KM>8c½DGa?>[K=FÀ;=<0> � ¸GL[<0F0H�q3S3FÍ Ý � £ Î K=>8\·oGa0FVU�\§S3>[I?K=F � @B]_F0K=FË<0��c½DGL8L[K=F?I0K=>8K=F¿ÜA��K=>[�?Ce]e`bT �0��K=>�Fm<0��K=>8]eL8`ba0KÎ³�KMU[a0S�I0K=F
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<0F0I�K=]eF?KP<0��c½DZF0H3>[KM]e`ba0K�r.DG����Ce<?F0H�q3SGF � ]_U[K=>QDgUQ<0>-q3K=>-\·KM]eL8K=F¯´fF0I0K°UY��DGF�]eF
� � £D� �

RY]eK�³�KMUQa?S.I0KJ<?FmU[K=>¡�B<0F0TVU�Ò � ]eL-UPK=]_F0K|L[­�K=;M]eKMCeCeK|N�DZCeK=>8Tm]eF.h � ­0­0>8S�Ê?]_��DgUQ]eSGF�I?K=>P>QoZ<0��C_]e`ba
a0S3��S3H3K=F?K=F � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H � @:]_F0K��²DZ>[]EDZFmU[K�I?K=> � SGC_UQ;M��DZF0F.h-NPCeKM]e`bam<0F0H?¢BI0]eK¼DGCeL
��DZU[a0K=��DZU[]eL[`ba?K=L¨³�S.I0KMCeC�c �0>·I0KMF � DZI0<0F0H3L-UQ>[DGF0L[­�S3>-U¨]eF�ºADGCe�?CeK=]nUQKM>[F�I?]eK=FVU=¢.\^<0>8I0KP��]nU·KM]nh
F0K=>AK=FVUQL8­0>[KM`ba0K=F0I?K=F � ­0­0>8S¥Ê.]_��DZU[]eS3F?L[��KMUQa?S.I0K�DG<.c:I0K=> � DGL[]_LYI0KM>PºAKM>[��]_U[K°h��6S3C_É�F0SG��K¡]eF� � ¤��ÑFm<0��KM>[]_L[`ba��5KMafDGF0I0KMC_U �
ªjF#I0]eKML[K=� �¡DG­0]_U[K=C6L[S3C_CeKMF¼�:S3>[��KMU[>QDG`baVU[<0F0H3KMFÎ;M<�N�DGC_K=>8T�]_F.h��6KMU[>[S¥qVh � ­?­0>[S�Ê.]e��DZUQ]_S3F0KMF�c �0>
IfDGL � F.c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=� ;M<0>�>QoZ<0��C_]e`ba+a?S3��SGH3K=F0KMF � S3C_U[;=��DGF0F.h�N¡C_K=]_`ba�<?F0HÄDGF?H3K=L-UQK=C_C_U
\·KM>[I0KMF � RA]eK=L8K|³�KMUQa?S.I0KMF¼L8S3CeC_K=F�FfDG`ba#³�¸3H3Ce]_`ba0TGKM]_U^I0]_K�WYDG`baVUQKM]eC_K�I?K=>^q3S3>8H3K=L-UQK=C_C_U[K=F¯�:K=>-h
c½DGa0>[KMFPq3K=>8��KM]eI0KMF«<?F0I«HGCeK=]_`ba0;=KM]_U[]eHÌ��¸3H3C_]e`ba0L-U�q�]eK=C_KÁ�:S3>8U[K=]_CeK���]_U�]ea0F0KMF«HGK=��K=]eF?LQDG�èafDG��K=F �
ªj�ðRYKMUQDG]eC±a0K=]_¹GU^IfDGLM�
• ® ]eKA�5KM]5I?K=>¨RÌ�¡³�h-³�K°UQa0S�I0KPL[SGCeClq3S3F�qGS3>[F0a?K=>[KM]eF���K=TgDGF0FVU·L[K=]_F�¢.\§K=C_`ba0KO�:S3>[DG<0L[L8KMU-h;=<0F?H3K=F�a0]eF?>[K=]_`ba0K=F?I�c �0>¨I?]eK�@B>[afDGCnUQ<0F?H|q3S3F¼RY]e`baVUQKZ¢fªj��­?<0CeL¨<0F?I¼@BF0KM>[H3]_K�L8]eF0I �

• ® ]eK�I?]eK¯kfS3<0>8]eK=>�hj�fDZL[]eKM>8U[K=F¶³�KMU[a0S�I0K=F L[S3C_CeKMF I?]eK�N¡DGCeKM>[Tm]eF.hj��K°UQ>[S¥qVh �:KM>8c½DGa?>[K=F�IfD�hc �0>JL[SG>[H3KMF�¢BIfDGL8L�I0]_K�ªjFVUQK=HG>QDZU[]eS3F��0��K=> S2 ]_F�K=]eF?K=F ;=K=]nUQ<0F0DG�0afoGF?H3]eH3KMF � <0L8I0>[<0`bT
q3KM>[CEDZH3K=>-U�\·KM>[I0KMF¿TgDGF?F � RY]_K=L[KM>��|<0L8L�IfDGF0F~]e� ® K=L[KMFVUQCe]_`ba0K=F~Fm<0>�F0S�`baËc �0>�IfDZL� KM\§K=]_Ce]eHGKJªjFmU[K=>[DGTVUQ]eSGF0L[��S.I?K=CeCBF?K=<À��K=>8K=`ba0F?KMU|\§K=>8I0K=F � r.]_`ba0K=>8Ce]e`baÎ]eL-U�K=]eF?K���]_U¡I0KMF
kfS3<0>[]_K=>�h-³�K°UQa0S�I0K=F�qGK=>8H3CeKM]e`bam�fDG>8K�@�l�;=]_K=F0;P\^�0F0L8`ba0K=F?L8\§K=>8U �

• ªj�ÐN¡KMH3K=F0L[DZUQ;�;M<�I0K=F�kfS3<0>8]eKM>-hP<?F0I r.­�K=TVUQ>[DGCe��KMU[a0S.I?K=FµL[SGCeC·F?]e`baVU|q3SG>QDG<0L8H3K=L8KMU[;MU\·KM>[I0KMF�¢²IfDGL[L�I0]eK � ¸3L[<?F0H f(t, ·) KM]eF0KMF�TGSG��­fDZTmU[K=F+i6>QoZH3K=>�afDZU � r�­5KM;=]eKMCeCÌc �0>�I0]_K�AS3F?L8UQ>8<0TVUQ]_S3F¯I0K=>Ar.­�K=TVUQ>[DGCe��KMU[a0S�I0KP]eL-U^I0]eKML[KP�:S3>QDZ<0L[L8KMUQ;M<0F0H�<0FfDG��I0]eF?H3�fDG> �

• RY]_K�N�DZCeK=>8Tm]eF.hj��KMU[>[S¥qVh �:KM>8c½DGa0>8K=F(L8S3CeC_K=F(IfDGa?]eF0H3KMa0K=F?I�TZS3F0L-UQ>[<?]eK=>-UÎL[K=]_F�¢OIfDZL[L#I0]_KWA]_`bamU[F0K=H3DZUQ]nq.]nUboZUÌI0K=>XWYoZa0K=>8<0F0H3L8Ce¸3L8<0F0H�H3K=L8]e`ba0KM>8UA]eL-U �

iOdqc Ñ�oYl �Òhâxql{z�GØoq~�Ö
�¬l{iFz&vÁ�£Ö=ÅÇ:|:�z&v¶î�oqm hâi�oYv�~
r.K=] I K=]eF?KAa0¸�`ba0L-UQK=F?L¨DG�0;=oGa0Ce�0DG>:<0F0K=F?I0Ce]_`ba0KYªjF0I?K°Ê.��KMF0H3KO<?F0I V K=]_F � DGF0DG`ba.h � DG<0� � k��0>K=]eF?KPH3K=H3KM�5KMF0K«k�DZ��]_Ce]eK¨qGS3FÏßàV?\=Ô<W��$¦¤�DV?�]W½×ÙØ]VERYV

{ϕj : j ∈ I} ⊂ V , ϕj : R3 −→ R ,
\^]e>[I¯KM]eF0K¡DG­?­0>[S�Ê.]e��DZUQ]nq3K � ¸3L8<0F0H�I0K=L � F.c½DGF0H3L-\·KM>8UQ­?>[S3�0C_K=��L^]eF¯I0K=>XkfS3>8�

f(t, v) ≈ fh(t, v) =
∑

j∈I
fj(t)ϕj(v) Í Ý �ï� Î

H3K=L8<0`baVU � RY]_K¡N¡DGCeKM>[Tm]eF.hj��K°UQ>[S¥qVh � ­0­0>8S¥Ê.]_��DZU[]eS3F�KM>[afoGCnUÌ��DGF�DG<.c%c S3CeH3KMF0I0K � >8U·<0F0I ® K=]_L[KG�
RODGL � KML[]_I0<0<0�

R(fh)(t, v) = ∂tfh(t, v)−Q(fh, fh)(t, v) ,
\^]e>[I�]e��DGCeC_H3K=��K=]_F0K=FJF0]_`baVU·H3C_K=]_`ba�WX<0CeCfL8K=]eF � ³¼DGF�c SG>[I0KM>8U§IfDGa0KM>=¢mIfDGL8L R(fh)(t, ·) c �?>·DGC_CeK
t ≥ 0 S3>-UQa0S3HGS3FfDGC�;M<�HGKM\^]eL8L[KMF�Þ	Ra\YW ¦¤�IV?�]W÷×ÙØ]VERYV

{ψi : i ∈ I} , ψi : R3 −→ R ,



£ � ¤ �¡DG­0]nUQKMCÑÝ � Ô�Õ�Ö°×ÙØgÖÈ×Ùh � KMU[>QDG`baVUQ<?F0H0�lN¡DGCeKM>[Tm]eF�h���K°UQ>8S�qVh�³�KMU[a0S.I?K=F

]eL-U � RYK=>OqGS3F#I0K=FÃi6K=L-U[c <0F0TVU[]eS3F0KMFÀDZ<?c H3K=L8­fDGF0FVU[K � DG<?�©L8K=]Á]_� RY<0DGCe>[DG<0� V∗ KMFmU[afDGCnUQK=F �RODGL^;M<0H3K=a?¸3>[]_H3K�r�É�L8U[K=�ÛH3KM\§¸3a0F?Ce]e`ba?K=>^RY]n¬±KM>[K=FVU[]EDGC_H3CeKM]e`bam<0F0H3KMF�CEDG<.UQKMU=�

∀i ∈ I : 〈∂tfh −Q(fh, fh), ψi〉 = 0

⇐⇒ ∂t
∑

j∈I
fj(t) 〈ϕj, ψi〉 =

∑

j,k∈I
〈Q(ϕj, ϕk), ψi〉 fj(t)fk(t) . Í Ý � Ý Î

RY]_K|ÓO>8U[a0S3H3SGFfDGCe]nUboZUÌ]eL8UXa0]_K=>^��K=;=�?H3Ce]_`ba¼K=]_F0K=LARY<fDZCe]_UQoZUQL8­0>[S�I0<0TVU[L 〈·, ·〉 ;M<�qGK=>[L-UQKMa0K=F�¢�q3S3FI0KM�»CeKMI0]eH3C_]e`ba�DZF0H3K=F?S3����K=F�\§K=>8I0K=F�L[S3C_CÙ¢?I0DGL[L^K=LADGC_L¨ªjFmU[K=H3>[DGC%IfDG>8L8U[K=CeC_�fDG>Ì]_L8U=�

〈ϕ, ψ〉 =

∫

R3

ϕ(v)ψ(v) dv . Í Ý �ö� Î
³�]nU^I0K=>XRYK°´fF0]_U[]eS3F¯I0KM>��ÃÔ]\a\�RYV���Ô<W½ÖÈ× Ý

A = (aij)i,j∈I = (〈ϕj, ψi〉)i,j∈I , Í Ý � ¦ Î
I0KM>j®JØ]��� ×�\°×ÙØ]V?\Y��Ô<W½ÖÈ×µ�]RYV

Q(i) =
(
q

(i)
jk

)
j,k∈I

= (〈Q(ϕj, ϕk), ψi〉)j,k∈I , i ∈ I , Í Ý � ¤ Î
<0F0I�I0KMLX�:KM>8UQKM]eC_<0F0H3L-q3K=TVU[S3>[L

f(t) = (fj(t))j∈I , fj(t) ∈ R , Í Ý � � Î
CEoZL[L8U^L8]e`ba�IfDGLANPCeK=]_`bam<0F0H3L8L8É�L8U[K=� Í Ý � Ý Î DZC_UQKM>[FfDgUQ]_q�L[`ba?>[K=]_�5KMFÍDGC_L=�

∀i ∈ I :
(
A
d

dt
f(t)
)
i

=
(
Q(i)f(t), f(t)

)
. Í Ý � £ � Î

RODG��K=].�5KM;=KM]e`ba0F0K°U (·)i I0]eK i hÙUQKÌ�XS3��­5S3F?K=FVUQK§K=]eF?K=L��:KMTmU[S3>[L�<0F0I (·, ·) ]_L8U�I0]eK§I0]eL8Tm>[KMU[K¨kfS3>[�I0KMLYRY<0DGCe]nUboZU[L[­0>8S.I0<?TmU[L Í Ý �ö� Î �fk��0> f1 = (f
(1)
j )j∈I

<0F0I f2 = (f
(2)
j )j∈I

L[KM]

(f1, f2) =
∑

j∈I
f

(1)
j f

(2)
j .

