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Abstract

In this thesis we define a framework for the specification of dynamic behavior of software
systems. This framework is motivated by the state as algebra approach and the model-
oriented language Z. From the state as algebra approach we use the idea of modeling the
environment and the state components as structures of an institution. However, in contrast
to the state as algebra approach, states in our framework are modeled by structures from any
suitable institution not only those having algebras as their structures. From Z we use the
idea that environment, state spaces, and relations between state spaces are specified using
the same logic, and how more complex relations can be constructed from simpler ones by
means of the schema calculus. However, we differ from Z in that our framework can be
instantiated by different institutions while the approach of Z can only work because of the
particular logical system used by Z.

Zusammenfassung

In dieser Arbeit schlagen wir einen Ansatz zur Spezifikation des Verhaltens von Software-
systemen vor. Dieser Ansatz ist motiviert durch Spezifikationssprachen, die den Zustand
von Softwaresystemen als Algebren modellieren, und durch die modellorientierte Spezifika-
tionssprache Z. Von der ersten Gruppe von Spezifikationssprachen iibernehmen wird das
Konzept den Zustand als Struktur einer Logik zu modellieren; allerdings ist unser Ansatz
nicht auf Logiken beschriankt, deren Strukturen Algebren sind. Von Z {ibernehmen wir die
Idee Zustandsrdume und Zustandsiiberginge mit derselben Logik zu spezifizieren, und die
Art und Weise wie aus einfachen Zustandsrdumen und Zustandsiibergéngen komplexere Zu-
standsrdume und Zustandsiiberginge konstruiert werden konnen. Im Gegensatz zu Z kénnen
wir eine beliebige Logik verwenden, wiahrend der Ansatz von Z nur funktioniert weil eine ganz
spezielle Logik verwendet wird.






Extended Abstract

In this thesis we study relations between abstract datatypes. Relations between abstract
datatypes can be used to specify the dynamic behavior of software systems. An abstract
datatype, a pair consisting of a signature and a class of structures over that signature, defines
the state-space of a software system, and relations between abstract datatypes define how
the state of a software system changes.

Our approach is connected to the state as algebra approach, where the state of a software
system is modeled by an algebra, for example, [33, 4, 22, 29, 59, 20, 16, 23]. However, in a
similar way as Goguen and Burstall [13] used the notion of institution to define the semantics
of the specification language Clear independent from a particular logical system, we use
institutions to study relations between abstract datatypes from an arbitrary institution, not
only those consisting of a many-sorted signature > and a class of Y.-algebras as in the state-
as-algebra approach. For example, we define the institution S€7 that models the logical
system of the model-oriented specification language Z [56], which is based on set-theory.
But not only institutions for existing logical systems may be used, one is free to define ones
own institution whose structures model in a more appropriate way the states of the class of
software systems one is dealing with.

Our approach is also similar to the way the dynamic behavior of software systems is specified
in Z. However, Z’s method depends on the particular logical systems used by Z. In this thesis
we show a way to uncouple Z’s method from the underlying logical system. This yields
a specification method which is in many aspects similar to Z’s method, but can be used
with any suitable logical system, including the logical systems used for the state as algebra
approach, as well as the logical system used by Z.

The method we use in this thesis is to model relations between abstract datatypes again as
abstract datatypes. To this end we define the institution Rz which is based on a suitable
institution Z. Then relations between abstract datatypes from Z are modeled by abstract
datatypes from Rz. This has the advantage that a lot of results from the institution inde-
pendent theory of abstract datatypes can be reused for the specification of relations. For
example, we use the operations defined by Sannella and Tarlecki [50] as the basis for the
specification language RSLz used to specify relations. We show also how to reuse the proof
calculus for proving properties of abstract datatypes and entailment of abstract datatypes,
for example, from Wirising [61], to prove properties of relations and entailment of relations.

The results of this thesis can be used in two ways to specify the dynamic behavior of software
systems. First, RSLz can be used as the basis for a more practical specification language.
However, new tools have to be designed and implemented for that language. Another way is
to use the translation G* of abstract datatypes in Rz, that is relations, to abstract datatypes



()

in Z, which has the property that it preserves entailment. Then one can reuse any specifica-
tion language having as semantics abstract datatypes in Z together with its tools to specify
relations. This yields a specification style similar to that used by Z.



Ausfiithrliche Zusammenfassung

Das Ziel dieser Arbeit ist das Studium von Relationen zwischen abstrakten Datentypen.
Relationen zwischen abstrakten Datentypen werden verwendet um das dynamische Ver-
halten von Softwaresystemen zu spezifizieren. Dabei definieren abstrakte Datentypen, die
aus einer Signatur und einer Klassen von Strukturen iiber diese Signatur bestehen, Zu-
standsrdume von Softwaresystemen und Relationen zwischen abstrakten Datentypen deren
Zustandsiiberginge.

Unser Ansatz ist vergleichbar mit den Spezifikationssprachen, die den Zustand eines Soft-
waresystems als Algebra modellieren, zum Beispiel [33, 4, 22, 29, 59, 20, 16, 23]. Wir ver-
allgemeinern den Ansatz dieser Spezifikationssprachen und erlauben es den Zustand eines
Softwaresystems als eine Struktur bzgl. einer beliebigen Institution Z zu modellieren. Zum
Beispiel kann man die, in dieser Arbeit definierte, Institution SE7T verwenden, die die Lo-
gik der modellorientierten Spezifikationssprache Z [56] reprisentiert und auf Mengentheorie
basiert. Es ist aber auch méglich eigene Institutionen zu definieren, deren Strukturen die
Zustiande von Klassen von Softwaresystemen besser modellieren als die Strukturen von Insti-
tutionen, die eine existierende Logik reprisentieren.

Aus einer dhnlichen Motivation heraus haben Goguen und Burstall [13] den Begriff der In-
stitution entwickelt um die Semantik der Spezifikationssprache Clear unabhéngig von einer
speziellen Logik zu formulieren.

Unser Ansatz ist &hnlich der Methode, die in Z verwendet wird um das Verhalten dynamischer
Systeme zu sperzifizieren. Allerdings hingt die Methode von Z von der speziellen Logik ab
die Z verwendet. Ein Resultat dieser Arbeit ist die Trennung dieser Methode von der Logik,
die Z verwendet. Das Ergebnis ist eine Spezifikationsmethode, die in vielen Aspekten der
von Z entspricht, aber nicht von der Logik von Z abhéingt. So ist es zum Beispiel méglich
Varianten von Gleichungslogik zu verwenden, aber auch wieder die Logik von Z.

In unserem Ansatz modellieren wir Relation zwischen abstrakten Datentypen wieder als
abstrakte Datentypen. Zu diesem Zweck definieren wir eine Institution Rz basierend auf
einer geeigneten Institution Z, deren abstrakte Datentypen Relationen zwischen abstrakten
Datentypen von Z représentieren. Dieses Vorgehen hat den Vorteil, dafl die Theorie der
abstrakten Datentypen, die unabhéngig von einer speziellen Institution ist, auf Relationen
zwischen abstrakten Datentypen angewandt werden kann. Zum Beispiel liefern die Operation
auf abstrakten Datentypen, wie sie bei Sannella und Tarlecki [50] definiert sind, die Basis
fiir eine rudimentére Spezifikationssprache RSLz zur Spezifikation von Relationen und wir
zeigen wie man Inferenzsysteme, die es erlauben Eigenschaften von abstrakten Datentypen
abzuleiten (zum Beispiel Wirsing [61]), anwenden kann um Eigenschaften von Relationen
abzuleiten.



Die Resultate dieser Arbeit lassen sich in zweifacher Hinsicht zur Spezifikation des dyna-
mischen Verhaltens von Softwaresystemen verwenden. Erstens kann man RSLz; als Basis
einer praktischeren Spezifikationssprache verwenden. Der Nachteil dieser Methode ist, dafl
neue Werkzeuge fiir diese Spezifikationssprache entwickelt und implementiert werden miissen.
Einen zweiten Weg liefert die Ubersetzung G#, die abstrakte Datentypen in Ry — also
Relationen — in abstrakte Datentypen der Institution Z iibersetzt. Damit kann man jede
Spezifikationssprache mit ihren Werkzeugen wiederverwenden, deren Semantik abstrakte Da-
tentypen in 7 sind. Als Ergebnis erhélt man einen Stil zur Spezifikation von dynamischen
Verhalten, der dem von Z entspricht.
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1 Introduction

It is well recognized that at least some, if not all, aspects of a software system should be
formally specified. Among these aspects are the functional requirements and the dynamic
behavior of a software system. A specification of the functional requirements is concerned
with the data of a software system and how this data is transformed by functions. Usually
property-oriented, also known as axiomatic or algebraic, specification languages are used
for functional requirement specifications. When writing property-oriented specifications, one
first defines the sorts and functions involved; then, their properties are defined by using
equations or, more generally, first-order formulas. Examples of property-oriented specification
languages are Clear [13], the Larch Shared Language [34], ASL [3], OBJ [28], Obscure [41],
ACT [15], and CASL [45].

A specification of the dynamic behavior of a software system is concerned with the changes of
the behavior of that system after performing some operations. This means that the system
may react differently on the same operation depending on the operations that have been
performed in the meantime. An example is the top operation of stacks which returns the
top-most element of a stack. The result of two successive top operations yields different
elements if a pop operation which removes the top-most element of a stack is performed in
between the top operations. This leads to the notion of state of a software system which is an
abstraction of the history of a software system. Model-oriented specification languages are
often used for dynamic behavior specifications. When writing model-oriented specifications
one first constructs an abstract model of the state of the software system and then defines
for each operation the effect of this operation on the state. Examples of model-oriented
specification languages are Z [56], VDM [40], and B [1].

In general, functional requirement specifications precede dynamic behavior specifications in
the software engineering process, in particular, if the target programming language is imper-
ative or object-oriented. The dynamic behavior specification can be seen as a refinement of
the functional requirement specifications. Take for example a functional requirement speci-
fication of the union operation of sets. Given two sets, the result of the union operation is a
set that contains as its only elements all the elements of the argument sets. A dynamic be-
havior specification specifies in addition whether a new set is created for the result while the
arguments remain unchanged, or if the elements of the second set are added to the elements
of the first set and thus change the first set.

However, a functional requirement specification need not be followed by a dynamic behav-
ior specification if, for example, the target programming language is a functional language.
Similarly, one may omit the functional requirement specification and directly start with a
dynamic behavior specification if its style is more appropriate to the software system that is
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to be specified, for example a database system.

In the two-tiered approach of Larch [34] functional requirement specifications and dynamic
behavior specifications are combined. The datatypes which are used to model the states are
given as functional requirement specifications. For this the Larch Shared Language is used
which is a specification language based on many-sorted total algebras and equational logic
with constraints. For each target programming language there exist different Larch Interface
Languages for the specifications of the dynamic behavior of the functions, procedures, or
methods of that programming language.

A problem with the two-tiered approach of Larch is that for each programming language the
state is modeled in a different way. This is in contrast to the state as algebra approaches
where not only the used datatypes are defined by algebras, but also the states. This has
the advantage that the datatypes used by the components of the state as well as the set of
admissible states of a software system can be specified by the same specification language.

There are quite a few specification languages and methods using the state as algebra ap-
proach, for example, Gurevich’s Abstract State Machines [33], also known as evolving al-
gebras, d-oids by Astesiano and Zucca [4], COLD-K by Feijs and Jonkers [22], transition
categories by Grofie-Rhode [29], equational dynamic logic by Wieringa [59], an informal pro-
posal to dynamic algebras by Ehrig and Orjeas [20], the implicit state approach by Dauchy
and Gaudel [16], and the proposal by Ganzinger to model the semantics of programs by
transformation of algebraic theories [23].

In this thesis we abstract away from the use of algebras to model states; instead, we use
structures from any suitable institution. Goguen and Burstall [13] introduced the notion
of institution to define the semantics of the specification language Clear independent from
a logical system. In a similar way we use institutions to define a framework for dynamic
behavior specifications which can be instantiated, for example, with states modeled as many-
sorted total algebras, many-sorted partial algebras, order-sorted algebras, and first-order
structures. In addition, we define two new institutions which can be used to model states.
The institution LSL£ models the logical system of the Larch Shared Language, and the
institution SET models the logical system of the model-oriented specification language Z.

Given a specification language whose semantics are abstract datatypes, that is pairs consist-
ing of a signature and a class of algebras over that signature, then a specification in that
specification language defines the state space of a software system. Operations that modify
the state of a software system are relations between abstract datatypes or, more precisely,
relations between the classes of algebras given by abstract datatypes.

In this thesis we concentrate on the specification of state transformations, that is we study
relations between abstract datatypes. We provide a set of basic operations to construct
complex relations from simpler ones. These operations are parallel composition, extending
the domain of a relation by adding new state components, and restricting a relation by hiding
state components. Other operations, like sequential composition, can be defined in terms of
these basic operations.
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Another way to define state transitions relates the state components before and after a state
transformation using formulas. Our approach is based on the observation that we can use the
same kind of formulas that were used to define the components of the environment and the set
of admissible states to relate the state components before and after a state transformation.
These formulas depend on the logical system we use for the states; however, they do not
depend on a particular logical system, like equational logic or first-order logic.

We also provide an inference system for proving properties from relations. This inference
system is based on an inference system for the institution used to model the states. This
allows us to reuse theorem provers for the base institution, if existent, to prove properties of
relations.

This work is strongly influenced by the model-oriented specification language Z [56, 57]. In
7 states are modeled as elements of schema-type, state spaces as schemata which are sets of
elements of schema-type, and operations (relations between state-spaces) again as schemata.
The schema-calculus allows to construct complex state spaces and operations from simpler
state spaces and operations. Since state spaces and operations are schemata, and schemata
are objects in the logical system underlying Z, proving properties of states and proving
operations are done using the same inference system.

However, the fact that schemata are objects of the logical-system of Z implies that the method
used by Z for the specification of state-based software systems depends on the particular
logical system of Z and thus cannot be applied directly to the state as algebra approach.

In this thesis we present a way to uncouple Z’s method for the specification of state based
systems from the logical system used by Z. This is based on the close relationship between
schemata and abstract datatypes already observed by Spivey [56]. This yields a specification
method which is in many aspects similar to Z’s method, but can be used with any suitable
logical system, including the logical systems used for the state as algebra approach.

1.1 Relations between Abstract Datatypes

As an example of a relation between abstract datatypes consider a simple counter with an
increment operation. The state space of the counter is modeled as a class of ¥-algebras
M where Y is a many-sorted signature with one sort Nat, an operation succ from Nat to
Nat, and constants zero and c of sort Nat; and M has the following properties: For each
algebra A in M A(Nat) is the set of natural numbers N, A(c) is an arbitrary natural number,
A(zero) = 0,and A(succ)(n) =n + 1 for each natural number n.

The relation Inc C Mg X M is defined as all pairs (A, B) such that B(c) = A(c) + 1. Note
that, because of the way M is defined, A(Nat) is the same as B(Nat), A(succ) the same as
B(succ), and B(zero) is the same as A(zero). Thus Inc defines an operation incrementing
the constant ¢ while leaving the interpretation of Nat, succ, and zero unchanged.

The advantage of viewing a class of -algebras M as an abstract datatype (X, M) is the
possibility to use a specification language that has abstract datatypes as the semantics of
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their specifications to define the domain of relations. For example, the abstract datatype
(3¢, M¢) is given by the following specification using a syntax adopted from the Larch
Shared Language:!

Counter : trait
introduces
succ: Nat

zero: Nat

c: Nat
asserts
Nat generated freely by succ, zero

Now consider the following PASCAL program:?

program example;
var c: natural;
procedure increment;
begin
c :=c¢c + 1;
end;
begin
c := 10;
increment;
end.

Its state can be viewed as a Y-algebra where Y- contains as sorts the PASCAL types —
in this case natural — and for each variable x of type T a constant x of sort 7', which
in this example is ¢. Then we can view the semantics of a PASCAL procedure as a relation
between abstract datatypes. This makes it possible, for example, to check whether the
PASCAL procedure increment implements the relation Inc defined above.

However, for specification purposes we do not want to limit ourselves to those algebras
that model states of PASCAL programs. Instead, we want to use more problem oriented
descriptions of the state space, and only after a process of data-refinement reach algebras
that model states of PASCAL programs to show that a certain PASCAL program implements
its specification.

Thus, we are not limited to the use of constants as state components in the state as algebra
approach. For example, we can define the state of a dictionary by an algebra over a signature
that has sorts bool, F for the elements of the dictionary, K for the keys of the dictionary, and
functions map from K to E and dom from K to bool. The intention is that the function map
records the associations between keys and values, but since map is a total function, we need
the function dom which tells us for each key if the key/value pair is valid. Now an operation

!'Note that it is not completely true that (¥, M¢) is the semantics of the given specification since for an
algebra A in Mo, A(Nat) is the same as N while for an algebra B satisfying the LSL-specification we can only
ensure that B(Nat) is isomorphic to N. However, as we will see in later chapters, this poses no problems.

2For the purpose of this introduction we assume that PASCAL has a datatype natural for the natural
numbers.
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Update(k, e), adding an association (k,e) to the dictionary, changes the value of map such
that map (k') is e if k' = k and is the old value of map (k') if k£ # k’. Similarly, dom is changed
such that dom(k') yields true if &' = k and returns the old value of dom(k') otherwise.

The theory presented in this thesis is largely independent from the underlying logical systems
used to model the states. To make this precise, we use the notion of an institution. The idea
of an institution Z is to abstract away from the notion of many-sorted signatures, algebras,
equations, and satisfaction to an arbitrary class of signatures such that each signature X
has associated a class of Y-structures, a set of Y-formulas, and a satisfaction relation =%
which relates Y-structures to X-formulas valid in these structures. The definition of abstract
datatypes extends naturally to arbitrary institutions. An abstract datatype with respect to
7 is a pair (X, M) where ¥ is a signature from Z and M a class of X-structures.

A variety of well-known logical systems have been shown to be institutions, and a lot of these
can be used in the framework of this thesis; for example, the original paper by Goguen and
Burstall [25] showed that equational logic, that is many-sorted signatures together with al-
gebras as Y-structures and (conditional) equations as ¥-formulas, forms an institution. Also
first-order logic is an institution. As part of this thesis we show that the logical systems
underlying the specification languages LSL, which is a variant of equational logic with con-
straints, and Z, which is based on set-theory, are institutions. It is also possible to define
a new institution appropriate to model the states of a particular class of software systems.
For example, one could define an institution which naturally allows to talk about states
containing arrays and pointers.

The instantiation of our framework by different institutions results in different specifications
for the same problem. For example, if in the dictionary example the states were modeled by
partial algebras, the state would probably consist only of a partial function map from K to
E. For any key not in the range of the dictionary map would be undefined. The operation
Update(k, e) would change map(k) to yield e if map is defined for £ and would extend the
domain of map to include k if map is not defined for k. If the institution SET were used, then
map most likely would be a subset of K x E such that if (k,e) and (k,€’) are in map, then
e = ¢'. The operation Update(k,e) would add the pair (k,e) to map and remove any pair
(k,€') with e # €' from map.

In this thesis we construct a new institution Rz based on a suitable institution Z used to
describe the states. The signatures of Rz are, roughly, tuples © = (X1, M1),..., (Z,, M,))
of abstract datatypes from Z, and O-structures are tuples (A;,... , A,) where A; is in M; for
1 < i< n. Now we can view a relation R C M; x ... x M, as an abstract datatype (O, R)
with respect to the institution Rz.

The advantage of this approach is that we can reuse the institution independent theory of
abstract datatypes found, for example, in the paper of Sannella and Tarlecki [50] for the
definition of relations. The operations on abstract datatypes can be interpreted in Rz as
operations on relations. For example, we show how the relation Inc can be defined as the
class of all pairs (4, B) € Mg x M¢ such that (A, B) satisfies the equation ¢ = succ(c)
where ¢’ refers to the value of B(c) and ¢ to the value of A(c). Note that, by the choice of
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M¢, A(succ) and B(succ) are the same. Other operations to construct relations are union,
extension, and restriction. More complex operations on relations, like sequential composition,
instantiation etc. can be defined in terms of these primitive operations.

Another consequence of the construction of Rz is that we can reuse the institution indepen-
dent proof calculus for proving properties of abstract datatypes and refinement of abstract
datatypes studied, for example, by Sannella and Tarlecki [50], Wirsing [61], and Hennicker,
Wirsing and Bidoit [38] to prove properties of relations and entailment of relations.

1.2 Structure of the Thesis

The rest of this chapter gives a brief overview of specification languages based on the state
as algebra approach.

The notion of institutions is based on category theory; thus Chapter 2 introduces the ter-
minology from category theory needed for the main construction of this thesis in Chapter 5.
The reader familiar with (co)limits, adjunctions, and indexed categories may want to skip
this chapter.

Chapter 3 introduces institutions and gives three examples: the institution £€Q of equational
logic, £QC of equational logic with constraints, and the institution £LSL, which formalizes
the logical system underlying the Larch Shared Language [34].

Chapter 4 summarizes the institution independent theory of abstract datatypes. It introduces
the specification language SL; for writing specifications of abstract datatypes in an institution
T, and we present an inference system for proving specification entailment.

Chapter 5 contains the main construction of this thesis — the institution Rz parameterized
by a suitable institution Z — and proves properties of this institution, like that the category
of signatures of Rz is (finitely) cocomplete and that the structure functor preserves colimits.
Another important property is the relationship between abstract datatypes in Rz and ab-
stract datatypes in Z. The chapter ends with the introduction of the language RSLz for the
definition of relations.

Chapter 6 applies the theoretical results of the previous chapter to the specification of abstract
datatypes with states, also called abstract machines. Several styles for the specification of
abstract machines are discussed.

Chapter 7 extends the methods for proving specification entailment introduced in Chapter 4
to prove entailment of relations. The main technique is the translation of RSLz-expressions
to SLz-expressions, which preserves entailment of relations. As an example we apply these
results to the refinement of abstract machines and prove the correctness of the implementation
of a stack by using a pointer in an array. This stack implementation is also an example of
the construction of more complex relations from simpler ones.

In Chapter 8 we add disjunction to our set of operations on specifications and thus to RSL7.
This allows us to define relations on parts of the input domain first and then combine these
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relations into one relation, which is defined on the whole input domain. Disjunction was not
studied before as a specification building operation mainly because, in contrast to the union
of specifications, the disjunction of specifications is not in all institutions expressible on the
presentation level; for this a sufficently expressive institution is needed. We shall show that
LSL is such an institution.

Chapter 9 compares the approach of this thesis with the approach taken by Z for the speci-
fication of sequential systems. To this end we first define the institution SE7T of the logical
system underlying Z, which is a variant of set theory, and then investigate the relationship
between elements of schema-types and abstract datatypes over SE7. The outcome is a spec-
ification style similar to that used by Z for the specification of sequential systems, but using
an algebraic specification language — LSL — instead of Z.

1.3 Related Work

There are mainly two approaches to the specification of state based software systems using
algebras. In the first approach, also known as the ezplicit state approach (cf. [16]), a state
is modeled as an element of the carrier set of a special state sort. Operations changing the
state of a software system are functions having the state sort in its domain and co-domain.
To enforce data abstraction, one usually hides the state sort which means that one cannot
directly compare two elements of the state sort. This leads to the hidden sorted approach
(cf. Goguen et al [24, 26]).

The other approach is the state as algebra approach where the state of a software system is
modeled as an algebra and a state transformation as a relation or function between classes
of algebras. This approach goes back to at least Ganzinger [23], who used this approach to
define an algebraic semantics of imperative programming languages.

Semantic of While-Programs Ganzinger defines the semantics of while-programs to be
the composition of a free functor and a forgetful functor on algebras representing the state
of the program. In principle there are three specifications: Specpase, Specx, and Speck, ..
Spechase is the specification of some base types defining the domain over which the variables
range. Specy is a conservative extension of Specpase containing constants of the form z : s
denoting the variables of the program. Each program p determines a specification Spec’ .
which is an enrichment of Specy that contains for each z : s in Specyx a constant z’ : s.
Further, it contains equations defining the semantics of the program p. For example in the
case where p is the assignment statement x := ¢, Specy y, contains the formula 2’ = ¢. The
semantics of a program p is given by T,; U, where T), : Alg(Specx) — Alg(Speck /) is the
left adjoint to the forgetful functor U with respect to the inclusion of Specx in Spec%, ., and
U, : Alg(Spec x) — Alg(Specx) is the forgetful functor for the signature morphism o that
takes each x : s in Specx to 2’ : s in Speck, .. In general T, will be a persistent functor;
however, if p does not terminate then (7,; U)(A) # A.
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Abstract State Machines (a.k.a. Evolving Algebras) Abstract State Machines, for-
merly known as evolving algebras, are intended to provide a computing device for formalizing
the notion of algorithm similar to the Turing machine model, which formalizes the notion
of computable function. The Abstract State Machine Thesis claims that for any algorithm
there always exists an appropriate abstract state machine that simulates that algorithm in
lock-step on the same abstraction level of that algorithm. Thus, Abstract State Machines
are able to directly execute algorithms without translating them to a lower abstraction level.

Computation models and specification methods seem to be worlds apart. The
Abstract State Machine (ASM) project started as an attempt to bridge the gap
by improving on Turing’s thesis. We sought more versatile machines which would
be able to simulate arbitrary algorithms in a direct and essentially coding-free
way. Here the term algorithm is taken in a broad sense including programming
languages, architectures, distributed and real-time protocols, etc.. The simulator
is not supposed to implement the algorithm on a lower abstraction level; the
simulation should be performed on the natural abstraction level of the algorithm.

The ASM thesis asserts that ASM’s are such versatile machines.

This quote from Gurevich can be found on the web-site on Abstract State Machines® and is
adapted from Gurevich [33].

The state of an abstract state machine is a one-sorted algebra. Relations and subsorts are
modeled using characteristic functions.

A signature X is a finite collection of function names, each of a fixed arity and possibly
marked as relation name or static name, or both. The set of function names includes the
null-ary static function names true, false, and undef; the equal sign as a binary static
relation name; and the usual Boolean operations.

A Y-algebra A (or a state) is a non-empty set X, called super-universe, together with a
set of functions for each function name f in the signature. If the arity of f is n, then the
algebra contains a function f4 : X® — X if it is not marked as a relation name and a
function f4: X™ — {true, false} if it is marked as a relation name. The null-ary function
names true, false, and undef are required to be interpreted as different elements from the
super-universe.

Unary relations U determine subsets of the super-universe and are called universes. Universes
do not include undef.

All functions and relations are total. Partiality is modeled by returning undef. However,
note that the characteristic function of a relation can not yield undef. Further, the boolean
operations V, A, = etc. are not relations and therefore may have undef as a result. The
boolean operations are strict while, in general, functions need not be strict.

The equality sign is interpreted as the characteristic function of the identity on the super-
universe. Note that this implies undef = undef.

3http://www.eecs.umich.edu/gasm/
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Transformations are build from sets of guarded multi-update instructions of the form
if g then R.

A multi-update instruction R is a set of update instructions f(f) := ¢, where f is a function
name not marked as static, ¢ a vector of ground terms matching the arity of f, and t, a
ground term. Let ¢ evaluate to @ and ¢ to ag in A. If the guard g evaluates to true in A,
then the update f(f) := t, changes the interpretation of f at location @ in A to ag. All update
instructions are performed simultaneously. The result of function applications to values not
mentioned in an update instruction remain unchanged. In case of conflicting updates, i.e.
where there are update instructions for updating f4(@) to ag and to by (ag # by), A is not
changed.

A program is a set of guarded multi-updates, and a run of a program is a possible infinite
sequence of algebras starting from some initial state such that the next algebra in the sequence
is obtained by firing the guarded multi-updates in the previous algebra.

The interpretation of function names marked static cannot change. The set of static names
determines a sub-signature Yg,, of >.

The execution of a program for an evolving algebra is deterministic. If two conflicting update
instructions are to be executed, none of them is executed. This is in contrast to the Evolving
Algebra Tutorial [32] where one update was chosen non-deterministically. In the current
setting non-determinism is achieved by introducing a new transformation rule

choose v in U
R
endchoose

This rule randomly picks an element a of the universe U and executes R in an algebra where
v is bound to a. If the universe U is empty, the execution of the evolving algebra halts.

Parallelism is modeled by rules containing variables which are declared with
Var v ranges over U

where U is preferably finite. The semantics is that for each instantiation of v with a value
from U the updates are performed in parallel.

D-oids D-oids are a model theoretic approach by Astesiano and Zucca [4] to define dynamic
datatypes. D-oids consist of a set of algebras over a many-sorted signature together with a
set, of dynamic operations. A dynamic operation associates to an algebra A and a set of
values from A an algebra B a return value from B and a family of functions f; : A(s) — B(s)
for each sort s called the tracking map.

In the D-oids approach not only the interpretation of the operation symbols may change,
but also the interpretation of sorts. The tracking map fs is used to relate the elements in
the interpretation of the sort s before and after an application of a dynamic operation. For
example, if a dynamic operation adds a new element of sort s, that is B(s) = A(s) U {e},
then f; is the injection of A(s) into B(s).
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Proposal for Dynamic Abstract Datatypes An approach similar to d-oids is the infor-
mal proposal for dynamic abstract datatypes by Ehrig and Orejas [20]. The instant structure
specification, a conservative extension of some value type specification, is intended to model
class sorts and attribute functions of objects. A dynamic operation denotes a function map-
ping a model A of the instant structure specification and a set of values from A to some
instant algebra B.

Implicit State Approach In the implicit state approach of Dauchy and Gaudel [16] the
states are enrichments of an abstract datatype defining the environment by a set of access
functions. The set of access functions is divided into elementary access functions and non-
elementary access functions. The non-elementary access functions are completely defined in
terms of the elementary access functions and the functions in the environment. Modifiers are
functors on states built from elementary modifiers by sequential and indifferent composition
and using conditionals. Elementary modifiers modify the value of the elementary access
functions; however, since the value of the non-elementary access functions depend on the
value of the elementary access functions, the non-elementary access functions also change.
The signature containing the symbols from the environment together with the elementary
and non-elementary access functions is denoted by X,..