� <?`ba«]_�¾Æ±<0L[DG����KMF0afDGF0H¨��]_U±I0K=> � S3C_U[;=��DGF0F.h�N¡C_K=]e`bam<0F?H·]eL-U%I0]_K²N�DGC_K=>8T�]_F.h��6KMU[>[S¥qVh � ­?­0>[SZh
Ê.]e��DZUQ]_S3FPK=F?HY��]_UÑI0KM>�RYK°´fF0]nUQ]eSGF«I0KM>�L8`bam\·DG`ba0KMF � ¸GL[<0F0HXq3KM>[�0<0F?I0K=F � r.]eK:]_L8U6SG¬5K=F0L8]e`baVUQC_]e`ba
K=]_F�r.­�K=;=]eDGC_c½DZCeCVI0KMLÁq3S3F � >8TGKM>8É�I�HGK=­0>[oGHGUQKMF � K=HG>[]_¬5LÁI0KM>ÁL[`baV\·DG`ba0KMF � ¸3L[<0F?HPI0K=L � F?c½DGF0H3L�h
\§K=>8U[­0>[SG�0CeKM��L^]eF Í £ � ¦GÝ Î � ® oGa?C_U^��DGF¯I0S3>8U^qGS3F�I?K=>YÆ±K=]_U t <0FfDG�?afoGF0H3]_H3KPi6K=L8U8c <0F0TVUQ]_S3F0KMF�¢<0F0I�K=>8L[KMU[;MU f(t, ·) I0<0>8`ba Í Ý �ï� Î ¢%L[S�K=>[a0oGC_U���DGFÃI0<0>[`baÄRY]_¬5K=>8K=FVUQ]eDZUQ]_S3FÃFfDG`ba t IfDGL�N¡C_K=]nh`bam<0F0H3L8L8É�L8U[K=� Í Ý � Ý Î �WYDgUQ�0>8Ce]e`ba¯]_L8U^]e�ÏklDGCeC�<?F0K=F0I?Ce]e`ba?K=>^ªjF0I0KÈÊ?��K=F?H3K=F I ;=<�­0>QoG;M]eL8]eK=>8K=F�¢f]_F�\·KMCe`ba0KM� r.]eF0F�I0]_Kr.<0����K=F¯]eF Í Ý �ï� Î ¢ Í Ý � Ý Î <0F0I Í Ý � £ � Î �0;°\ � IfDGLX�B>[S�I0<0TVU (·, ·) K=>[TmCeoG>8U^L8K=]eF�L[SGCeCeKMF � ® K=]nUQKM>[KUQa?K=S3>8KMUQ]_L[`ba0K � L8­5KMTVUQK�<0F0I � F?c S3>8I0K=>8<0F0H3KMF�L8]eF0I±�
• ªjFVqGK=>8U[]eKM>[�fDG>8TGKM]_UXI0K=>A³¼DZL[L[KMF0��DZUQ>8]nÊ Í DGCeLXÓO­�K=>QDgUQS3>^DG<.c�KM]eF0KM�ðkfS3CeH3KMF0>QDZ<0� Î ¢



Ý � ��� RA]eK¡I0]eL8Tm>[KMU[]eL8]eK=>-UQK�NPCeKM]e`bam<0F0H £ � �

• ® S3a0CeI?KM´fF0]_K=>-UQa0KM]_UÑq3S3F|RY]e`baVUQKZ¢Gªj��­0<0C_L6<?F0IJ@BF0K=>8H3]eK²c �0>6I0]eK§DG­0­0>8S�Ê?]_��DgUQ]_qGK � ¸3L8<0F0H0¢
• �PCEoG>8<0F0HXI0K=>�pA��L8UQoGF0I0KZ¢g<?FmU[K=>ÁI?K=F0KMF|I0]eK§H3K=F0DGF0FVUQKMF�N¡>8¸3¹3KMF�;=KM]_U[Ce]e`ba�TGSGF0L8UQDGFVUBL[]_F0I<0F0I
• @B]eF0I?K=<?U[]eH3TZK=]_U[LQDG<?L[LQDZH3K=F�c �0>JI0]_K � ¸GL[<0F0HÃq3SGF Í Ý � £ � Î � WXK=��K=F I0K=>�ªjFVq3KM>8U[]eK=>8�fDG>8TGK=]nUI0K=>A³¼DZL[L[KMF0��DZUQ>8]nÊ�]_L8UXDG<?`ba�;M<�<0FVU[K=>[L8<0`ba0KMF�¢5\§K=C_`ba0K f I0]_K¡@:]_H3K=F?L[`bafDZcdU

∀ i ∈ I :
(
Q(i)f , f

)
= 0 Í Ý � £3£ Î

�5KML[]nUQ;=KMF � RODG��]_UXL[]_F0I¼I0]_K«I?K=F � F0LQDZU[;Mc <0F?TmU[]eS3F?K=FÍ;M<0H3K=SG>[I0F0K°UQKMF#I0]eL8T�>8KMU[K=FÎNPCeK=]_`ba.h
H3KM\^]_`baVUQL[;M<0L8UQoGF0I0K«]eI0KMFVUQ]_´0;=]eKM>8U �

iOd>Ð Ñ�oYläwtoqp	GOz&l{i�ofpFoYl{z&i�l �×xqlyoqrskO|�~t�
ryç�è{çTæ é  �ä�P â:á�á.ä%åYã�âBë�ìf ~�»àYåÁîÒî, -á
ëÌì?ä±ë?ä�g¯ìfTYâ�ì ë.àYåYç:á�çBìUXRY²ä%å
k��0> I = {1, . . . , N} HG]e�?U¯IfDZL�c S3CeH3KMF0I0K � K=����DÄK=]eF?K � FVUj\·S3>-U�DG<?c«I0]eKÃkf>QDZH3KG¢Ì<?FmU[K=>\·KMCe`ba0KMF � KMI0]eF0HG<0F0H3KMF�I0]_K�³¼DGL8L[K=F?��DZU[>[]ÚÊ�>[KMH3<0CeoG>¨]eL-U��J øI�·�Àþ�,(; �	;½ó=;R� \�\�R°×�RYV {ϕj : j = 1, . . . , N} �DV	S {ψi : i = 1, . . . , N} ±�RY� R°×���\��QRYVI¡IRYV� ×�VER[ÔGÖj�DV�Ô�¥Y�?�<VI¡G×µ¡IR°Ö,`E�IV?�]W÷×ÙØ]VERYV	«�ZÌ×��²W

\jÕ?Ô<V {ϕj : j = 1, . . . , N}⊥ ∩ \jÕ?Ô<V {ψi : i = 1, . . . , N} = {0} ,\¥Ø�×�\YW{SG×�ReV�ÔI�a�Ý
 Ê «FÂ��ØSIR'ª�Vf×�R°Ö¤W§R��#Ô]\a\�RYV���Ô<W½Ö°× Ý A Ö@R�¡<�D�µ�GÖq«� Ô�¥YR°×�¥YR>�]R°×��a�IVERYW�\jÕ?Ô<V�SIRYV�±�RY� R°×���\ÜPGØ]V�SIRYVë`E�IV?�]W÷×ÙØ]VERYV�Ô<�¤¦T¡IRa\jÕ?Ô<V�V�W§RYV[ã	Ra�]W�ØgÖÈÖ8Ô<�D� �IV	SRa\¡×�\YW
U⊥ = {u∗ ∈ U∗ : ∀u ∈ U : 〈u, u∗〉 = 0} .¨�RY� R°×�\f«XRA]eKO�:K=TVU[S3>[KMF x = (xi)

N
i=1 ∈ RN ��]nU

ATx = 0

�|�0L[L8K=FË\§K=H3KMFËI0K=>�C_]eF0K=DG>[KMF+pAF0DG�0afoGF?H3]eH3TZK=]nU�I0KM> ϕj F0SGUj\§K=F0I0]_H3K=>-\·KM]eL8K#I0]eK�c S3CeH3KMF0I0KMF� K=I0]_F0H3<0F?H3K=F�K=>-c �0CeC_K=F��

∀j ∈ {1, . . . , N} :

〈
ϕj,

N∑

i=1

xiψi

〉
= 0 .

RODG>QDZ<0L¨c S3CeHGU
N∑

i=1

xiψi ∈ L[­fDZF {ϕj : j = 1, . . . , N}⊥

<0F0I�FfDG`ba¯�:S3>QDG<?L[L[K°UQ;M<0F0H���<0L[L^H3KMC_UQKMF
N∑

i=1

xiψi = 0 .

� <0LOI?K=>YC_]eF0K=DG>[KMFÍpXFfDG�0afoZF0H3]eHGTGK=]nUYI?K=>Pkf<0F0TVU[]eS3F0KMF ψi c S3CeHZU x = 0
� RYDGLPDG��K=>A�5KMI0K=<?U[KMU=¢

IfDGL[L AT >[KMH3<0CEoZ>¨]eL8U^<?F0I�I0DG��]nU^DG<0`ba A
�



£3£ � �¡DG­0]nUQKMCÑÝ � Ô�Õ�Ö°×ÙØgÖÈ×Ùh � KMU[>QDG`baVUQ<?F0H0�lN¡DGCeKM>[Tm]eF�h���K°UQ>8S�qVh�³�KMU[a0S.I?K=F

� F0DGCeS3HY;=<�I0K=F�RYK°´fF0]_U[]eS3F?K=FJI0KM>B��DGTm>8S3L[TZS3­0]eL8`ba0K=F�NP>[¸3¹3KMFJ]eF � �0L[`ba0F?]_U[U^£ �ï� KM>[TmCEoG>-UB��DGF
I0]_K�I0]_L[Tm>[K°UQK�kfS3>8� c �?>�I0]_K�RY]_`bamU[KG¢ÁI?]eK���]_U8UQC_K=>[K�NPK=L8`bam\^]_F0I0]_H3TGKM]_UJ<0F?IµI0]eK�@:F?K=>[HG]eK�\^]_K
c S3C_HGU��0Æ±<�I?K=F � DGL[]_L[TZS3CeC_]eL[]_S3F0L8]eFVqZDG>[]eDGFVUQK=F Í Ý � � Î �0]_CeI0K°U¨��DZF � K°\·KM]eC_L¨I0K=F¯�:K=TVUQSG>

m(l) = (m
(l)
j )j∈I = (〈ϕj, φl〉)j∈I Í Ý � £ � Î

<0F0I�L[K°UQ;°U
ρh(t) =

(
f(t),m(0)

)
, Í Ý � £¥Ò Î

ρh(t) vh,α(t) =
(
f(t),m(α)

)
(α = 1, 2, 3) , Í Ý � £ � Î

Eh(t) =
(
f(t),m(4)

)
. Í Ý � £�Ý Î

� C_L � FVUj\§S3>8U·DG<?c5I0]eK^kf>[DGH3KG¢Z\·KMCe`ba0KAklDGTVUQS3>8K=F�DG<?c5I0]eK^@B>[a0DGC_U[<0F0H¡I0]eKML[KM>²I?]eL[Tm>8KMUQKMF���DGTm>[Sgh
L[TZS3­0]_L[`ba0KMF#NP>[¸3¹3KMF�@:]_F?Âf<0L8L^afDG��K=F�¢fTgDGF0F¯��DGF�\·KMH3K=F¼r?DZU[;�£ �ï�?� � <0F?I¼�B>[SG­5S3L8]_U[]eS3F#£ � Ý � £
K=>-\ÌDZ>8UQKMF�¢mIfDGL8L§I0]_K^i�KML8U[c <?F0TVUQ]eSGF0K=F�a0]eKM>8c �0>B��DG¹3H3KM�0Ce]_`baJL[]_F0I � k��0>:KMF0I0Ce]_`ba0K^ªjF0I0KÈÊ?��K=F?H3K=F
��K=L8UQoZUQ]_HGU^I0KM>^c SGCeH3KMF0I0K�r?DZU[;PI0]eKML[KP�:K=>8�|<?U[<0F0H0�2±þ?ù�
�,	; �(; �(;¶� \j\�R°× I = {1, . . . , N} �DV	S�SG×�Rj�ÃÔ]\a\�RYV���Ô<W½ÖÈ× Ý A \�R°×BÖ@R�¡<�D�µ�GÖ @ � Ô<V�V�¡G×��²W @`�U�Ö�R°×�VER N ¯�\Y�IVI¡ f(t) PGØ]Vn
 Ê « ÉZ¹ �©\°×�V	S#SG×�R�×�Vu
 Ê « É�� �]´ 
 Ê « É�Ê �£SIR'ª�Vf×�R°Ö¤W§RYV[ZÌÖ@¯Ì�sRYV��]R°×�W$� ×��a��VØ]V?\YWÙÔ<V�W'��� RYV�Vt¡G×��²W @

φl ∈ \jÕ?Ô<V {ψi : i = 1, . . . , N} , l = 0, . . . , 4 . Í Ý � £ � Î¨�RY� R°×�\f«^k��0> l = 0, . . . , 4 L8K=]
M(l)(t) =

(
f(t),m(l)

)
.