The implicit state approach is independent of the specification language used to specify the
environment and how the non-elementary access functions relate to the elementary access
functions as long as the semantics of a specification in that language is a class of many-sorted
algebras.

Given an elementary access function f : s; — s with sorts s; and sy from the environment.
An elementary modifier has the form p-f(¢1,t2) where ¢; is a term over the signature of the
environment and ¢ is a term over X,. such that all variables in ¢, also occur in ¢;. Given a
Y, c-algebra A and an elementary modifier u-f(t1,?2), a new X,.-algebra B is constructed by
letting B(f)(a) = p(t2) if there exists a variable assignment p from the variables of ¢; to A
such that p(t1) = a. In case there is no such assignment, B(f)(a) is the same as A(f)(a). All
the other elementary access functions do not change; however, the derived non-elementary
access functions may change if they depend on f.

Transition Categories In the approach taken by Grofie-Rhode in his PhD-thesis [29, 30]
the states of a software system are partial algebras over a many-sorted signature ¥ = (5, ).
Y. contains the sorts and operations of the data-types needed to describe the state components,
and, in addition, some sorts in S are marked as reference sorts for other sorts in S. A reference
sort for a sort s is denoted by ref(s). Not every sort in S needs to have a reference sort,
and it is possible to have a reference sort for a reference sort, for example, ref(ref(s)). For
each reference sort ref(s) there exists an operation !; : ref(s) — s in , called the contents
function. A base specification BaseSPEC is a pair (X, ®) where ® is a set of conditional
existential equations defining the data-types and the state invariant.

Given a model A of BaseSPEC, a state Al#1:=01--sdni=aal ig 3 free extension of A by the set
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of existential equations ,(d;) =e= a; where q; is an element of A(s;) and d; is an element
of A(ref(s;)) for every i« = 1,...,n. In the free extension the values a € A(s) are added
as constants to the signature. Note that a state Al41:=01-dn:=az] need not be a persistent
extension of A, that is, the unit morphisms 74 : A — Aldr=01dni=az] of the adjunction may
not be a family of isomorphisms. This happens, for example, if a formula ¢ in ® requires that
l,(d) =e=!,(d’") while we have a state Al4=®%=¢] where ¢ and o' are two distinct elements
in A(s). In this case the state Al4=%4=¢] gatisfies the equations !;(d) = a and !,(d') = d,
which implies together with ¢ that @ = o’ and thus 74(a) = na(d’).

A state Ald1=a1,.dn:=an] jg called persistent if the state is a persistent extension of A. The
intuition is that a persistent state Al¢1:=01::dn:=0n] defines the value of the contents function
A(ly,) for d; € A(ref(s;)) as a; for every ¢ = 1,... ,n while the interpretation of all other
symbols, including the interpretation of the sorts, in Al#:=e1dni=exl i yp to isomorphism,
the same as in A.

A method is either a create method, a delete method, or a transformation. A create methods
increases the domain of the contents functions, a delete method decreases the domain, and a
transformation changes the value of the contents functions.

A transformation method m of type w,p € S* is written as m : ref(w);p where ref(w) is
an abbreviation for ref(s;),... ,ref(s,) if w = s;,...,s,. A method definition for method
m is a set of rules

u=e=v —=>m(Ay, ..., Ap,t1, .. ty) =110, Ty

where u and v are terms of the same sort, A; is either a constant or a variable of sort ref (s;),
t; a term of sort p;, and r; a term of sort s; for every ¢ = 1,...,n, 7 = 1,...,m, and

For a given model A of BaseSPEC and values a; of A(p;) for all i+ = 1,...,m a method
expression of the form m(ay, ... ,an,) determines a relation between states A5 and A5 as
follows: If AS* has the form

A[dlzzal,... Wn =0 017 =001y 58y 4t =0 4t ]

and there exists a variable assignment p such that the evaluation of ¢; with respect to p is the
same as a; for i = 1,...,n and the guard u =e= v is true with respect to p, then A% has
the form Ald1:=01,n:=bndni1:=0nt 10 s i =nim'] where b, is the evaluation of r; with respect
topfori=1,... n.

A create method is defined similar to a transformation method with the restriction that the
evaluation of A; with respect to p for every i = 1,... ,n yields a value of reference sort not
in the domain of the corresponding contents function ;.

A delete method is given by the expression del(d, ... ,d,) where d; is an element of the set
A(ref(s;)) for every i = 1,... ,n. It transforms a state A%* where d; is in the domain of the
contents function !,; into a state AS* where d; is not in the domain of the contents function
Iy, forevery e =1,... ,n.
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COLD-K In COLD-K [22] the states are many sorted algebras with partial functions and
predicates. The state transitions are specified using Harel’s dynamic logic [35] or given
directly as an expression involving other state transitions.

A class consists of a the definition of a many sorted signature ¥ = (S, 2) with annotations
which sort-, function-, and predicate symbols are variable, together with a set of procedures
of the form

PROC p : s1,..., sn -> MOD f1,...,fm

where p is the procedure name, s; are sorts from S, and f; are either sort-, function-, or
predicate symbols which have been marked variable. The intention is that p describes a state
transition with parameters of sort s; which is only allowed to change the state components
given after the MOD keyword.

The semantics of a class consists of

e a set of states St together with a function assigning to each state o in St a Y-algebra

A(o),
e an initial state oy in St and
e a transition relation 7, for each procedure p.

A transition relation 7, is a relation consisting of tuples (o, z1, ... ,z,,7); 0 and T are states
from St, and each z; is an element of the carrier set for sort s; of algebra A(c). The
interpretation of a symbol from ¥ may only differ in A(o) and A(7) if it occurs after the MOD
keyword in the definition of the procedure.

The possible interpretations of classes are constrained by a set of dynamic logic formulas. In
addition to the usual first-order language, dynamic logic formulas contain assertions of the
form

INIT, [p]e, <p>p and PREV ¢

and expression of the form PREV t.

INIT is true only in the initial state og with an empty history. INIT can be used to constrain
the initial state. For example, the formula INIT = Vi : N. f(¢) = 0 ensures that in the initial
state A(op) the interpretation of the operation f is the constant function returning 0.

An assertion [p|p is true in a state o with history (oy,...,0,) if ¢ is true in all possible
successor states 7 of o given by the transition relation 7, with history (o1,...,0n,0). An
assertion <p> is true in a state o with history (oo, ... ,0,) if there exists a successor state
7 given by the transition relation 7 such that ¢ is true with history (oy,...,0,,0). The
assertion PREV ¢ is true in a state o with history (oy,... ,0,-1,0,) if ¢ is true in o, with
history (og,...,0,_1). The evaluation of an expression PREV ¢ in a state o with history
(01,...,0y) is the evaluation of ¢ in A(0,). Any other formulas ¢ not containing any of the
above assertions is true in a state o with history (oy,...,0,) if ¢ is true in A(0).
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Usually the specification of a procedure follows a certain pattern. First, one defines the
conditions pre under which a procedure proc has a successor state. This is done by a formula
of the form pre = <proc>true. Then the effect of proc on the state is given by a formula
of the form [proc]post, which states that after any state transition associated with proc is
performed the formula post holds. The first formula is a liveness property and the second a
safety property.

State components not mentioned in the MOD clause of a procedure do not change by the state
transition associated to that procedure. Note that for variable state components that are
functions it does not suffice to give the new result value for an argument value as in the
ASM approach by Gurevich; instead, one also has to state that the function applied to the
other values yield the same results as in the previous state. That is, to specify a procedure
proc(p, z) intended to change the function f at value p to yield f(p) = x; but otherwise
remaining the same, one has to write [proc(p, )| f(p) = x AVi. (i # p = f(i) = PREV f(7)).

Equational Dynamic Logic In Wieringa [59, 60] Equational Dynamic Logic is defined
as a specification language for dynamic objects in the context of object oriented databases.

The environment of base types and sets for object identifiers is provided by the initial algebra
A of a conditional equational specification SPaq;. To define the set of possible states of an
object system, an enrichment SPg..; of SPag: by attribute functions and class invariants is
given. No new sorts are allowed. Attribute functions are operations having a sort of object
identifiers as their first argument. The set of possible states, or possible worlds, are all
extensions of A satisfying SPg¢at-

Transformations are modeled as terms of a special sort Event and are called events. The sort
Event together with operations of sort Event are given by a conservative extension SPgyent
of SPagi- An algebra E satisfying SPgyent and having A as SPagi-reduct is chosen as a model
for all events. Terms over SPgyen Of sort Event denote (non-deterministic) functions on the
set, of possible worlds defined by SPg.y and A such that terms evaluating to the same value
in E are the same function on the possible worlds.

The interpretation of elements of sort Event as functions on possible worlds is constraint by
the use of dynamic equational logic. These are formulas requiring certain properties to hold
after performing a certain event. For example, the formula

age(p) = a = [inc_Age(p)|age(p) = a + 1

restricts the interpretation of the event inc_Age(p) in such a way that if age(p) = a holds in
a state C, then age(p) = a + 1 must hold in any of the possible successor states C' given by
inc_Age(p).

A problem with these kind of specifications is that the semantics of the event inc_Age only
ensures that in the successor state age(p) = a + 1 holds, but it does not say anything
about age(q) for object identifiers ¢ different from p, and similar it is not ensured that
attr(p) = a = [inc_Age(p)|attr(p) = a for an attribute attr different from age.






2 Some Category Theory

The framework of institutions and the main results of this paper are formulated using category
theory. In the following chapter we shall summarize the results from category theory needed
in the rest of thesis. First we introduce categories, functors, and natural transformations and
give some examples. Then limits and colimits are defined and their construction is shown in
the categories SET and CAT. After that, adjunctions and indexed categories are presented.
For a more thorough treatment of category theory see the books of Mac Lane [43], Barr and
Wells [5], or Adamek, Herrlich and Strecker [2]. The material about indexed categories is
mainly from Tarlecki, Burstall and Goguen [58].

2.1 Categories, Functors and Natural Transformations

A category C consists of a collection of objects and a collection of arrows also called morphisms.
Each arrow f of a category C has associated two objects in C: the domain, dom(f), and the
codomain of f, cod(f). The composition g o f of two arrows f and g of C is defined if the
codomain of f is the same object as the domain of g and yields again an arrow in C with
domain the domain of f and codomain the codomain of g. Composition is associative:

ho(gof)=(hog)of,

and for each object ¢ there exists an arrow id., the identity on ¢, with domain and codomain
being ¢ such that for all arrows f with domain ¢, and g with codomain ¢:

id,of = fand goid. =g.

For an arrow f with domain ¢ and codomain d we shall use the function notation and write
f ¢ — d. We shall also use the diagrammatic notation f;g for the composition of two
arrows f:c— ¢ and g : ¢ — c instead of go f.

An arrow f : ¢ — ' is an isomorphism if there exists an arrow f ! : ¢ — ¢, the inverse of
f, such that f; f! =id, and f1; f = id,.

A discrete category is a category where all arrows are identities. Any set can be regarded
as a discrete category; the objects of the category are the elements of the set and the only
arrows are the identities id. : e — e for each element e in the set.

A subcategory D of C' is a category such that the objects and arrows of D are included in
the objects and arrows of C. We write D C C to denote that D is a subcategory of C. A
full subcategory D of C' is a subcategory of C' such that for any two objects ¢ and ¢’ from D:
if f:c— ¢ isan arrow in C then f is an arrow in D.
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Examples of categories are:
0 the empty category with no objects and arrows,
1 the category with one object and its identity as arrow,
2 the category with two objects 1 and 2 and just one arrow f : 1 — 2 not the identity,

31 the category with two objects 1 and 2 and two arrows f:1 — 2 and g: 1 — 2 not the
identity,

V the category with three objects 0, 1 and 2 and two arrows f:0 — 1 and g: 0 — 2 not
the identity,

K, the discrete category with objects {1,...,n},
SET the category having sets as objects and functions between sets as morphisms,
GRP the category having as objects groups and as morphisms group homomorphisms.

The opposite category C°? of C has as objects the objects of C' and as morphisms f°? : ¢ — ¢
for every morphism f : ¢ — ¢ in C. The composition of arrows f°7; ¢g°? in C'°? is defined as
(g; f)°P. Note that (C°P)? = C.

Sometimes it is convenient to depict a category C as a graph with nodes the objects of C
and edges the arrows of C'. In general, the identity arrows and all arrows composed from
other arrows are not shown. For example, the category V is depicted as

1X0/2

A category C' is freely generated by a graph if the objects of C are the nodes of the graph
and the arrows are the reflexive and transitive closure of the edges of the graph.

A (covariant) functor F : C — D is a pair of functions from the collection of objects of C
to the collection of objects of D and from the collection of arrows of C' to the collection of
arrows of D such that

1. if f: ¢ — d then F(f): F(c) — F(d),
2. F(fog)=F(f)oF(g),
3. F(id,) = idp ).

Functors preserve isomorphisms. Consider a functor F' : ' — D and an isomorphism f :
¢ — ¢ in ¢ then F(f) is an isomorphism with inverse F/(f)~! = F(f~!) because

F(f);F(f) *=F(f);F(f ) =F(f;f ') = F(id) = idpy

and similar for F(f)™" F(f) = idp).
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The composition of a functor G : D — D' with a functor F' : C' — D is the composition of
their functions on objects and their functions on arrows:

(GoF)(c) = G(F(c)) for all ¢ € C and
(GoF)(f) = G(F(f)) forall f:c—ceC.

A contravariant functor F' from C to D maps objects in C' to objects in D and arrows
f:c— in C to arrows F(f) : F(¢') — F(c) respecting the identities and the composition
of arrows, that is, F'(id.) = idp() and F(f;9) = F(9); F(f). A contravariant functor F
from C to D can be either regarded as a covariant functor from C'°? to D or as a covariant
functor from C' to D, whatever is convenient. The composition of a contravariant functor
G from D to D' with a contravariant functor F' from C to D yields a covariant functor F'; G
from C' to D', and the composition of a contravariant functor G : D — D' with a covariant
functor F' : C' — D (and vice versa) yields a contravariant functor F; G from C to D'.

The category CAT has as objects categories and as arrows functors. The identity morphisms
are functors Id¢c which are the identity on objects and on arrows from C; the composition of
two functors is the composition of the functions on objects and on arrows.

The category FCAT is the full subcategory of CAT having as objects only finite categories,
that is, categories with a finite set of objects and arrows.

In this thesis we use a naive approach to category theory in that we assume that CAT is
large enough to hold all categories of interest, ignoring the foundational problem that the
category CAT cannot be an object of itself and thus cannot be the category of all categories.
An overview of these problems and their solutions can be found at pages 21ff of Mac Lane’s
book [43].

The opposite to a functor F' : C' — D is the functor F°P : C°? — D°P with F°P(c) = F(c)
and FP(fP : ¢ — ¢) = F(f : ¢ = ¢)°P. Note that (F°P)” = F. Thus _° is a functor from
CAT to CAT mapping categories to their opposite categories and functors to their opposite
functor.

Given two functors F' and G from C to D. A natural transformation y : F' = G is a family of
arrows i : F(¢c) = G(c) in D such that for any arrow f : ¢ — ¢ in C the following diagram
commutes:

Let F be a functor from D to D' and p a natural transformation from G to H, where G and

H are functors from C to D. The composition of p with F' is the natural transformation
from G; F to H; F defined by:

(/'L; F)c = F(Nc)'
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Similarly, let F”’ be a functor from C’ to C then the natural transformation F”’; u from F'; G
to F'; H is defined by:

(F's e = ppren

Two functors F' and G from C' to D are natural isomorphic if there exists a natural trans-
formation p : F' = G such that u. : F(¢) — G(c) is an isomorphism for each ¢ € C. Note
that the family of morphisms (u.)~! for each ¢ € C yields again a natural transformation
pt:G=F.

Given two categories C and D, the objects of the functor category D are functors F' : C — D
and the morphisms are natural transformations.

The identity in D¢ for a functor F' : C — D is the natural transformation idp : ' = F
given by (idp). = idp().

The composition of two natural transformations p : F = G and v : G = H is defined by
(.U'; V)c = He; Ve-

2.2 Colimits

An object ¢ of a category C is an initial object of C if there exists for all objects d in C' a
unique arrow h : ¢ — d in C'. A category may have no, one or several initial objects, which,
in the latter case, are all isomorphic.

Note that if ¢ is an initial object then the identity is the unique arrow from c to c.

The initial object of SET is the empty set and the initial object of CAT is the category O
with no objects and no arrows.

For categories C' and J the diagonal functor A : C — C’ maps an object ¢ of C' to the
constant functor Ac: J — C given by

Ac(i) = cand Ac(f : 1 — j) = id,

and an arrow ¢ : ¢ — ¢ to the constant natural transformation Ag : Ac = Ac given by
(Ag)i = g.

DEFINITION 2.1 (CoLmIT) Given a functor F : J — C. The colimit of F' consists of a
pair (WF, 11, F) where [[; F is an object of C and i is a natural transformation /*' : F =
ATL; F such that the following universal property is satisfied: For any object ¢ and natural
transformation p : F' = Ac from C there ezists a unique arrow hy, : [[; F — ¢ such that the
following diagram commutes for each i in J:

I

L

F

h
FXtsc¢

| A

i)
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We call the 1/ co-cone morphisms from F (i) into [I, F and J the shape of F. Usually, we
will omit J in [], F' and write [ [ F" instead.

Note that the colimit object is only unique up to isomorphism.

The initial object of a category C is the colimit object || F' of the unique functor F': 0 — C.
The co-cone morphisms are given by the unique natural transformation from F' to A(]] F).
Since there exists for all objects ¢ from C' a unique natural transformation p from F' to Ac,
the universal property of [[ F' guarantees the existence of a unique morphism A, : [[F — c.

Let F' and G be functors from J to C' and p a natural transformation from F' to G. We write
[ i for the unique morphism from [[ F to [[ G given by the universal property of [[ F' and
the natural transformation v from F to A([[ G) defined by v; = ;8.

1F24 116

7
F s
L . v L
s

Note that if G is Ac then [Jv is the unique morphism given by the universal property of
[1 F and v because [[(Ac) = ¢:

DEFINITION 2.2 (COCOMPLETE) A category C' is (finitely) cocomplete if any (finite) functor
F :J — C has a colimit for (finite) categories J. A category is finite its collection of objects
and arrows are finite.

Fact 2.3 The categories SET and CAT are cocomplete.

It is well known that the categories SET and CAT are cocomplete. In SET a colimit of a
functor F' from J to SET is the set {(i,a) | a € F(i)}/=. The relation = is the smallest
equivalence relation such that (i,a) = (j,b) if there exists f : 4 — j in J with F(f)(a) = b.

The co-cone morphisms " from F(i) to the colimit of F' are defined by i/ (a) = [(4, a)]=.

The construction of the colimit category of F' : J — CAT is similar to the construction of
the colimit in SET. The objects of [ F' are the equivalence classes of the relation =. The
relation = is the smallest relation such that (7, ¢;) = (j, ¢;) if there exists f : ¢ — j in J with
F(f)(ci) = ¢; for objects ¢; € F(i), ¢c; € F(j), and 4,5 € J.
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Similarly, the collection of arrows of [[ F' are the equivalence classes of the smallest equiva-
lence relation satisfying (4, 9; : ¢ — ¢;) S (4, g5 : ¢; — ¢) if there exists f : i — j in J with

F(f)(g:) = 9.

Note that the category FCAT of finite categories is only finitely cocomplete since, for example,
the colimit of the functor F' from a discrete category J to CAT mapping each ¢ € J to the
category 1 is the discrete category with objects pairs (4,1) for each i € J. This category is
infinite if J is infinite.

FACT 2.4 The functor category D€ is (finitely) cocomplete if D is.

PROOF. Let F be a functor from J to D. Define the family of functors F, : J — D by
F.(i) = F(i)(c) and F.(f) = F(f)(c) for objects i and morphisms f : i« — j in J. The colimit
[ F is a functor from C to D given by ([ F)(c) =[] F. and ([[F)(g: ¢ — ¢') =[] u where
 is the natural transformation from F, to A(]] F.) defined by p; = F(i)(g) for each i € J.
O

In particular, the initial object in D¢ is the functor mapping every object in C to the initial
object in D and every morphism to the identity on the initial object.

In case where F'is a functor from a discrete category {1,2} to C, the colimit [ F' is called
the coproduct F'(1) W F(2) of F(1) and F'(2). The disjoint union of two sets S; and S,

SiH S, = {(1,81) | S1 € Sl} U {(2,82) | So € 52},

is a coproduct of S; and S, with the co-cone morphisms ¢; : S; — S; W Sy being defined by
ti(s) = (i, s) for all s in S; and 7 € {1, 2}.

The coproduct of two categories C; and C5 in CAT is the disjoint union of their collection of
objects and the disjoint union of their collection of arrows.

The notion of coproducts can be extended to functors of the form F': K,, — C for arbitrary
n. We may write F'(1) & --- & F(n) instead of [ F.

DEFINITION 2.5 (COEQUALIZER) A coequalizer is the colimit of a functor F from ]l to C.

This means that for any object ¢ and arrow h : F'(2) — c in C with F(f); h = F(g); h there
exists a unique arrow A’ from [] F to ¢ such that ip; A’ = h:

(1)

F() ___F(@2)—=]IF
F(g) -
NLI

The coequalizer of two functions f1, fo : S; — S3 in SET is given by the quotient Sy/= where
= is the smallest equivalence relation generated by the relation

{(s,') | 3s1 € S1 fi(s1) = s and fa(s1) = §'}.
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The co-cone morphism ¢y maps so € Se to [so]= and ¢y is fi;to, which is the same as fo; to.

The collection of objects of the coequalizer in CAT of two functors Fy, Fy : C' — D is the
coequalizer of the collection of objects of C and D, and the collection of arrows of the
coequalizer is the coequalizer of the collection of arrows of C' and D.

DEFINITION 2.6 (PusHOUT) A pushout is the colimit of a functor F from V to C.

For any object ¢ in C and pair of arrows p; : F(1) — ¢ and pe : F(2) — ¢ such that
F(g); 1 = F(f); po there exists a unique arrow h, : [[F — c such that ¢1;h, = p; and

//2;hu = M2
|L

M : Aj)
F(0)

For the pushout of a functor F': V. — C we may write F'(1) +r(f),r(g) F(2). We may write
F(1) 4@ F(2) if F(f) and F(g) are “canonic”, for example, in SET this means that F'(f)
and F'(g) are the inclusions of F'(0) into F'(1) and F(g), respectively.

Pushouts can be constructed by first taking the coproduct F'(1)w F(2) and then the coequal-
izer of F'(f);¢1 and F(g);to

F
RS
RN RN
o, 4 T A N\ F
1P F(2) N
/ N
/ AN
/ " o N .
F(2)
F(f) F(g)

In SET the pushout is (F(1) W F'(2))/= with = being the smallest equivalence relation gen-
erated by

{((1;51), (2, 52)) [ Fs0 € F(0) F(f)(s0) = 51 and F(g)(s0) = s2}

The co-cone morphisms are ¢;(s;) = [(4, s;)]= for ¢ € {1,2} and

to(s0) = [(1, F(f)(s0))]= = [(2, F(9(s1)))]=-
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Fact 2.7 A category is cocomplete if it has initial objects and pushouts or initial objects,
coequalizer and all coproducts. A category C has all coproducts if every functor from a discrete
category to C' has a colimit.

This fact is useful since it allows to show that a category is cocomplete by exhibiting initial
objects and the construction of pushouts.

A proof of Fact 2.7 can be found, for example, in the book by Mac Lane [43]. Above we
have seen how to construct pushouts in terms of coproducts and coequalizers. Conversly,
coproducts F(1) W F(2) can be expressed by pushouts F(1) 4+, F(2) where L is the initial
object of the category.

DEFINITION 2.8 (PRESERVATION OF CoLIMITS) The functor G : C — D preserves colim-
its if for any functor F : J — C for which the colimit (\",[[ F) exzists, (G(:"'),G(]]F)) is a
colimit of the functor F;G.

The next fact is a consequence of Fact 2.7.

Fact 2.9 Let C be cocomplete then a functor F' from C to D preserves colimits if it preserves
initial objects and pushouts, or if it preserves initial objects, all coproducts and coequalizers.

It is important that C' is cocomplete to ensure that the colimit of a functor F': J — C can
be decomposed in initial objects and pushouts, or initial objects, coproducts and coequalizer.
If C is not cocomplete then the corresponding diagrams may not have colimits and thus one
cannot use the preservation of initial objects etc. to construct the colimit in D.

DEFINITION 2.10 (CREATION OF CoLMITS) A functor G : C — D creates colimits if for
any functor F : J — C for which the colimit ("¢ [[(F;G)) of F;G exists there erists a
colimit (\*,][ F) of F such that

G(HF) = H(F;G) and F'; G = F9.
It is easy to see that if F' : C — C" and G : C' — D both preserve colimits, so does the
composition F'; G, and similar for creation of colimits.

Fact 2.11 If a functor G : C'— D creates colimits and D 1is cocomplete then C is cocom-
plete.

PRrooOF. Consider a functor F : J — C. Since D is cocomplete, the colimit of F'; G always
exists and therefore the colimit of F' exists since GG creates colimits. O

2.3 Limits

A concept dual to that of colimits is the concept of limits. If we reverse the direction of all
arrows in the definition of colimits, we get the definition of limits.
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DEFINITION 2.12 (LiMIT) Given a functor F : J — C. The limit of F' consists of a pair
(7", 11, F) where [], F is an object of C and 7¥ a natural transformation =¥ : A(I], F) =
F such that for any object ¢ and natural transformation p : Ac = F from C there exists
a unique arrow hy, : ¢ = [[; F such that hy;7©f = p; for all i € J, that is, the following
diagram commutes for all i € J:

We call the morphisms 77" the cone morphisms of the limit of F.
As with colimits, limits are only unique up to isomorphism.

A terminal object ¢ of a category C' is an object of C' such that for all objects d in C there
exists a unique arrow h : d — ¢ in C. The concept of terminal objects is dual to that of
initial objects. As with initial objects, terminal objects are only unique up to isomorphism.
The terminal object is the limit of the unique functor F': 0 — C.

Any set with one element is a terminal object in SET and any category with one object and
one arrow, the identity, is a terminal object in CAT. In particular the category 1 is a terminal
object in CAT.

We can now formally establish the duality between limits and colimits. Consider a functor
F : J — C with colimit (¢*,[[ F) then ((:")°,]] F) is a limit of the functor F%° : Jo? — CP.
Similarly, if (7, ] F) is a limit of F then ((7")°,[[ F) is a colimit of F°.

Given two functors F' and G from C' to D such that both F' and G have a limit. Let u be
a natural transformation from F' to G then [] u denotes the unique morphism from [] F to
[1G given by the limit property of [] G with respect to the natural transformation v = 7%'; .

HF\%HG
”fl_ lff’
F(i) 7= G()

The concept dual to that of coproducts is that of products. In case where I is a functor from
the discrete category {1,2} to C, the limit of F is called the product F(1) x F(2) of F(1)
and F'(2). The cartesian product of two sets S; and S, is a product of S; and S; in SET:

Si X Sy = {(81,82) | s1 €5 and sy € SQ}

The cone morphisms 7; : S; X So — S; are defined by m;((s1,s2)) = s; for all s; in S; and
i€ {1,2}.
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The product C; x Cs of two categories C; and Cj is the cartesian product of their collection
of objects and arrows. Given a pair of arrows f : ¢; — ¢} in Cy and g : ¢co — ¢, in Cy then
(f,9) : (c1,¢2) = (¢}, ¢y) is an arrow in Cy x Cs.

As with coproducts, we write F'(1) x ... x F(n) for the limit of a functor F : K, — C.

DEFINITION 2.13 (EQUALIZER) An equalizer is the limit of a functor F from [P to C.

This means that for any object ¢ and arrow h : ¢ — F'(2) in C, with h; F(f) = h; F(g), there
exists a unique arrow A’ from ¢ to [ F' such that h'; my = h.

F(g) .
F)T__F@2)<—]IF
F(f) b
h : !

The equalizer of two functions fi, fo : S — S5 in SET is the set

{s €S| fi(s) = fa(s)}

with 7 (s) = s as the cone morphism.

The equalizer of two functors Fi, F5 : C7 — Cs in CAT is the subcategory of C5 with objects
¢ from C; such that Fi(c) = F5(c) and morphisms f : ¢ — ¢ such that Fi(f) = Fa(f).

DEFINITION 2.14 (PULLBACK) A pullback is the limit of a functor F: VP — C.

If uy : ¢ — F(1) and ps : ¢ — F(2) are two arrows in C' with uy; F(f) = uo; F(g) then there
exists a unique h : ¢ — [[ F with py = h;m and po = h; mo.

P H F w2
/ 71'1 71'2 AN
H\; /

For the pullback of a functor F' : V% — C we may write F\(1) X (p),r(g) £(2) or, if F(f)
and F(g) are “canonic”, for example, inclusions in SET, we may write F'(1) X p(oy £'(2).

In SET the pullback is the set

{(s1,52) € F(1) x F(2) | F(f)(s1) = F(g)(s2)}
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with cone morphisms m;((s1, s5)) = s; for i € {1,2} and
mo((s1, 82)) = F(f(s1)) = F(g(s2))
The pullback in CAT is the subcategory of F(1) x F(2) with objects
{(s1,52) € F(1) x F(2) | F(f)(s1) = F(g)(s2)}
and morphisms (f, g) : (c1,¢2) — (¢}, c5) such that F(f)(f) = F(g)(9)-

DEFINITION 2.15 (COMPLETE) A category C' is (finitely) complete if every (finite) functor
F:J— C has a limit.