ROD�I0]eK�³�DGL[L8K=F0��DZUQ>8]nÊ�>[K=HG<0CEoG>¨]_L8U=¢0K°Ê.]eL-UQ]_K=>8U^KM]eF¯K=]_F0I0KM<?UQ]_H���K=L-UQ]_����U[K=>·�:KMTVUQS3>
x(l) = (x

(l)
i )Ni=1 ∈ RN

��]_U
ATx(l) = m(l). Í Ý � £�¦ Î

RODG��]_UÌK=>[a0oGC_U^��DGF�DG<0L Í Ý � £ � Î ¢0I?K=>XRYKM´0F0]_U[]eS3F¯I0KM>A�XS3CeC_]eL8]eS3F0L8��DgUQ>[]_;=KMF Í Ý � ¤ Î <0F0I Í Ý �ö� Î �
d

dt
M(l)(t) =

(
d

dt
f(t),m(l)

)
=

(
d

dt
f(t),ATx(l)

)

=

(
A
d

dt
f(t),x(l)

)
=

N∑

i=1

(
Q(i)f(t), f(t)

)
x

(l)
i

=

N∑

i=1

〈
Q
( N∑

j=1

fj(t)ϕj,

N∑

k=1

fk(t)ϕk

)
, x

(l)
i ψi

〉

=

〈
Q(fh, fh)(t, ·),

N∑

i=1

x
(l)
i ψi

〉

=

∫

R3

Q(fh, fh)(t, v)
( N∑

i=1

x
(l)
i ψi(v)

)
dv .



Ý � ��� RA]eK¡I0]eL8Tm>[KMU[]eL8]eK=>-UQK�NPCeKM]e`bam<0F0H £3£3£

RODJI0]eK��ASG��­�S3F0KMFmU[K=F¯I0KMLX�:KMTmU[S3>[L x(l) I?<0>[`ba Í Ý � £�¦ Î KM]eF0I?K=<?U[]eH��5KML8U[]e����U¨L[]_F0I�¢0HG]eC_U
φl(v) =

N∑

i=1

x
(l)
i ψi(v)

<0F0I�I0]eK � KMafDG<0­.UQ<0F0H�c S3C_HGU^DG<0L^I0KMFÍr.oZUQ;MK=FÎ£ �ï�?� � <0F0IÎ£ � �0� Ò �
�|øD��øI���F�6ö��/,(; �(;� (; RY<0>8`ba�r?DZU[;�Ý � �.� � \^]e>8IÀTmCEDZ>=¢�\·DG>[<0� ��K=]²I0K=>«;=< � K=H3]_F0FÀI0KML|�¡Dgh
­0]_U[K=CeLOqGS3>[HGK=L8U[K=C_C_UQKMFÄr�­5KMTmU[>QDGC_��K°UQa0S�I0K�Fm<0>�I0]eK�RY]_`bamU[K�KM]eF0K�@B>[a0DGC_U[<0F0H3L8H3>[¸3¹GK�]_L8U � pAFVUQKM>
I0K=FÎi�KML8U8c <0F0TVUQ]_S3F0K=F��5K°´fF0I0K°U�L8]e`ba exp(−ι(0 · v) ≡ 1

� RY]_K � DGL[]_L[TZS3CeC_]eL[]_S3F0L8]eFVqZDG>[]eDGFVUQK=F v<0F0I |v|2/2 TG¸3F0F?K=F � KMI0S�`ba¶F0]_`baVU�DZCeL � ]eF0K=DG>[TZS3�|�0]_FfDZU[]eS3FÀU[>[]_H3S3F0S3��KMU[>[]_L[`ba0KM>J��S3CnÉ�F0S3��KIfDG>[HGK=L8U[K=C_C_UÌ\§K=>8I0K=F �

ryç�è{çºè é  �ä�"*í�ì§ì$ �á! §í:åYá.ã�âÁë.ìf $�±ä%å
RY]eK¡@B]eFVU[>QoGH3KPI?K=>X�AS3C_Ce]_L[]eSGF0L[��DZUQ>8]e;MK=F Í Ý � ¤ Î CEDG<.UQK=F

q
(i)
jk =

∫

R3

Q(ϕj, ϕk)(v)ψi(v) dv .

�:K=>8\§K=F?I0KMU���DZFèI?]eKÍL8`bam\·DG`ba0KÄklSG>[�|<0C_]eKM>[<0F0HÀI0K=L¯L8É�����K°UQ>8]eL[`ba?K=F¿�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>8LÍ £ � Ý.£ Î ¢0L[S�K=>8afoGCnU^��DGF
q

(i)
jk =

1

2

∫

R3

∫

R3

|v − w|λ ϕj(v)ϕk(w)

×
∫

S2

bλ(µ)
(
ψi(v

′) + ψi(w
′)− ψi(v)− ψi(w)

)
de dw dv

=

∫

R3

∫

R3

T
(i)
λ (v, w)ϕj(v)ϕk(w) dw dv Í Ý � £�¤ Î

��]nU¨I0K=�»�¡KM>[F

T
(i)
λ (v, w) =

1

2
|v − w|λ

∫

S2

bλ(µ)
(
ψi(v

′) + ψi(w
′)− ψi(v)− ψi(w)

)
de . Í Ý � £�� Î

RY]eKÎN¡DGCeKM>[Tm]eF�h���K°UQ>8S�qVh�³�KMU[a0S.I?K=FèK=>[CeDG<0��K=FèDGC_L[S�K=��K=F?c½DZCeCeLM¢ÌI0]_K#ªjFmU[K=H3>[DZUQ]_S3Fè�0�5KM> S2 ]eF
K=]eF?K=F¯;=KM]_UQ<?FfDG�0afoZF0H3]eHGK=F � <0L8I0>[<?`bT�DZ<0L[;M<0CEDGHGK=>[F �
@:]_FÍ\·KM]_U[K=>[KM>Y�:S3>-UQK=]_CÙ¢�I0K=>YL[]e`baÎDG<?LPI0K=>OL8`baV\ÌDG`ba?K=FµkfS3>8�|<0Ce]_K=>8<0F0H�KM>[H3]_�?U�¢�]eL-UPI0KM>Yc S3CeHGK=F.h
I0KG� ® ]eK�L[`ba0S3Fµ]_F � KM��KM>[Tm<0F0HÀ£ � Ò � � D Î DG<?L[H3K°c �0a0>8U«\^<0>[I?KG¢�TgDGF?FÄ��DZFÀI0<0>8`baµH3K=KM]eH3F?KMUQK® DGa?CYI0KM>�i�KML8U8c <0F0TVUQ]_S3F0K=F~I0]_KÃr.]_F0H3<0CeDG>[]nUboZU�]_� ® ]_F0TGKMCEDGFVUQKM]eC bλ IfoZ��­?c KMF�¢²; � � � I0<0>8`ba�:K=>8\§K=F?I0<0F0HJa0]_F0>[KM]e`ba0KMF0I�SGcdU§I0]n¬±KM>[K=F?;=]eKM>[�fDZ>[K=> ψi � RA]eKYN�DGC_K=>8T�]_F.h��6KMU[>[S¥qVh � ­?­0>[S�Ê.]e��DZUQ]_S3F]eL8UOIfDG��]_UO]_� �B>8]eF0;M]e­Íc �0>OI0DGLPH3K=L[DG��U[K�r.­5KMTVUQ>[<?��I0K=>Oc �?>OI0]eK � S3C_U[;=��DGF0F.h�N¡C_K=]e`bam<0F?H�]eF
kl>[DGH3KPTZS3����K=F?I0K=F¯ªjFVUQKM>QDGTVUQ]_S3F0L8��S�I0K=C_CeKOKM]eF0L8KMU[;=�fDG> �



£3£ � �¡DG­0]nUQKMCÑÝ � Ô�Õ�Ö°×ÙØgÖÈ×Ùh � KMU[>QDG`baVUQ<?F0H0�lN¡DGCeKM>[Tm]eF�h���K°UQ>8S�qVh�³�KMU[a0S.I?K=F

i£d�0 �/z¿h4G£i�oqp�rsktl ÅÒp	:ÏlÊG£i�l
RY]_KB�0]eL8a0K=>%DZF0H3K=L-UQKMCeC_U[K=F�DGC_CeH3KM��KM]eF0KMF � K°UQ>QDZ`bamU[<0F0H3KMF«CeDGL[L8K=F¡I0]_K:N�DZCeK=>8Tm]eF.hj��KMU[>[S¥qVh � ­0­0>[S�Ê.]nh
��DZUQ]_S3F�a0]eF?L[]e`baVU[Ce]e`ba�I?K=>^­0>QDZTmU[]eL8`ba0K=F � K=DGCe]_L[]eKM>[<0F?H�\·KMF0]eH�DZU8UQ>QDZTmU[]_q�K=>[L8`ba0K=]_F0K=F±�
• ªj�ÏNPK=H3KMF0LQDZU[;P;=<0>Xr�­5KMTmU[>QDGC_��K°UQa0S�I0KAS.I0KM>ÌI0KMF�k�k�i·hj�fDZL[]eKM>8U[K=F��:K=>-c½DGa0>8K=F¯DG<?c6I0KM�>8K=H3KMCe��oG¹3]eHGK=F�NP]_U[U[K=>Á��<0L[L²a0]eKM>:I0]eKX³¼DZL[L[KMF0��DZUQ>8]nÊ A ∈ RN×N �5KM>[�0`bTmL8]e`baVUQ]_HGU§\§K=>�hI0KMF�¢�I0]eKX]e� DGC_CeH3KM��KM]eF0KMF�k�DZCeCfTGKM]eF0KYRY]EDZH3S3FfDGC_��DgUQ>[]ÚÊ|]_L8U � �:KM>8\§K=F0I?KMU^��DGF�;M<0>¨Æ±KM]_U8h
I0]_L[Tm>[K°UQ]_L[]eKM>[<0F?H�K°Uj\ÌD�IfDGL^KÈÊ?­?Ce]e;M]_U[K¡@:<?CeK=>�h �:KM>8c½DGa0>8K=F�¢?L[S�c S3CeHGU¨DG<0L

(
A(f(t+ ∆t)− f(t))

)
i

= ∆t
(
Q(i)f(t), f(t)

)
, Í Ý � �G� Î

IfDZL[L^]eF � K=I?K=� Æ±K=]nUQL8`ba0>[]nU[U¨KM]eF�N¡C_K=]_`ba�<?F0H3L[L-É�L8UQKM�ðH3K=C_¸3L8U¨\§K=>8I0K=F¼�|<0L[L �

• ªj� L8`ba0Ce]_����L8U[K=F�klDGC_Cl]eL8U§I0KM>¨r.­�K=]_`ba0K=>[DG<?cd\·DGF0I�c �0>·I?]eKA�AS3C_Ce]eL8]eS3F?L[��DZUQ>8]e;=KMF|q3S3F�I?K=>ÓO>[I?F�<?F0H O(N3)
� @BFmU[L[­0>8K=`ba0KMF0I�DG<.cd\·KMF0I0]eH¡]_L8UBI0]_K � <?L8\§K=>8U[<0F0H�I0K=>B�m<fDZI0>QDZU[]eL8`ba0K=F

kfS3>8��KMF (Q(i)f(t), f(t)
) �

� <?L�I?]eK=L8K=F¶NP>[�0F0I?K=F�\·KM>[I0KMF�]eFµI?]eK=L8K=� � �0L[`ba?F0]_U8U�Æ±<?LQDZU[;�DGF0F0DGa0��K=F��5KML[­0>8S.`ba?K=F�¢:I0]_K
I0KMF~³¼DZU[>[]e;MK=F¶��KMa0>�rmUQ>[<?TmU[<0>�qGK=>[C_K=]_a0K=F¶<0F0I+IfDZ��]nU�L8S¥\·S3a?CAI0KMF~r.­�K=]_`ba0K=>[DG<?cd\·DGF0I~DGC_L
DG<0`ba�I0]_K � F0;=DGa0CÑI0K=>XDG>8]_U[a0��K°UQ]_L[`ba0KMF�ÓP­�K=>[DZUQ]_S3F0KMF�>8K=I0<?;=]eKM>[KMF �
ªj� � F0L8`ba0Ce<0L8LÁ\^]e>8IJK=]eF?KÌDGC_CeH3KM��KM]eF0KB�:S3>8H3K=a0KMF0L8\§K=]_L[K^;=<?> � ­0­?>[S�Ê.]e��DZUQ]_S3F«I?K=> � F?c½DGF0H3L8�5KÈh
I0]_F0H3<0F0HXI0]_L[Tm<?UQ]_K=>-U�<?F0I�L8`ba0Ce]_K=¹3C_]e`baPK=]_F0K:q.]_K=Cnq3K=>8L[­0>8K=`ba0KMF0I0K¨�PCeDGL[L8K:qGS3F � F0LQDgUQ;Mc <?F0TVUQ]eSGF0K=F
q3SG>[H3KML8UQKMCeCnU �

r{ç�½nçÌæ ¬ äFîYàÜë·ë! §í²å×îYä%á é àYæ tÎâ:åàîYá
� C_L:K=>[L-UQKML·L[SGCeC�DGF0H3KMF0S3����KMFJ\·KM>[I0KMF�¢?IfDZL[L²��DGF�I0]_K � F0LQDgUQ;°h�<0F0I�i�KML8U8c <0F0TVUQ]_S3F0K=F � KM\§K=]eC_L
I0<0>8`ba � Fm\§K=F?I0<0F0H�qGS3FÞi6>QDZF0L[CeDZUQ]_S3F0K=FèDG<.c|K=]_F0KÎkf<0F0TVUQ]_S3F ϕ �0;°\ � ψ �0]eC_I0KMU � k��0>¯KM]eFH3KMH3K=��K=F0KMLONPK=L8`baV\^]eF0I0]_H3TGKM]_U[L[H3]nU[UQKM> {vi : i ∈ I} L[SGCeC%DGC_L[S�H3KMC_UQKMF��

∀j ∈ I : ϕj(v) = ϕ(v − vj) , ∀i ∈ I : ψi(v) = ψ(v − vi) . Í Ý � � £ Î
ªjF�I0]eKML[K=�»k�DZCeC±��K=L8]_U[;MU^I0]_K�³¼DGL[L8K=F0��DZU[>[]nÊ�K=]eF?KPi¨¸3­0Ce]nUQ;Èh-r�U[>[<0TVUQ<?>=¢0I0KMF0F���]nU¨I0K=>X�XS.S3>8I0]nh
FfDZU[K=FVUQ>[DGF0L-c S3>[��DZUQ]_S3F ṽ = v − vj �5KM>[KM`ba0F0KMUA��DGF��

aij =

∫

R3

ϕj(v)ψi(v) dv =

∫

R3

ϕ(v − vj)ψ(v − vi) dv

=

∫

R3

ϕ(ṽ)ψ(ṽ − (vi − vj)) dṽ

=
(
ϕ ∗ ψ)(vi − vj) ,

\§S3�5KM] f1 ∗ f2
I?]eK¡klDGC_U[<0F0H|qGS3F f1

��]_U f2
�5KM;=K=]_`ba0F0K°U �� KMI0K=<?U[LQDG��K=>¨]_L8U¨I?]eK � F0FfDGa0��K Í Ý � � £ Î c �0>¨I?]eKO�XS3CeC_]eL8]eS3F0L8��DgUQ>[]_;=KMF � r.KMU[;MU^��DGF���K=]±´.Ê?]_K=>�hUQKM�»ªjF0I0KÈÊ i ∈ I c �0> v, w ∈ R3

ṽ = v − vi , w̃ = w − vi ,



Ý � Ò � �B>[DGTVUQ]eL8`ba0K � L[­�K=TVU[K £3£¥Ò

L[SJc S3CeHZU^DG<0L^I0KM>YNPK=L8`baV\^]eF0I0]_H3TGKM]_U[L8UQ>[DGF0L-c S3>[��DZUQ]_S3F Í £ � £¥Ò Î c �0> (ṽ, w̃) 7→ (ṽ′, w̃′) �
ṽ′ = v′ − vi , w̃′ = w′ − vi .� K=;M�0H3Ce]_`ba¿I?K=>�q3KM>[L[`ba?S3�5KMF0K=F'NPK=L8`bam\^]_F0I0]_H3TGKM]_UQL-qZDG>[]eDG�0CeKMF~�5KML[]_U[;MU�I0KM>¼�PK=>8F Í Ý � £�� Î I0]eKklSG>[���

T
(i)
λ (ṽ, w̃) =

1

2
|ṽ − w̃|λ

∫

S2

bλ(µ)
(
ψ(ṽ′) + ψ(w̃′)− ψ(ṽ)− ψ(w̃)

)
de .

ªjFmU[K=H3>8]eKM>8U���DGF+]_FËI0K=>�RYDG>[L-UQK=C_Ce<0F?H Í Ý � £¥¤ Î �5KM;=�0H3C_]e`ba ṽ <0F0I w̃ L[SµKM>[H3]_�?U�L[]_`ba+c �0>�I0]_K@:]_FVUQ>QoZH3KPI0K=>X�XS3CeC_]eL[]_S3F0L8��DZU[>[]_;=K=F±�

q
(i)
kj =

∫

R3

∫

R3

T
(i)
λ (ṽ, w̃)ϕj(ṽ + vi)ϕk(w̃ + vi) dw̃ dṽ

=

∫

R3

∫

R3

T
(i)
λ (ṽ, w̃)ϕ(ṽ − (vj − vi))ϕ(w̃ − (vk − vi)) dw̃ dṽ .

RY<0>[`ba Í Ý � � £ Î K=>[>8K=]_`bamU���DGFÃDGC_L[S0¢5IfDGL[L�I0KM>¡�¡KM>[FÎ<0FfDG�?afoGF0H3]_H�q3S3� ªjF0I0K°Ê i I?KM´fF0]_K=>-U¡]eL8UDGCeL
Tλ(v, w) =

1

2
|v − w|λ

∫

S2

bλ(µ)
(
ψ(v′) + ψ(w′)− ψ(v)− ψ(w)

)
de . Í Ý � �3� Î

k��0>�I0]_K#�AS3C_Ce]_L[]eSGF0L[��DZUQ>8]e;MK=F�c S3CeHGU=¢·IfDZL[L¯K=L¯K=]_F0KÎ³¼DZU[>[]ÚÊ Q̄ = (q̄jk)j,k∈I
H3]e�?U���]nU�I0KM>

@:]_H3K=F?L[`bafDZcdU
∀i, j, k ∈ I : q

(i)
jk = q̄j−i,k−i .

ªjL8U�; � � � I0]eK�ªjF0I0K°Ê.��K=F0HGK Zd ¢§L[SµTgDGF0FË��DGF Q̄ = Q(0) L8KMUQ;MK=F � RA]eK¼;°\·KM]_U[K � F0FfDZa0��K
�5KML8UQKMaVUYIfDZ>[]eF±¢?IfDGL8L ϕ <0F?I ψ I0]_KOc S3CeHGK=F0I0K¡kfS3>8�Ï��K=L8]_UQ;MK=F��

ϕ(v) = ϕ(1)(v1)ϕ(2)(v2)ϕ(3)(v3) , ψ(v) = ψ(1)(v1)ψ(2)(v2)ψ(3)(v3) . Í Ý � � Ò Î
k��0>¨K=]_F¯K=F0I0C_]e`ba0KML^TZDZ>8UQKML[]_L[`ba0KMLONPK=L8`bam\^]_F0I0]_H3TGKM]_UQL8H3]_U8UQKM>
G = {vj,1 : j = 1, . . . , N1} × {vj,2 : j = 1, . . . , N2} × {vj,3 : j = 1, . . . , N3}

c S3CeHGUÌ��]nUÌI0KM>ARAKM´fF0]nUQ]_S3F

A(α) = (a
(α)
ij )Nαi,j=1 =

( ∞∫

−∞

ϕ
(α)
j (vα)ψ

(α)
i (vα) dvα

)Nα
i,j=1

(α = 1, 2, 3) ,

IfDGL[L^I0]_K�³¼DGL8L[K=F?��DZU[>[]ÚÊ¯L[]_`ba¼DGC_L¨I0>[KM]_c½DG`ba?K=LX�P>[S3F0KM`bTGKM>[­0>8S.I0<?TmU
A = A(1) ⊗A(2) ⊗A(3)

IfDG>[L-UQKMCeCeKMF#CEoGL8L8U � ROD�I0]eKJ³¼DZUQ>8]e;MK=F A(α) \·KMH3K=F Í Ý � � £ Î ;=<0L[oZUQ;MCe]e`baÃKM]eF0KJi¨¸3­?Ce]_U[;°h�r�UQ>8<0TVUQ<0>�5KML[]_U[;=KMF�¢l]eL8UXL8S�\§S3a0CÑI0KM>Or�­5KM]e`ba0KM>QDG<?cd\·DGF0I¼K=>[a?K=�0C_]e`ba�>[K=I?<0;=]_K=>8UYDGC_L^DG<0`ba¼I?]eK � ¸3L[<0F?H�I0KML
N¡C_K=]e`bam<0F?H3L[L-É.L-UQKM��L^]eF Í Ý � �Z� Î DG<?c�KOl�;=]_K=FVUQK ® K=]eL8K¡��¸3HGCe]e`ba �® KMH3K=F�I0K=>§]e�Å�PK=>8F Tλ K=FVU[afDGC_U[K=F0KMF�ªjFVUQKMH3>QDZU[]eS3F��0��K=>²I0]eKA@B]eF0a?K=]_U[L[L8­0afoG>8KACeoGL[L-U·L8]e`ba�KM]eF0KK=FVUQL8­0>[KM`ba0K=F0I?K � <0L8LQDGHGK¡c �?>XI?]eK¡�ASGCeCe]_L[]_S3F0L[��DZU[>[]e;MK=F�F0]e`baVU^UQ>8KM¬5K=F �
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r{ç�½nç�è é QSQAì)í	�L -ã�âBë! §í:å�îAä�ì é åAæbâ:åYç:á ê äFîS �åAç²àAåYç
@B]eF0K¨��¸3H3C_]e`ba0K²�:S3>[HGK=a0KMF0L8\§K=]_L[K^;=<0> � ­0­0>[S�Ê.]e��DZU[]eS3F|I?K=> � F.c½DGF0H3L8�5KMI0]eF0HG<0F0H0¢3I?]eKÌI0]_K·�:K=>�h
\§K=F0I0<?F0H�I0KM>Ar�UbDG�?]eCe]nUboZU[LQDG<?L[LQDZH3KPDG<0L � �0L[`ba0F?]_U[U �0� � K=>8��¸3HGCe]e`baVU=¢?]eL-U^I0]eKOc SGCeH3KMF0I0KG�
@BL^L[K=]

f0 ∈ L〈γ〉2 , γ >
7

2
.

� <?L � KM����D �.� £ � � ` Î c SGCeHGU f0 ∈ L〈2〉1

� RA]eK � ­?­0>[S�Ê.]e��DZUQ]_S3F�I0KM> � F?c½DGF0HGL[��K=I0]_F0H3<0F0H�L8K=]

f0,h(v) =
∑

i∈I
fj(0)ϕj(v) . Í Ý � �g� Î

® K=H3KMF Í �.� Ò Î H3]eCnU ∥∥f0 − f0,h |L〈2〉1

∥∥ ≤ C3,2,γ,2

∥∥f0 − f0,h |L〈γ〉2

∥∥ ,
\§S3�5KM]%I0]eK¡�XS3F0L-UbDGFVUQK C3,2,γ,2

H3K=��oG¹ Í ���ï� Î I?KM´fF0]_K=>-U^]eL8U �RY]_KP�AS�KOl�;=]_K=FVUQKMF¯]eF Í Ý � �g� Î \§K=>8I0K=F¯L[S���K=L-UQ]e����U=¢�I0DGL[L¨I0]_K L〈γ〉2
h�WXS3>[� I0KML^kfK=a0C_K=>[L·��]_F0]nh

��]eK=>-UÌ\^]e>8I�¢0I � a � ��DGF¯L[<0`baVU f(0) DGCeLX³�]_F0]e��<0� I?K=LXkf<0F0TVUQ]_S3FfDGC_L

F (f) = (Bf , f)− 2 (b, f) + c .

RODG��K=]%]_L8U
c =

∥∥f0 |L〈γ〉2

∥∥2
,

b =



∫

R3

〈v〉2γ f0(v)ϕj(v) dv



j∈I

,

B =



∫

R3

〈v〉2γ ϕj(v)ϕk(v) dv



j,k∈I

.