FacT 2.16 A category is complete if it has terminal objects and pullbacks or terminal objects,
equalizers and all products.

A category C' has all products if the limit of every functor from a discrete category to C'
exists.

Fact 2.17 The categories SET and CAT are complete and the category FCAT s finitely
complete.

We have already shown that SET and CAT have terminal objects and pullbacks. However,
to give a feeling of limits in SET, we give one possible construction for them.

The limit of a functor F': J — SET is the set

{(my,... ,my,...) | my € F(i), i€ J, F(f)(my) =mj, f:i—jeJ}
with cone morphisms 7!, mapping (my,...,m;,...) to m;.
FACT 2.18 The functor category CP is complete if C is complete.

PROOF. For a functor F : J — CP, the limit is the following functor [[ F : D — C defined
by

IIP@=1]F

where Fy is a functor from J to C defined as Fy(i) = F(i)(d) and Fy(f) = F(f)(d) for objects
7 and morphism f :7 — j in J.

Let 1 be a natural transformation from AG to F. Define the natural transformation A, :
G = ][ F with the help of the unique morphisms h,, : G(d) — [[ Fy given by the universal
property of [[ Fy and pq : A(G(d)) = [] Fu, defined by (1a); = (i) a- O

THEOREM 2.19 Given two natural isomorphic functors G and H from J to C then G has a
(co)limit if and only if H has a (co)limit.
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PROOF. Let u: G = H be the natural isomorphism from G to H with inverse p~! : H = G.
Let ¢ be a colimit of G and (¢ : G = Ac the co-cone morphisms. Then c is a colimit of H
with co-cone morphisms (7 = p1; 9.

Given a natural transformation v : H = Ac¢ then U = y;v is a natural transformation from
G to Ac and since (1%, ¢c) is a colimit of G, there exists a unique homomorphism h : ¢ — ¢’
with +; h = ; for all i € J. We have to show that also t7; h = v; for all 7 € J holds. Let ¢
be an object of J then

H.,; _ , -1, G. H __ -1, .G
l’iah’_lu’i 3L ,h |l’i _:U'z 2

-1 - G —
= ;5 7 | ;75 h =1
=i s v | o= s v
= V;.

The proof for limits is analog. O

THEOREM 2.20 Let G and H be two natural isomorphic functors from C to D then G
preserves (co)limits if and only if H preserves (co)limits.

PROOF. Assume that G preserves colimits. Given a functor F' : J — C with colimit (.*", ¢)
then (G;.",G(c)) is a colimit of F;G. Since G and H are natural isomorphic with isomor-
phism p : G = H, so are F';G and F; H with isomorphism F'; ;1 and thus G(c) is a colimit
of F; H. Because G(c) is isomorphic to H(c), H(c) is also a colimit of F; H with co-cone
morphisms ¢73%; p,.

The proof for limits is analog. O

2.4 Adjoints

Given two categories C and D. Two functors F': C' — D and U : D — C form an adjunction

if there is a bijection ¢ between the morphisms from ¢ to U(d) and the morphisms from F'(c)
to d for each ¢ € C' and d € D:

et U(d)
F(c) o(f) d

An example of an adjunction in the domain of algebraic specifications is the free term functor,
which, given a signature ¥ = (5, €), constructs the free term algebra Ty (X) of an S-indexed
family of sets X, together with the forgetful functor that maps a X-algebra to its family of
carrier sets (cf. Section 3.1).

Let C be the category of S-indexed families of sets SET® and D the category Alg(X) of
Y-algebras. The functor U takes a Y-algebra A and yields the S-indexed family of carrier
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sets of A. The functor F' takes an S-indexed family of carrier sets X : S — SET and returns
the free term algebra Ty (X) over X. The free term algebra has as carrier sets the smallest
family of sets such that

e X(s) CTx(X)(s) for s € S and

o wty,... t,) € Te(X)(s) for all w € Q(s1,...,8n,5), t; € Tu(X)(s;), sin S and s; in
Sforalll <i<n.

For operations w in (s, .., $,, s) we define

Te(X)(w)(t1,--- ,tn) = w(t1,. .., tn)

for each t; € Tx(s;) and 1 < i < n.

Any S-indexed family of functions i between X and the carrier sets of a ¥-algebra B extends
uniquely to a homomorphism ¢(h) from Tx(X) to B by

e o(h)s(z) = h(x) for x € X(s) and

o p(h)s(w(ts,- .. ,tn)) = B(w)(o(h)s, (t1), - -, o(h)s, (tn))
for w e Q(sy,...,8,,9), t; € Tg(X),, and 1 <7 < n.

On the other hand, if ¢ is a homomorphism between Tx(X) and a X-algebra B then a family
of functions ¢~!(g) is given by ¢~ '(g),(z) = g,;(z) for all s € S and z € X(s).

Thus we have a bijection between natural transformations h : X = U(B), which are the
morphisms in SET® and homomorphisms ¢(h) : Ty(X) — B:

Xh:>U(B)

TZ(X)WL) B

DEFINITION 2.21 (ADJUNCTION) An adjunction from a category C to a category D is a
pair of functors F': C — D and U : D — C such that there exists a bijection ¢ between the
collection of arrows from c to U(d) in C and the collection of arrows from F(c) to d in D for
each object ¢ € C' and d € D, which is natural in ¢ and d. The naturality conditions require
that

c— U(d) F(o)?®s g
flt J/U(h) commutes if and only if F(fl)l lfz
P o 4 N __ o p
¢ e U(d) Fe )cp(gz) d

commutes for morphisms g1, go and fi in C and fy in D.

An alternative definition of an adjunction is:
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DEFINITION 2.22 Let U be a functor from D to C then the functor F' : C — D is left adjoint
Jor U, if there exists a natural transformationn : ldc = F; U such that for every object d € D
and morphism f : ¢ — U(d) in C there exists a unique morphism f : F(c) — d such that the
following diagram commutes:

¢S U(F(c))

\ lU(f)
(

U(d)

Similarly, let F' be a functor from C to D then the functor U : D — C is right adjoint for F
iof there exists a natural transformation € : U; F' = |dp such that for every object ¢ € C' and
arrow g : F(c) = d in D there exists a unique morphism g : ¢ — U(d) such that the following
diagram commutes:

d=—=F(U(d))

U
X TF@)

F(e)

Given an adjunction (F,U,¢) from C to D then F is a left adjoint for U and U is a right
adjoint for F'. We call the natural transformations  : Ild¢ = F';U the unit and € : U; F' = Idp
the co-unit of the adjunction.

THEOREM 2.23 Given functors F : C' — D and U : D — C. The following definitions are
equivalent:

1. (F,U, ) is an adjunction from C to D,
2. F is left adjoint for U and
3. U 1s right adjoint for F.

PROOF. Let (F,U, ) be an adjunction from C' to D. Define n : Ildc = F;U by n, =
¢ (idp(,) for every object ¢ € C, and for a given morphism f : ¢ — U(d) let f = ¢(f).

The naturality of ¢ ensures that 7 is a natural transformation, that n.; U(f) = f and that f
is unique with that property. This makes F' a left adjoint for U.

Similarly, define € : U; F' = Idp by € = ¢(idy(g) for every object d in D, and given a
morphism g : F(c¢) = d in D let § = ¢ *(g). This makes U a right adjoint for F'.

On the other hand, if F is a left adjoint for U, define ¢(f) = f for every morphism f :
¢ — U(d). Then naturality of ¢ is given by the uniqueness property of f and the fact
that 7. : F'(¢) — F(c) is the identity on F'(c¢). Similarly, if U is right adjoint for F' then
¢ g F(c) > d)=3. O
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Fact 2.24 Let (F,U, ) be an adjunction from C to D and (F',U’,¢") an adjunction from
D to D'. Then (F;F',U";U, ¢;¢) is an adjunction from C to D'.

This fact can be rephrased as follows: the composition F'; F' of a left adjoint F' for U with a
left adjoint F” for U’ yields a left adjoint for U’; U and similar for right adjoints.

THEOREM 2.25 A functor F preserves colimits if F' has a right adjoint U.

PRrOOF. Let (F,U, ) be an adjunction from C to D and G : J — C a functor that has a
colimit (1%, [[ G). We want to show that F (]| G) is a colimit of G; F with co-cone morphisms
1%, F. Assume an object d in D and a natural transformation v : G; F = Ad then we define
a natural transformation v/ : G = AU(d) by v/ = ¢~ !(v;) for every i € J. Because G has
a colimit, there exists a unique morphism A from [[ G to U(d) making for each i € J the
following diagram commute:

[1G—~U(d)

o A
‘ vi=p~1(v;)

G(7)

Then ¢(h) is a morphism from F([[G) to d and for each ¢ € J the following diagram
commutes because of the naturality of ¢:

F(

116) 2
F‘LGT/
F(G(i))

U(d)

O

Note that if F' has a right adjoint U then I is left adjoint to U. Thus the last theorem is
equivalent to saying that left adjoint functors preserve colimits.

The dual of Theorem 2.25 is the following theorem:

THEOREM 2.26 A functor U preserves limits if it has a left adjoint F.

2.5 Indexed Categories

In [58] Tarlecki, Burstall and Goguen develop indexed categories as a tool for theoretical
computer science. An indexed category models in a uniform way a family of categories
indexed by the objects of an index category. The morphisms in the index category generate
additional relations between the component categories.
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An example of an indexed category is the family of the categories of ¥-algebras Alg(X) for
each many-sorted signature ¥. The index category is the category of many-sorted signatures
S1G and the component categories are the categories of Y-algebras Alg(X). For each signature
morphism o : ¥ — X' in SI1G there exists a functor Alg(o) : Alg(X’) — Alg(X), the o-reduct
(cf. Section 3.1).

Each indexed category has associated a single category given by the disjoint union of the
objects of the component categories plus some additional morphisms. This category is the
flat category associated with an indexed category. Together with a projection functor from
the flat category to the index category, which assigns to each object in the flat category the
index of the category where it originates from, this yields the “fibered category” presented
by the indexed category (cf. Grothendieck [31]).

An indexed category C indexed by a category E is a family of categories C, for each e € FE
and a family of functors C from C. to C, for each morphism f : e — ¢’ in E such that
Ciq, is the identity functor Id¢, and if f : e — €' and g : ¢/ — €"” are morphisms in F then
Crig = Cyg; Cf.

Thus an indexed category C' determines a contravariant functor C from E to CAT defined
by C(e) = C, and C(f) = Cf for each object e and morphism f in E.

Flattening an indexed category C' yields the category Flat(C'), whose collection of objects
is the disjoint union of the collection of objects of C, for every e € E. Thus the objects of
Flat(C) are pairs (e, ¢) where e is an object of E and c is an object of C,. An arrow from (e, c)
to (¢/,¢') in Flat(C) is a pair (f,g) where f : e — €' is a morphism in E and g : ¢ = C,y(¢)
is a morphism in C,.. The identity of an object (e, c) in Flat(C) is the pair (id.,id.). The
composition of two arrows (fi, 1) from (e, c) to (¢/,¢') and (fe, g2) from (€, ') to (e, ") is
given by (f1; f2, 91;Cr, (92))-

Cy, (g2)

c—2> 0y, (d) Cr, (Cp(c"))

| |

c CYf 2 (CH)

g2

Flattening the indexed category Alg : SIGN?? — CAT yields the category Flat(Alg). Objects
in Flat(Alg) are pairs (X, A) where ¥ is a signature and A is a ¥-algebra. Morphisms from
(X, A) to (X', A") in Flat(Alg) are pairs (o, h) where o is a signature morphism from ¥ to ¥
and h is a homomorphism from A to A,.

Another example of flattening an indexed category is the category of many-sorted signatures
SIG (cf. Section 3.1). The indexed category MS is a contravariant functor MS : SET” — CAT.
An object Q in MSg is an ST indexed family of operation symbols, that is, an element of
SETS". A function o, : S — S’ induces a function 7, from S* to S'* by Ts(S1,---,5,) =
0s(81),---,05(sp). Then MS,,_ is a functor from SETS to SETS" given by MS, () =7, ',
that is, MS,, () (w) = Q' (75(w)) for every w € S*, and MS,,(0q) = &5 for a natural
transformation oq : Q1 = Qy, that is, MS,, (00)w = (00)7,(w) for every w € S*.
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Then Flat(MS) has as objects pairs (S, 2) where S is a set and Q is an S*-indexed family of
operations names. A morphism from (S, Q) to (S’,€’) in Flat(MS) is a pair (o, 0q) where
o5 is a function from S to S’ and oq a natural transformation from €2 to MS,, ('), which is
an ST indexed family of functions (oq), : Q(w) — Q'(7s(w)), mapping operation symbols
of type w in ) to operations symbols of type 7(w) in €. Thus Flat(MS) is the category of
many-sorted signatures SIG.

Similar to indexed categories one can define indexed functors between indexed categories.
An indexed functor F': C — D with index category FE is a family of functors F, : C, — D,
such the following diagram commutes

Cy
Co,<——Cy

De =5~ De
f

for all morphisms f : e — ¢’ in E. In other words, F' s a natural transformation between the
indexed categories C' : E? — CAT and D : E°? — CAT.

As with indexed categories, we can flatten an indexed functor, which yields the functor
Flat(F') : Flat(C) — Flat(D) given by

e Flat(F)((e,c)) = Fe(c) and

e Flat(F)((f,9)) = (f, Fe(9))

for each object (e,c) and morphism (f,g) : (e,c) — (€¢',c) in Flat(C). F.(g) is indeed a
morphism from F,(c) to C¢(Fe (c')) because, by the definition of indexed functors, Fe; Dy is
the same as Cy; Fe.

The limit of a functor F' : J — Flat(C) in Flat(C) is a pair (e, c) where e is the limit of the
projection of F' to the objects and morphisms in F; this requires F to have limits of shape
J. The object ¢ in C, is given by the limit of the functor F : J — C,, which is defined by
constructing for each 7 € J and F (i) = (e;, ¢;) an appropriate object ¢; in Ce. This requires
that C, has colimits of shape J.

THEOREM 2.27 (Tarlecki, Burstall and Goguen [58]) Given an indezed category C with index
the category E. The category Flat(C) has limits of shape J if

e F has limits of shape J and
o the category C, has limits of shape J for every e € E.

o the functor Cy: Co — C, preserves limits of shape J for every morphism f :e — € in
E.

PROOF. Let F be a functor from J to Flat(C'). Let F (i) be (e;, ¢;) where ¢; € E and ¢; € C.,
for i € J and let F(f) be (f/ :e; = €;, f9:c;i = Cys(c;)) for f:i—j € J.
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To construct the limit (e, c) of F, we first construct the limit of the functor Fg : J — F
defined by Fg(i) = e; and Fg(f) = f/. The limit e of Fy exists because E has limits of
shape J.

In the next step we define a functor F : J — C, by F(i) = C rg(c;) for i € J and F(f) =
C r(f9) for fri—je€J

Note that f9 is a morphism from ¢; to Cys(c;) in C; and C rp maps f9 to a morphism from

C rz(ci) to qufE (C}s(c;)) in C,. Because we have 7/ ”; f/ = WfE we get

2

CWfE (Cff (c;) = CﬂfE;ff (cj) = CﬂfE (¢j)

and thus F is well-defined.

Now the limit (e, ¢) of F is given by the limit e of Fi in E and the limit ¢ of F' in C,, which
exists because C; has limits of shape J for all i € J. The cone morphisms 7, : (e, ¢) = (e;, ¢;)
are given by the pairs (7, 7, ") for each i € J.

To show that (e, c) is indeed a limit of F', consider a natural transformation u : A(e’, ') =
(e,c). Then we have to show that there exists a unique morphism h = (h/, h9) from (€, ¢
such that the following diagram commutes for all 7 € J:

f
(e,0) L2 (1, )
FE

’ﬂp)l /
L (uf 1)

(ei, ci)

(m

That is, we have to show that the following two diagrams commute for all i € J:

ht Chi(c) £—¢

€<—e'

|y el

€; Cu{ (Cz)

The morphism A/ : e — €' with the property h' ;7rf B = ,uzf for all 7 € J is uniquely given
by the limit property of e with respect to Fz and the natural transformation given by the
family of morphisms ,uzf :el —e; foralli e J.

Now we have to find h? : ¢ — Cjs(c). Since C, preserves limits of shape J for all g : e; — e
in E, we know that Cj(c) is a limit of the functor F;Cys. Further, because h';nl® = pf,
we get

€yt (€)= Cpy i (e) = Cur (F(D).

Thus, pf : ¢ = Cs(c;) for i € J is also a family of morphisms from ¢’ to Cys (F(i)). Using
the limit property of F;Cs we get a morphism h9 : ¢ — Cys(c), unique with the property
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h9; Cpr(wF) = pf for all i € J:

Chs(c) S d
Crs (ﬂ'zF)\L
Chr (F (1))

u

O

We can use the last theorem to check if the category of many-sorted signatures has limits of
shape J. To apply the theorem we have to check that SET has limits of shape J and that
SET®" has limits of shape J. We have seen in the previous sections that SET is complete and
thus has limits for all categories J and that SET®" has limits of shape J if SET has limits of
shape J.

It remains to show that MS, : Sers" — SETS" preserves limits for every function og :

S — S'. Let ' be the limit of the functor F : J — SET® " and Q be the limit of the functor
F;MS,,. It suffices if we can show that MS,,(2) = 0g; €)' is the same as €.

By the construction of limits in functor categories we get Q'(w') = [[, F,y where F,, (i) =
F(w')(i) and Fy (f) = F(f)w for allw’ € S'", f :i — j € J and i € J. Further, for each w €
St we have Q(w) = [[,(F;MS,, )y where (F;MS,, ), (i) = (F;MS,,)(i)(w) = F(i)(os(w))
and (F;MS,)w(f) = F(f)ogw) foreach f:i—j€ Jand i€ J

Thus for every w € ST we have

(05 2) () = @ (5(w)) = [ Footwy = [[(F;MSs ) = Q).

J J

As a result we get S1G = Flat(MS) has limits of shape J for all categories J, in other words,
S1G is complete.

Note that the terminal object ¥+ in S1G is ({1}, Q1) where Qr : {1}* — SET maps each
non-empty word over {1} to the one element set. Thus ¥+ is a signature with one sort and
infinite many operation symbols, for each possible function type one.

Colimits in Flat(C) can be constructed in a similar way as limits, that is, as colimits of
functors Fg : J — E and F' : J — C,. However, there is one problem in defining F'. Since

the co-cone morphism Lf P is a morphism from e; to e and thus CLFE is a functor from C, to
7

Ce;, we cannot use C r, to define F'(i). A solution to this problem is to require that each
functor Cf : C¢ — C, has a left adjoint Ly : C, — C, for each f:e — €' in F.

Note that, because Cy is required to have a left adjoint, C'y preserves limits; however, this
property is not used in the following proof.

THEOREM 2.28 (Tarlecki, Burstall and Goguen [58]) Given an indezed category C with index
the category E. The category Flat(C) is cocomplete if
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e FE 1is cocomplete,
e the category C, is cocomplete for every e € E and

o the functor Cy : Cy — C, has a left adjoint for every morphism f:e — €' in E.

PROOF. Let C be an indexed category from E to CAT and F' a functor from J to Flat(C).
Let further F'(i) be (e;,c;) where ¢; € E and ¢; € C,, for i € J and let F(f : i — j) be
(ff:ei— €5, f9: ¢ — Cpi(cy)) for f € J.

To construct the colimit (e, ¢) of F' we first construct the colimit of the functor F: J — F
defined by Fp(i) = ¢; and Fg(f) = f/. Since we have assumed that F is cocomplete, the
colimit e of F with co-cone morphisms ¢; : ¢; — e exists.

Then each ¢; is translated by the left adjoint of C,, to an object ¢; of C. and each morphism
f9 ¢ = Cps(c;) gives rise to a unique morphism f9 from ¢ to ¢; by the universal property
of ¢;. Note that ¢; = f7; t; because t; and ¢; are co-cone morphism, which implies that C,,
and C,;; Cys are the same. Let 7., be the unit morphism from c¢; to C,;(¢;) given by the left
adjoint of C,;. Then, for the morphism f9; Cys(n.,) from ¢; to Cys(C,;(¢;) = C,,(¢;) there
exists a unique morphism f¢ from ¢; to ¢; such that the following diagram commutes:

¢ e C,.(¢)
e o
Cff (c]) C f("cj) CLi (5.7)

Thus the functor F : J — Flat(C) gives rise to a functor F : J — C, by F(i) = ¢ and
F(f) = f9. Then c is the colimit of F, which exists since we have assumed that C, is
cocomplete. The co-cone morphisms of the colimit of F' are the pairs (1;,¢') given by the
co-cone morphisms of Fy and F where (' from ¢; to C,,(c) is n.;; C.. (:F)

To show that (e, c) is a colimit of F, consider a natural transformation pu : F — A(€', ).
Then we have to show the existence of a unique morphism h = (h/, h9) from (e, c) to (¢',c)
such that the following diagram commutes for all ¢ € J:

f
(e,0) B2 (1, )

(Li,Lf)T /
(7))

(ei, ci)

that is, we have to show

et and G, (c) L (Cur ()

LiT /: %FT !
i M

€; C;
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The morphism A/ is given unique with the above property by the colimit property of e with
respect to the functor Fiz and the natural transformation given by the family of functions sz
for each 7 € J.

The morphism h? : ¢ — Cjs(c') is given by colimit property of ¢ with respect to F and the
natural transformation given by fif : F'(i) — Cs(c') for each i € J:

C $ Chf (CI)

F
3 ﬁf

C;

We get /i by the left adjoint of C,,. First note that C,s(c') = C,,(Cys(c’)) because ¢;; A = T
by the colimit property of e. Since ¢; is a free extension of ¢; with respect to C,,, we can
extend a morphism p : ¢; = C,,(Chs(c')) in a unique way to a morphism [} : & — Cps(c)
such that the following diagram commutes:

e

Ci Cbi(éi)
p l/CLi (&)
2
Ci(Chy(¢))

The following diagram is a combination of the last two diagrams where the first diagram is
translated by C,;:

Note that ¢ is defined as n.,; C,,(:]') and thus we get «;C,,(h9) = 1f, which finishes our

)

proof. O

To show that the category of many-sorted signatures has colimits of shape J, we have to
show that SET has colimits of shape J, that SET®" has colimits of shape J for each set S and
that each functor MS,, : SEr®" — SET®" has a left adjoint L,, : Ser’” — Ser®”. SET is
cocomplete for categories J and SET®" has colimits of shape J, whenever SET has colimits
of shape J. Thus it remains to show that each functor MS,, has a left adjoint L,,.

Given a family of operation symbols €2 : S — SET, we define a family of operation symbols
' :S" — SET by letting Q'(w’) be the disjoint union of all sets Q(w) such that &4(w) = w’
for all w' € S'". If there is no such w then (w’) is the empty set. Given a natural
transformation og; 2 = € in SETY" then L,, (0q) is a natural transformation from L, (€)
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to Ly, (€22). Let w’ be a non-empty word over S’ and op an operation symbol in L, (£2;)(w')
then L, (0q)w (0p) = (0a)w(op) if op € Q1 (w) and 75(w) = w'.

The unit morphism p : Idg = L,, is the family of inclusions of €, into Ly, (), (w) for every
we ST

Given a functor F : J — Sic with F(i) = (S;,) for i € J and F(f) = (of,0]) for
f 11— 7 in J then the colimit of F is given as (S,2) where S is the colimit of Fs defined
by Fs(i) = S; and Fs(f) = o, and € is the colimit of the functor F : J — SET®" defined by
F(f)w(op) = Ly, (f)w(op) for all w € ST and op € F(i)(w).
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The notion of institutions is an attempt to formalize the informal notion of a logical system
and was developed by Goguen and Burstall [25] as a means to define the semantics of the
specification language Clear [13] independent from a particular logic. Many constructs and
results in the theory of abstract datatypes are independent of the underlying logical system,
and in Chapter 4 we shall give a brief presentation of these constructs and results.

The main aspect of an institution is the notion of satisfaction between formulas and models.
Both, formulas and models are given with respect to a certain vocabulary, called signature.
Signatures are related by signature morphisms and induce a translation from formulas over
one signature to formulas over the other, going in the direction of the signature morphism,
and a translation of models in the reverse direction. We require that the notion of satisfaction
is compatible with these translations; this requirement is called the satisfaction condition.

The notion of institutions does not cover proof theoretic aspects of a logical system like, for
example, a deduction system. To address this problem, for example, Meseguer [44] combines
institutions with entailment systems.

The main construction of this thesis will be the institution Rz presented in Section 5.3, which
is parameterized by a another suitable institution Z.

Here, we will only recall the definition of institutions; for more details see the article by
Goguen and Burstall [25].
DEFINITION 3.1 (INSTITUTION) An institution T = (SIGNz, Strz, Senz, EZ) consists of

e a category of signatures SIGNz,

e a contravariant functor Strz : SIGN” — CAT assigning to each signature 3 the category

of Y-structures and to each signature morphism o : ¥ — ¥' a forgetful functor |, :
Strz(X') — Strz(%),

e a functor Senz : SIGN7 — SET assigning to each signature Y the set of Y-formulas and
to each signature morphism o : ¥ — X' a translation & of X-formulas to ¥'-formulas,
and

e a family of satisfaction relations =%y C Strz(X) x Senz(X) for £ € SIGNz indicating
whether a L-formula ¢ is valid in a S-structure m, written m =ry ¢ or for short
m =" o,

such that the satisfaction condition holds: for all signature morphisms o : ¥ — X', formulas
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¢ € Senz(X), and structures m' € Strz(¥') we have

m'|, =X ¢ if and only if m' = ().

For notational convenience we may write M =7 ¢ for a class of YX-structures and a Y-formula
instead of Ym € M.m =7 ¢, and similar for m =% ® and M =% ® for a set @ of X-formulas.
We may also write ® =7 @ for two sets of X-formulas ® and &' to denote that if m EZ @
then m =% @ for all m € Strz(X). We shall omit the superscript Z if the institution is clear
from the context.

In the following sections we give three examples of institutions. The first section presents
the well-known institution of equational logic £Q. Using the techniques of Goguen and
Burstall [25], we add data— and partitioned-by constraints to £Q and get the institution
EQC.

The last section introduces the institution £LSL, which formalizes the logical system under-
lying the Larch Shared Language [34]. The Larch Shared Language will be used in some of
our examples. The main difference of LSL with respect to £QC is that signatures in LSL
contain the sort bool with its usual operations, and that for each sort in the signature we
have the equality as a boolean function. The structures in LSL are those algebras where
these symbols have their usual meaning. This makes it quite convenient to write specifi-
cations in LSL; however, since the sort bool with its operations and the equality can be
specified using equations and constraints, we can use £QC to reason about specifications in
LSL (cf. Theorem 3.42).

Another example of an institution is the institution SE7 presented in Section 9.1, which
formalizes the logical system underlying the specification language Z [56].

3.1 Equational Logic

To pave the road for the definition of the institution LSL in Section 3.4, we shall first present
the institutions £Q of equational logic and £ QC of equational logic with constraints. Signa-
tures in these institutions are many sorted signatures, structures are algebras, and formulas
are equations VX s = t. In addition to equations £QC has generating and partitioned-by
constraints as formulas.

The institutions for equational logic and equational logic with data-constraints are already
given in Goguen and Burstall [25]. Adding partitioned-by constraints and the institution
LSL are new.
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Signatures

DEFINITION 3.2 (MANY-SORTED SIGNATURES) A many sorted signature ¥ = (S,Q) con-
sists of a set S of sorts and a functor Q : S* x S — SET mapping pairs (w,s) to sets
of operation symbols Q(w,s). We require that for all w € S* and s,s' € S we have
Qw, s)NQ(w, s") = {}. For an operation symbol w € Q(w, s) we shall write w : w — s. If w
is the empty string, w is called a constant of sort s and we write w : s. A signature is finite
if the set of sorts and the union of all Q(w, s) is finite.

A signature morphism o from (S,Q) to (S',) is a pair of a function o : S — S' and a
natural transformation o : Q = ;' where & is the extension of o : S — S’ to a function
6:5*%x S — 8" xS given by

G((s1..-8n),8) = (0(s1)...0(8n),0(s)),

that is, o is an S* X S indexed family of functions

O(w,s) : Q((w, 5)) = Q(6((w, s))).

We do not require that the sets Q(w, s) are disjoint. This allows us to overload operation
names, that is, have the same operation symbol with different types. A possible application
is the use of the same symbol + for the addition of natural numbers and for the addition of
integers.

However, to ensure that certain constructions on terms, like the evaluation of terms, are
well-defined, we need that the sets of terms of sort s € S are disjoint. A sufficient criteria
is that the sets Q(w, s) and Q(w, s') are disjoint for all w € S* and s,s" € S (cf. Loeckx et
al. [42]).

Note that in the definition of 2 as a functor from S* x S to SET, S* X S is viewed a discrete
category.

The category SIG has as objects many-sorted signatures and as arrows signature-morphisms.
The category F'SIG has as objects finite many-sorted signatures and is a full subcategory of
SIG.

The following fact is well-known, for example [19]:

Fact 3.3 The category S1G is cocomplete.

PRrOOF. Let F' : J — SIG be a functor with F(i) = (5;,;) and F(f : i — j) = o :
(Si, %) — (S;,9;) for i and f : 4 — j in J. In the following we construct the colimit
(Ser, Qg) of F with the co-cone morphisms ¢I". The set S, is given by the colimit of the functor
Fs:J — SET, and Qg : S% X Sy — SET is the colimit of the functor Fy : J — SETS@*,

Fs(i) is S; for objects i of J, and Fg(f) is the sort function of o, for arrows f of J.

Let (w, s) be an element of S¥ x S, then Fy(i)(w, s) is the disjoint union of all sets €;(w;, s;)
with 175 (w;, s;) = (w, s) for some (wy, s4i) € S;'.
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Fo(f : ¢ = j)(w,s) is the extension of the family of functions of(w;,s;) : Q((w;, si)) —
Qo ((wi, 55))) with o7 ((w;, 8;)) = (w, 5) to a function from Fo(i)(w, s) to Fa(j)(w, s).

We have to take the disjoint union because we did not require the Q;(w;, s;) to be disjoint,
and if ./ identifies sorts, then two operators with the same name but different sorts could be
mapped to the same operator. Note that the colimit of F exists since the functor category
SET%a*% is cocomplete because SET is cocomplete (cf. Fact 2.4).

The sort part of the co-cone morphisms ¢ is given by the co-cone morphism Lf 518 = Sa,
and the operation part is the composition of the inclusion of Q;(wj, s;) into Fo(i)(w, s) with
F3®

L.

;¢ for every 7 in J.

Then the colimit property of (S, ) is a consequence of the definition of S, and €2 as
colimits of Fs and Fq. O

The initial object in S1G is ¥, = ({},€2.) where 2, is the unique function from {} to SET
because {} is the initial object in SET.

Pushouts (Sy,, 2y,) for functors

Shpo Qpo (w, 5)
" /4 ,:\ \\\ ' L1(w,s/) P AN L\z(w,s)
v ’ | b N _ -7 h >
S, | o Sy and O (w,s) Qo (w, s)
|
|
\;—1\ | % 51(’111,5) ~ 0’2(’!1],5)
SO QO(wa S)

where Q;(w, s) is the disjoint union of all €;(w;, s;) such that ¢;(w;,s;) = (w,s) for every
(w, 8) € Sy, X Spo, (wg,5;) € S; x Sy, and i € {0,1,2}.

The union of signatures ¥; U Xy where ¥; = (S, () for ¢ € {1,2} is the signature (S,Q)
where S is the union of S; and Ss, and Q(w, s) = Q; (w, s) U Qe(w, s) for w € S* and s € S.

Q) is the extension of Q; from an S X S;-indexed family of sets to an S* x S-indexed family
of sets and is given by Q;(w, s) = Q;(w, s) if (w, s) € Sf x S; and Q(w, s) = {} otherwise for
i€ {1,2}.

Note that the union of signatures can be viewed as a pushout of ¥; and ¥, with respect to
31N Y5 and the inclusions of ¥; NY, into ¥; and Y, respectively, where 31 N Y5 has as sorts
S =51 NSy and as operations Q(w, s) = Q1 (w, s) N Qs (w, s) for (w,s) € S* x S.
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Note that the colimit of an infinite diagram of signatures, in general, is not a finite signature.
For instance, consider a functor F : J — SIG where J is an infinite, discrete category.
For each ¢ € J, F(i) is the signature ({s},{w : s — s}). By the construction of colimits
in SIG the colimit of F' is a signature with sorts the set {(i,s) | i € J} and operations
{(i,w) : (i,8) = (i,s) | i € J}. Since J is infinite, the resulting signature has infinitely many
sorts and operations. Thus, while SIG is cocomplete, FSIG is only finitely cocomplete.

Algebras

DEFINITION 3.4 (ALGEBRAS AND HOMOMORPHISMS) Let ¥ = (S,Q) be a signature. A
Y-algebra A consists of a functor A from the set S, viewed as a discrete category, to SET

mapping each sort s in S to its carrier set A(s), together with a family of total functions A(w)
from A(w) to A(s) for each w € Q(w, s) where A(w) = A(s1) X ... X A(sy) for w =1 ... 5p.

A Y-homomorphism h : A — B is a natural transformation h : A = B between the functors
A and B from S to SET compatible with the operations in S, that is, for each w : w — s and
Ay, ..., a, in A(w)

he(AW)(ar, - . an)) = BW)(hs, (1), .. , hs, (an)).

Y-algebras and YX-homomorphisms form the category Alg(X). A homomorphism h: A — B
is an isomorphism if hs is an isomorphism between A(s) and B(s) for every sort s. Two
algebras A and B are isomorphic if there exists an isomorphism h : A — B.

The forgetful functor Uy, from the category of S-algebras to the functor category SET® maps
Y-algebras A to their family of carrier sets and ¥-homomorphisms h : A — B to their natural
transformations h : A = B between their family of carrier sets.

DEFINITION 3.5 (0-REDUCT) Given a signature morphism o from (S,Q) to (S',Q') and a
Y'-algebra A, the o-reduct of A, written A|,, is the ¥-algebra defined by

A, =0;A
(Aly)(w) = A(o(w)) for all w: w — s and (w,s) € ST.
For each ¥'-homomorphism h : A — B a X-homomorphism h|, : A|, — B|, is defined by

hl, = o; h.

The o-reduct is a functor from the category of 3'-algebras to the category of Y-algebras.

DEFINITION 3.6 (Alg) Alg is a contravariant functor from S1G to CAT mapping every sig-

nature X to the category of 3-algebras Alg(X) and every signature morphism o : ¥ — X' to
the functor _|, : Alg(X') — Alg(X).
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Equations

DEFINITION 3.7 (TERM-ALGEBRA) Let ¥ = (S,Q) be a signature and X an S-indezed fam-
ily of sets, the term algebra Tx(X) has as carrier sets the smallest S-indexed family of sets
such that

X(s) CTx(X)(s) for each s € S and
Wty ... ty) € Te(X)(s) for each w : w — s in Q and ty,... ,t, € Ts(X)(w)

and for every operation symbol w : w — s in §2
To(X)(w)(t1, ... tn) = w(t1, ... ,tn).

The elements in Tx(X)(s) are called terms of sort s.

If X is the family of empty sets, that is, X (s) = {} for all sorts s in S, then Tx(X) is called
the ground term algebra, and we may write T, instead of Tx(X).

The functor Ty from SET® to Alg(X) maps each family of sets X : S — SET to the term
algebra Tx(X) and each natural transformation 4 : X = Y to the unique homomorphism
from Tx(X) to Tx(Y) satisfying Ts(h)s(x) = hs(z) for every z € X (s), s € S and

Ts(h)s(w(ti, ..., tn) =w(Tg(h)s, (t1), ..., Ts(h)s, (tn))
for every operation w : w — s € Q.

The functor Ty is left adjoint to the forgetful functor Uy : Alg(X) — SET®, which means
that for each algebra B and natural transformation h : X = Uyx(B) there exists a unique
extension of A to a homomorphism & from T (X) to B such that h = n; Ug(h) where n is the
natural transformation from X to Ug(Tx(X)) given by the inclusions of X (s) into Tx(X)(s).
The homomorphism £ is uniquely defined by hs(z) = hy(z) for z € X(s), and s € S and
h(w(ty, ... tn)) = B(w)(hs, (t1), ... , hs, (tn)) for w:w — s € Q.

The natural transformation & from T (X) to B evaluates a term ¢t € Ty (X) in B with respect
to h. If X is the family of empty sets then there exists a unique natural transformation
h: X = Ug(B) for each Y-algebra B, and we shall write B(t) for the evaluation of a ground
term ¢ € Ty in B instead of h(t).

The ground-term-algebra T is an initial object in Alg(3) because the family of empty sets
is an initial object in SET® and left adjoints preserve initial objects (cf. Section 2.4). The
unique homomorphism hp from Ty to an arbitrary Y-algebra B is given by hg(t) = B().

Note that in the definition of algebras and homomorphisms (cf. Definition 3.4) we used the
same symbol A for a Y-algebra A and its family of carrier sets A : S — SET, and we used
the same symbol h for a ¥-homomorphism from A to B and the natural transformation
h: A= Bin SET®. Thus, in the following, we shall leave the application of the forgetful
functor Uy : Alg(X) — SET® implicit. For example, if A is a Y-algebra, we write Tx(A)
instead of Tx(Us(A)).
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FacT 3.8 Let A be a X-algebra and 1 : ldg,,.s = Tx;Us be the unit of the adjunction of Ty
and Us.. Then we have

NA; iNdA = idy
in SET.

PROOF. By definition, id, is the the unique homomorphism from Tx(X) to A such that
Na;idy = idy in SET. O

FacT 3.9 The following diagram in Alg(X) commutes for every homomorphism h : A — B
in Alg(X):

To(4) 22 74(B)
ida idp
A————B

PROOF. Let ¥ = (5,2) be a many-sorted signature. First, we show that

Tx(4)

1

commutes in Alg(X). Since we have
Na;ida;h=idash=h

in SET®, and the homomorphism his unique with the property ny; h = h, we have h = 1id Az h
in Alg(%).

Next, we show that the following diagram commutes in Alg(X):

Tx(h)

Tx(4)

Tx(B)

Since 7 is a natural transformation we have n4; Tx(h) = h;np. By composing both sides of
the equation with idp we get

na; Tg(h), i~dB = h,; nB; i~dB = h.

Again, since h is unique with the property 14; h = h, we get that h = Tg(h); idp in Alg(X).
O
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Given a recursive enumerable set V. A functor X : S — SET is a family of variables for the
signature ¥ = (5,Q) if X(s) C V for each sort s in S and X (s) N X (s') = {} for two sorts
s# s in S.

For a Y-algebra A and a family of variables X € SET®, a natural transformation p from X

to the family of carrier sets of A is called a variable assignment.

In the following we may write, for example, X = {z,y : 51,2 : 53} for the family of variables
X :{s1, 89,83} — SET given by X(s1) = {z,y}, X(s2) = z and X (s3) = {}. If the sorts of
the variables are clear from the context we may omit the declaration of sorts and just write
X ={=z,y,z}.

DEFINITION 3.10 (TRANSLATION OF TERMS) Let 0 : ¥ — X' be a signature morphism
with ¥ = (S,Q) and X' = (5",'), and let X : S — SET be a family of variables. Define a
new family of variables X' : S' — SET by taking for X'(s') the union of all X(s) such that
o(s) = ¢ for each s' in S'. We set X'(s") = {} if there is no s € S with o(s) = s'.

The signature morphism o defines an S-indexed family of functions G5 from Tg(X)(s) to
Te(X)(o(s)) by

o(x)=x forzeX(s)andse S
g(w(ts, ..., tn)) =oW)(@(tr),...,o(tn))

for w € Q(w, s), t1,... ,t, € Te(w) and w € S*.

A Y-equation has the form VX t = r where X is a family of variables and ¢ and r are terms
in Ty (X)(s) for some sort s € S.

DEeFINITION 3.11 (Eqn) The functor Eqn from S1G to SET maps a signature ¥ to the set
of ¥-equations and a signature morphism o : ¥ — X' to the function Eqn(o) mapping a
Y-equation VX r =t to a ¥'-equation VX' 5(r) = 7 (t).

DEFINITION 3.12 (SATISFACTION) A X-algebra A satisfies a L-equation VX t = r, written
AEYVX t=r,if p(t) = p(r) for all variable assignments p : X = A.

When writing an equation V{z; : s1,...,2, : s,} r = t, we shall omit the braces and write
Vri:81,...,T,: S, v = tinstead, or Vxq,...,x, r =t if the sorts of the variables are clear
from the context.

LEMMA 3.13 If A and B are isomorphic X-algebras, then
AEVXt=rifandonlyif B=EVX t=r
for all X-equations VX t =r.

PROOF. (<) Let B = VX t = r and p be an arbitrary variable assignment from X to A.
We have to show that p(t) = p(r).
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Define a variable assignment from X to B by p' = p; ¢ where ¢ is the isomorphism from A to
B. Note that g is the same as p;¢. Then we have p/(t) = p'(r) because B =VX t =r.

By applying 1! to each side of the equation §'(r) = p'(t) we get g'; .= (r) = p; ;07 (r) = p(r)
and p';07L(t) = p; ;07 (t) = p(t) and thus p(r) = p(t).

1

(=) The argument is the same as for the previous case but with the réles of ¢t an ¢~ reversed.

O

DEFINITION 3.14 (INSTITUTION £Q) The institution of equational logic £Q is given by the
category SIG of many sorted signatures, the contravariant functor Alg from SiG to CAT,
mapping many sorted signatures Y to the category of Y-algebras, the functor Eqn from SIG to
SET, mapping signatures 33 to the set of X-equations, and the family of satisfaction relations

FxC Alg(X) x Eqn(X).

It remains to show that the satisfaction conditions holds for £Q. To show this, the following
lemma is needed.

LEMMA 3.15 Let 0 : X — X' be a signature morphism, A a X'-algebra, p : X = Al, a
variable assignment ,and let p' : X' = A be the variable assignment defined by pli(x) = ps(x)
if x € X(s) and s' = o(s) where X' is defined as in 3.10. Then

pt) = p(@(t))
for all terms t from Tx(X).

Note that p' is well-defined because X (s) N X (s') ={} for all s,s' € S with s # §'.

PROOF. The proof is done by induction on the structure of terms from Ty (X). If £ = z and
x € X(s), then

Ps(x) = ps(T) = pos)(T) = Py (@())

and if t = w(ty,...,t,), then

pwts, .. tn) = (Alg)(W)(p(t1, - - tn)) | Def. of j
= A(o(w))(@'(@(t1),...,7(ts))) | Def. of A|, and Ind. Hyp.
=@ (w(ts,.--,t))) | Def. of §'

O

THEOREM 3.16 (SATISFACTION CONDITION) Let o be a signature morphism from % to X',
A a X'-algebra, and VX r =t a X-equation. Then

Al, EVX r =t if and only if A= Eqn(o)(VX r =1)
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PROOF. («=) Let A = Egn(o)(VX ¢t = r). Fix an arbitrary p : X = A|, and define
P X' = A asin Lemma 3.15. Since A E (VX r = t), we have g'(c(r)) = p/(a(t)), and
because of Lemma 3.15 we get p(r) = p'(a(r)) = §'(a(t)) = p(t).

(=) Let A|, =VX r =t and p' be a variable assignment from X’ to A. Define p: X = A|,
by ps(x) = p, 5 (2). Since A|, = VX r =t and because of Lemma 3.15, we have p'(c(r)) =

plr) = p(t) = p'(@(t)). 0

3.2 Amalgamation

An important property of institutions, that is also required for the construction of the insti-
tution Rz in Section 5.3, is that the contravariant structure functor Strz from SIGNz to CAT
preserves colimits. That is, if F' is a functor from J to SIGNz such that the colimit (., ] F')
of F exists, then (:';Strz, Strz(][ F)) is a limit of the functor F;Strz : J? — CAT.

Given a colimit diagram F' : I — S1GNz with F'(i) = 3; and a ¥;-structure m; for each i € I,
then the m; can be glued together to form one structure m over the colimit signature of F'
provided that the colimit of F' exists and that m;|ps) = m; for all morphisms f : 4 — jin J.

Strz preserves colimits if Str; maps the initial object in SIGN7 to the terminal object in CAT
and if pushouts in SIGNz are mapped to pullbacks in CAT.

DEFINITION 3.17 We call an institution exact if the contravariant structure functor Strz
from S1GN7 to CAT preserves colimits.

The institutions £Q, £QC, LSL, and SET all have amalgamation, and since their structure
functors also preserve initial objects, they are all exact.

DEFINITION 3.18 (AMALGAMATED SUM) An institution T has amalgamation if for any
pushout diagram F : V — SIGNz for which a pushout [[ F exists and for any pair of struc-
tures my € Strz(F(1)) and my € Strr(F(2)) such that mq|p(r) = mo = ma|r(g) there exists a
unique m € Strz(][ F) with m|,, = my and m|,, = my. m is called the amalgamated sum of
my and mo with respect to my and is written as my 4y, Mo.

Similarly, there has to exist for each pair of homomorphisms hy : m; — m} and hy : mg — M),
with hy|p(py = he|r(g) a unique homomorphism h from the amalgamated sum of my and m;
to the amalgamated sum of mo and mb such that h|,, = hi and h|,, = hs.

Note that if an institution has amalgamation, the objects and homomorphisms in Strz([ [ F')
are exactly the amalgamated sums of objects and homomorphisms from Strz(F (1)) and
Strz(F'(2)). To see this, consider an object m in Strz(][ F') and let mg = m|,,, mi = m|,,,
and ms = m/|,,. Because iy, 1, and ty are co-cone morphisms we have o1;4; = 1y = 09; g,
and therefore my|,, = my = ms|y,. Thus the amalgamated sum of m; and my exists. Then
M1 +m, Mo is the same as m because of the uniqueness of the amalgamated sum.
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Fact 3.19 An institution T has amalgamation if and only if the contravariant functor Strz
preserves pushouts.

PROOF. (=) Assume that Z has amalgamation. Let [[F be a pushout of the functor
F : V — SIGNz, then we have to show that Strz(J] F') is a pullback in CAT. Consider
a category C with two functors F' : C — Strz(F(1)) and G : C — Strz(F(2)) such that
F;Strz(01) = G;Strz(o2). We have to construct a unique functor H : C' — Strz([[ F)) with
H;Strz(11) = F and H;Strz(w2) = G. Define H(c) = F(c¢) +m, G(c) where F(c)|,, = my =
G(¢)|sy, and in a similar manner H(h : ¢ — ¢') = F(h) +p, G(h). Note that H is unique
because of the uniqueness of the amalgamated sum. Now we have

Strz(e1)(H(c)) = (F(c) +mo G(¢)].n = F(0)
for all ¢ € C' and similar

Strz(o)(H(c)) = (F(¢) +mo G(€))]., = G(0)-

(<) Assume that the Strz preserves colimits and let F' be a functor from V to SIGNz.
We have to show that Z has amalgamation. Consider a F'(1)-structure m; and a F(2)-
structure mgy. These structures define functors M; from 1 to Strz(F(1)) and Strz(F(2)) by
mapping the only element of 1 to m; and my, respectively. If my|,, = my = msl,,, then
My; Strz(01) = My; Strz(o1), and thus there exists a unique functor M from 1 to Strz(][ F)
with M;Strz(11) = My and M; Strz(t) = M, because Strz(][ F) is a pullback in CAT. Now
M (1) has all the required properties of an amalgamated sum of m; and my with respect to
my.

Similarly, two homomorphisms h; : m; — m/ and hy : my — mi, define two functors H; and
H, from 2 to Strz(F(1)) and Strz(F(2)) by mapping the arrow f from 1 to 2 in 2 to hy and
ho, respectively. As before, if hi|,, = ho = h2|s,, then there exists a unique functor H from
2 to Strz(]] F) with H;Strz(v1) = Hy and H;Strz(te) = He and H(f) is the amalgamated
sum of h; and hy with respect to hy. O

Fact 3.20 The institution £€Q has amalgamation.

PROOF. Given a pushout diagram F' : V — Si1G with pushout object [[ F' and co-cone
morphisms ¢; : F(i) = [[ F.

Let A; be in Alg(F (1)) and A, in Alg(F'(2)) such that A,|,, = Ay = As|s,. The amalgamated
sum of A; and A, with respect to Ag is given by:

(A1 +24, A2)(s) = Ai(s;) for ¢;(s;) = s and s; is a sort of F(1)
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for each sort s of [[ F and
(A1 +4, 42)(w) = A;j(w;) for ¢;(w;) = w and w; is an operation of F(7)

for each operation w of [ F.

To show that A = A; +4, Az is well-defined, consider s; and s; with ¢;(s;) = s = ¢;(s;).
It suffices to assume that there exists a morphism f from 7 to 7 in V and thus a signature
morphism X(f) = o from 3(¢) to X(j). In this case we have o(s;) = s; and A;|, = A;, and
therefore A(s) = Ai(s;) = Ajls(si) = Aj(0(s:)) = Aj(s;)-

A similar argument shows that A(w) is well-defined.

Let g : Ay — A} be a F(1)-homomorphism and h : Ay — A, be a F'(2)-homomorphism such
that gl,, = f = hls,- Then a [[ F-homomorphism g +; h from Ay +4, B to A} +a, A5 is
defined by:

gs;, if¢1(s1) = s and s; is a sort of F(1)
(g +f h)s = . .
hs, if 12(s2) = s and s, is a sort of F'(2)

COROLLARY 3.21 The contravariant functor Alg : SIG’? — CAT preserves colimits.

PROOF. A functor preserves colimits if it preserves pushouts and initial objects (cf. Lemma
2.9). Since £Q has amalgamation, the functor Alg preserves pushouts. The initial object of
SIG is the signature ({}, ) with no sorts and no operations. The only object of the category
of ({}, €2, )-algebras is the algebra with no carrier sets and no functions. Thus Alg(({},2.))
is isomorphic to 1 and therefore a terminal object of CAT. a

3.3 Constraints

The problem with the institution £Q is that £Q is not powerful enough to express certain
classes of algebras by sets of equations only. For example, it is impossible to specify a class
of algebras where the carrier set of a sort is isomorphic to the natural numbers.

One reason for this is that algebras whose carrier sets contain junk, that is, some elements
in their carrier sets cannot be expressed by ground-terms, cannot be excluded.

Another reason is that the class of algebras satisfying a set of equations always contains
the trivial algebra T'. The trivial algebra for a signature ¥ = (S,) has either T'(s) = {1}
or T(s) = {} for a sort s from S depending on whether the ground term algebra has an
element of this sort or not. The operations w : s;...s, — s €  are interpreted as the
unique function from the empty set to any other set if T'(s;) = {} for some 1 < i < n, that
is, T'(s1) x ... x T(sy) is isomorphic to the empty set, or T'(w)(1,...,1) = 1. Note that, if
T(s;) is not empty for 1 < ¢ < n, then T'(s) cannot be empty because if T'(s;) is not empty,
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there exists ground terms ¢; of sort s;. Then w(ty,... ,t,) is a ground term of sort s and thus
T(s) ={1}.

The trivial algebra T satisfies all equations VX ¢ = r from Eqn(X). In order to see this,
consider a variable assignment p : X = T. If a variable assignment p from X to T exists,
then either X (s) is empty or X (s) is non-empty; in this case 7T'(s) has to be non-empty too.
Then p(z) =1 for all z € X(s) which implies p(r) =1 = p(t) and thus T =EVX t =r.

Adding constraints as formulas to Eqn(3) enhances the expressive power of equational speci-
fications. Generating constraints address the junk-problem by requiring that each element of
a generated sort can be expressed by an appropriate term of that sort. For proving properties
of elements of generated sorts one can use induction over the term structure. Free generat-
ing constraints add disequalities between the constructors of a generated sort and thus help
exclude the trivial algebra while partitioned-by constraints add a limited form of behavioral
equivalence.

For example, the constraint
N generated by zero, succ

ensures that for each algebra A satisfying that constraint and each element e of A(N) there
exists a term ¢ of the form succ(...(zero)...) such that A(tf) = e. Since each element of
A(N) can be represented by a term, one can use induction on the structure of terms to
prove properties ¢ about elements of sort N, i.e. if A E @[r/zero] and if A = ¢ implies
A E plx/succ(z)], then A = ¢. However, the generating constraint does not ensure that
different terms correspond to different elements in A(N). Thus an algebra A with A(N) =
{0}, A(zero) = 0 and A(succ) = A\z.z satisfies the generating constraint. To make sure that
A(succ)(z) # = one has to use the following free generating constraint:

N generated freely by zero, succ.

Let S be the sort of sets with elements of sort E, isEmpty a function from S to bool testing
whether a set is empty or not, and a function € from E x S to bool yielding true if the
element e is in the set s and false otherwise. For all algebras A that satisfy the constraint

S partitioned by isEmpty, €

and elements s; and s, of A(S): if s; and s, are not equal, then they can be distinguished by
using the operations isEmpty or €, that is, either isEmpty(s;) and not isEmpty(s,) or vice
versa, or there exists an element e of A(F) such that e € s; and e ¢ s, or e & 51 and e € so.

Thus we can assume the following deduction rule:
if isEmpty(s;) < isEmpty(se) and Ve: E e € 51 & e € s then s; = so.

This rule cannot be expressed as an equation even if we have the boolean operations with
their usual meanings in our signature since the universal quantification of e appears on the
left side of an implication. Replacing the implication by a disjunction we get an existential
quantifier

Vs1,82 1S isEmpty(s;) ¢ isEmpty(sy)VIe: E.e € 5145 € € s9V 1 = so.
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Data Constraints

In the following we add data-constraints to £Q using the method of Goguen and Burstall
[25].

DEFINITION 3.22 (X-GENERATING CONSTRAINTS) Let X' = (S',Q) be a signature, s a sort
from S', Q. C Q' a set of operations and o a signature morphism from ¥' to ¥ = (S,Q2). The
following are X-constraints:

s generated by ), wrt o
s generated freely by (2, wrt o

If o is the identity we write
s generated (freely) by Q.

instead of s generated (freely) by Q. wrt id.

DEFINITION 3.23 (SATISFACTION) Given a X-algebra A and a X-constraint
¢ = s generated (freely) by Q. wrt o.
Then A satisfies ¢, A = ¢, if Al, satisfies the constraint

¢ = s generated (freely) by Q. wrt id.

Let . be (S,9Q.). The Y-algebra A satisfies the constraint s generated by €.,
A = s generated by €.,

if for all a in A(s) there exists a term t in Ty, (A) such that h(t) = a where A € SETY is
defined by A(s') = A(s') for every sort s' # s in S and A(s) = {}; and h: A = A is given
by hy(a) = a for every sort s' # s in S and every a € A(s') and hy is the unique function
from the empty set to A(s).

A satisfies s generated freely by €2, if t is unique.

DEFINITION 3.24 (TRANSLATION OF CONSTRAINTS) Let o from X1 to X9 and p from 3 to
1 be two signature morphisms then

o (s generated (freely) by Q. wrt p) = s generated (freely) by Q. wrt ;0

Note that 7(c) is not defined as o(s) generated (freely) by o(£2.) as it is done in the Larch
Shared Language because the satisfaction condition would not hold. Consider a signature X
with one sort and two constants ¢; and cp and a signature morphism from ¥ to a signature
Y with one sort and one constant ¢, mapping ¢; and c; to c. Let A be a Y'-algebra and let
A(s) contain two elements then A|, is generated by ¢; and ¢y, however A is not generated by
o(c1) =c=o(c).
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THEOREM 3.25 Given a Y'-algebra A, a Y-constraint s generated by 2, wrt i and a signa-
ture morphism o : X — X' then

A = 7(s generated by Q. wrt u;0) iff Al, E s generated by Q. wrt .
and stmilar for a constraint s generated freely by (2. wrt p.
PROOF.

A = s generated by Q. wrt ;0 iff A, = s generated by Q,
iff (A|,)|, = s generated by €,
iff A|, = s generated by Q. wrt p

THEOREM 3.26 The satisfaction of data-constraints is closed under isomorphism.

PROOF. Let A and A’ be two isomorphic Y-algebras with isomorphism ¢ : A — A’. We have
to show that A |= s generated (freely) by Q. if and only if A’ = s generated (freely) by Q..

Assume that A = s generated (freely) by ). then we have to find for each o' € A'(s) a term
t' € Tx(A') with W' (t') = o’ where A'(s") = A(s') for all sorts s’ # s and A'(s) = {}, and
'/(a) = a for all a € A" and sorts s’ # s and A/ is the unique morphism from {} to A'(s).

s/

Since A = s generated (freely) by Q. and ¢ '(a) is in A(s), there exists a term ¢ € Tx(A)
such that h(t) =+ !(a’) where A and h: A — A are defined as in Definition 3.23. Let 7 be
the natural transformation from A to A’, given by Iy (a) = 1y (a) for every sort s’ # s and I
is the unique function from the empty set to the empty set.

Choose t' as Tx(7)(t). It remains to show that /(') = a'.

The definition of s, A’ and 7 makes the following diagram commute in SET®:

By the functor property of Ty this implies that the left rectangle of the following diagram in
Alg(X) commutes:
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The right rectangle commutes because of Theorem 3.9. Also because of theorem 3.9, we have
that h = Tx(h);id4 and A = Tx(h');ida. Thus we get:

() =1 (Te@)(t) = o(h(t)) = (17 (d) = '

For free generating constraints, the uniqueness of ¢’ is a consequence of the facts that : and
¢ are isomorphisms and that functors preserve isomorphisms.

The proof for the other direction, that is, if A’ satisfies the data-constraint then A satisfies
the data-constraint, is similar. O

Partitioned-By Constraints

A partitioned-by constraint s partitioned by 2, defines with €0, a set of observers that can
be used to distinguish between elements of the sort s. An algebra A satisfies a partioned-by
constraint if for two values a and b of sort s there exists an operation w in €2, and values
ai, ... ,a, such that A(w)(a1,--. ,a,...,a,) does not equal A(w)(as,...,b,...,a,). On the
other hand, if for all operations w in €2, and values a4, ... ,a, we have

Aw)(ar, ... a,...,a,) = A(w)(a1,...,b,...,a,)
then a = b.

For example, when given a specification of sets, one would like to have each model A of that
specification satisfy the constraint

Set partitioned by isEmpty, € ,

as we would like to regard to sets s; and sy as equal, if either both sets are empty or not
empty or if e is an element of s; then e is also an element of s, and vice versa.

Behavioral abstraction [49, 24, 9] is similar to the partioned-by constraint in that it de-
fines observations used to distinguish elements from some sort. The difference is that with
behavioral abstraction, in general, infinitely many observations have to be checked, while
with the partitioned-by constraint only finitely many observations need to be checked. How-
ever, Bidoit and Hennicker [9] have shown that with the help of additional function symbols
it is possible to check behavioral equivalence with finite many observations and to express
behavioral equivalence using partitioned-by constraints.

DEFINITION 3.27 (PARTITIONED-BY) Given a signature X2 = (S,Q), a sort s in S and a set
of operation symbols Q, C Q. A partitioned-by constraint over X is of the form

s partitioned by €2,

Given a signature morphism o : (S,Q) — (S',') then the translation of s partitioned by Q,
by o s

o(s) partitioned by o(£2,).
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DEFINITION 3.28 (SATISFACTION) Given a signature Y and Y-algebra A then A satisfies
the constraint s partitioned by €Q,,

A = s partitioned by €,

if for all elements a # b of A(s) there exists an operation w : 81...8, — s in §,, elements
a; € A(s;) fori=1...n and an argument position j € {1,... ,n} with s; = s such that

Aw)(ar, ... ,aj-1,0,0j41, - ,an) # Alw)(@1,- -, aj—1,b, Qj41, ..., an).