RY]_KÀ³�DZUQ>8]nÊ B ]eL-U�SZ¬±KMF0L[]_`bamU[Ce]_`ba¿L-É.����KMUQ>8]eL8`ba � RY]_¬5K=>8K=FVUQ]eDZUQ]_S3FËCe]_KMc KM>8U�DGC_L�F0SGUj\§K=F0I0]_H3K� KMI0]eF0HG<0F0HJc �0>^I0K=F�H3KML[<0`baVUQKMF¼�:K=TVU[S3> f(0) I0]eK�NPCeKM]e`bam<0F0H

B f(0) = b ,

c½DGC_CeL B ]eFVq3KM>8U[]eK=>8�fDG>¨]_L8U^�0;°\ �
‖Bf(0)− b‖ → ��]_F

]eF�DGC_CeKMF¯DGF0I0KM>[K=F�kÁoGC_CeKMF � RODZ�5KM]%]eL8U ‖ · ‖ = ((·, ·))1/2 �
k��0> I = {1, . . . , N} ��K=F0¸ZUQ]eHZU¨��DZF��5KM>[K=]nUQL·c �?>¨I0]eK � K=HG<0CEDG>8]_UQoZU·I?K=>A³¼DGL8L[K=F?��DZU[>[]ÚÊ±¢.IfDGL8LI0]_K � F?LQDZU[;Mc <0F0TVU[]eS3F0KMF¯Ce]eF?K�DG>²<0FfDG�?afoGF0H3]_H�L8]eF0I � ªjF�I0]eKML[KM�ÏklDGC_C�]_L8U B F0DZUQ�0>8Ce]_`ba�K=��K=F.c½DGCeC_L>[KMH3<0CeoG> �
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ryç�½nç�½ g| �å ¸Îä	 �áZQS -äFì�æ¼ÎXì*îS �ä é åYá�âBë!�5æbàYåÁë§ëf §í:åYä%å
Æ±<0� � �0L[`ba?Ce<0L8L²L8S3CeC.K=]_F0KÌTGSGF0Tm>[KMU[KX�¡CeDGL[L8K·q3SGF � F0LQDgUQ;Mc <?F0TVUQ]eSGF0K=FJc �0>ÁI?]eK � ­0­0>[S�Ê.]e��DZU[]eS3FÍ Ý � � Î �5KML[­0>8S.`ba0KMF¼\§K=>[I?K=F � Æ±<?FfoG`ba0L-UY\^]e>8I¼��DGF�FfDZUQ�?>[Ce]_`ba¼HVDZF0;�DZCeCeHGK=��K=]eF�I?]eK¡c S3CeH3KMF0I0KMFklSG>[I0KM>[<0F0HGK=F�DGF¯I0]eK ϕj L8UQKMCeC_K=F �

• r.]_KAL8S3CeC_K=F�]_F�DGC_CeKMF�kf<0F0TVU[]eS3F0KMF0>QoZ<0��KMF�K=FVU[afDGC_U[K=F�L8K=]_F�¢.I?]eK^c �0>·I0]_KA>[oG<0��Ce]_`ba�a0SG��SZhH3K=F?K � S3C_U[;=��DGF0F.h�N¡C_K=]e`bam<0F?H|>[KMCeKMqZDGFVU^L8]eF0I �

• r.]_K§L8S3CeC_K=F�I?]eK§c �?>�­0>[DGTVUQ]eL8`ba0K^Æ5\§K=`bTZK¨>[K=C_KMqZDGFVUQKMF��PCEDGL8L[K=F«q3S3F � F?c½DGF0H3L8�5KMI0]eF?H3<0F0H3KMFa0]eF?>[K=]_`ba0K=F?I«H3<.U�DZ­0­0>[S�Ê.]e��]eKM>[KMF�<?F0I�]_F�I?K=> � DZH3K:L[K=]_F�¢¥I0]_K � K=CeDgÊ?DZUQ]_S3FP;=<?>Á³¼D�Ê.\§K=C_Cnh
�:K=>-UQK=]_Ce<0F?HJ��]nUQ;=<.q3K=>-c S3CeHGK=F �

• � �
Â �k+ � {	Ç�Ã_+ ��� {�Ç&ÇC��{ ��� � � ¦â�¡TGS3F0FVU[K=FÞ��KM\§K=]_L[KMF�¢^IfDGL[L�I0]_K � ¸GL[<0F0H f(t, ·) I?K=L� F?c½DZF0H3L8\§K=>-UQ­0>8S3�0C_K=��L Í Ý � £ Î c �0>�DZCeCeK t > 0 ­0<0F0TVUj\§K=]eL8K#FfDG`baË<0FVU[K=F~I0<0>8`baËK=]eF?K³¼DgÊ�\§K=CeCÚh �:KM>8UQKM]eC_<0F0H|��K=L8`ba0>QoGF?TmUY]eL-U��

∀t > 0 : ∃C1(t), C2(t) > 0 : f(t, v) ≥ C1 exp(−C2 |v|2) , Í Ý � � Ý Î
IfDG��K=]BafoZF0H3K=FÎI0]_K��AS3F0L-UbDGFVU[K=FÀF?S.`baÃq3S3F ∥∥f0 |L1

∥∥ ¢ ∥∥f0 |L〈2〉1

∥∥ <0F?I H[f0] DG� � k��0>´?Ê.]eKM>8UQKML t̄ > 0 TG¸GF0F0K=F¯;MK=]_U[<0FfDG�?afoGF0H3]_H3KO�XS3F0L-UbDGFVUQKMF¯I0K=>[DG>8U¨HGKM\·oGa0C_U§\·KM>[I0KMF�¢fIfDGL8LI0]eKOpAF0H3C_K=]_`ba�<?F0HJc �0>^DGCeC_K t ≥ t̄ H3]_C_U � RODGL � K=L8<0C_UQDZU^]eL-U¨H3�0CnUQ]eH«c �0>^DGCeC_KPDG�0HGK=L[`ba?F0]_U8UQK°hF0K=F�ªjFVUQKM>QDGTVUQ]_S3F0L8­5SGU[K=FVUQ]eDGCeKY��]nU 0 ≤ λ ≤ 1
�

RY]eK¯DZCeCeKMFÄ�0]_L[a0KM>[]eHGK=F�Fm<0��KM>[]_L[`ba0KMF+³�K°UQa0S�I0KMF¶;M<0H3>[<?F0I0K=C_]eKMH3K=F0I?K � F0FfDGa?��KZ¢ÁIfDGL8L
I0]eK � ¸GL[<0F0H¡KM]eF0KMF�TZS3��­fDGTVUQKMF�i6>QoZH3K=>B��K=;M�0H3Ce]_`baJI0K=>Á�²DZ>[]EDZ�0CeKMF v ��KML[]_U[;MU=¢Gc �0a0>-U²DGCeL8S;=<JKM]eF0KM��<?FmqGK=>8��KM]eI0C_]e`ba0KMF�klKMa0CeKM>�]_F|I0K=> � ­0­0>8S�Ê?]_��DgUQ]eSGF«I0KM> � ¸3L[<?F0H �G� F0LQDgUQ;Mc <?F0T3h
UQ]_S3F0K=F±¢0I0]eKPI?K=>XS3�0]eHGK=F � �0L8`bafoZU[;=<0F0H � KM`ba0Fm<0F0H�U[>QDGHGK=F�¢0\·oG>[KMF�I0DG��]nUÌ\^�0F0L8`ba0K=F?L-h
\·KM>8U �

• RY]_K|]eF � �0L[`ba0F?]_U[U�£ � � I0K°´fF0]eKM>8U[K=FÃ��DZT�>8S3L[TZS3­0]_L[`ba0KMFÄNP>[¸3¹GK=FÃL[]_F0I#F0]e`baVU¡Fm<0>P\§S3a0CnhI0KM´0F0]eKM>8U�¢�L[SGF0I0K=>8FÃDG<0`ba#>8K=CEDgUQ]_q�K=]eF.c½DG`ba#DG<0LYI0K=>Y�¡KMF0FVUQF0]_LOI0KM>O�AS�KOl�;M]eK=FVU[K=F fj(t);=<��5KM>[KM`ba0F0K=F �

• @BL%L[S3C_CeKMFP;=<0��]eF0I?K=L8U�K=]eF.c½DG`ba¡FfDG`baVq3S3C_Ce;M]eK=am�fDZ>[KBa0]_F0>[KM]e`ba0KMF0I0K:�P>[]nUQK=>8]eKMFOc �0>�I0]_K:WA]e`baVU-hF0K=H3DZUQ]nq.]nUboZU§q3S3F fh(t, ·) q3K=>-c �0H3�fDZ>AL8K=]eF �
� CeL � F0LQDgUQ;Mc <?F0TVUQ]eSGF0K=F�¢mI0]_K¨;=<0L[oZUQ;MCe]_`ba�F0S�`ba�I0]eK � KMI0]eF?H3<0F0H3KMF Í Ý � � £ Î <0F0I Í Ý � � Ò Î K=>8c �?CeCeKMF�¢�0]eK°UQK=F�L[]_`ba�I0]_Kà¡IR�¡<�µ�<W%WXRYW§RYV¯S�I0K=>Ü�DV?\��a�?ÔGÖ�¦�RYV#ñÌÔGÖ¤W÷×���RY� Í K=F?H3C � \Y��Ø¥Ø]W���R>SXÕ?ÔGÖYW½×��Y��Ra\ Î DGF���k��0>K=]eF Λ > 0 <0F?I¼K=]_F�HGK=H3KM�5KMF0K=LON¡KML[`baV\^]eF0I?]eH3TZK=]_U[L[H3]nU[U[K=> {vj : j ∈ I} L[]_F0I¼I?]eK=L8K«I?KM´fF0]_K=>-UDGCeL

ϕ(v) = (2πΛ)−3/2 exp
(
− |v|

2

2Λ

)
, ϕj(v) = ϕ(v − vj) . Í Ý � �<� Î

³�]_U^I0]_K=L8K=F � F0L[DZUQ;°c <0F0TVUQ]_S3F0K=F�H3]_C_U¨SG¬5K=F?L[]e`baVU[Ce]e`ba fh(t, v) ≥ 0 ¢?\·KMF0F

∀ j ∈ I : fj(t) ≥ 0 .
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RY]_K�pX��TZK=a0>8<0F0H¼]_L8U«SG¬5K=F0L8]e`baVUQC_]e`baÎF0]e`baVU«I0K=>�k�DZCeC � RY]eK�H3KMH3CEoZU8UQK°UQK=F���DZ>8UQ]_TGKMC§�0]_KMU[K=FÎI0K=F
�:S3>-UQK=]_CÙ¢0I0DGL[LXL[]_K�DG<?`ba¼��K=]ÑK=F0I?Ce]e`ba?K=>XªjF0I0K°Ê.��K=F0HGK I TGKM]eF0KMFÍTGSG��­fDZTmU[K=F�i�>[oGH3K=>X��K=L[]nUQ;MK=F<0F0I�L[SG��]nU¨IfDGL^�:K=>8afDGC_U[K=F¯I0KM> � ¸3L8<0F0H�a0]eF?L[]e`baVU[Ce]e`ba¯I0KM>XpAF0H3C_K=]_`ba�<?F0H Í Ý � � Ý Î H3<?U^F0DG`bam�0]eCÚhI0KMF�TZ¸3F0F0KMF �
@B]eF¾\§K=]nUQK=>8K=> � L[­�K=TVUÃ]eL-U#FfDZU[�0>[C_]e`ba�¢XIfDGL8L#I0]eKÄHGK=H3CeoZU[U[KMUQKMF(��DZ>8UQ]_TGKMC|I0]eKµN¡KML8UbDZC_UÍKM]eF0KM>
³¼DgÊ�\§K=C_Cnh �:KM>8U[K=]eC_<0F0H|��K=L8]_U[;=K=F � RY]eKPRA]EDGH3SGFfDGCeKMCeKM��KMFmU[KYKM]eF0KM> � K=I0KMF¼�XS3CeC_]eL[]_S3F0L8��DZU[>[]ÚÊJL[]_F0I
FfDG`ba¼r?DZU[;�£ � Ý � Ò�D Î H3C_K=]_`ba�WX<0CeC±<0F0I�K=L¨c S3CeHZU�¢?I0DGL[L^I0]_K¡�:KMTVUQS3>8K=F

e(i) = (e
(i)
j )j∈I , e

(i)
j =

{
1 , i = j

0 , i 6= j
, i ∈ I

I0]_K¡@:]_H3K=F?L[`bafDZcdU Í Ý � £G£ Î �5KML[]nUQ;=KMF �³¼DGFÀ�5KM>[K=`ba?F0KMU|c �?>«I0]_K�I?]eL[Tm>8KMUQK�RY]e`baVU[KG¢6I0K=FÄªj��­0<0C_L«<?F0IÄI0]_K�@BF0KM>[H3]_K���]_U¡I0]_K=L8K=F � F.h
LQDgUQ;Mc <?F0TVUQ]eSGF0K=F��

ρh(t) =
∑

j∈I
fj(t) ,

ρh(t)vh(t) =
∑

j∈I
vj fj(t) ,

Eh(t) =
1

2

∑

j∈I
|vj|2 fj(t) +

3

2
Λ ρh(t) .