THEOREM 3.29 For all signature morphisms o : ¥ — ' and ¥'-algebras A we have:

Al, E s partitioned by Q, iff A = o(s) partitioned by o(£2,).

PROOF. (=) For two elements a # b in A(c(s)) we have to find an operation w’: &} ...s, —
o(s) in 0(9,) and values a; € A(s}) such that

AW (dy, ... ya,... ah) #AW)(a, ... ,b,...,al).

Since Al,(s) is defined as A(o(s)), the values a and b are in Al,(s) and because A|, satisfies
s partitioned by Q, there exists w : s1...5s, — s and values a; € A|,(s;) with

Al (w)(aty ... yay... ,an) # Alg(w)(ar, ..., b,...  an).
Now choose w' as o(w) and @} as a;. Then

Alo(w)) (a1, -, a,... ,an) = Alg(W)(a1, .- ,0y... ,a)
”;
Als(w)(at, ... ,b,... ,a,) = Alo(w))(ay, ... ,b,... a,)

(<) This direction is similar to =. However, for one operation w’ in o(f2,) there may be
several operations w; such that o(w;) = w'. This does not pose a problem because they have
all the same interpretation, that is, A|,(w;) = A(o(w;)) = A(W'). O

THEOREM 3.30 The satisfaction of partitioned-by constraints is closed under isomorphism.

PROOF. Let A and A’ be isomorphic Y-algebras where the isomorphism is ¢ : A — A’ then
we have to show that A = s partitioned by €2, if and only if A’ = s partitioned by €2,.

Assume that A |= s partitioned by 2,. Then we have to find for every pair (a,') from A'(s)
such that o’ # b an operation W' : s1...s, — s in Q,, elements a; € A'(s;) and an argument
position j' € {1,...,n} with

AW (ay,... a6y y,d a5, ..., a,)

# AW (ay, . a0y, an).



o4 Institutions

Let (a’,0') be an arbitrary pair from A’(s) with a’ # b then (.7'(a’),¢™'(b')) is a pair
of elements from A(s) with ¢ !(a’) # ¢ 1(0') because ¢ is an isomorphisms. Since A =
s partitioned by €2,, we have an operatlon W:S1...8m — sin £, elements a; € A(s;) and an
argument position j € {1,... ,m} with

Aw)(ay - ,aj 1,07 "), 41, s am)
?é A(w)(al, e ,aj_l, L_l(bl), aj+1, e ,am).
Now set w' =w, n =m, a} = 1(a;) for all s € {1,... ,m} and j' = j. Then we have
AW (ay, ... ap_1,0 a5, ... a,)
= A,( )( ( 1)7 Tt L(aj—l)a L(Lil(a’l))’ L(aj-l-l)’ Tt l’(a’m))
= 1(Aw)(as, .-+ ,aj-1,07(a), @j11,- - -, Am))
because ¢;1~! = id4 and ¢ is a homomorphism, and similar
AW (ay, ... ay 1,0, a5, ... a,)
= 1(AWw)(ar, .- ,a; 1,0 (), a551, - 5 Am))-
Since
Aw)(a,--- a1, "), a1, 5 am)

# A(w)(agy---ya; 1,0 (1), ajs1y - Q)

and ¢ is an isomorphism, we have

AW)(ay, .. a0y, dahy . a,) #F AWy, a1,V g, a).
The proof that A’ = s partitioned by , implies A = s partitioned by (2, is similar. O

The Institution £9OC

The institution £ QC of equational logic with constraints is similar to £Q; the difference being
that data-constraints and partitioned-by constraints are added to the sentences of £ Q.

DEFINITION 3.31 (INSTITUTION £QC) The institution £QC has SIG as its category of sig-
natures, Alg as its structure functor and EqnC as the sentence functor where EqnC(X) is
the union of Eqn(X) with the set of (free) generating and partitioned-by constraints over X.
The satisfaction relation is the satisfaction relation of £Q extended by the satisfaction of
constraints.

The satisfaction condition of £QC is a consequence of Facts 3.16, 3.25 and 3.29.

Note that, because the category of signatures and the structure functor of £QC are the same
as in the institution £Q, the category of signatures of £QC is finitely cocomplete and £QC
is exact.
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3.4 The Institution £LSL

In the following section we define the institution £LSL, which is an approximation of the logic
used by the Larch Shared Language [34]. Basically £LSL is the institution £QC of equational
logic with constraints. The differences are that each signature in LSL£ includes the sort bool
together with its usual operations —, A, V, =, and <; for each sort s of the signature the
equality symbol as a boolean function = : s, s — bool; and the conditional

if _then _else _: bool,s,s — s.

Y-structures in LSL are Y-algebras such that the interpretation of the equality symbols,
conditionals, and the sort bool with its operations have their usual meaning.

This allows to write formulas in £LS£ in a more natural form than possible in £QC. If we
adopt the convention that we write p instead of p = true for terms p of sort bool, then we
can write formulas like VX s; = t; & sg = 1y, instead of VX (s1 =11 < 59 = ty) = true.

Note that = is different from =. While the first is a boolean function that can appear
anywhere where a term of sort bool is expected, the second is the logical equality only
allowed to build formulas VX r = ¢ from EqnC(X). But due to the restrictions we pose on
the structures of LSL, = and = are interpreted as the identity, that is,

AEVX (s=t)=true
iff
AEVX s=t
iff
p(s) = p(t) for all p: X = A.

For this reason we shall use the symbol = for both types of equality in later sections. For
example, we shall write VX s; =t; < s9 =t instead of VX (s1 = s1 & s9 = 1) = true.

Bool

The signature ¥g.01 is given by the sort bool, the constants true and false of sort bool and
operation symbols =, <, A and V of type bool,bool — bool and — of type bool — bool.
The set ®po01 is given by the following list of equations and constraints.

bool freely generated by true, false
—true = false

—false = true

V b:bool (true A b) = b

V b:bool (false A b) = false

Y b:bool (false V b) = Db

V b:bool (true V b) = true

Y b:bool (true = b) = Db

V b:bool (false = b) = true
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Y b:bool (true < b) = b
Y b:bool (false < b) = —-b

The generating constraint ensures that if a Y, -algebra A satisfies ®poo1 then A(bool) =
{A(true), A(false)} and A(true) # A(false).

For all Xy..1-algebras A satisfying ®g.,1 the operation symbols in Y,..; are interpreted as
expected. For example the graph of A(A) is:

(A(
(A(
(A(false
(A(false

[
Ix]
c
¢]

A(N) = {

vy
o]
[
wn
(@)
>

This can be checked by choosing for each element in the graph of A(bool) an appropriate
axiom from ®j.,,; and a variable assignment from the variables of the axiom to A. For
example, to show that (A(false), A(true), A(false)) is in the graph of A(A) we choose the
axiom false A b = false and define p from {b: bool} to A by p(b) = A(true). Now we get

p(false A b) = A(A)(A(false), p(b)) = A(false) = p(false)
and therefore A(A)(A(false), A(true)) = A(false).

THEOREM 3.32 Let A be a Y-algebra, o a signature-morphism from Yg.o1 to X such that
Aly = Ppoor and p and q two terms in Ts(X)q(woo1) then

AEVX pAg=true iff A =VX p=true and A EVX ¢ = true.

Though it is possible that o renames A and bool, we assume this is not the case to avoid
writing o(A) and o(bool) all the time.

PROOF. (=) Let p; and ps from X to A be two arbitrary variable assignments then we have
to show that p;(p) = A(true) and p,(q) = A(true). Since A =VX p A g = true we have

pr(p A q) = AN)(p(p), P1(q))
= A(true)

which implies p;(p) = A(true) because the graph of A(A) is the same as the graph of A.
Similar we get p2(q) = A(true).

(<) Let p be a variable assignment from X to A then we have to show that A(A)(p(p), p(q)).

Since we have A = VX p = true and A = VX ¢ = true we have p(p) = true and j(q) = true
and thus A(A)(p(p), p(q)) = A(true). O

Note that, in general, A = VX pV ¢ = true is not equivalent to A = VX p = true
or A = VX g = true. Consider: Vx z = 3Vz = 4 and (Vz 2z = 3) vV (Vz z = 4).
However, if we first rename x to y in the second equation and then from the disjunction then
V{z,y} x =3Vy=4and (Vo z =3)V (Vz x = 4) are equivalent.
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LEMMA 3.33 Let A be a ¥-algebra, o a signature-morphism from Yooy to ¥ such that A|, =
(bBool; pE TE(Xl)a(bool) and q € TE(XQ)U(bool) then

AEVX p'v{ =true iff A =VX, p=true or A VX, q=true,

where X (s) is the disjoint union of X1(s) and Xs(s) for each sort s of ¥ and p' and ¢' are p
and q translated by the injections ¢1 and 1o from Xy and Xy into X, respectively.

PROOF. (=) Assuming that p(p’ A ¢') = A(true) for all variable assignments p : X = A,
we have to show that p;(p) = A(true) for all variable assignments p; : X; = A or po(q) =
A(true) for all variable assignments py : Xy = A.

Let the variable assignment p : X = A be the unique family of morphisms with the property
(11)s;ps = (p1)s and (i2)s; ps = (p2)s for every sort s in X, given by the universal property of
the disjoint union. Then p;(p) = (¢1;p)(p) = p(P') and po(q) = p(¢'). Thus we have to show

p(p') = A(true) or p(p') = A(true), for all p: X = A.
Assume now that A = VX p' V¢ = true then p(p' V ¢') = A(true), which is equivalent to
p(p") = A(true) or p(q') = A(true).

(<) Because of the universal property of disjoint union, the class of variable assignments p
from X to A is the same the as the class of variable assignments p; from X; to A and p,
from X, to A. Therefore all steps above are equivalent transformations. O

Equality

The signature YXgq(s) for some sort s includes the signature ¥p,0; and has as sorts s and bool
with two operation symbols = and # of type s,s — bool. The set ®gq, is given by the
union of ®p,,; with the following list of £ QC-formulas:

s partitioned by =

V x:s (x = x) = true

Vx,yis x=y) = (y = x)

Vz,yis (x=y) AN (y =2) = (x =2)) = true

Vzyis xZy) = - =y

Note that the signature Ygqmoo1) has only one sort, which is bool.

Note that the partitioned-by constraint cannot be replaced by the formula V{z,y : s}.(x =
y) = true = = = y because this is not a formula of £QC.

If an algebra A satisfies ®gq(5) then the interpretation of = in A is the same as the identity,
that is:

THEOREM 3.34 Let A be Ygq(s)-algebra with A |= ®gq(s) then
A(=)(a,b) = A(true) if and only if a = b,
for all a, b in A(s).
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PrOOF. Note that A(=) can be viewed as relation in the following way:

(a,b) € A(=) iff A(=)(a,b) = A(true).
Then A(=) is reflexive, transitive and symmetric because of the corresponding axioms of
Eq(s)-

(<) This direction is trivial since A(=)(a,a) = A(true) holds because of the reflexivity
axiom of Eq(s).

(=) Assume that a # b then we have to show that A(=)(a,b) # A(true). Note that
this is equivalent to A(=)(a,b) = A(false) because ®gq(;) includes Ppoo1. Since A models
s partitioned by =, we can find a value ¢ from A(s) with A(=)(c,a) = A(true) and A(=
)(c,b) # A(true). Assume now that A(=)(a,b) is A(true) then by transitivity of A(=) we
get A(c,b) is A(true), which contradicts A(c, b) # A(true). O

THEOREM 3.35 Given a X-algebra A and a signature morphism o from Ygq(s) to ¥ such that
A|U )= (I)Eq(s) then
AEVX (t=r)=trueif and only if AEVX t=r.

PROOF. Assume that p: X = A is a variable assignment then
p(s =1t) = A(true) iff
A(=)(p(s), p(t)) = A(true) iff
p(s) = p(t)
Thus we have A E VX (s =t) = true if and only if A = VX s=1t. !

Conditional

The signature X¢enq(5) contains for some sort s the signature Ypo01, the sorts s and bool and
an operation if _ then _ else _ of type bool, s — 5. ®¢onq(s) is the union of Pgee1 with:

V x,y:s (if true then x else y) = x
V x,y:s (if false then x else y) =y

Bse(S)

For a sort s, the signature Ygge(s) is the union of the signatures Ygq(s) and Yeona(s). For a set
of sorts S, the signature Ygqe(s) is the union of all signatures Ygse(5) for s € S. Similar e
is the union of ®gq(5) and Peona(s) for a sort s and Pgee(s) is the union of all Pgee(y) for s € S.

FACT 3.36 Let S be a set of sorts and v be a signature morphism from Ygoe1(s) 10 Ypoo1(v(5)) >
which is the identity on operation symbols and on the sort bool. Then

V(Ppse(s)) = Prse(u(s))-
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Fact 3.37 For two sets of sorts S1 and Sy we have

EBSS(S:[USQ) = ZBse(Sl) U EBse(Sz) and QBse(SlLJSz) = ¢Bse(51) U (DBse(Sz)-

Signatures The category SIGN.s. is a subcategory of S1G such that each ¥ = (5,9) in
SIGN.s. contains the sort bool and such that there exists a signature morphism ty from
YBse(s) to ¥ which is the identity on sorts. Note that, because bool is a sort of ¥, the
signature Ygse(poo1) is included into Ygge(g). In the following we shall use the notation 1890t

for the corresponding inclusion morphism.

A signature morphism o from ¥ = (5,Q) to ' = (5", ') in SIGNs. is a signature morphism
from S1G, that is, the identity on the sort bool and commutes with ¢y, and ¢y in the following
way:

by Y
LET TLEI
ZBse(S’) Vo EBse(S’)
EBse(bool)

where v, is the same as ¢ on sorts and the identity on the operation symbols.

THEOREM 3.38 The category SIGN s, S cocomplete.

PROOF. Given a functor F' : J — SIGN.s, then we show that the colimit of F' in SIGN.s,
is the colimit of F'| : J, — SIG in Si1G. The difference between the functors F'| and F is
that F'| has in addition to the nodes and edges of F' a node F'| (L) for YiBse(boo1) and edges
from Ygeepoo1) to each 3; given by Lg"fl; ty,. This ensures that the sort for boolean with its

operations is included only once in the colimit of F'.

Because colimits are only unique up to isomorphism, we choose [[ F| = (S, Qq) such that
bool € Sy and +/* (bool) = bool for all i € J, .

The category J, is the category freely generated by adding L to J and morphisms f; : 1L — 1
for each 7 € J where L and the f; do not occur in J. Note that L is not necessarily an initial
object in J, as there is no guarantee that f; = f;; f, where f is a morphism from ¢ to j in

J.
Then F'| is defined by
e F(i)=F(i) forielJ,
o I (L) = Ygsebool),
e Fi(f:i—j)=F(f) for f:i—je€Jand
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o F\(f:L—i)=pg forieJ.

To show that [[ F| = ¥y = (Sa, Qy) is the colimit of F' we have to verify

1. that [] F, is in SIGN g, for which we have to provide morphisms ¢x , from YiBse(s,;) tO
Y and (320 from Ypee(voo1) 10 Lrse(s.:),

F

2. that the co-cone morphisms ¢;" = Lf + for ¢ € J, are morphisms in SIGN.s, and

3. that for each natural transformation u : F = A(X,(2) there exists a unique morphism
hy from [] F to (£, Q).

For 1) we define 5, from Yse(n.) 10 X as follows: 1y, is the identity on sorts and maps an
operation symbol w : w — 5 to ¢ (ux, (w; : wi — 5;)) where ¢ (w; 1 w; = 8;) =w W = 5
and w; : w; — $; 18 in Ypge(s;) for some @ € J. vy, is well-defined because Yo (s,,) is the union
of ¥

Bse(s; L(Sy))"

For 2) we have to show that the following family of diagrams commutes for each i € J:

5 ———> %y

LE@’ T szcl

EBse(Si) e 7L EBse(Sd)
This follows directly from the definition of ¢y, and because v r, is the identity on operation

Fy

symbols and the same as ¢;* on sorts.

For 3) define h, as the unique morphism given by the colimit property of [ [ F| and a natural
transformation p, : F| = AY. The natural transformation p, is defined by (u,); = p; for
i€ Jand (py) = 8°es. We have to show that A, is a morphism in SIGN,s¢, that is, we
have to show that the following diagram commutes

by

Ecl by

L):cl T TLE

EBse(Sd) T EBse(S)

1%

where ¥ = (S, ). The sort parts of the diagram commute because ¢x_, and tx are the identity
on sorts and v}, is defined as h on sorts. The operation part is the same because the yu; are
required to be morphisms in SIGNg/.

O

The initial object of SIGN.s. is Ypse(noo1) because for any other signature ¥ there exists
a signature morphism (%°%; 15 from YiBse(boo1) t0 2. This signature morphism is unique in
SIGNs. since if there were another signature morphism o from Ygge(voo1) to X then, because
of the definition of signature morphisms in SIGNzsz, we have (5°)  sis, o0 Yool

g = [’E
: bool : : : : __ ,bool.
Since S a(bont) and 5, ..., are the identity this gives us o = 157" 1.

A
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Structures Let ¥ be a signature from SIGN.s. and let B be an arbitrary but fixed ¥se(boo1)-
algebra satisfying the formulas of ®pse(poor). The category Stresc(X) of X-structures is the
full subcategory of Y-algebras A such that Alss,, = B and Al,, =89¢ Bpgqg) Where S are
the sorts of 3. The functor Strese(o) from Strese(X') to Strese(X) is the same as Alg(o) for
a signature morphism o : ¥ — ¥’ in S1GNgz. For Strzsc(0) to be well-defined we have to
show that A'|, is an object of Strzs.(2) for each algebra A’ € Strege(X').

That is, we have to show A’ e, ., = Band A'|,;, 5 F59C Ppgee(s), provided that A’
and A'|,_, =59¢ ®pye(s) Where S’ are the sorts of X'.

=B

L"E",°1;LE/
Because o is a signature morphism in SIGN g., we have tx;0 = v,; vy and thus A'|,,., =

!
A |V0';L)j"

The satisfaction condition of £QC implies that A'|, ;, , =9¢ Ppye(s) is equivalent to

A"LEI ):‘EQC Va((ste(S))a

which is the equivalent to A'|,, E¥9° ®pse(s, (s)) (cf. Fact 3.36).
By definition of ®gge(5) we have that ®gge(y, (5)) is a subset of ®gse(sry because v, (.S) is a subset
of S’ and since A'|,_, =9¢ ®pye(sy we are done.

In addition we have (2°°%: 15: 0 = (29°: 15y and thus
> ) ) » )

Al — A

,bool = [B

bool. -
L35 s bst

%30

Note that it is not enough to require that Alsex,, satisfies Bse(bool) for A to be in Strzsc(X)
because in this case the functor Strys, would not preserve the initial object, as the initial
object of SIGN sz, Ypse(voo1), Would be mapped to a category of Ygse(noo1)-algebras containing
isomorphic algebras. Requiring A|zea,,, to be B ensures that Strzs £(Zpse(voo1)) contains only
one object and one morphism — the identity — and thus is a terminal object of CAT.

THEOREM 3.39 The institution LSL has amalgamation.

PRrOOF. Consider a functor F' : V — SIGN s, with colimit ¥, = (Sg,q) and co-cone
morphisms ¢f' : F(i) —

F
31

!

N

Assume further a F'(1)-algebra A; and a F'(2)-algebra A, with A;|ps) = Ao = Az|p(g) then
we have to show the existence of a unique ¥ y-algebra A with A|,r = A, and A|,r = As.

Ya
N
F(1) F(2)
Aj)
F(0)
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Y is the colimit of the functor F| : J, — SI1G in S1G:

F(1)
F(f)
LRty R ()
EBse(bool)
Note that we have A; i) B = A, 2 ) because A; and A, are algebras from

Stresc(F(1)) and Stresc(F'(2)), respectively.  Since Alg preserves colimits, there exists a
unique [] F|-algebra A with A| », = A; and A| r, = A. a
b1 L2

THEOREM 3.40 The contravariant functor Strese from SIGN to CAT preserves colimits.

PROOF. Since LSL has amalgamation (cf. Lemma 3.39) we only have to show that the initial
object of SIGN,s, is mapped to the terminal object of CAT.

The initial object in SIGN s, Ypse(boo1), is mapped to the class of algebras A with

A

bool —
2
SBse(boo1)  Bse(bool)

Since ¢z and ¢, .., are the identity we have A = B. As a consequence, the category

Strrsc(Zpse(boor)) has only one element and one morphism (the identity) and is therefore a
terminal object in CAT. a

DEFINITION 3.41 (INSTITUTION LSL) The institution LSL has SIGN s, as its category of
signatures and Strpse as its structure functor. The sentence functor Sengse is defined by
Sengsc(X) = EqnC(X) and Sengsc(o) = EqnC(o) for every signature o and every signature
morphism o in SIGNzs., and the family of satisfaction relations (E %5 )sesion s, 18 given by
A EXSE ¢ if and only if A =52 ¢ for all signatures . € SIGN s, algebras A € Strzse(X)
and formulas ¢ € Sengse(X).

The satisfaction condition holds for LSL because Strs.(X) is a subcategory of Alg(X),
Sen;sc(Y) is the same as EqnC(X) and A =£5% ¢ if and only if A E¥9€ ¢ for every A €
Strggg(E), NS Sen[,gL:(Z) and X € SIGNLSC.

As noted before, in case where p is a term of sort bool, we shall write VX p as an abbreviation
of VX p = true.

The following theorem establishes the relation between the consequence relation in LS£ and
the consequence relation in £QC. The idea is that the set

{A € Strese(X) | A E @}
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is almost the same as

{AcAlg(E) | AE DU in(Pose(s))}-

Almost means that, while the second set is closed under isomorphisms with respect to Alg(%),
the first is not closed under isomorphisms with respect to Alg(X) because A|,,, is fixed to be B.
Note however that the first set is still closed under isomorphisms with respect to Strzs.(%).

THEOREM 3.42 Suppose we are given a set of X-formulas ® and a X-formula ¢ where X has
sorts S. Then

o ):'C‘Sﬁ @ if and only if ® U LE(Cste(s)) }:SQC 0.

PROOF. (<) Assume that A € Strys.(X) and A =554 & then, because A € Strys.(%), we
have that A, 59 ®gee(s) and A =59 &. Since B U 15 (Pase(s)) = ¢ we get A =29 o,
which implies A =£5€ ¢

(=) Assume that ® =53¢ ¢, A € Alg(X) and A =59€ ® U1y (Ppse(s)). We have to show that
A € p. To use ® X% ¢, we have to find an algebra A’ and in Strzsc(X), such that
A" =52 &, Then we have A’ =54 . Because of the definition of =4S¢ this is equivalent
to A’ =9C . If we choose A’ such that A’ is isomorphic to A then A’ =¢9C ¢ implies
A =£9C€ ¢ because =99€ is closed under isomorphisms (cf. Lemmata 3.13, 3.26 and 3.30).

In the following, we shall abbreviate (%°%; 15 by o.

The carrier sets of A’ are defined by A’(c(bool)) = B and A'(s) = A(s) for every s #
o(bool) € S. The natural transformation ¢ : A" = A is the identity on all sorts s # bool and
maps true to A(true) and false to A(false) for bool. Note that ip.; and therefore ¢ is an
isomorphism because, since A satisfies ¢y (®Ppse(s)), we have A(bool) = {A(true), A(false)}.
Then we define for operations w : w — s in €Q:

Aw)(ay, ..., a,) = HAW)((ar), ..., tlay))).

¢ is a homomorphism because

LA (W) (ay, ... a,)) = (e HAW) ((ar),. .. ,lan))))
= A(w)((ar), - .. ,tlay)).

It remains to show that A’ is in Strysc(X) and that A’ =%5% ®. Since A satisfies & U
b5 (Pose(boor)) and E=°9¢ is closed under isomorphisms we get A" =£9¢ & and A’ =€
t5:(Prse(boor)), Which is equivalent to A’ 9 Pgeemoor) because of the satisfaction con-
dition of £QC. Since by construction we have A’| e, = B, we have A’ € Stresc(®), and by
the definition of 5% we have A’ E=£5¢ @, O
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4.1 Abstract Datatypes

Traditionally, an abstract datatype (3, M) is a specification of a datatype in a software
system. The signature Y defines the external interface as a collection of sort and function
symbols, and M is a class of X-algebras considered admissible implementations of that data-

type.

In the context of an arbitrary institution Z an abstract datatype is a pair (X, M) where ¥ is
an element of SIGN7 and M is a full subcategory of Strz(X). Depending on the institution,
> may be a many sorted signature with sorts and function symbols, and M a category of
Y-algebras; or it may denote something totally different. The main construction of this thesis
is the definition of an institution such that abstract datatypes in this institution are relations
between abstract datatypes from another institution (cf. Section 5.3).

The category of abstract datatypes ADT7 has as objects abstract datatypes and as morphisms
o: (3, M) — (X, M') signature morphisms o : ¥ — X' such that m/|, is in M for all m' in
M.

A structure m of Strz(X) is a model of (X, M) if m is in M. In this case we may write
m =T (X, M). An abstract datatype is called monomorphic if all its models are isomorphic.
As before we shall omit the subscript Z if the institution is clear from the context.

Note that we do not require the category of models of an abstract datatype to be closed
under isomorphism as done, for example, in Loeckx, Ehrich and Wolf [42]. One reason is
that nothing in the definition of an institution guarantees that a class of structures satisfying
a set of formulas is closed with respect to isomorphism, though, using the institution £Q,
EQC or LSL they will. A second reason is that the derive operation introduced in Section 4.2
does not necessarily preserve isomorphism classes, for example, in £Q this is the case if the
signature morphism is not injective on sorts (cf. Sannella and Tarlecki [50]).

Two forgetful functors are associated with the category ADT: the covariant functor Sig” from
ADT to SIGN and the contravariant functor Mod” from ADT to CAT. The functor Sig” maps
abstract datatypes to their signatures and abstract datatype morphisms to the their signature
morphisms while the functor Mod” maps abstract datatypes to their category of models and
an abstract datatype morphism o : (X, M) — (X', M’) to the functor _|, : Str(X') — Str(X)
restricted to M.

Sig* creates colimits, and if Strz preserves colimits, then so does Mod™. The fact that Sig?
creates colimits implies that one can paste together a collection of abstract datatypes in a
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unique way if one can paste together their signatures.

Fact 4.1 The functor Sig™ : ADT; — SIGNz creates colimits.

PROOF. Let F : J — ADT be a functor such that the functor F;Sig* : J — SIGN has a
colimit (758" J](F;Sig?)) in SIGN. We have to show that there exists a colimit (.7, ][ F)
in ADT with

Sigh(J[ F) = [ [ (F:Sig") and Sigh (") = /5",

Let F(i) = (3, M;) for each i € J and (758" %) be a colimit of F;Sig*. A colimit of F
is given by the co-cone morphisms ¢ defined by Sig?(:*') = (75" and the colimit object

(3e, My) where M, is the full subcategory of Str(3.) with objects
{m € Str(Xa) | Vi € J m|r € M;}.

To show that the abstract datatype (3, M) with co-cone morphisms ¢ is indeed a colimit
of F' we have to show that

1o (5, My) — (X, M) is an ADT-morphisms for ¢ € J and that

2. for each natural transformation p : F' = A(3, M) there exists a unique ADT-morphism
hy from (X4, My) to (X, M) such that

i hy =
for all 7 € J.
(1) The reduct m|LiF is in M; for each m € M and i € J by the definition of M.

(2) Note that y;Sig? is a natural transformation from F'; Sig to A(X), thus there exists a
unique signature morphism A, from the colimit ¥ of F; Sig to ¥ with Lf5s'gA; hy = (11; Sigh);

for all 7 € J.

It remains to show that the signature morphism A, is also an ADT-morphism, that is, m|p,
is in My for all m € M. The reduct m|p, is in M if (mlp,)| rsga is in M; for all i € J by

the definition of M. Because y; is an ADT-morphism we have m|,, is in M;, and because

F:SigA
i =t e s hy we get

(m|hu)|bf;5ig«4 = m|bf‘5‘5";hu = mly;-

O
A diagram F : J — ADT has a colimit if the diagram F;Sig* : J — SIGN7 has a colimit.

Thus, if every diagram in SIGN has a colimit, then every diagram in ADT has a colimit
(cf. Theorem 2.11).

COROLLARY 4.2 The category ADTz of abstract datatypes is (finitely) co-complete if the
category of signatures SIGNt is (finitely) co-complete.
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The initial object in ADT is (X, Str(3,)) where X, is the initial object in SIGN.

Note that it could well be that the colimit of a functor F : J — ADT; exists while F; Sig”
has no colimit. However, in the following theorem we prove that Sig has a right adjoint
which implies that Sig* preserves colimits (c.f. Theorem 2.25).

THEOREM 4.3 Let Usig be the functor from SIGNz to ADTz defined by
USig(E) = (E, {}) and USig(U) = 0.

Then Usig is a right adjoint for Sig™.

PRrROOF. The unit of the adjunction is the natural transformation 1 : ldapy, = SigA; Usig
where 1z 1 (3, M) — (3,{}) is given by the identity on X.

If 0 is an ADTz-morphism from (3, M) to Usig(X') for some signature X', then the unique
morphism & from (X, M) to (X', {}) is given by the signature morphism o. Since 9 is
the identity on X we get 1z, ar); Sigh(5) = 0. O

COROLLARY 4.4 The functor Sig™ preserves colimits.

If the contravariant functor Strz from SIGN7 to CAT preserves colimits, so does the con-
travariant functor Mod”* from ADT to CAT. This means that every model m of the colimit
of a functor F : J — ADTz is uniquely determined by a family of models m; € Mod*(F (i))
for each i € J. This is the amalgamation lemma of Ehrig and Mahr [19].

FACT 4.5 The contravariant functor Mod? from ADpTz to CAT preserves (finite) colimits if
the contravariant functor Strz from SIGNz to CAT does.

PROOF. Let F from J to ADT be a functor with colimit (', (34, My)). To show that
(Mod(.F), Mod™ (e, M) is a limit of F; Mod* consider a natural transformation s :
AC = F;Mod? where C is a category. Let F(i) = (X;, M;). Since, by the definition of
abstract datatypes, Mod”(F(i)) is a subcategory of Strr(Sig"(F())), p is also a natural
transformation from AC to F;Sig™;Strz. Because Strz and Sig? preserve colimits, the cat-
egory Strr(Sig* (S, My))) = Strz(X4) is a limit object of F; Sig™; Strz and therefore there
exists a unique functor h, from C to Strz(X.) with

foreachce C and 7 € J.

It remains to show that A, is also a functor from C to M, that is, h,(c) is an object of M
and h,(f) is a morphism of M, for all objects ¢ and morphisms f in C. Let ¢ be an object
of C, then h,(c)|,r equals y;(c), which is an element of Mod*(F (7)) because of the definition
of p. If fisa morphism in C, then a similar argument shows that h,(f) is a morphism in
M,. O
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4.2 The Specification Language SL;

In this section we are going to define an ASL-like specification language SLz based on the
operations X (signature), Is (impose), D, (derive), T, (translate), and + (union) (cf. Sannella
and Wirsing [53]). The semantics of an SLz-expression is an abstract datatype in ADTz. A
signature Y, as a specification expression, denotes the abstract datatype with signature X
and with the category of models the category of Y-structures.

Impose allows to impose additional requirements on a specification. The semantics of an
expression ISP is the abstract datatype with the same signature as the signature of the
abstract datatype denoted by SP and with models all the models of Sp satisfying the set of
formulas .

The translate operation can be used to rename symbols in a signature, but also to add new
symbols to a signature. If ¢ is a signature morphism from ¥ to ', then the expression 7,SP
denotes an abstract datatype of signature ¥’ with models all extensions of models of SP with
respect to Strz(o).

The derive operation allows to hide parts of a signature. D,SP denotes the abstract datatype
having as signature the domain of o and as models the translations of the models of SP by

StrI(a).

At last, the union operation is used to combine two specifications. Since for arbitrary in-
stitutions the union of signatures is not defined, we have to require that both specifications
have the same signature.

The semantics of SP; 4+ SP, is the abstract datatype with signature the signature of Spq,
which is the same as the signature of SP,, and as models the intersection of the category of
models of Sp; and SPs.

To form the union of two specifications SP; and Spy of different signatures ¥; and Y5, one
has to provide a signature X, signature morphisms oy : 3; — X and o9 : Y9 — ¥, and write
T,,Spy + T,,SPy. In an institution where the union of two signatures is defined, like £Q
(cf. Section 3.1), ¥ could be the union of ¥; and ¥,. In this case o; is the inclusion of ¥;
into ¥ for ¢ € {1, 2}.

In Chapter 8 we add disjunction (SP; V SPy) to SLz having as semantics the union of the
category of models of SP; and SPy. This operation will be useful in the construction of new
relations (cf. the example in Chapter 8).

The specification language SLz is mainly intended for theoretical studies and not as a spec-
ification language used in practice. However, the semantics of more practical specification
languages like Pluss [8], CASL [45], and the Larch Shared Language [34] can be given in the
terms of the constructs of SLr.

Note that SL; does not contain constructs for behavioral abstraction and restriction to mini-
mal models, which, for example, can be found by Sannella and Tarlecki [50] or Farrés-Casals
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[21]. We assume that these issues are dealt with on the level of the institution itself by means
of appropriate constraints, like generating and partitioned-by constraints (cf. Section 3.3).

In Section 5.9 we use SL; as the basis for the language RSL used for the construction of
relations.

DEFINITION 4.6 (ABSTRACT SYNTAX OF SLz) Given an institution I, signatures ¥, X1,
and Yo, the abstract syntaz of the specification language SLz is given by:

Sp =% | IsSp | D,Sp | T,Sp | SP + Sp

where ® is a finite set of X-formulas and o is a signature morphism. The signature Sig(SP)
of a specification expression SP is defined inductively as follows:

Sig(T) = & Sig(I»SP) = Sig(SP)
Sig(D,SP) = dom(o) Sig(7,SP) = cod(o)
Sig(Sp; + Spy) = (Sig(Spy) = Sig(Sp3))
A specification expression SP from SLz is well-formed if

e SP =2 and X € SIGN7.
e Sp = ISP, ® C Senz(Sig(SP')), and SP' is well-formed.
e SP = D,SP', o is a signature morphism from X to Sig(SP'), and SP' is well-formed.
e SPp =T,SP', o is a signature morphism from Sig(SP') to X, and SP' is well-formed.
e SpP = SP; + SPy, Sig(Spy) = Sig(SPs), and SPy and SPy are well-formed.

The semantics of a well-formed specification expression in SLz is an abstract datatype in
ADT7 with the same signature.

DEFINITION 4.7 (SEMANTICS OF SLz) Given well-formed specification expressions SP, SPy,
and SPy, then the semantics [] : SLz — ADTz is defined as follows:

[X] = (%, Strz(%))

[IsSP] = (Sig(SP), {m € Mod*([SP]) | m =% ®})

[D,SP] = (dom(c), {m|, | m € Mod*([SP])})

[T,SP] = (cod(c), {m € Strz(cod(c)) | m|, € Mod*([SP])})
[SPy + SPy] = (Sig(SPy), Mod([SP,]) N Mod?([SP,]))

For any specification expression Sp from SL; we have Sig(Sp) = Sig”([SP]).

The objects of the category SLz are specification expressions and the morphisms o : Sp; —
SP, are those signature morphisms o from Sig(Sp;) to Sig(SP2) which are also ADTz-
morphisms ¢ from [SpP;] to [SP.].
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We extend [-] to a functor form SLz to ADTz by mapping SLz-morphisms o to their corre-
sponding ADTz-morphisms.

In analogy to M =7 ¢ we write SP = ¢ and SP =7 ® to denote Mod*([SP]) % ¢ and
Mod?([Sp]) =F ®, respectively, and further we write SP; =7 SP, to denote Mod*([Sp4])) C
Mod([SP,]) for two specification expressions SP; and SP, of the same signature. We also
write m = Sp and m € Sp for m € Mod*([Sp]). We have Sp; = Sp, if Sp; = Sp, and
Sp, X SPy or, equivalently, if [Sp;] = [SPs].

Fact 4.8 The operations Is, Dy, T,, and + are monotonic with respect to model inclusion,
for example, if

Mod*([SP]) C Mod*([SP'])
then

Mod* ([IsSP]) € Mod*([IsSP']).

Monotonicity allows to conclude from Sp; = Spy the facts that 7,Sp; = T,SPy, D,SP; =
D,SPy, and ISPy = I5SP,. Similar union is monotonic if one argument is fixed, that is,
SP + SP; = SP + SP, holds if SP; = SP, holds.

Union is associative and commutative, and therefore we may write SP; + - - - + Sp,, instead
of, e.g., (---(SPy + SPy) 4+ ---) 4+ Sp,,).

What follows are some useful equalities relating the operations of SLz to each other.

Fact 4.9 Let Sp, SPy and SPy be specification expressions and o, o1, and oy Signature
morphisms.

First some special cases:

I Sp = Sp Sp+Sp =Sp
SP+Y =Sp D;4SP = Sp
TiaSP = SP
Rules for Impose:
I<I>II<I>2SP = I¢1U<I>QSP Iq)(SPl + SPQ) = I@SPl + I@SPQ
ISP = IsX + Sp I3 D,SP = D, 1,(4)SP
Rules for Translate:
T, T5, SP =Ty, SP Ty ISP = 1541, SP
Ty, Dy,SP = Dy T, SP T,(SPy + Spy) = T,SP; + T,SP,

T,dom(o) = cod(o)
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The equation Ty, Dy, SP = Dy T, SP is true only if the pushout of o1 and oy exists and T has
amalgamation. In this case o] and o} are the co-cone morphisms of the following pushout in
SIGN7z:

ch
RN
o N
%

Rules for Derive:

D,, D,,SP = D,, .;,SP D,(Spy + T,SPy) = D,SPy + Spy
D,cod(o) = dom(o) D,IsSP = I,-1(4)D,SP
D,(Spy + Sp,) = D,Sp; + D,SP, D,T,Sp = Sp

o~1(®) is the set of all dom(o)-formulas ¢ such that o(p) is in .

PROOF. As examples we show

1. D,Spy + Spy = D,(Sp; + T,SPy) and

2. T;, D5, SP = Dy Ty SP.
(1)(C) Let m be in D,SP; + SP,, we have to show that there exists m; in Sp; + T,SP; such
that my|, = m. Since m € D,SPy, there exists a model m’' of Sp; such that m'|, = m.

Set m; = m'/. Then we have to show that m; € T,SPy, which is implied by m = SpPy and
mil, = m.

(D) Let m be in D,(SP; + T,SP,), which means there exists m; with m; % Spy, m; =%
T,SP,, and my|, = m. Then we have m = D,SP; and m = SPs.

(2)(€) To show that T, Dy, SP = Dy T, SP, let first m; be a model of T,, D,,SP. Then we
have to show that m; is a model of D, T, , that is, there exists m € Strz(Xy) with m|y
being a model of SP and m|y = m;.

Since m, is a model of T,, D,,SP, there exists a model my of SP such that mql|,, = mal,,-
Then m is the amalgamated sum of m; and m,.

(2) On the other hand, if m; is a model of D, TSP, then we have to show that there
exists a model my of SP with my|,, = ma|s,. Since m; is a model of D, T,: Sp, there exists
m € Strr;(X¢) with m|, = m; and we have

m|01;0'2 = (m|0'2)|01 = m|02;0’1 = m1|02

because 01; 04 = 09; 0. Then my is m|a’2- =
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Note that dom(o) =X D,cod(c) holds only if each dom(o)-structure can be extended to a
cod(o)-structure. In £Q this is for example not possible if the signature morphism is not
injective. Consider a signature morphism with o(s;) = o(s2) = s and a dom(o)-algebra A
with A(s1) # A(sz2), then it is impossible to find a cod(c)-algebra A’ with A’|, = A because
Allo(s1) = A'(s) = A'lo(s2)-

Also note that D,Sp; + D,Spy does not imply D,(SP; + SPy). The problem is that in the
first case two extensions m; =% SP; and my = SPy of a structure m have to exist while in
the second case one extension m =% SP; + SP, has to exist.

Let Sp; be an extension of Nat by a constant ¢ : N with the constraint ¢ = 3 and SPy be an
extension of Nat with ¢ = 4. Then SP; + SP, has no models while D,Sp; = Nat = D,SP,
and therefore D,Sp; + D,SPy, = Nat.

However, we have the following theorem:

THEOREM 4.10 Provided that the institution T has amalgamation and that the pushout of
01 Y9 — X1 and oq : Xy — 3o exists with co-cone morphisms o} and of, then

Do‘1;0"2 (TUQSPI =+ TO"ISPQ) = D0'1SP1 + D0—2SP2.
PRrROOF. The problematic direction is to show
Dglspl + D(;QSPQ ):I D(n;a’z (TUQSPl + TU’ISPZ)

because we are given two extensions m; € Mod?([SP1]) and my € Mod?([SP,]) of every m
in D,,SPy + D,,SPy, but we have to find just one extension m’ in T,,SPy + T SPy.

Since the pushout of o; and oy exists and Z has amalgamation, we set m' to be the amalga-
mated sum of m; and my with respect to m. Then we have m/ |a:2 is a model of SP; because
m'|,, = my and similar m’'|,s is a model of Sp,. O

The above theorem is related to the middle distributive law of Goguen and Diaconescu [27].
The difference is that Goguen and Diaconescu define hiding on theories and not on model
classes as it is done here. Thus they have to require other properties in addition to amalga-
mation.

It is well-known, for example Ehrig, Wagner and Thatcher [18], Breu [11], Bergstra, Heering
and Klint [7], and Cengarle [14], that using the equalities given in Fact 4.9 any specification
expression SP in SLz can be brought into the form D, Is3.

THEOREM 4.11 (NORMAL-FORM) Given an institution T with a cocomplete category of sig-
natures SIGNz and such that T has amalgamation. For any well-formed specification expres-

sion SP in SLz there exists a well-formed specification expression D,1s% such that [SP] =
[D,IsX].
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PROOF. The theorem follows from the application of the equalities of Fact 4.9. For example,
Y is equivalent to Dial(3 X, and
Dy 16,51 + Dy, 16,5 = Dy (I, %1 + Ty Dy, ls,%0)
= Dy, (I3,%1 + Dy Ty I5,%)
Do, Do, (Tyy 15,51 + Tyt I,%)
Dgyiot, (Lot @) Zct + Lot (32)Zct)

= Doyiot Lot (@1)U0! (92) 2cl

i
01;0%,

where o} and ¢, are the co-cone morphisms from ¥; and ¥, into the pushout signature 3.
O

Derived Operations

The category SLz is finitely cocomplete if SIGN7 is. Let F': J — SLz be a functor such that
J is finite, and its collection of objects is given by the set {i1,... ,%,}. Then the expression

Trsigl' (i) + -+ T rsigF (i)
21 n

is the colimit of F'. The co-cone morphisms are the co-cone morphisms of the colimit of
F:Sig. Assume that p is a natural transformation from F' to ASP, then u;Sig is a natural
transformation from F' to ASig(SP), and thus there exists a unique signature morphism o
from ][] F; Sig to Sig(SP) with /"8, o = y; for all i € J. Let m be a model of SP, we have
to show that m|, is a model of [[ F'. By the definition of [ F' this is equivalent to showing
that (m|,)|,#si is a model of F (i) for all ¢ € J. This is true because 158, 5 = y; and g is
an SLI-morf)hism.

Note that SLz still has only finite colimits even if SIGNz has also colimits of infinite diagrams
because it is impossible to express a union of infinitely many specifications in SLz.

The existence of finite colimits in SLz, provided that SIGN7z is finitely cocomplete, motivates
the following extensions to SLz

Spiu=... | colim F | SP1 +(01,02) SP2 | SP1 +Sp0 SP2

where F'is a functor from J to SLz with J being a finite category, and o; : SP; — SP; and
09 : SPg — SP9 are SLz-morphisms.

Then colim F' is defined as an abbreviation for the specification expression

Tblg«;;SigF(il) + -4+ 'be;L;SigF(in)
where 71,... ,1, are the objects of J. For the special case where F' is a pushout diagram, we
write SPi +(,,,5,) SP2 instead of colim F. Also we may write SP; +gp, SPy if 01 and o9 are

the “canonic” SLz-morphisms from SPy to SP; and SP,, for example in LSL this would be
given by the inclusion of signatures.

The following theorem shows that the semantics of colim F is a colimit of F';[_] in ADTz.
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THEOREM 4.12 The functor [] from SLz to ADTz preserves colimits, that is, given a spec-
ification expression colim F' then

[colim F] =[] F; [,
for functors F' : J — SLz.

PROOF. The theorem is a consequence of the construction of colimits in ADTz, given in the
proof of Theorem 4.1. O

If each F'(i) has the form Ig,3;, then the following is a consequence of the definition of
colim F' and the equalities Iy, SP + I,SP = Ig,,,SP and T,1$SP = I;(5)T;SP:

THEOREM 4.13 Given a functor F' mapping objects in J to specification expressions of the
form I3 in SLz and morphisms f : i — j to SLz-morphisms F(f) from IsX; to Iy Y,
then

colim F = I@ch

where Yo 1s the colimit of F;Sig and ® is the union of all ®; translated by the co-cone
morphisms Lf;s'g forie J.

For institutions with many sorted signatures, like £Q, £QC and LSL, we use

introduces sorts S
introduces ()
asserts @

as an abbreviation for /Y where ¥ is the signature with sorts S and operation symbols €2,
and

includes Sp[y; for x;, ..., yn for x,]
introduces sorts S

introduces (2

asserts @

as an abbreviation for Is7T,SP where o is a signature morphism from Sig(sp) = (S1,)
to (S; U S, UQ) such that o(z;) = y; for compatible operation or sort symbols z; and
y; (1 <4 < n). We may not mention the set of sorts explicitly if it can be deduced from
the family of operations (2. We are omitting any of the introduces or asserts part if the
corresponding family of operation symbols or set, of axioms is empty. These abbreviations are
modeled after the syntax of the Larch Shared Language [34]. If we want to give a specification
expression a name, for example, Name = I$7,SP, we write

Name : trait
includes SP

introduces (2
asserts @

For specification expressions Sp, SP; and SP, and signature inclusions ¢; from Sig(SP) to
Sig(SPy) and ¢, from Sig(SP) to Sig(Spy), we write SP; +sp SP, instead of SPy +(,, ,,) SPs.
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4.3 Proving Specification Entailment in SL;

We are interested in the problem of proving that a formula ¢ is a consequence of the spec-
ification SP and that SP’ is entailed by SpP for specification expressions SP and SP’ in SL7.
Since proving that ¢ is a consequence of SP is the same as proving that the specification
expression I;,1Y is entailed by SP, we restrict our attention to specification entailment.

Using the normal-form theorem of the previous section, the problem of showing SP; = SPy
can be reduced to the problem of showing D,, I, %1 = Dy, ls,%2. Consider for now that oy
is the identity, the case where o9 is not the identity is treated in Section 4.4.

If we are given a sound inference system, that is, a family of relations
(l_gl g 2Sen1(2) X SenI(E))EESIGNI

such that ® FL ¢, or for short ® F£ ¢, implies ®; =% ¢, then to prove D, I, X1 = I5,%0, it
suffices to prove ®; £ o1 (®,), which is short for ®; F ¢ for all ¢ € oy (P,).

However, this strategy does not make use of the structure of Sp; and SPy. For example, to
prove SP + SP; = SP + SPy, it suffices to prove SP+ SP; = SPy, and therefore we need only
compute the normal-form of Spy instead of SP 4+ SPy. In addition, in Chapter 8 we shall
extend the specification language SL; with disjunction, and for the extended specification
language the normal-form theorem does not hold anymore for all specification expressions.
Therefore, we introduce a set of inference rules that allow to reduce the goal of proving a
specification entailment into a sequence of subgoals which, for example, could be proved using
the strategy of computing the normal-form, in case it exists.

A first set of inference rules are extensions of the rules for proving Sp F ¢ using the structure
of Sp found by Sannella and Tarlecki [50] or Wirsing [61] to rules for proving specification
entailment. For example,

SP - o(p)
D,SpF o
is extended to
Sp - T,Sp'
D,Sp ISP’
The first rule is an instance of the second rule if we set SP’ to I {0} 2
F Sp’ Is3 F Sp/ InY + Sp’
L1 oefSP gy JexESP o TyR TSP
ISP Sp ISP+ Sp Y FSp
Sp - Sp/ Sp+ T,Sp’
4 — L5 — 2
T.Sp +1T,Sp’ D,Sp+ Sp’
Sp - Spy , SP' I Sp,

Sp + SP' - Sp; Sp + SP' - Sp;
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The next two rules connect the inference system for proving SP F SP’ with the inference
system for proving ® HZ @', which depends on the institution Z.
' CP Spt 1Y ... SpHIsX (Up, ®)H @

L7 —— L8
I F IeX Sp IeX

Note that the inference system is to be understood modulo the equalities of specification
expressions given in Fact 4.9. For example, if we want to prove D,SP I I3, we have to
show Sp = T,1s%. Since T,1s% equals I,4)Y', it suffices showing SP F I,4)X'. Thus the
consequent can be guaranteed to be of the form I3 after the application of the above rules
if the consequent was in that form before.

The next set of rules allows the decomposition of the consequent into a set of rules Sp; - I, %;.
Similar rules can be found in Wirsing [61] and Hennicker, Wirsing, and Bidoit [38].

SpF IsX Spt Sp

1 — 2
R Sp + Sig(Sp) R SP + ISP’
R3 Se D,Sp” Sp” + Sp’ D,Sp |- Sp’
Sp+ D,Sp’ Sp + 7,Sp’

Sp+ Sp; SpF Spy

4
R SpF Sp; + Spy

The third set of rules allows to exploit similarities between SP and SP' in the proofs of
Sp + SP'. The rules for monotonicity of impose, union, and derive are derived rules using
the above rules. The rule for monotonicity of translate is rule L4.

Sp+Sp” Sp"F Sp/

\d Spt+ Sp Cut Sp + Sp’
M1 Sp + S¢/ Sp + Sp’
D,Sp+ D,Sp’ ISP F ISP
Sp - Sp’ Sp - S¢

)

M
Sp + Sp” - Sp’ + Sp” 3 Sp” +Sp+ SpP” + Sp

For convenience we also provide rules for the four inequalities of Fact 4.9, although they are
derived rules. Rule I3 is a consequence of rules R6, L4, and the monotonicity of derive; 14
can be proved using rule L5; I2 exploits the fact that o(c !(®)) C ®; and I1 is an instance
of rule R1.

I1 12
D,cod(o) F dom(o) D,IsSP t I;-1(0) Dy SP

I3

4 —
D,(Sp; + Spy) - D,SPy + D,SP,y D,T,Sp + Sp
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4.4 Problems with Derive

Proving D,SP I SP’ poses no problems for this is the same as
Vm (3m' m'|, = m Am'F SP) = m = SP’
which is equivalent to
Vm,m' m'|, =m Am' = Sp = m = SP/,
and using m/|, = m we get
vm' m' = Sp = m/|, = SP'.

Note that m/|, = SP' is the same as m' = T,SP’, and therefore D,SP = SP' can be proved
by showing SP |= T,SP'.

However, if D, occurs at the top of the consequent, i.e., SP = D,SP’, then we have to show
that

Vm m = Sp = 3Im’' m' = SP' Am/|, = m.
The problem is to prove that all models m of SP can be extended to a model m' of SP'.

One way to prove this is to provide a refinement SP” of SP’, that is, we have SP” = SP’, and
show that each model of SP can be extended to a model of SP”. The idea is that it is easier
to prove Sp = D,SP" than to prove SP = D,SP’. Thus we have the following rule, which is
a consequence of the cut rule and monotonicity of derive:

Sp+ D,Sp” Sp" I Sp’

R3 Sp + D,Sp’

The problem is to find an appropriate SP” such that proving SP = D,SP" is easier than
proving SP = D,SP'.

For example, if we choose SP"” = SpP', then we get the original problem back.

On the other hand, if we choose SP"” = X' where X' is the codomain of o, the proof obligations
are SP - D,Y' and ¥’ + SP'. Since SP' - ¥’ by rule R1, it follows that ¥’ = SP' if and only
if Str(X') = Mod*(SP').

One way to find SP” comes from the observation that D,SP’ corresponds to a, possible
higher-order, existential quantifier. The idea is to provide an implementation SP; of the
hidden symbols of SP’ and prove T,SP + SP; = SP’. However we have to ensure that the
implementation of the hidden symbols can be added to any SP-model. Thus we have to
ensure that T,SP + SP; is a persistent extension of Sp, that is, SP = D, (T,SP + SP;). Since
Sp = D,(T,Sp + Spy) if and only if Sp = D,Sp;, we get the following rule, which is an
instantiation of rule R3

T,Sp +Sp; +Sp' Sp+ D,Sp;

32
Sp + D,Sp’
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A similar rule is used by Wirsing [61] and Hennicker, Wirsing, and Bidoit [38].

Farrés-Casals [21] remarks that the problem with the 3%-rule is that one has to provide an
implementation SP; for the hidden symbols for the proof. However, in a lot of cases SP’
can be decomposed in the union of two specifications Sp, and Sp, where SP, provides an
implementation of the hidden symbols and Sp, defines part of the visible symbols in terms
of the hidden symbols. Then Sp; in the 3?-rule is the same as SPj, and we get a somewhat
simplified version of the inheriting rule of Farrés-Casals [21].

T,Sp +Sp, +Sp, Spt D,Sp,

Ih
Sp + D,(Sp, + Spp)

4.5 Completeness

It is easy to check that the above inference system for SP = SP’ is sound, that is, SP - SP’
implies SP = SP'. If one restricts entailment to SP F I;,}3, then the inference system is also
complete. This assumes that the category of signatures is cocomplete, the institution has
amalgamation, and that 7 is complete.

To see this, assume that SP }= ¢, that is, m = ¢ for each m € Mod*([SP]). Because
of Theorem 4.11, there exists a specification expression D,IsY' which has the same class of
models as SP. Given a X'-structure m' such that m' = ®, then m/|, is a model of D, 153 and
thus a model of Sp. Since we have SP = ¢, we get that m/|, = ¢ which implies m' = o(p)
by the satisfaction condition. Thus we have ® = o(y), and because of completeness of +*
we get ® 2 ¢. Because the inference system presented here is given modulo the equalities
needed to show that Sp equals D,I3Y', we just have to give a derivation for D,Is%' F I35
to prove completeness of the inference system.

IsY F 1Y ®H {o(p)}
I3 F Lo Y
D 1Y F I %

L8

L5

For completeness it is important that we are able to restructure Sp, in particular, that we
could replace Sp by its normal-form (cf. Wirsing [61]). If we only use the rules L1-L8 and
are not allowed to apply the equalities of Fact 4.9 to the antecedent, only to the consequent
to ensure that it remains in the form 4, then completeness depends on the institution
Z. In her PhD-thesis Cengarle [14] has shown that the inference system is complete for the
institution of first-order logic, and Borzyszkowski [10] extends this proof to any institution
that has a cocomplete category of signatures, amalgamation, is closed under conjunction and
negation, and has the interpolation property.

An institution is closed under (finite) conjunction if for any (finite) set of formulas & of
Senz(X), there exists a formula ¢ in Senz(X) such that m = & if and only if m = ¢ for
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all m € Strz(3). If the institution is compact, that is, for any set of 3-formulas ® and a
Y-formula ¢ with ® = ¢ there exists a finite set ¥ C ® with ¥ = ¢, then it suffices for
completeness to require that the institution is closed under finite conjunction only instead of
arbitrary conjunction.

An institution is closed under negation, if for any formula ¢ in Senz(X), there exists —¢ such
that m = - if and only if m [ ¢ for all m € Strz(X).

Finally, an institution has the interpolation property if given the pushout ¥, of o1 : 3¢y — ¥4
and o9 : Yo — X, a Xy-formula ¢4, and a Ys-formula s such that {o](¢1)} E 05(p2), then
there exists a ¥y formula ¢ such that {¢;} = 01(¢) and {02(¢)} = @2 where o} and o) are
the co-cone morphisms of the pushout.

For arbitrary specification expressions SP’ the inference system for proving Sp + Sp’ is not
complete. Consider ¥ = D, where o is a signature morphism from ¥ to X'. We have to
find a derivation for ¥ + D,Y’. The only applicable rule is rule R3!:

Sp + D,Sp” Sp” - Sp’

R3 Sp + D,Sp’

Thus we have to find SP” such that ¥ + D,SP"” and SpP”  ¥'. The second condition holds
trivially (rule R1), but the first condition is even more difficult than the original problem
because instead of showing that each ¥-structure can be extended to a ¥'-structure we have
to show that each X-structure can be extended to a ¥'-structure that is a model of SP”.

The problem is that to decide whether for a given signature morphism ¢ each ¥-structure can
be extended to a Y'-structure or not, requires knowledge about the particular institution that
is not provided by the notion of institutions. For example, in the institution of equational
logic a sufficient condition that each Y-structure can be extended to a ¥'-structure is that
o is injective on sorts and operations, and that for each sort in X there exists at least one
ground term of that sort. Thus there cannot be a complete, institution independent inference
system for Sp = SP’ that does not use, in one way or another, an explicit judgment of the
form SP1 ): SPQ.

For example the inference system introduced by Wirsing [61] and Hennicker, Wirsing, and
Bidoit [38] is complete because they use the following variant of the J*-rule:

T,Sp + Sp; = Sp' Sp = D,Sp;
Sp + D,Sp’

Note that in the second premise of the J?-rule I is replaced by [=.

To see the completeness of this rule, assume that SP = D,SP’. Then we have to give a
derivation for SP + D,SP’. Let Sp; be SP', then SP = D,SP’ holds trivially because that
is our assumption; thus we only have to show 7,SP + SP’ - SP’ to apply the variant of the

!The rules 3% and Ih need not be considered because they are instantiations of R3.
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F2_rule:

Sp' - Sp’ .
T,Sp + SP' - SP/ Sp = D,SP’
Se + D,Sp’

Therefore, to trivially complete our inference system, we add the rule

Sp | SP’

T Sp Sp'’



5 Relations as Abstract Datatypes

In this chapter we present the main construction of this thesis the institution Rz, which is
based on an exact institution Z with a cocomplete category of signatures. Abstract datatypes
in Rz denote relations between abstract datatypes from Z. First we motivate the construc-
tion by an example. Next the institution Rz is defined, and we show that Rz is exact and
has a cocomplete category of signatures. Then we study the relationship between abstract
datatypes in Rz and abstract datatypes in Z which is later used in Section 7.1 to prove entail-
ment of relations and in Section 9.3 to write Z-style specifcations of dynamic behavior using
the Larch Shared Language instead of Z. The operations of the specification language SLz
defined in Section 4.2 are then used as a basis for the definition of RSLz, a kernel specification
language for the specifiation of relations.