� � � K=]_L[­0]_K=C�I0KMLATgDG>-UQKML[]eL8`ba0K=F¼NPK=L[`baV\^]_F0I0]eHGTGK=]nUQL8H3]_U8UQK=>8L

G = h1Z× h2Z× h3Z , 0 < hα ≤ h (α = 1, 2, 3) ,

��]_U¨I0KMF¼�PF0SZUQK=F

vj = (h1 j1, h2 j2, h3 j3) ∈ R3 , j = (j1, j2, j3) ∈ Z3 ,

CEDZL[L[KMFµL[]_`ba¶��DG>QDZCeCeKMCeKMFÀ;=<?>|i¨a0K=SG>[]eK�I?K=LJ<0>8L[­0>8�0F0H3C_]e`ba0KMF��:>8S3�0C_K=��L Í Ý � £ Î K=>[TZK=F0F?K=F��:RY]_KS3�0]_H3K=F � <?L[I0>8�0`bTGKOc �0>:I0]_KAI?]eL[Tm>8KMUQKMF���DGTm>[S3L8TGS3­?]eL[`ba?K=F¯NP>[¸3¹GK=F�L8]eF0I���DZUQa0KM��DgUQ]eL8`ba�L8]eF0F�h
q3SGCeCÙ¢�\·KMF0F¼HG]eC_U

∀t ≥ 0 : f(t) ∈ `〈2〉1 .

RYKM>AkfS3C_H3K=F?>QDG<0� `
〈ν〉
p
]eL8U¨c �?> 1 ≤ p <∞ I?KM´fF0]_K=>-UYDZCeL

`〈ν〉p = {g : Z3 −→ R :
∥∥g |`〈ν〉p

∥∥ ≤ ∞}
��]_U¨I0KM>XWAS3>8�

∥∥g |`〈ν〉p
∥∥ =

(∑

j∈Z3

〈j〉pν |gj|p
)1/p

.

k��0> p =∞ \^]_>[I�\^]eKP�?�0Ce]_`ba�I0]eK � K=]_a0KPK=>8L[KMU[;MUXI0<0>8`ba�I0DGLXr.<0­0>8K=��<0�»�0��K=>^DGC_CeK¡³�<0C_U[]e]eF�hI0]_;=K=L j �
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RODÀI0]_K�H3KMH3CEogU[UQK°UQKMF+��DZ>8UQ]_TGKMCOr.`baV\·DG>8U[;°hjkl<?F0TVUQ]eSGF0K=FËL8]eF0I¶<0F0I+FfDZ`baË�AS3>8S3CeCeDG>�Ò � �0� Ò�I0KM>
�AS3C_Ce]eL8]eS3F?L[S3­�K=>[DZUQS3>²K=]_F0KPL8U[KMU[]eH3K � �?�0]eC_I0<0F0H

Q : S× S −→ S

]eL8U=¢:TG¸3F0F?K=F+I0]_K � �0�0]_CeI0<0F?H3L[KM]eH3KMF0L[`bafDgcdUQK=F�I0K=>��AS3C_Ce]eL8]eS3F?L[��DZUQ>8]e;=KMFµDGC_L�ÓO­�K=>QDgUQS3>8K=F+DZ<?c
I0]eKML[K=F�kfS3CeHGK=F0>[oG<0��K=F�L8U[<0I0]_K=>8U¨\§K=>8I0K=F �
ºA]eF?L[]e`baVU[Ce]e`ba¯I0KM>^;=<¼KM>8\·DG>8U[K=F0I?K=F � ­0­0>[S�Ê.]e��DZU[]eS3F�I0KM>O³�DgÊ�\·KMCeCnhÙ�:K=>-UQK=]_Ce<0F?HJ<0F0I¼I?K=> � F.h
c½DGF0H3L8�5KMI0]eF0HG<0F0HXL[K=].DG<?c?I0]eK � >8�5KM]_URx Æ&Ä�� � Æq� ÒV¦��Vq3K=>-\^]eKML[K=F � RYS3>-U�\^<?>[I0KMF|HVDGF0;§DGC_CeH3KM��KM]eF� ­0­0>8S�Ê?]_��DgUQ]eSGF0L[��KMU[a0S.I?K=F�I0KM>AkfS3>8�

g(v) ≈ gh(v)
∑

j∈Z3

g(hj)ω(v − hj) (h > 0)

c �0>¨K=]_F0K¡H3K=H3KM�5KMF0K�kf<0F0TVUQ]_S3F ω : R3 −→ R ��]_U
∫

R3

ω(v) dv = 1

<0FVUQK=>8L[<0`baVUJ<?F0IÀKML�\^<0>8I0K=F � KM\§K=]_CeL«klKMa0CeKM>QDG�?L[`bafoZU[;=<0F?H3K=F�]eF Lp hQ¢6r.S3��S3CeK°qVhY<?F0I � KML[L8K=Cnh­5SGU[K=FVUQ]eDGCe>[oG<0��K=F���KM\^]_K=L[KMF � k��0>^I0]eK � ­0­0>[S�Ê.]e��DZU[]eS3F���]_UXºX]eC_c KPI?K=>XH3K=H3CeoZU[U[KMU[K=F���DG>-UQ]_TGK=C
\^<0>[I0K�L[­�K=;M]eK=C_C:I0K=>«klDGCeC Λ = Λ̃h2 c �?>«KM]eF Λ̃ > 0 �5K°UQ>[DG`baVUQKMU � �·afDZ>QDGTVUQKM>[]_L8UQ]_L[`baÎc �0>«I0DGL� ­0­0>8S�Ê?]_��DgUQ]eSGF0L8qGK=>[a0DGC_U[K=F�]eL-U�¢0I0DGL[LXL[]_`ba�I0]_K¡kfK=a0C_K=>[L8`ba0>QDZF0TGK«DGCeLXr�<0����K

‖g − gh‖ ≤ Cg(h
n + ε(h))

IfDG>[L-UQKMCeCeKMF¶CeoGL[L-U � RODG��K=]X�5KM;=KM]e`ba0F0K°U ε I0KMF+L[SÀH3K=FfDZF0FVUQK=F ï �<W%W½×µ¡<�DVI¡]\'¦�Ra�I��R°ÖÈ¢Ác �0>�I0KMFË]e�DGCeC_H3K=��K=]_F0K=F�HG]eC_U=�
ε(h) = O(1) , h→ 0 .

RY]eKebO<fDGL8]nh � ­0­0>8S�Ê?]_��DgUQ]eSGF0L[S3>8I0Fm<0F0H n ]_L8U^I0<0>8`ba¼I0]_KOc S3CeHGK=F0I0K � K=I0]_F0H3<0F0H�H3KMH3K=��K=F±�
∀α : 1 ≤ |α| < n :

∫

R3

vαω(v) dv = 0 , ∃α0 ∈ N3
0 : |α0| = n ,

∫

R3

vα0ω(v) dv 6= 0 .

® KM]_UQKM>[KARYKMUQDG]eC_L§;M<0>²TGS3F0Tm>8KMUQKMF��AS3F0L-UQ>8<0TVUQ]eSGF�q3SGF�I0K=>[DG>8U[]eH3KMF�WAoGa0K=>8<0F0H3KMF���]_U§ºA]_C_c K¨I0KM>
H3K=H3CeoZU[U[KMU[K=F���DG>-UQ]_TGK=C�´0F0I0K=F�L[]_`ba�]_F)x Æ¿Ä�� � Æ � Ö �	� Å�+
�&Ãn� Ò3¤.� �
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³>´Rµf¶ ¢;·
·c¸;¥§¹ µ ¹4£1¢;¤wº»¥§¹w¼½¼3¹f¾s¥ ¿f¹w¤M¹w·
º»¥»¢;¼ÁÀ;¼3¹w¥§Â-ÃuÄ�·uÀaÅ�Æ�¥§¹sÆ�¥½¤ µ £1Ç;º�¹w¤ µ ¹-Ã
¹w·Æ4¹w¤E¸u¹w·1Å<¥½·È¹w¥½·ÊÉ�Ë µ º�¹wÌ Àu¹wÆ4Í�Ãu·
¼Î¥§Â-Ã
¹w¤c¾s¥ ¿f¹w¤M¹w·
º»¥»¢;¼ÁÀ;¼3¹w¥§Â-ÃuÄ�·uÀu¹w·�Ï;¹w¤�ÐÆY¢;·�¸u¹w¼Îº'Æ4¹w¤E¸u¹w·1Å_Æ4¹w·
·ÑÌ�¢;·{¢;·�¸;¥§¹�É�º�¹w¼½¼3¹~¸u¹ µ ¾?¦-£O£
¹w¼Î¥½·
º«¹§À;¤E¢;¼ µ ¹w¥½·k¹É�ÄuÌ/Ì�¹ µ ¹-Ãu¤}Ï�¥§¹w¼3¹w¤qÒ�¼Î¥§¹+¸u¹w¤ µ ¹wº3ÓAº§ÔCÕ . . . Ö�× ·	¸u¹wÌØÉ�Ë µ º�¹wÌ�¹?Àu¹wÆ4Í�Ãu·
¼Î¥½ÐÂ-Ã
¹w¤/¾s¥ ¿f¹w¤M¹w·
ºÙ¥»¢;¼ÁÀ;¼3¹w¥§Â-ÃuÄu·uÀu¹w·�Æ4¹w¤E¸u¹w·�¸O¢;·
·{¢;¼½¼3¹}ÚZ¹-Â-Ãu·
Ä�·uÀ µ ¦-£
¹w¤E¢;º»¥§¦aÐ·k¹w·vÏ�¥§¹w¼�¢;· µ Â-Ã1¢;Äu¼Î¥§Â-Ã
¹w¤>Ô§Û Ü�ÝHÞ:ßCàAá�âPãfä�å�å Õ«æOç Ö



è é�ê ë��eì�êe!��~íîë{�eïÑë�é�ðcñ�ò�é�ó

ô ­Aõ 7�juB'K62w�19;=).1(+2;n1ö'j�l'03K6K�9;=)0Ù[�÷�· ºøÃ
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¦aÌ�¦+Àu¹w·k¹-¦aÄ µ ùf¦a¼Îº3ÓAÌ�¢;·
·�¹+úAÄ1¢;ºÙ¥§¦a·
n+*1j�uG-9aG\j
¡�,O�u@Aj-, � n�� � �°g�� �1­'�i­�®!(O¯�


ô � õ ��jRQ�9WDFS�xu@+`O��[Z¾r¥§¹~ùf¦a¼Îº3ÓAÌ�¢;·
·
Ð�Ò�¼3¹w¥§Â-ÃuÄ�·uÀ �/.10 ¦A¸u¹w¼½¼2 A¥½¼L¸;Äu·uÀ�Ð ô ÄuÌ�¹w¤w¥ ¶ Ð × ·
Æ4¹w·
Ð¸;Ä�·uÀu¹w·!3an1��2>&)D)=)2>(AnF�uGM&�G+GMIJ9;(EG �«­�®J®�(�

ô (Wõ �}jÁB?j4Q403(E.�[ 0 ¦a·
º�¹ ¤ ¢;¤�¼3¦ µ ¥½Ì/Ä�¼L¢;º»¥§¦a·�¥½· ¢;·�¹w·uÀ;¥½·k¹-¹w¤�¥½·uÀ�Â-¦a·
º�¹EýJº»n�¡�(+SJI;(Aj4B:@EG+(+S)jB�2A(ES)n-% � n ¯ � ® g ¯ ��� �i­\® � ��

ô ®Wõ B?j lbjHQ4SJDO�uK32>x�[ × Âw¼L¢ µ-µ ¦«û<¥½·
Ïa¢;¤�¥»¢;·
º µ ¦a¼ÎÄ�º»¥§¦a· µ ¦«û�º½Ã
¹�ùf¦a¼Îº3ÓAÌ�¢;·
·�¹+úAÄ)¢;º»¥§¦a·
nH��S�xFj¡�,P�u@>jF%:SJ`PK§j
� ��ÿ��&��� n � � ¯ g�� � �i­�® � ��

ô ­�±Wõ B?j lbjkQ4SJDO�uK32>x�[ � Ã
¹bº½Ã
¹-¦a¤�Ëm¦«û?º½Ã
¹/·k¦a·
¼Î¥½·k¹+¢;¤MÅ µ £1¢;ºÙ¥»¢;¼½¼ÎË�Ä�·
¥ û\¦a¤�Ì"ùf¦a¼Îº�ÓAÌ�¢;·
·�¹+úAÄ1¢;ÐºÙ¥§¦a·�û\¦a¤ 0 ¢\ýJÆ4¹w¼½¼Î¥»¢;·eÌ�¦a¼3¹-ÂwÄu¼3¹ µ n)�uS°x�j)��*A0Ùj17Z2>x�j�ö��m9WG+,�j)¡�,O�u@Aj4%Fn ­J­J­ g ¯ ���1n �i­\®�(�(�
ô ­J­Aõ B?j lbjOQdSJDO��K62>x�[ 0 ¦aÌ�¹w·
º�¥½·k¹+úAÄ1¢;¼Î¥½ºÙ¥§¹ µ û\¦a¤ZºøÃ
¹�ùf¦a¼Îº3ÓAÌ�¢;·
· ¹+úAÄ1¢;º»¥§¦a·q¢;·�¸b¢w£O£�¼Î¥§Â+¢;º»¥§¦a· µº«¦ µ £1¢;º»¥»¢;¼½¼ÎËbÃ
¦aÌ�¦+Àu¹w·k¹-¦aÄ µ £�¤-¦! A¼3¹wÌ µ n5*1j��uG-9aG\j
¡�,O�u@Aj46&6 ÿ þ87 ¢ � n ­J­�( �ag ­°¯�­ � �i­�®J® � 
ô ­°¯aõ B?j lbjFQ4SJDO�uK32wxFn�B?j�¡�9;K3*>TA2>XZ@E`P0§n9*1jF��*-,1=)2A06.)2A(>[ × Â-¦a· µ ¥ µ º�¹w·kÂwË<¤M¹ µ Äu¼Îºkû\¦a¤?¢e¸;¥ µ Âw¤M¹wº�¹wÐÏ;¹w¼3¦�Âw¥½ºÙË�Ì�¦A¸u¹w¼�¦«û:º½Ã
¹Zùf¦a¼Îº3ÓAÌ�¢;·
·m¹+úAÄ)¢;º»¥§¦a·
n�����Br�:*1j��_&)5�2A(AjPB:=
9;K§j;, �Ñÿ þ � �i­\®J® � 

ô ­ � õ B?j lbj�Q4S;DP�uK62>x�n�ö'j ö42A(+*>03IJ=)9;=)0§[ ¾s¥ µ Âw¤M¹wº«¹}Ï;¹w¼3¦�Âw¥½º»Ë Ì�¦A¸u¹w¼ µ Æ�¥½º½Ã
¦aÄ�º_·k¦a·;£
ÃuË µ ¥§Â+¢;¼�¥½·
ÐÏa¢;¤�¥»¢;·
º µ n&*1j��PG-9WG+03@EGAj
¡�,O��@>j4<-% ÿ ,87 ��� n � ���°g ��(��	�i­\®J®J®�


­°¯�­



­°¯J¯ z�06G+2A(M9aGM&)(ixJ2A(ETA2>03*-,)=)06@
ô ­ � õ B�jÁl?jJQ4SJDO�uK32wx�nP�FjW7>=+9;@+9;=)S�Xs[ ô ÄuÌ�¹w¤w¥§Â+¢;¼ µ ¦a¼ÎÄ�º»¥§¦a· ¦«û4ºøÃ
¹dùf¦a¼Îº�ÓAÌ�¢;·
·�¹+úAÄ1¢;ºÙ¥§¦a·~Ä µ ¥½·uÀ¢�û�Äu¼½¼ÎË�Â-¦a· µ ¹w¤�Ïa¢;º»¥½Ï;¹Y¸;¥ ¿f¹w¤M¹w·kÂ-¹ µ Â-Ã
¹wÌ�¹+ -¢ µ ¹+¸s¦a·/º½Ã
¹�û>¢ µ º�?�¦aÄu¤�¥§¹w¤Yº»¤E¢;· µ û\¦a¤�Ì/nA� (M9;=)@«gV�SJ(EGZ��,12ASJ(i�e�uG-9WG+03@iG\j
¡�,O�u@Aj4�&< ÿ ,87�þ � n ¯!(J® g"� ­�±@�Ù¯;±J±J±�

ô ­ � õ z�juQ4SJKLGMTA5<9;=)=k[BA�¹w¥½º«¹w¤M¹_É�ºÙÄ1¸;¥§¹w·	C5 w¹w¤f¸O¢ µ AeÇ;¤�Ì�¹§À;¼3¹w¥§Â-Ã;Àu¹wÆ�¥§Â-Ãuº�Ä�·
º�¹w¤bÒZ¢ µ Ì�¦a¼3¹ ¶ CuÐ¼3¹w·
n��u06GMT>&)=)IJ@EDF2>(+06*-,PG+2�.12A(ZB'`a9;.)2>5<062f.)2>(Z��06@+@E2A=)@E*-,
9 h GM2>= ¢<¢ n ¯ ���°g"��� ±	�«­�( � ¯�

ô ­��Wõ ] j�QdSJ&)*-,P&1G\n�z�j�%'2>@Exu03K6K32wG+GM2>@A[ × £�¤M¦�¦«û?¦a·cºøÃ
¹ µ Ì�¦�¦aº½Ãu¥½·uÀr£�¤M¦-£
¹w¤�º»¥§¹ µ ¦«ûsºøÃ
¹�£
¦ µ ¥½º»¥½Ï;¹£1¢;¤�º�¦«ûfùf¦a¼Îº�ÓAÌ�¢;·
·-D µ:¶ ¹w¤�·k¹w¼În
7_2wx�j��m9WG\j
��D�2A(ESO9;5�2A(E03*\9W=
9 ��� ÿ���� n � �°g �1­'�«­�®J®�(�
ô ­ � õ ö'juö�9;=P&1G+S)n���jFE/jP�:&1@+@M9W03=)0ÙnJB?j;Gf&
9;(iGM2>(+SJ=)0ÙnJ�rjÁB?juo�9;=)I1[1ÉJ£
¹-ÂwºÙ¤E¢;¼ 0 ¹wºøÃ
¦A¸ µ ¥½·H?R¼ÎÄu¥»¸¾sËa·�¢;Ì/¥§Â µ n���V1(+03=1IJ2A(>n
�:2wXIEYSJ(E` �i­�®!(�(�

ô ­�(Wõ �rj_ö�9;(EK32>5�9;=k[_É�Äu¤v¼L¢	º½Ã�J-¦a¤�¥§¹�¸u¹m¼KDFJ+úAÄ)¢;º»¥§¦a· ¥½·
º"J§À;¤M¦A¸;¥ ¿f¹w¤M¹w·
ºÙ¥§¹w¼½¼3¹v¸u¹mù'¦a¼Îº�ÓAÌ�¢;·
·
nB�*wG-9<�m9WGM,kj ¢&L n&� �;® g � ¯ � �i­�® � ¯�

ô ­�®Wõ ö'j;ö42A(E*A03I;=
9;=)0Ù[ � Ã
¹Yù'¦a¼Îº�ÓAÌ�¢;·
·�¹+úAÄ1¢;ºÙ¥§¦a·�¢;·�¸f¥½º µ ¢w£O£�¼Î¥§Â+¢;º»¥§¦a· µ na��V)(+06=)IJ2>(An°�:2wXMEYSJ(+`

�«­�®�(�(�

ô ¯;±Wõ ö'j�ö42A(E*A06IJ=
9;=)0ÙnO7sjJ��K3K6=)2A(>nP��jP¡�&)K6xu06(+2A=OG+0§[ � Ã
¹_Ì�¢;º½Ã
¹wÌ�¢;ºÙ¥§Â+¢;¼1ºøÃ
¹-¦a¤�Ë�¦«û:¸;¥½¼ÎÄuº�¹�ÀO¢ µ ¹ µ n��V1(+03=1IJ2A(>n
�:2wXNEYSJ(+` �i­�®J® � 

ô ¯�­Aõ ö'jFö42A(E*A06IJ=
9;=)0Ù[kÚ�¢;¤-¹O#�¹+¸vÒZ¢ µ ¾sËa·�¢;Ì/¥§Â µ ÐP?k¤-¦aÌQ -¢ µ ¥§Â/Â-¦a·kÂ-¹�£�º µ º�¦�¢uÂwº»Ä1¢;¼�Â+¢;¼3ÂwÄu¼L¢;Ðº»¥§¦a· µ n�ö�9;5bD)(E03.)I;2rN:=)0LxJ2>(+@+0LG��q¡�(+2>@+@Ankö�9;5bD1(+03.1IJ2 �§¯W±J±J±�
ô ¯J¯aõ 7sj %'0�¡ 2A(+=)91nH¡ j g�z�j�z�06SJ=)@>[:÷�·�º½Ã
¹ ¤ ¢;Ä�Â-ÃuË/£�¤M¦! A¼3¹wÌ û\¦a¤<º½Ã
¹/ùf¦a¼Îº3ÓAÌ�¢;·
·�¹+úAÄ)¢;º»¥§¦a· �Ò�¼3¦! -¢;¼H¹EýJ¥ µ º�¹w·kÂ-¹�¢;·�¸<Æ4¹+¢ ¶bµ º§¢� A¥½¼Î¥½º»ËWn
B:=)=�j
S h �m9WG+,�j � , L ÿ � � n�� ­�¯ g�� �!�@�i­�®!(J®�
ô ¯ � õ 7sjO%'&).1&)*-,
9\xW91n��FjO7�=+9;@M9;=1S°Xs[ 0 ¢w£O£�¥½·uÀZ£�¤M¦-£
¹w¤�º»¥§¹ µ ¦«ûZºøÃ
¹4ùf¦a¼Îº�ÓAÌ�¢;·
· Â-¦a¼½¼Î¥ µ ¥§¦a· ¦-£
¹wÐ¤E¢;º�¦a¤wnO2>(+@E*-,)2A06=PGY06=/��=PG+2AIJ(>jP�SRu&kju�rV�2A(>jO��,)2AS;(E�JnP¡�(E2AV)(E03=OG+,&��nJN:=)0LxJ2A(E@+0LG-�WGR.)2>@d�19J9;(«gK39;=).)2>@An�T;UVUVW�X�YVY[Z;ZVZP\^]�_�U�T�\1`Va-bVc�d�e�\"f8g8Y)W5h8giW8h4b$a;UP\jT;U�]4k �§¯;±;±1­)

ô ¯ � õ z�jY%'2A@ixu03K3K62>GEGM2A@>[�É�¦aÌ�¹ × £O£�¼Î¥§Â+¢;ºÙ¥§¦a· µ ¦«û~ºøÃ
¹ 0 ¹wºøÃ
¦A¸	¦«û 0 ¦aÌ�¹w·
º µ û\¦a¤qºøÃ
¹@l�¦aÌ�¦aÐÀu¹w·k¹-¦aÄ µ ùf¦a¼Îº3ÓAÌ�¢;·
·�¢;·�¸�m?¢uÂ ´ úAÄ1¢;ºÙ¥§¦a· µ n�B:(+*-,�j�7:9aG\j��e2>*-,�j B'=
9;KÙj � �
,�nn� ( �°g � ±;±�«­�®J® � 

ô ¯ � õ �rjO��K65<(ES;GM,�[�Ò�¼3¦! -¢;¼5 w¦aÄ�·�¸u¹+¸;·k¹ µ-µ ¦«û�Ì�¦aÌ�¹w·
º µ ¦«û µ ¦a¼ÎÄuº»¥§¦a· µ ¦«û�º½Ã
¹4ùf¦a¼Îº3ÓAÌ�¢;·
· ¹+úAÄ1¢;Ðº»¥§¦a·bû\¦a¤�û\¦a¤-Â-¹ µ Æ�¥½ºøÃq¥½·$#R·
¥½º�¹�¤E¢;·uÀu¹wn1B:(+*-,�j�7_9WG\j�� 2A*-,�j�B'=)9;K§j&6&��n ­ g ­°¯@�i­�®!( � 
ô ¯!�Wõ 7sj ��j���.1X49;(+.1@A[9?�Äu·kÂwºÙ¥§¦a·�¢;¼ × ·�¢;¼ÎË µ ¥ µ ��� Ã
¹-¦a¤wË�¢;·�¸ × £O£�¼Î¥§Â+¢;ºÙ¥§¦a· µ n)%'S�xJ2A('¡�&)D)K306*\9WG+0LgSJ=1@An��:2wXNEYSJ(E` �i­\®J® � 

ô ¯ � õ ��j �s(+9;.�[�÷�·�º½Ã
¹ ¶ ¥½·k¹wº»¥§Â}º½Ã
¹-¦a¤wËv¦«û/¤E¢;¤M¹O#�¹+¸~ÀO¢ µ ¹ µ n�ö4S;5<5 j�¡�&)(E2�B:V)V)KÙj��m9WG+,�jo��n��� ­ g � ± � �i­�® � ®�

ô ¯!(Wõ ��jP�s(+9;.�[8�d¤�¥½·kÂw¥ £�¼3¹ µ ¦«û�º½Ã
¹ ¶ ¥½·k¹wº»¥§ÂZºøÃ
¹-¦a¤�Ë/¦«ûdÀO¢ µ ¹ µ n ] K ^ IJIJ2>@��'9W=).)D)&)*-,�.)2>(d¡�,O�u@+06`p@q�qan���V)(E03=)I;2A(An ¯;± �°g ¯;® � �i­\® � (�




z�0LGM2>(M9WG+&)(Ex;2A(+T>2A06*-,)=)03@ ­°¯ �
ô ¯;®Wõ �rju�s&1@EG-9 h @+@+S;=�[

Lp
Ð+¹ µ º»¥½Ì�¢;º�¹ µ û\¦a¤_º½Ã
¹:·k¦a·
¼Î¥½·k¹+¢;¤ µ £1¢;ºÙ¥»¢;¼½¼ÎËrÃ
¦aÌ�¦+Àu¹w·k¹-¦aÄ µ ùf¦a¼Îº3ÓAÌ�¢;·
·¹+úAÄ)¢;º»¥§¦a·
n)B:(+*-,�j�7_9WG\j�� 2A*-,�j�B'=)9;K§j&<&��n ¯ �°g���� �«­�®�(���


ô � ±Wõ �rjd�s&)@iG-9 h @E@+SJ=k[�Ò�¼3¦! -¢;¼
Lp
Ð3£�¤M¦-£
¹w¤�º»¥§¹ µ û\¦a¤�ºøÃ
¹ µ £1¢;º»¥»¢;¼½¼ÎËvÃ
¦aÌ�¦+Àu¹w·k¹-¦aÄ µ ùf¦a¼Îº3ÓAÌ�¢;·
·¹+úAÄ)¢;º»¥§¦a·
n)B:(+*-,�j�7_9WG\j�� 2A*-,�j�B'=)9;K§j � L ,�n ­ g"� (��i­�®�(!(�


ô � ­Aõ �-jJ��D)(+9;IJ035�S�x�nJ�FjJ7>=+9;@+9;=)S�Xs[ ô Ä�Ì�¹w¤�¥§Â+¢;¼ µ ¦a¼ÎÄuºÙ¥§¦a· ¦«û�ºøÃ
¹�ù'¦a¼Îº�ÓAÌ�¢;·
·q¹+úAÄ)¢;º»¥§¦a·e¦a·~º½Ã
¹Ä�·
¥ û\¦a¤�ÌîÀ;¤�¥»¸;n�ö4S;5<V)&�GM03=1I ¢ < ÿ � � n ­�� �°g ­�(��	�Ù¯;±J±O¯!

ô � ¯aõ ¡�j z�j)z�03SJ=1@A[ ¤ ¦aÌ'£1¢uÂwºÙ·k¹ µ-µ ¥½· ù'¦a¼Îº�ÓAÌ�¢;·
·-D µ ¹+úAÄ1¢;ºÙ¥§¦a· Ï�¥»¢r? ¦aÄ�¤�¥§¹w¤:¥½·
º«¹§À;¤E¢;¼�¦-£
¹w¤+¢;º�¦a¤ µ¢;·�¸~¢w£O£�¼Î¥§Â+¢;º»¥§¦a· µ õ n&*1j
�m9WGM,kj�Ur�;S;GMS<N:=106x�j&, ��ÿ � � n�� ®1­ g � ¯ � �i­\®J® � 
ô ��� õ/s jRz�&�[ × ¸;¥½¤M¹-Âwº�Ì�¹wº½Ã
¦A¸}û\¦a¤qº½Ã
¹q¤M¹§À;Ä�¼L¢;¤�¥½º»ËÑ¦«û�º½Ã
¹�ÀO¢;¥½·�º�¹w¤�Ì ¥½·�º½Ã
¹~ùf¦a¼Îº3ÓAÌ�¢;·
·¹+úAÄ)¢;º»¥§¦a·
n&*1j��m9aGM,�j
B:=
9;K§j�B'V)V1K§j
�&�&, ÿ � � n � ±J® g � ��� �i­\®J®�(�

ô � � õ/s j
z�&�n1Q'j1��2A=)=PD�2A(EI)[�É�¦a¼ÎÄ�º»¥§¦a· µ Æ�¥½º½Ãq¥½·kÂw¤M¹+¢ µ ¥½·uÀ�¹w·k¹w¤§À;Ë�û\¦a¤rº½Ã
¹ µ £1¢;º»¥»¢;¼½¼ÎË?Ã
¦aÌ�¦+Àu¹wÐ·k¹-¦aÄ µ ùf¦a¼Îº3ÓAÌ�¢;·
·m¹+úAÄ1¢;ºÙ¥§¦a·
nP�_SJ=)K§jOB:=
9;KÙjO7_2A9;K
�tS;(+K3.}B:V)V)K§j8, ÿ � � n ¯ � �ag ¯ � ('�§¯W±J±O¯�
ô ��� õ 7�j ��j��m9;(EG+03=�[ ô ¦a·
¼Î¥½·k¹+¢;¤�¦-£
¹w¤+¢;º�¦a¤ µ ¢;·�¸e¸;¥ ¿f¹w¤-¹w·
º»¥»¢;¼Y¹+úAÄ1¢;º»¥§¦a· µ ¥½·�ù:¢;·�¢uÂ-Ã µ £1¢uÂ-¹ µ n��03K62>�Jn)�:2>XtEYSJ(+` �i­�® � ��

ô � �Wõ *1j��m9a�uXd2AK6K§[�÷�·vº½Ã
¹�¸;Ëa·�¢;Ì/¥§Â+¢;¼kº½Ã
¹-¦a¤�Ë�¦«ûZÀO¢ µ ¹ µ n)¡�,)03K6SJ@Aj���(+9;=)@>j�7_S��Jj
��S�*Wj
z�SJ=).)S;=��2A(>j
B � þ4%Fn � ® g (�(	�«­�(�� � 

ô ��� õ lbjY�m9WT!u �O91[ × £O£�¤M¦>ýJ¥½Ì�¢;º�¹e¢w£O£�¤M¦>ýJ¥½Ì�¢;ºÙ¥§¦a· µ n���,)2 5�9WG+,)2A5<9WG+03*A@/S hwv =)0LGM2q2AK62A5�2A=OGM@9;=).e9;V)V)K603*A9WGM06SJ=)@AnP��03K62>�;n�ö4,)03*-,12A@EG+2A(>n-�!��x ­�± � �«­�®J® � 

ô � (Wõ lbja�m9WT!u �O91n;�}j���*-,)5�03.1GA[�÷�·�¢w£O£�¤M¦>ýJ¥½Ì�¢;º�¹4¢w£O£�¤M¦>ýJ¥½Ì�¢;ºÙ¥§¦a· µ Ä µ ¥½·uÀ/ÒZ¢;Ä µ-µ ¥»¢;· ¶ ¹w¤�·k¹w¼ µ n�i�eBy*1j��:&)5�2A(>j)B'=)9;K§j � ¢ ÿ���� n ­ �ag ¯;®	�i­\®J®���

ô � ®Wõ ��j
*1j��e*���,)9;=)2;[ õ ·
º«¹§À;¤E¢;º»¥§¦a·
n)¡�(+06=)*A2wGMSJ=eN:=)0LxJ2>(+@EG+06�q¡�(E2A@+@>n�¡R(E03=)*>2>G+SJ= �«­�® � � 
ô�� ±Wõ *1j��e03`P&)@E03=)@E`P0 � Ã
¹fùf¦�Â-Ãu·k¹w¤ õ ·
º�¹§À;¤E¢;¼În
Q406(+`P,
�;&)@E2A(>n�Q�9;@+2>K �i­�® � (�
ô�� ­Aõ �Fj��e03@E*-,)K32>(An Q'j���2A=)=PD�2A(EI)['÷�·�º½Ã
¹ µ £1¢;º»¥»¢;¼½¼ÎËqÃ
¦aÌ�¦+Àu¹w·k¹-¦aÄ µ ùf¦a¼Îº3ÓAÌ�¢;·
·{¹+úAÄ1¢;ºÙ¥§¦a·
nB'=)=kj
��=)@EGAj���j�¡�S;03=)*A9;(KzsB'=)9;K§j1�:SJ=�j�z�06=5z\9;06(+2 � ¢ ÿ��9� n � � ��g�� ±1­'�«­�®J®J®�

ô�� ¯aõ ö'j��eS;&),)S;GAnCö'j lf03K6K�9;=10§[�ÚZ¹§À;Äu¼L¢;¤w¥½º»Ëvº½Ã
¹-¦a¤�Ë?û\¦a¤�º½Ã
¹ µ £1¢;º»¥»¢;¼½¼ÎË Ã
¦aÌ�¦+Àu¹w·k¹-¦aÄ µ ùf¦a¼Îº3ÓAÐÌ�¢;·
·�¹+úAÄ1¢;ºÙ¥§¦a·vÆ�¥½º½ÃcÂwÄuºÙÐ+¦«¿Zn)B:(+*-,�j�7_9WG\j
�e2A*-,�j�B:=
9;K§j � %5, ÿ � � n ­��J® g ¯�­°¯@�Ù¯;±J± � 

ô�� � õ z�jR¡H9;(E2A@+*-,10§nYQ'jR¡�2>(EG+,
9;5�2;[ × ? ¦aÄu¤w¥§¹w¤ µ £
¹-Âwº»¤E¢;¼�Ì�¹wº½Ã
¦A¸}û\¦a¤~Ã
¦aÌ�¦+Àu¹w·k¹-¦aÄ µ ùf¦a¼Îº3ÓAÐÌ�¢;·
·�¹+úAÄ1¢;ºÙ¥§¦a· µ n)� (M9W=)@+V�SJ(EG_��,)2>SJ(E�q�uG-9WG+03@iG\j
¡�,O�u@Aj4��þ ÿ ,87�þ � n5� �J® g"� (O¯@�i­\®J®���
ô���� õ z�j�¡H9W(+2A@E*-,)0§n �/j�7Z&)@E@+S)[ ô ÄuÌ�¹w¤w¥§Â+¢;¼ µ ¦a¼ÎÄ�º»¥§¦a·	¦«û?ºøÃ
¹�ùf¦a¼Îº3ÓAÌ�¢;·
·Ñ¹+úAÄ1¢;ºÙ¥§¦a·�Ô õ Ô�ÉJ£
¹-ÂwÐºÙ¤E¢;¼½¼ÎËy¢uÂ-ÂwÄu¤E¢;º«¹~¢w£O£�¤M¦>ýJ¥½Ì�¢;º»¥§¦a·�¦«û<º½Ã
¹ Â-¦a¼½¼Î¥ µ ¥§¦a·�¦-£
¹w¤+¢;º�¦a¤�����Bf� *1jH�_&)5<2>(Aj B'=
9WK§j

,4% ÿ���� n ­�¯�­ �°g ­°¯ � � �Ù¯;±J±J±�

ô�� � õ z�j)¡H9W(+2A@E*-,)0§n��/j�7_&)@E@+S)[C÷�·vºøÃ
¹ µ º ¢� A¥½¼Î¥½º»Ë~¦«û µ £
¹-Âwº»¤E¢;¼�Ì�¹wºøÃ
¦A¸ µ û\¦a¤rº½Ã
¹fÃ
¦aÌ�¦+Àu¹w·k¹-¦aÄ µùf¦a¼Îº3ÓAÌ�¢;·
·y¹+úAÄ1¢;ºÙ¥§¦a·
nu� (M9;=)@EVFS;(EG���,)2>SJ(E���uG-9aGM03@iG\j�¡�,P�u@>j
�
< ÿ ,87-þ � n � � ­ g ��� � �§¯W±J±J±�




­°¯ � z�06G+2A(M9aGM&)(ixJ2A(ETA2>03*-,)=)06@
ô�� �Wõ B�j�*J91ja¡ S°xuT>=)2A(>[ ×  w¦aÄuº�ºøÃ
¹Yùf¦a¼Îº3ÓAÌ�¢;·
·�¹+úAÄ1¢;º»¥§¦a·<¥½· ¶ ¥½·k¹wºÙ¥§Â�ÀO¢ µ ºøÃ
¹-¦a¤�Ëan;�e9WGM,�j;�)�)��7��D�SJ(E=)03`�n�þ&6�n � �°g (��	�i­�®!�O¯�

ô�� � õ B�jZ¡R&1K6xu03(E2A=OGM0Ùn�Q'j���2A=)=PD�2A(+I1[ × 0 ¢\ýJÆ4¹w¼½¼Î¥»¢;· ¼3¦aÆ4¹w¤{ w¦aÄu·�¸ û\¦a¤ µ ¦a¼ÎÄuºÙ¥§¦a· µ º«¦�ºøÃ
¹ùf¦a¼Îº3ÓAÌ�¢;·
·�¹+úAÄ1¢;ºÙ¥§¦a·
n
ö4SJ5<5 j
�e9WGM,�j�¡�,O�u@Aj � 6&� ÿ���� n ­ � �°g ­��;±@�i­�®;® � 

ô�� (Wõ ö'j�7Z03=)IJ,1S h 2A(>[?ÉJ£1¢uÂ-¹wÐ�ºÙ¥½Ì�¹�¸;¥ µ Âw¤M¹wºÙ¥LÓ�¢;º»¥§¦a·È¦«û µ ¹w¤w¥§¹ µ ¹Eý>£1¢;· µ ¥§¦a·�Ì�¹wº½Ã
¦A¸ µ û\¦a¤tºøÃ
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