5.1 Introduction

In the state as algebra approach the state space of a software system is modeled by an
abstract datatype St = (Xg¢, Ms:), and an operation transforming the state of the software
system as a relation R C Mg, X Ms;. As an example consider a counter with an increment
relation. The state of the counter is an algebra A with carrier set A(N) = N and a constant
A(c) € A(N). The set of possible states of a counter is given by the following specification:

Counter : trait
includes Nat
introduces ¢ : N

where Nat is:

Nat : trait

introduces
zero : N
succ : N = N
pred : N — N
+ : N, N—>N
< : N, N = bool
< : N, N — bool
> : N, N = bool
> : N, N = bool
asserts

N generated freely by zero, succ
equations forall x,y : N
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zero +y = y;

succ(x) + y = succ(x + y)
pred(succ(x)) = x

x # zero = succ(pred(x)) = x
- (s(x) < zero)

zero < X

x <y = sk <sy)
x<yAx#y=>x<y
—x<y) =>x>y

x>y Vx#Fy=>x>75

The increment operation increments the value of ¢ by one. It is a relation
Inc C Mod“([Counter]) x Mod*([Counter])
with the property
if (A, B) € Inc then B(c) = A(succ)(4(c))

For this equation to be defined, we have to require that A(N) = B(N). In addition we would
like that succ and + are interpreted the same in A and B. That is, if ¢ is the inclusion of
[Nat] into [Counter] then we require that A|, = Bj,.

In Section 2.3 we have seen that {(4, B) | A, B € Mod*([Counter]), A|, = B|,} is a pullback
[[ F of a functor F': V7 — SET given by the following diagram:

Mod* ([Counter]) Mod ([Counter])

\ /

Mod* ([Nat])
The functor F' can be given as the composition of the functor I' : V — ADT:

[Counter] [Counter]

S A

[Nat]

with Mod? : ADT? — CAT, ignoring for the moment that Mod*(I'(:)) yields a category
instead of a set for every i € V.

Thus, the increment relation is a subset of [J(I'; Mod™) such that (4, B) € Inc if and only if
B(c) = A(succ)(A(c)).

In each institution that has amalgamation, such as £LSL, there exists for each pair (A, B)
in [[(T'e; Mod*) a unique algebra A +¢ B in Mod*(] [ T'1ac), the amalgamated sum of A
and B with respect to C, such that (A +¢ B)|,, = A and (A +¢ B)|,, = B. ¢; and (5 from
[Counter] to [DeltaCounter]| are the co-cone morphisms of the colimit of I'rp. ¢1 is the
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inclusion of [Counter] into [DeltaCounter], and 1, maps ¢ to ¢’ and all other symbols to
themselves.

The pushout [[T'1me in ADT can be represented by the specification

DeltaCounter : trait
includes Nat
introduces c, ¢’ : N

Therefore, the relation Inc is isomorphic to a class of algebras M, from ModA(H ['1ne) such
that, if A Inc B, then A +¢ B € My, and if D € My, then D|,, Inc D|,.

For D € Mi,. we have D(¢') = D(succ)(D(c)), which is equivalent to writing D = ¢ =
succ(c) by the definition of satisfaction in LSL and since ¢’ = succ(c) is an equation of
signature Sig™ (] [ T'znc)-

Thus we can define a binary relation R by providing its type, a functor from V to ADT,
together with a set of formulas ® from Sen(Sig”([[T)). Then we have A R B if and only if
(A, B) € [](T'tac; Mod?) and A +¢ B = @.

Operations with Input

If we have operations with inputs, like an Add operation that adds its argument to the counter,
we can use the category

and a functor I'yeq : Vin — ADT as the type of the relation instead of a functor from V to
ADT. We model the input parameter by

AddIn : trait
includes Nat
introduces nij, : N

Then the type of the Add operation is the functor I'yaq : Vin — ADT depicted by

[AddIn] [Counter] [Counter]
Fiaa = \ ﬂjt]] /

with ¢, being the inclusion of [Nat] into [AddIn]. Now Add is a subset of the limit of
T'yaa; Mod™ such that if (C, A, B) € Add then
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Note that the properties of limits guarantee that C|,, = A|, = B|, which implies C(N) =
A(N) = B(N) = N and that the above equation is well-defined.

As before we have that in an institution where Str and thus Mod™ preserves colimits of shape
Vin we can find for each triple (C, A, B) in [](I'saa; Mod*) a unique D € Mod™ (] ] T'yaa) With
D|,,. =C,D|,=AandC|, =B.

The colimit of I'y44 is given by the specification

DeltaCounterl : trait
includes Nat
introduces ni,, ¢, ¢’ : N

and we have that if (C, A, B) € Add then D(c¢') = D(+)(D(c), D(nin)). As before we can
define Add by all triples (C, A, B) € [](Taaa; Mod*) such that D = ¢/ = ¢ + nyy.

Arbitrary D

This treatment can be generalized from categories V and Vj, to arbitrary categories D
and from the institution £LSL to arbitrary institutions Z. We only have to require that
the category of signatures of Z has all colimits of shape D and that the structure-functor
preserves colimits of shape D.

Take for example the discrete category K,, with objects {1,... ,n}. Let I" be a functor from
K, to ADT, then R C [](T; Mod*) is an n-ary relation

R C Mod*(T'(1)) x ... x Mod*(T'(n)).

Each morphism f : d — d' in D adds the requirement that mg|ry = mg for each m €
[1(I'; Mod?) where mgq = m4(m), ma = 7g(m), and 74 and 7y are the projections from
[1T; Mod* to Mod*(I'(d)) and to Mod*(I'(d')), respectively.

Given that SiIGN7z and thus ADT7 have colimits of shape D and Strz preserves them, we can
use sets of formulas @ from Senz(Sig*([[, T)) to define relations R C [],, T'; Mod*

Note, if we want to use equations to specify relations, we have to make sure that the signatures
of the nodes Sig”(I'(i)) share, at least, a sort. For example, with D = K, equations in
Senz (][ T; Sig?) are of the form VX s = t where both s and ¢ are terms over Sig”(T'(1)) or
Sig”(I'(2)). Thus the only type of relations R C Mod*(I'(1)) x Mod*(I'(2)) we can define
using these equations are relations R = A x B, where A and B are subsets of Mod*(I'(1))
and Mod*(I'(2)).

Changing the shape of relations
Consider a relation R C A x B x C. We can make R a relation R C A x C by defining

R={(a,c) | 3b € B (a,b, ¢) € R}. On the other hand, if we are given a relation S C A x C,
we can make S a relation S C A x B x C by defining S = {(a,b,¢) | b€ B, (a,c) € S}.
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This can be generalized to relations of shape D and D’ provided there is a functor F' from
D to D’. In the example above D = Ky, D' = K3, F(1) =1, and F(2) = 3.

Given a relation R of type I : D' — ADT7, we define the relation R of type I' = F;T" by
R={F(m)|me R}

where F is a functor from [],, I'; Mod* to [T Mod* given by the universal property of

1, T; Mod* with respect to the natural transformation v from A(J]T’; Mod*) to T'; Mod*

. ___T";Mod*,
given by v, = T (d)

[1T; Mod* r

ﬂ_F;Mod‘A
d v I";Mod‘A

M) =rF@) =

[1T';: Mod4

I’ ,Mod#

A
In the example above T maps a triple (a,b,c) to its i-th component and 7T]I-"M°d a

tuple (a,b) to its j-th component where i € {1,2,3} and j € {1,2}. Then we get
m Mo (F(a,b,0)) = wpii™ (. b,c) = m M (a,b,c) = a

and
W;;ModA(F(a, b,c))y = W};’(g\;bdA (a,b,c) = ng;MOdA(a, b,c) =c.

Thus F maps a triple (a, b, c) to a tuple (a, c).

In the same spirit we define for a relation S of shape I' a relation of shape I'' by

S={m'e HF'; Mod# | F(m') € S}.

5.2 The Category REL

The category REL of relations between abstract datatypes from Z has as objects relations
(©, M) where © = (D,I" : D — ADT) is the type of the relation, the category D is the shape
of the relation, and M, a full subcategory of [J(I'; Mod™), is the graph of the relation.

A morphism f = (f¥, f#) in REL from (0, M) to (©', M') has two components; the first
component is a functor f¥ : D — D’ from the shape category of © to the shape category

of ©', and the second component is a natural transformation f* : I' = f:I", which is a
D-indexed family of ADTz-morphisms fF : ['(d) — I'(f¥(d)).

The functor f¥ and the natural transformation f* give rise to a functor _|; from []p, T'; Mod™
to [[p [ Mod# by the universal property of [T Mod* and the natural transformation
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vs : A(ITp T'; Mod#) = T; Mod* given by (v7)q = n7'Mo¢*: Mod(f#) for d € D:

-lf

[1T; Mod* [1I": Mod#
I';ModA ﬂ_l"’;ModA
Ta (vf)a FF @)
A Arr( ¢F
Mod*((d)) <oz Mod (T (47 (@)

Then we require M'|; C M for f = (f*, f*) to be a REL-morphism, that is, m'|; € M for
all m' € M'.

As an example take R = ((Kg,T'g), Mg) and S = ((K3,I's), Ms). A REL-morphism f
from R to S is a pair (fF, f*) of a functor f' : K, — K3 and a natural transformation
fH:Tp= . Let ff(1) =1 and fF(2) = 3, then fI' is an ADT-morphism from I'x(1)
to I's(1), and f3' is an ADT-morphism from I'g(2) to I's(3). For f to be a REL-morphism
we have to check that (mi |z, ma[ge) is in Mg for each (mi, mg, m3) in Ms.

The identity idg for an object R = (0, M) in REL is the pair (Idp, idr).

Let f = (fF, f*) be a REL-morphism from (01, M;) to (©,, My) and g = (¢, ¢*) a REL-
morphism from (O9, Ms) to (O3, M3). The composition of f and g is the REL-morphism
(759", 175 (g% f7)):

W . tF
r, —2L= pFr, =2 pF g,

A

Iy %9]‘?;113

We have to show that Ms|s,, C M. This holds because _|f,, = _|4; -|;. The proof of this will
be given in the next section.

THEOREM 5.1 The category REL is (finitely) cocomplete if the category of signatures from
the institution T is (finitely) cocomplete.

PRrROOF. This follows from fact that REL is the same as the category ADTx, of abstract
datatypes in the institution Rz = < SIGNg,, Strz,,Seng,, =R*%> defined in the next sec-
tion. Then ADTg, is (finitely) cocomplete because SIGNz and thus SIGNg, are (finitely)
cocomplete. O

5.3 The Institution Rt

In the previous sections we have seen how relations between classes of algebras, given as
abstract datatypes, can be defined by a category D, a functor I' from D to ADT, and a
subset of [J(I'; Mod*); and how sets of formulas over the signature [ [(I'; Sig™) can be used
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to define these subsets. What we have given are the ingredients of an institution Rz based
on an institution Z.

The category of signatures SIGN%, has as objects pairs (D,I' : D — ADTz), the type of the
relation, and morphisms f from ©; = (D1, ;) to Oy = (Dy, I'y) are pairs (f¥, f#) of a functor
fF from D; to Dy and a natural transformations f* : I'y = f¥;Ty. The O-structures are
elements of [J(I'; Mod?), ©-formulas are [](T'; Sig)-formulas from Z, and the satisfaction
relation =77 is defined as m E®7 ¢ if m =* ¢. Here m refers to the isomorphism between
[1(I'; Mod?) and Mod*(J]T'), which exists in any exact institution Z. That is, if m is an
object in [[(I'; Mod*), then 7 is the isomorphic object in Mod*(]]T).

The institution Rz can be constructed for any exact base institution Z with a cocomplete
category of signatures. Examples of such institutions are £Q, EQC, LSL, SET (cf. Sections 3
and 9.1), and the institution of first-order logic (cf. [25, 17]). Thus, in the following, we assume
that Z = (SIGNz, Strz, Senz, EZ) is an institution with a cocomplete category of signatures
S1GN7 and a functor Strz that preserves colimits.

Signatures Instead of directly defining SIGNg, as the category with objects © = (D, T)
and morphisms pairs f = (ff, f#), as indicated above, we define SIGNg, as an instance of
the category of diagrams over a category T" which is defined by Tarlecki et al. [58].

DEFINITION 5.2 (Fun(T)) Given a category T, then we define the indexed category Fun(T) :
CAT? — CAT as follows:

For an object D € CAT we set Fun(T)p = TP, and for a functor F : D — D' we define a
functor Fun(T)p : TP — TP by

e Fun(T)p(I") = F;I' for I' € TP, that is, (Fun(T)r(I"))(d) = T'(F(d)) for every
de D, and

o Fun(T)p(u) = u; F for a natural transformations p : Iy = I', between functors '} and
Y in TP, that is, (Fun(T)p(1))a = pray for every d € D.

Let Idp be the identity functor on D, then Fun(T)q,, is the identity on T because
Fun(T).dD(F) = |dD; r=r
and

Fun(T)iap, (1) = p; 1dp = pe
for functors I' : D — T and natural transformations p: I' = I'.
For two functors F' : D — D' and G : D' — D" we have Fun(T)p,¢c = Fun(T)g; Fun(T)p
because
Fun(T)p,c(I'": D" - T) = F;G;T""
= Fun(T)r(G;T")
= Fun(T)r (Fun(T)a(I")),
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and similar for the composition of natural transformations. Thus Fun(7') is indeed an indexed
category.

Flattening Fun(7') yields the category Flat(Fun(T")) of diagrams over T (cf. Section 2.5), which
has as objects pairs (D,I") — diagrams — where D is a category and I' a functor from D
to 7. Morphisms f from (D,T) to (D’,I") in Flat(Fun(T)) are pairs (¥, f*) where f¥ is a
functor from D to D’ and f* is a natural transformation from I' to f¥;T".

The identity on © is the pair (id”, id*) where id” is the identity functor for D and id/ is
the identity on I'(d) for all d € D. The composition of (f¥, f#) from ©; to Oy with (¢, g#)
from ©, to O3 is defined as

fig= (" 9", 175 (g% 1),
that is, (f;9)} = fg‘;g}‘p(d) for all d € D.

Now we define SIGNg, as the category of diagrams over ADTz.
DEFINITION 5.3 (SIGNg,) Let Z be an institution, then define

SIGNg, = Flat(Fun(ADTz)).

Structures The category of © = (D, T')-structures — Strg,(©) — is given by an arbitrary,
but fixed limit of the contravariant functor I'; Mod” : D — CAT in CAT. Thus we can
view objects in Strg, (©) as D-indexed families of structures my € Mod*(I'(3)) such that if
f:d — d"is a morphism in J, then mg|rcp) = maq.

For a morphism f = (f*, f#) from (D,T) to (D’,I") in SIGNg, the functor Strz_(f), from
the limit of I''; Mod” to the limit of I'; Mod*, maps a D’-indexed family of objects ml €
Mod*(I"(d")) to a D-indexed family of objects mg = Mk ) ‘f;LF(d).
DEFINITION 5.4 (Strg,) Given an institution Z. The functor Strg, maps a signature (D, T")
to an arbitrary but fized limit of T; Mod™ in CAT and a signature morphism (fF, f*) from
(D,T) to (D',T") to the unique functor from Strg,((D,T)) to Strg, ((D',I")) given by the
universal property of Strg,((D,T)) and the natural transformation v from A(Strg,(02)) to

Strgr,(©1) defined by vq = W}F(d); MOdA(fU’l‘) for all d € D:

!
’/le / lﬂfF(d)

Mod*(T'(d)) Mod™(I" (¥ (d)))

Mod'A(fé‘)

The functors mq for d € D and wly for d' € D' are the cone morphisms of the limit of T'; Mod*
and T'; Mod*, respectively.
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The definition of Strg,(©) as the limit of T'; Mod* is well-defined because CAT is complete.
We still have to show that Strg, is a functor, that is, Strgz, preserves identity and composition.

The identity (id?,id*) in SIGNg, is mapped to the identity functor because, on the one
hand, Strg,((id", id#)) is unique as a functor from Strg_(©) to Strz,(©), and, on the other
hand, the identity on Strz,(©) is a functor from Strz,(©) to Strz,(©).

Consider two morphisms f from (D,I';) to (D,I's) and g from (Do, T's) to (D3, I's) in
SIGNg,. Strr,(f;g) is defined as the unique functor from Strz_((D3,I'3)) to Strgr,((D1,T4))
satisfying

Strr. (fi9);ma = ng(fp(d)); ModA(f,Q‘; Q?F(d))

for all d € Dy. However, looking at the following diagram and using the fact that Mod” is
a functor, we see that Strg,(g); Strg,(f) has the same property, and therefore Strz_(f;g) =

Strr,(9); Strr,(f).

Str f Str
[I T; ModA < -~ = L. [Ip I'; Mod™ < - - S [ 1o T Mod*
”dl lW}F(d) l”'g'F(fF(d»
A Ay ¢F Ay F(fpF
Mo (1 (d)) =z Mod (17 () g Mod (I (g" (£ (@)

Formulas Formulasin Rz are defined by using co-completeness of SIGNz. Co-completeness
of SIGN7 ensures that for each type ©® = (D, T') in SIGN%, there exists a signature [ [, T'; Sig*
in SIGNz. Note that, because SigA preserves and creates colimits, this is the same as
Sig"(]I T) (cf. Theorem 5.8). Then the set of ©-formulas in Rz is the same as the set
of [[T; Sig*-formulas in Z.

Seng, is given as the composition of the functors
e Flat(Fun(Sig?)) : Flat(Fun(ADTz)) — Flat(Fun(S1GN7)),
e climgyy, : Flat(Fun(S1aNz)) — SiaNz and
e Senz : SIGNgz — SET:

Flat(Fun(Sig*)) maps a diagram over ADT to a diagram over SIGNz; then climggy, maps
this diagram over SIGN7 to its colimit in SIGNz, and at last Senz maps the colimit signature
to the set of sentences in Z over this signature.

Flat(Fun(Sig™)) climggn,
_ =

SIGN%, Flat(Fun(SiGNz)) —— SiGN7 — > Ser

N )

SenRI




90 Relations as Abstract Datatypes

The functor Flat(Fun(Sig*)) is the result of flattening the indexed functor
Fun(Sig?) : Fun(ADT7) = Fun(Sig?).

Given a functor F' : T — T’, then F induces an indexed functor Fun(F') from Fun(T) to
Fun(T") as follows:

DEFINITION 5.5 For each category D, Fun(F)p is the functor from TP to T"" given by
e Fun(F)p(l':D —»T)=TI;F and
o Fun(F)p(pu:T =T1") = F.
We have to show that Fun(F) is indeed an indexed functor, that is, Fun(F') is a natural

transformation from Fun(7’) to Fun(7"). Let G be a functor from D to D', then we have to
show that the following diagram commutes:

Fun(T)q

Fun(T)p Fun(T)pr
Fun(F)Dl/ lFun(F)D/
Fun(T")p Fun(T")pr

Fun(T’)G
For a functor I' : D — T we have

Fun(F)p/(Fun(T)g(T)) = Fun(F)p/ (G;T)
= (G;:I); F
=G; (I} F)
= Fun(T")q(T; F)
= Fun(T")g(Fun(F)p(T)),

and similar for natural transformations.

The functor climy maps objects (D,I': D — T') to the colimit of T in 7.

DEFINITION 5.6 (climr) Given a cocomplete category T, then the functor climy from the
category Flat(Fun(T)) defined as:

e climy((D, T : D — T)) is an arbitrary, but fized colimit of T in T for every (D,T) €
Flat(Fun(T)), and

o climr(f) = [1p (F% (FF5 1) for every morphism f = (fF, f*) from (D,T) to (D',T")
in Flat(Fun(T)).

Because T is cocomplete, the functor climy is well defined, and since we have chosen a fixed
colimit for each (D,T") in Flat(Fun(T)), the identity (ldr,idr) in Flat(Fun(7")) maps to the
identity on clim¢((D,T")) in 7.
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climy preserves the composition of morphisms, that is,

climp(f; 9) = climp(f); climz(g)

for all morphisms f from (Dq,T;) to (Dy,['3) and g from (Ds,T'5) to (D3, I's) because
climy(f; g) is the unique morphism from climy(©1) to climy(O3) making the outer rectangle
commute for all d € D in the following diagram:

climr(©1) ™D imp(0) — ™9 img (04)
JF1(d) T Y T T‘;?“ (FF (a))
'y (d) — To(f7(d) —Ts(g" (f7(d)))
d gF (fF(a))

To define Seng, as Flat(Fun(Sig™)); climgex,; Senz, we have to require that SIGN7 is cocom-
plete because otherwise the functor climg,gy, would not be defined.

DEFINITION 5.7 (Seng,) Let Z be an institution with a cocomplete category of signatures.
Then

Seng, = Flat(Fun(Sig*)); climg,ey,; Senz.
Note that we can always choose the colimits of I' : D — ADpT7 and I SigA : D — SIGN7 in
such a way that Sig (][ T') = ][ T'; Sig”* because there is a one-to-one correspondence between
the class of colimits of I and the class of colimits of I'; Sig. Assume that " has as a colimit
(3, M) then, because Sig™ preserves colimits (cf. Theorem 4.4), we have that X is a colimit of
I'; Sig”. On the other hand, if we have given a colimit 3 of I'; Sig” then, because Sig* creates

colimits (cf. Theorem 4.1), we can construct a class of 3-structures M, such that (X, M) is
a colimit of I'. This leads to the following theorem:

THEOREM 5.8 Provided that ADTz is cocomplete, we have
Flat(Fun(Sig™*)); climgiey, = climapy,; Sig.
PROOF. Let (D,T') be an object of Flat(Fun(ADT)), then
Flat(Fun(Sig))((D,T)) = (D, T; Sig™)
and climg,ey, (D, T; Sig?)) = [ [, T; Sig™. For the right-hand side we get:

Sig” (climape, (D, T))) = Sig*(J [ T)-

Since SigA preserves and creates colimits, we have

[]T;sig* =sig*(J] ).

D
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However, this relationship does not hold, in general, for limits of I'; Mod* and colimits of
['. Consider for example the functor I' : Ko — ADT¢g in the institution £Q of equational
logic. One possible choice for a limit of I'; Mod™ is the cartesian product Mod*(I'(1)) x
Mod*(I'(2)). For this limit it is impossible to find an abstract datatype (X, M) such that
M = Mod*(I'(1)) x Mod*(I'(1)) since there does not exist a many-sorted signature ¥ = (S, Q)
such that Y-structures are pairs of algebras (A;, Ay). However, we can find an abstract
datatype (X', M) such that M’ and Mod*(I'(1)) x Mod*(I'(2)) are isomorphic. This leads
to the following theorem:

THEOREM 5.9 The contravariant functor Strg., : SIGN?{’I — CAT is natural isomorphic to

the contravariant functor climapr,; Mod# provided that the structure functor Strr preserves
colimits.

PROOF. Since Stry preserves colimits, so does Mod* (cf. Theorem 4.5). Thus, the natural
isomorphism 1 : Strg, = climapr,; Mod? is given for each ©® = (D,T)) in SIGNg, by the
isomorphism between Mod*(][T') and an arbitrary limit [ I'; Mod* of I'; Mod*. We have to
show that the family of all isomorphisms pe : Strg,(©) — Mod*(J[I') is indeed a natural
transformation, that is, the following diagram commutes for all morphisms f : © — ©' in
SIGNR,.

Mod* (][ ') <2— Strz,(©)
Mod (climapry (f)) T TStrRI( I
MOdA(H F’) W StI’RI(@I)

First consider the following family of diagrams for d € D:

Mod# (]I Fe Str, (©)
Mod4(.]) (1) W;‘;ModA
(2) Mod(I'(d)) (4)
Mod“ (climapr, (f)) TModA(fé‘) Strr (f)
Mod*(I" (" (d)))
ﬂ_I‘;ModA
F
(3) F(d)
Mod*(J[ ) = Strg, (©)

The diagrams (1) and (3) commute because the functor Mod™ preserves colimits and Strz_ (©)
is defined as [, ©; Mod*. Diagram (4) commutes because Strg, (f) is defined as the unique
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morphism making (4) commute, and similar diagram (2) commutes because of the definition
of climapr, (f) and because a functor preserves composition.

Note that for this type of diagram, if the subdiagrams (1), (2), (3), and (4) commute for
all d € D, this does not immediately imply that the functors pe; Mod?(climape, (f)) and
Strr,(f); e are the same.

However, because Mod*(][T') is a limit of I'; Mod, there exists a unique functor
H : Str,(0') = Mod*(] [ T)
which makes the following diagram commute for all d € D:

Mod*(J[I') <2 Strg, (©')

Mod*‘uz;)l /
wf%(‘;) ;ModA (f4)

Mod*(I'(d))
Since per; ModA(climADTI(f)) and Strg, (f); pe have the same property, we get:

per; Mod?(climape, (f)) = H = Strr, (f); te-

Satisfaction Theorems 5.8 and 5.9 from the previous section allow us to define the satis-
faction relation =77.

On one hand, there exists a unique element 7 = pe(m) in Mod*(climay., (©)) for each
m in Strg,(©) given by the natural isomorphism j between Strz, and climay,; Mod?
(cf. Theorem 5.9), which, by the definition of the category ADTz, is also an element of
Strz(Sig*(climapr, (©))).

On the other hand, since FIat(Fun(SigA));cIimSIGNI and climapr,; Sig# are equal (cf. Theo-
rem 5.8), each formula ¢ € Seng,(0) is also an element of Sig”(climpr,(©)). This allows us
to define:

DEFINITION 5.10 (") Let © be a signature in SIGNg,, m a structure in Strr_(©), and
¢ a formula in Seng,(©), then

m =~ ¢ if and only if m =L .
For Rz to be an institution, it remains to show that the satisfaction condition holds.

THEOREM 5.11 For all signature morphisms f : © — ©' in SIGNg,, ©'-structures m, and
O©-formulas ¢ we have:

m E™* Seng, (f)() if and only if m|; E** .
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PROOF. Let f be a morphism from © to ©' in SIGNg%,, m a ©'-structure, and ¢ a O-formula,
then we have:

m =" Seng, (f)(¢)

iff m =T Senz(Sig?(climape, (f))) | Def. =77

iff m\SigA(c“mAmI(f)) =T o | Sat. Cond. Z

iff T climapn, () = o | Def. ADTz-morph.
iff mly = o | *

iff ml; =R | Def. =Rz

Equivalence (%) holds because the naturality of the isomorphism between the functors Strg,
and climapr,; Mod* implies m|c|;mADTI(f) =m|;. O

Definition of Rz To sum up the previous paragraphs, we define:

DEFINITION 5.12 (Rz) Given an institution T with a cocomplete category of signatures
SIGN7 and a colimit preserving structure functor Strz. The institution

Rz = (SIGNg,, Strr,, Seng,, E77)

s defined as follows:
e SIGNg, = Flat(Fun(ADTz)),
e Strz,(©) = [[p;Mod? and Str,(f) = HD(fF;WF'?M“A); (f*;Mod?) for all mor-
phisms f : © — ©' and objects © = (D,T") and © = (D', ) in S1GNg,,
e Seng, = Flat(Fun(Sig*)); climg,ey,; Senz, and

o m =R ¢ iff m EL ¢ for all m € Strg,(©), ¢ € Seng,(0), and © € SIGNg,.

Note that the construction of the functors Strz, and Seng, are very similar. Given an
object (D,T) then Strg,((D,TI)) is given by [, I'; Mod*, while Seng,((D,T)) is given by
Senz(] [, T'; Sig). However, we have given an explicit definition of Strg, while Seng, was
given as a composition of functors. And indeed, we can define Strg, similar to Seng, as

Strz, = Flat(Fun(Mod*)); limcay.

Note, however, since Mod* is a contravariant functor, Fun(ModA) is a family of contravariant
functors indexed by CAT, that is, Fun(ModA)D is a contravariant functor from the functor cat-
egory of covariant functors, Fun(ADT7)p = ADTZ, to the category of contravariant functors
from D to CAT, which we denote by CFun(ADTz)p = CAT®”. Then flattening a family of
contravariant functors yields a covariant functor from Flat(Fun(ADTz)) to Flat(CFun(CAT)?).
That is, a morphism

(ffF:D=D,f*: T = 1)
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in Flat(Fun(ADTz)) is mapped to the morphism
(fF : D —= D', Mod?(f*) : fF;1"; Mod* = T'; Mod*)
in Flat(CFun(CAT)?).

Then limc,r maps an object (D, T : D? — CAT) in Flat(CFun(CAT)?) to [[ I" in CAT and
a morphism (f¥ : D — D', f#: f£;T" = T') in Flat(CFun(CAT)°) to the unique morphism
[Ip (f5;7%); f# from [[p I” to [[p T given by the limit property of [, I

Note the similarity between the category of many-sorted signatures S1G (cf. Section 3.1) and
the category SIGNg,. Both can be defined by flattening an indexed category, MS : SET?” —
CArt for S1G (cf. Section 2.5) and Fun(ApTz) : CAT?? — CAT for SIGNg,. For a set S,
MSg is the set of functions from ST to SET, and for a category D, Fun(ADTz)p is the set
of functors from D to ADTz. We shall see in the next section that also the construction of
colimits is very similar.

Abstract datatypes in Rz, objects in ADTg_, are pairs (0, M) where M is a full subcategory
of Strg,(©) = [II;Mod?. Morphisms f from (O, M;) to (©,, M) in ADTg, are type
morphisms f = ©; from O, to © such that Strgz,(f)(Mz) C M;. Thus we have the following
fact:

Fact 5.13 The category of relations between abstract datatypes REL, defined in Section 5.2,
is the same as the category of abstract datatypes ADTg, in Rz for an institution T with a
cocomplete category of signatures and a structure preserving structure functor.

Note that the definition of REL does not require SIGNz to be cocomplete and Strz, to preserve
colimits. This is only needed for the definition of formulas and satisfaction in R7.

Example In the example of the counter the increment operation is the abstract datatype
(O1nc, M) in the institution R s, with LSL as the base institution where ©1pc € SIGNg, ..,
is the type (V,'1ne). [ne can be depicted by the following diagram

[l [1

N

[Nat]

where

C : trait
includes Nat
introduces c: N

and M is given by all pairs (A, B) in

HFInc; MOdA - MOdA([[C]]) XMOdA(l[Nat]]) MOdA([[C]]),
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with B(c) = A(succ)(A(c)).

To fix a colimit of I'ry; Sig™ for the definition of Seng,, (©1pc) We use the convention that
the components of the state after an operation is performed are decorated with a prime. Then
the formulas in Seng,,(©1pc) are the formulas in Senzsz (][ Tiae; Sig?) where ][ I'rac; Sig™
is the signature

({N},{zero: N,succ: N = N,c: N,c' : N}).

Using the formulas in Seng,,.(I'mc), M can be characterized by all pairs (A, B) from
Strr, s, (I'me) such that

(A, B) ERese ¢ = succ(c),
which is, by the definition of satisfaction in R,s,, equivalent to
A+¢ B =555 ¢ = succ(c),
where A +¢ B is the amalgamated of A and B with respect to C = A|, = B|,.

With the specification language SL7 introduced in Section 4.2 and instantiated with Z =
Rrsc, we can write

Inc = I{c’:succ(s)}GInC

to define the increment operation.

5.4 Colimits in SIGNg,

Since SIGNg, is defined as Flat(Fun(ADTz)), we can use Theorem 2.28 to prove that SIGNg,
is cocomplete. To apply this theorem, we have to check that

1. CAT is cocomplete,
2. ADT% is cocomplete for each category D, and
3. the functor Fun(ADTz)p : ADTZ — D has a left adjoint for all functors F : D — D'

CAT is cocomplete and since in the construction of Rz we have assumed that SiGNz is
cocomplete, so is ADT7 and thus ADTY is cocomplete for all categories D.

Thus it remains to show that Fun(ADTz)r has a left adjoint for every functor F': D — D',
Given a functor I' : D — ADTz, we are looking for a functor L*(T') : D’ — ADTz such that
for each functor I' : D’ — ADTz and natural transformation u : I' = F; T there exists a
unique natural transformation 7 : L (T") = '

[ === F;T"

LF(T) L= v
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As observed by Tarlecki, Burstall and Goguen [58], finding for each I' : D — ADTz a functor
LF(T) : D' — ADT7 with the above properties is the same as finding the left Kan extension
of I'along F': D — D".

DEFINITION 5.14 (LEFT KAN EXTENSION) Given categories T, D, and D' and a functor
F:D — D'. Let T be an object of TP, that is, a functor from D to T, then the left Kan
extension of I' along F' is a pair (I',n) consisting of a functor I from D' to T and a natural
transformation n from I to F;T" such that for all natural transformations v : ' = F;T" in
T there exists a unique natural transformation 7 : T' = T such that the following diagram
commutes in TP :

[ —= F;I"

N

F; "
Note that if each I' in T° has a left Kan extension I along F', then this determines a functor
LY : TP — T left adjoint to Fun(T)r by L¥(T) =I" and L¥ (v : T = I'") = v; " where 0"

is the natural transformation associated to the left Kan extension of I along F:

[ =L v =Ly LF (D7)

L ()

LF(F) LF(F”) .

As an example consider the following categories

3
1 9 Vx
D= X / and D’ = 1 2,
0 ‘}\ /
0

Let F' be the inclusion of D into D’ and I' an arbitrary functor from D to 7.

The problem is to find I'(0), I'(1), I'(2), and I"(3). While it seems natural to choose
I'(0) =I(0), I'"(1) =T'(1), and I"(2) = I'(2), the question remains what to choose for I''(3).
Intuitively I''(3) is the “smallest” object in 7" which “includes” I'(1) and I"(2), that is, I'(3)
is the coproduct of I'(1) and I''(2).

To see that this indeed defines the left Kan extension of I' along F', consider a functor
I : D" — T and a natural transformation p : I' = F';I"”". Then we have to be able to extend
i to a natural transformation 7 from I'" to I'”. Again it is natural to choose 1y, = o, @; =
and Iy, = pe. Now fig : [(3) — I'”(3) is given by the universal property of the coproduct
["(3) = I"(1) wI''(2) and because u1; " (f') is a morphism from I"'(1) to I'”(3) and u9; I (g")
is a morphism from I''(2) to I'(3).
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Theorem 1 on page 233 of Mac Lane’s book [43] provides a construction of the right Kan
extension. The notion of right Kan extension is a dual to the notion of left Kan extension.
Thus by reversing the arrows in the construction of the right Kan extension we get a left
Kan extension.

THEOREM 5.15 (Mac Lane [43]) Under the assumptions of Definition 5.14 the left Kan
extension of I' along F exists provided that T is cocomplete.

PrROOF. Here, we only provide the construction of the left Kan extension; the proof that this
is indeed a left Kan extension can be found in [43]. Let I be a functor from D to 7', then we
have to provide a functor IV from D’ to 7. For each d' € D' we take I"'(d') as the “smallest
element” including I'(d) if there exists a morphism f from F'(d) to d' in D’. Thus I''(d') is
the colimit of a functor Fjy from an appropriate category to 7. The appropriate category is
the comma category (F | d'). Objects of (F' | d') are pairs (d, f) consisting of an object d
of D and an arrow f from F(d) to d' in D’. Morphisms from (di, f1) to (da, f2) are arrows
g :di — dy in D such that the following diagram commutes in D":

F(g)

F(dy) F(ds)
N
J
Then Fy : (F | &) — T is given by
Fi((d, f)) =T(d) and Fy(g) =T'(9g)
for objects (d, f) and morphisms g : (dy, f1) — (da, fo) in (F | &),

Now we can define I'(d') as [[Fy and (g : di — ds) as [[v where v is the natural
transformation from Fy, to A(]] Fy,) given by vq s = Lf:fjc;g).

Note that if (d, f) is an object of (F' | dy) and ¢ is a morphism from d; to do, then (d, f; g)
is an object of (F' | dy) and Fy, ((d, f)) = T'(d) = Fu,((d, f;9))-

The colimit of Fjy exists because T is cocomplete.

O

As an example of the construction of the left Kan extension, we define IV : D' — T from the
previous example.

The category (F' | 0) has one object (0,id) and the identity as the only arrow. The functor
Fy maps (0, id) to I'(0). The colimit of Fy is I'(0) and thus I'(0) = I'(0).

The category (F' | 1) has two objects (0, f) and (1,id) and one arrow f from (0, f) to (1,1d)
other than the identity. Then (1) is I'(1) because the colimit of F} is I'(1). Similar we get
I'(2) =T(2).
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(F | 3) is the category freely generated by

(1, f') (2,9
d I
(0, £5 ) (0,9;9")
and Fj can be depicted by
I'(1) I'(2)
F(f)T TF(g)
r'(0) r'(0)

which has the coproduct of I'(1) and I'(2) as its colimit. Note that (0, f; f') and (0, g; g') are
two different objects in (F' | 3), and therefore the colimit of Fj is the coproduct of I'(1) and
['(2) and not the pushout of I'(1) and I'(2) with respect to I'(0).

The morphism I"(f) is T'(f), I'(g) = T'(g), I'(f") is the injection ¢; of I'(1) into the coproduct
['(1) WI'(2), and I'(g") the injection tp of T'(2) into I'(1) W '(2). Thus I' can be depicted as:

T(1)WT(2)

)
(1) ')

I'(0)

In the proof of the existence of a left Kan extension (cf. Theorem 5.15) we had to require co-
completeness of T because we needed the colimit of the functor Fy : (F' | d') — T. However,

provided that D and D’ are finite categories, it suffices that 7 is finitely cocomplete because
(F | d)' will be always finite if D and D’ are finite.

COROLLARY 5.16 Under the assumptions of Definition 5.14 the left Kan extension of T’
along F' exists provided that T is finitely cocomplete and that D and D' are finite.

Let T be a (finitely) cocomplete category, then Theorem 5.15 implies the existence of a
left adjoint functor for Fun(T")r for every functor F' from a (finite) category D to a (finite)
category D’. Together with Theorem 2.28 we get:

THEOREM 5.17 The category Flat(Fun(T)) is (finitely) cocomplete if T is (finitely) cocom-
plete.

Since ADTz is cocomplete, we get as a direct consequence:
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COROLLARY 5.18 The category SIGNg, is cocomplete.

The initial object in SIGNg, is (0,1, ) where I'; is the unique functor from 0 to ADT.

In the following we study types of functors F' : J — SIGNg, which do not require the existence
of left adjoint functors to construct their colimit. An example of these type of diagrams can be
found in the definition of the sequential composition of relations from ADTx, (cf. Section 6.3).

Instead of proving the next theorem for SiGNgz, = Flat(Fun(ADTz)), we give a proof for
Flat(Fun(T")) where T is any category. Note that for this theorem we do not have to require
that T is (finitely) cocomplete.

THEOREM 5.19 Given a functor F from J to Flat(Fun(T")). Let F(i) = (D;,T;) and F(f) =
(fF, f*) such that f* is the identity on T;, that is, U; = f¥;T; for all objects i and morphisms
f:i—jin J. Let further Foa be the functor from J to CAT defined by Foar(i) = D; and
Feu(f) = f¥ for every i and f in J. Then the colimit (Dy,Ty) of F is given by the colimit
D, of Foar and the unique functor 'y from D, to T given by the colimit property of D
w.r.t. the natural transformation v : Foay = AT with v; = T; for every i € J.

PROOF. First note that v is indeed a natural transformation because
vi=TIy= fFSFj = FCAT(f)SVj

for all morphisms f:7 — jin J:

Di vi=I; T
FCAT(.f):fF \L
D; —~

(AT)(f)=idr

T

v; =T

Using the representation of colimits in CAT from Theorem 2.3 we can write the functor 'y,
as

Lu([(3,d)]=) = Ti(d) and Ty ([(4, f : d = d')]=) = Ti(f).

The co-cone morphisms ¢ are given by & = (.7, id) where ¢/ (d) = [(i,d)]= for all i € J
and d € Dz

To show that (., ][] F) is a colimit in Flat(Fun(T’)), consider an object (D’,I") and a natural
transformation € from F to A(D’,T"). We have to find a unique morphism h = (k% h*) from
[T F to (D', T’) such that the following diagram commutes for all i € J:

F
[1F- =% (0,1)

(LFCAT,id)T 4&;”)

(Ds; i)
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h* is given by the colimit property of ][] Fcar with respect to the natural transformation 7
from Fc,r to AD' given by 7; = ;7 and is unique with the property (fcx; hf" = ¢, Using
the explicit representation of [ [ Fcar the functor hF can be written as:

R (GG, d))=) = " (d) and R7([(i, f : d — d')]=) = &" (/).

Define the natural transformation h* by (h*)(sa= = (€*)q for [(7,d)]= € [ Foar- We have

to show that h* is well defined, that A* is a natural transformation from I'; to Fj.;I”, and
that ' h =e.
For proving the well-definedness of h* consider (i,d) = (j,d') and f : i — j in J with
d' = Feum(f)(d):!

(h'u)[(j,d/)]z = (éju)d/ | Def. of h*
= (") reuin@ | Fou(f)(d) =4
= (Foar(f); €")a | Def. of Fou(f)(e)
= (") |
= (M) 3,0))= | Def. of A*
The equation (*) holds because € is a natural transformation from F' to A(D’,I”) and thus ¢; =
F(f); €;, which implies €;* = f#; Foar(f)(€;) by the definition of composition in Flat(Fun(T")).
Then € = Fcar(f)(€;) because f* is the identity natural transformation.

To show that h* is a natural transformation from Ty to h™; ", consider a morphism [(7, f :
d — d))z : [(4,d)]z = [(4,d')]= in J] Fcar- We have to show that the following diagram
commutes

(M), )=
_—

La(((7 d)]=) '(h"([(i, d)]=))
Fc:([(i,f)]s)l lr' (hF)([(0,1))=)

a(((i,d)]=) ~g——= (B (G 4)2)

However, by the definition of [[ F' and A* this is the same as

Ti(d) —“4 (67 (d))
Fi(f)l lrl(fiF(f))
(" (d))

(") g
for all 4 € J, which commutes since ¢;* is a natural transformation from T'; to ¢ T".
Now we have to show that .7'; h = ¢, that is, we have to show

‘ F
JFoa b = ¢F and 1] (h*) = "

1To show the well-definedness of a function h : A/=gr — B defined by h([a]=,) = g(a), it suffices to show
that g(a) = g(a') if a R a’ because equality is an equivalence relation.
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for each ¢ € J. The first equation holds because of the definition of A" and for the second
equation consider d € D; and

Fear _
(Li ¢ (hu))d - (h“)(LfCAT(d))
= (h“)[(i,d)]z | Def. LfCAT
= (e")q | Def. of h¥.
O

Note that the construction of the above theorem does not work for arbitrary diagrams since, in
general, v, as defined above, is not a natural transformation because instead of v;(d) = I';(d)
being equal to (Fcar(f);v;)(d) = [;(fF(d)) for all d € D; we only know that I';(d) and
I';(f¥(d)) are related by the 7-morphism [

5.5 Preservation of Colimits

In this section we prove that Strz, preserves colimits, that is, Strg, (][ F) is a limit of
F; Strg, for functors F' : J — SIGNg,. Because of Theorem 5.9, we know that Strg, is
natural isomorphic to climapr,; ModA, and Theorem 2.20 allows us to deduce from that fact
and the fact that climapy,; Mod* preserves colimits that Strg, preserves colimits.

We have that Str7 preserves colimits, and thus Mod* preserves colimits. Because the compo-
sition of (co)limit preserving functors is again a (co)limit preserving functor, we are done if
we can show that climapr, preserves colimits. To this end we prove that climapr, has a right
adjoint functor U : ADTz — SIGNg,.

LEMMA 5.20 Let U be the functor from ADTz to SIGNg, defined by
U((X,M)) =1, m) and U(o) = (Idy, o")

for each abstract datatype (3, M) and morphism o in ADTz where (s ary maps the only
object of 1 to (X, M) and o = o. Then U is a right adjoint for climseng,, -

PROOF. The co-unit € : ldapr, = U;climapr, of the adjunction is given by £z, vy = id(s )
for every (X, M) in ADT. And for a morphism o from climg;ey, (©) to (X, M) the morphism
& from © to U((X, M)) is given by (6¥,5*) where 5 is the unique morphism from D to 1
because 1 is the terminal object in CAT and &% = /}; o for each object d in D. O

Theorem 2.25 and the previous lemma imply:

COROLLARY 5.21 The functor climgy, : SIGNg, — ADTz preserves colimits.

Altogether we get the main theorem of this section:

THEOREM 5.22 The contravariant functor Strg, from SIGNg, to CAT preserves colimits.
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5.6 Relation between ADTg, and ADTs

There is a strong relationship between objects (©g, M) in ADTg, and objects (X, M) in
ADT7 resulting from the preservation of colimits of Strr and the fact that SiGNz and thus
ADT7 are cocomplete.

DEFINITION 5.23 The functor G* : ADTR, — ADT7 is defined by

G*((Or, Mg)) = (] [ Ta; Sig?, {m | m € Mg})

Dgr

GA(f) = climape, (f)

where O = (Dg,T'g) and f is an ADTr, -morphism from R = (Og, Mg) to S = (Og, Ms),
that is, f is an SIGNg,-morphism from Og to Og such that Mg|; C Mpg.

For G* to be well-defined we have to check that G*(f) is indeed an ADTz-morphism from
GA(R) to GA(9), that is,

Mod?(G*(S))|ga(s) € Mod*(GA(R)).

Let g be a model of Mod”(GA(S)), that is, mg is an object of Mg. Then we have to
show that Ms|ciim,,,, () 18 in Mod#(GA(R)). Since the isomorphism between Strgz, and

climapr,; Mod# is natural, this is equivalent to showing that mg|; is in Mod”(G*(R)). This
holds by definition of G* and because f is an ADTg,-morphism, and therefore mg| fisin
M.

In the example of the counter G*((Orne, M1,.)) is the abstract datatype (X, M;) in the
institution LSL where

- A
ZI = H FInC; Slg = ECounter F S e 2Courn:er
\%

and

M; = {A+c B | (A,B) € Mg}

Conversely, if we are given M;, we can get M, by
Mrpe = {(D|mD|L2) | D e MI}
where ¢; and ¢y are the co-cone morphism of the colimit of I'r,; SigA.

FAcT 5.24 For every R in ADTg, there exists an isomorphism between the model category
of R and the model category of GA(R).

PROOF. This is obvious since GA((©, M)) is defined as (][ I'; Sig*, M) where M is the cate-
gory with objects all m such that m € M. O
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Note however, though the model categories of R and G4(R) are isomorphic, there is no
isomorphism between ADTx, and ADTz because it is impossible to recover the type of R
from G*(R).

Still, it is possible to define for each abstract datatype (X, M) a relation U((X, M)) in ADTx,
which is universal in the sense that if o is an ADT-morphism from G*((0, M")) to (X, M)
for some object (©, M') in ADTg,, then there exists a unique morphism & from (©, M) to
U((Z, M)) with GA(5) = 0.

Let (X, M) be an abstract datatype in ADTz, then
U((%,M)) = ((1,Tx), M)
where I's; : 1 — ADTz maps 1 to (X, {}) and M” is the same as M.

Further, given an ADT-morphism ¢ from (X, M) to (X', M'), then o extends to an ADTg,-
morphism f = (f¥, f#) from U((Z, M)) to U((X', M")) by

ff1)=1and f!'=0.

THEOREM 5.25 U as defined above is a functor from ADT to ADTx, right adjoint for G*.

PROOF. The co-unit ¢ : ldgpr, = U; G* of the adjunction is given by €s,m) = id(s ) for
abstract datatypes (X, M). For a morphism o from G4((©, M")) to (X, M) the morphism
6 from (©, M') to U((X, M)) is given by (6%,5*) where 6 is the unique morphism from
D to 1 since 1 is the terminal object in CAT and &/ = Lg;SigA;O' for each object d in D.
The morphism LZ;SigA is the co-cone morphism from Sig”(I'(d)) to []T'; Sig”, the signature
of GA((©, M)), where © = (D, ).

Let U((X, M)) = ((1,Ts), M"). Note that by the definition of U we have M" = M.

For & to be an ADTg_ -morphism it remains to show that M"|; C M'. Note that, because &
is unique with the property G*(5); £(x,m) = 0 and £z u) is the identity, we have GA(5) = 0.
Using the fact that the isomorphism between Strz, and climapy,; Mod* is natural and noting

that GA(6) = climap,(5) = o, we getM"|; = M"|, = M|,. Since o is an ADT-morphism,
we have M|, C M’ and thus M"|; C M', which implies M"|; C M'. O

The existence of a right adjoint for G* implies:

COROLLARY 5.26 The functor G* from ADTg, to ADTs preserves colimits.

The following theorem is the core theorem for proving properties of relations (cf. Chapter 7).
It allows us to prove (Og, Mg) E™ ¢ by proving GA((0, Mg)) =% ¢ and is a consequence
of the isomorphism of the model categories of R and G*(R).

THEOREM 5.27 Let R = (©, M) be a relation in ADTx, and ¢ a formula in Seng(©), then

R E®% ¢ if and only if GA(R) ET ¢.
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Note though that this does not imply that if we are given a sound and complete inference
system 7 for proving ®; =7 ®,, then we get a sound and complete inference system for
proving ®; =®* ®,. We can only conclude that if ®; X ®,, then ®; =7z &,. The reason is
that the category of all © z-structures that satisfy ®; with respect to =77 is only isomorphic
to the subcategory of all Y-structures that satisfy ®; with respect to =% where ¥ is the
signature of G*(R) (cf. Section 7).

5.7 Operations on relations

One advantage of representing relations as abstract datatypes of the institution Rz is to use
the language SLz (cf. Section 4.2) where 7' is RSLz with its operations impose, translate,
derive, and union to define relations.

A relation R = © is the universal relation. For example, if © = (K,,,T"), then

(mi,...,my) € R iff (mq,...,m,) € Strg,(O)
iff  (mq,...,my) € Strz(T(1)) X - -+ x Strz(T(n)).

Impose Let R = (Of, Mg) be a relation in ADTgr,. The operation IR allows to restrict
the tuples in My to those satisfying &:

(my,...,my,) € IsR
if and only if
(my,...,my) € Rand (my,...,m,) =X ®

For example, the increment operation of the counter can be defined using the impose opera-
tion as

Inc = I{c’:succ(c)}e)]:nc
and the decrement operation as

Dec = I{succ(c'):c, c:,ézero}@]:nc-

Union The union operation can be used to combine several relations of the same type such
that

(ml,... ,mn)€R1+R2
if and only if
(mq,...,my,) € Ry and (mq,... ,m,) € Ry

for relations Ry = (©, Mp,) and Ry = (©, Mg,).
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Translate The translate operation allows to change the type of a relation, for example,
so that the union of relations is defined. It can be used to add new state components and
nodes/edges to the type of a relation.

Given a relation R of type O and a SIGNg, -morphism from O to some type Og, then TR
yields a relation of type ©g as follows:

(ma,...,my) € TfR if and only if (my,...,m,)|; € R.
For example, assume that we want to add a new component d of sort N to the state of the
counter, that is, the new state is given by the following specification:

New : trait
includes Counter
introduces d : N

Further, we would like to extend the increment relation Inc to an increment relation Inc’ on
the new state, that is, Inc’ is of the type

[New] [New]

o

[Env]

Let tc denote the inclusion of [Counter] into [New] and let f = (Idy, f*) be the SIGNg -
morphism from O 1y to O such that f§' : [Env] — [Env] is the identity, f¥ : [Counter] —
[New] = tc, and f§ : [Counter] — [New] = ¢c. Then Inc’ is T;Inc, and we have:

Mod*(Inc') = {(A, B) € Mod”([New]) x Mod*([New]) | (A|..., Bl.,) € [Inc]}.

Note that Inc’ does not fix the relationship between A(d) and B(d). Thus any values for
A(d) and B(d) are possible in case of A Inc’ B. To establish a relationship between these
two values, we can use, for example, the impose operation as follows:

I{d’:succ(succ(d))} Inc'
This ensures that B(d) = A(succ)(A(succ)(d)) for all (A, B) € Inc2.

Derive By hiding state components the derive operation can be used to adapt the state
space of relations so that, for example, the union of relations is defined. Hiding nodes by the
derive operation is used in the definition of sequential composition (cf. Section 6.3), in the
computation of the precondition of a state transformation (cf. Section 7.2), and can be used
to define a relation with the help of auxiliary symbols, like the tracking map between sorts
in Section 6.1.

If R is a relation of type ©g and f a SIGNg,-morphism from a type ©g to Og, then DyR
yields a relation of type ©g as follows:
(my,...,my) € DyR
if and only if
3(mi, ... ,my) € Rwith (mf,... ,my)|f = (mi,... ,my)
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One use of the derive operation is to define the identity relation. Suppose, we are interested
in specifying the identity relation for some abstract datatype St, that is, we want to define
a relation Idg, of type

[st] [st]

oo NS

[Env]

such that (mq, mgy) € Ids, if and only if m; = my for structures m; and my from Mod#(St).
Consider the type
[st]
o = T
[Env]
and the morphism ¢ = (', /*) from © to ©' mapping each St in © to St in ©' and which is

the identity on Env. That is, ¢ maps 0 of V to 0 of 2 and 1 and 2 of V to 1 of 2. 1} is the
identity on [Env], and ([ = /4 is the identity on [St]. Then Idg, is given by Idg, = D,0'.

To show that Ids, really is the identity, let (A, B) in Idgs,, that is, there exists some C in
Strr,(©") with C|, = (4, B). By the definition of Strg,(¢) we have

C|L = (C|L7F(1)’ C|L5F(2))
= (Cls,Clw) (1) =1="(2)
=(C,C) | ff =id
Thus we have (A4, B) = (C,C) and therefore A= B = C.
On the other hand, it is obvious that (A4, A) is in Idg, for each A € Mod*(St).

Colimit The colimit construction can be used to combine different relations on the same
state sharing some common part or to combine relations on different states with the possibility
of sharing state components. If F': J — SLg, is a diagram of relations such that the colimit
of F';Sig exists, then

(mq,...,my,) € colim F iff (my,... ,my,)|, € F(i) forallie J

where ¢; is the co-cone morphism from F'(i) to the colimit of F';Sig for all i € J.

As an example we define the relation Inc2 on the state space

C' = [Counter] +yas] [Counter]
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incrementing both copies of the counter simultaneously as Inc +4,,, Inc where ldy,; is the
identity relation on Nat, which has type

[Nat] [Nat]

e

[Nat]

Let ¢« = (Ildy, ¢*) be the SIGNg,-morphism from Oy,; to O, where (f is the identity on Nat

and f = & is the inclusion of Nat into Counter. The pushout Oy +(1,0) O1mc is the type

[Counter] +yaz) [Counter] [Counter] +yaz) [Counter]
®Inc2 =

[Nat]

Let

PO : trait
include Counter[cl for c]
Counter([c2 for c]

be the pushout [Counter] 4.} [Counter]. Then the co-cone morphism ¢; from O1p¢ to
O1ne2 s (ldy, ¢1*) where (11#)¢ is the identity morphism on [Nat] and (11#); = (11#)2 maps
c: N toc; : N and is the identity otherwise. The second co-cone morphism ¢y from © 14 to
O1ne2 s (Idy, to") where (19")¢ is the identity morphism on [Nat] and (2#); = (12*)2 maps
c:Ntocy: N.

Using the definition of the colim operator from Section 4.2 and the equalities of Fact 4.9 we
get

Inc2 = 1Inc 4y, Inc
= TLII Inc + TLI2 Inc
Ty Lo =suce()}O1nc T Tiy [ {e'=suce(c)} OInc
= L (e =succ(e)})Ome2 + L ({¢=succ(c)}) O1nc2
= I{¢ =succ(c1)} [ {c)=succ(c2)} Omnc2
= I1¢ —suce(c1)}u{cy=suce(c2)}) Otne2

= I{c’lzsucc(cl), cg:succ(cz)}('—)InCZ

5.8 Finite Diagrams

In the previous sections we have assumed that SiGNz is cocomplete. However, in many
interesting institutions SIGNz is only finitely cocomplete. For example, if we restrict the
signatures of the institutions £Q and £QC to finite many-sorted signatures, that is, instead
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of S1G we use the category of finite many-sorted signatures FSiGc. FS1G is a full subcategory
of S1G, but only finitely cocomplete (cf. Section 3.1).

To use an institution Z with a finitely cocomplete category of signatures for the construction
of Rz, we have to restrict the objects in SIGNg, to pairs (D,I') where D is a finite category
because the definition of Seng, depends on taking colimits of shape D in SiGNz. Since all
diagrams are finite, Strz needs to preserve only finite colimits instead of arbitrary colimits.
The definitions of Strz,, Senr,, and =?7 are, in principle, unaffected.

Formally, instead of defining S1IGN%, as Flat(Fun(ADTz)), we define
SIGNg, = Flat(FFun(ADTz))

where FFun(T) : FCAT®? — CAT is the indexed category FFun(T)p = TP for finite categories
D and FFun(T)(I") = F;T for functors F : D — D’ and I'" : D’ — T. Similar to Fun(G)
we define FFun(G)p(I') = I'; G and FFun(G)p(p) = p; G for finite categories D, functors
[': D — T, and natural transformations p : I'y = T's.

Note that Flat(FFun(T)) is a full subcategory of Flat(Fun(T')), thus the new structure functor
Strg, is the old structure functor Strg, with its domain restricted to Flat(FFun(T)).

Similarly, we get a functor climy : Flat(FFun(T)) — T by restricting the domain of the
functor climr : Flat(Fun(T)) — T. Note that for climy : Flat(FFun(7)) — T to be well-
defined we only have to require that 7 is finitely cocomplete. Then Seng, is again defined
as Flat(FFun(Sig?*)); climgex,; Senz.

The results that Strz, is natural isomorphic to climapr,; Mod“ and that
Flat(FFun(Sig?*)); climgiey, = climapr,; Sig?

carry over from Theorems 5.8 and 5.9. This allows again to define m =%z ¢ by m =7 ¢ for
all types © € SIGNg,, m € Strg,(0O), and ¢ € Seng,(O).

Theorem 5.17 ensures that SIGNg, is also finitely cocomplete because SIGN7 and thus ADTz
are finitely cocomplete.

Similarly, Strg, preserves colimits because Strz, is isomorphic to the composition climapr,
followed by Mod*#, Mod* preserves finite colimits if Str; preserves them, and clim Apr; Dre-
serves colimits and thus also finite colimits.

5.9 The Language RSLy

In the following we present the language RSL; for the definition of relations and introduce
some useful abbreviations. At first glance RSLz expressions are the same as SLz: expressions
introduced in Section 4.2 where Z' is the institution Rz. However, the difference is that
instead of functors I' : D — ADTz functors I' : D — SL; are used, where SL; is the
specification language for the base institution Z of Rz. The idea is that not only the relations
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are defined by expressions but also the type of the relations. In addition this allows to define
the translation of expressions in RSLz to expressions in SLz given in Section 7.1, which would
be impossible otherwise.

To this end we define the category TYPEz. TYPE7 is similar to SIGNg%,, however, using pairs
(D,I' : D — SLz) instead of pairs (D,I' : D — ApTz). The morphisms f from © = (D,T) to
©' = (D',I") in TYPE7 are pairs (f¥, f#) where f is a functor from D, and f* is a natural
transformation from I" to f;T".

Note that the category TYPEz is the same as the flattened indexed category FFun(SLz).
Since SL7 is finitely cocomplete, this implies that TYPEz = Flat(FFun(SLz)) is also finitely
cocomplete (cf. Section 5.8).

The semantics functor [.] : SLz — ADTz (cf Section 4.2) is extended to a functor [_]
from TYPEz to SIGNgz, that maps an object (D,I' : D — SLz) in TYPEz to an object
(D,I;[] : D — ADTz) in SIGNg, and similar a TYPEz-morphism f# to a SIGNg_ -morphism

(75 2 D)

DEFINITION 5.28 (ABSTRACT SYNTAX OF RSLz)
Given the institution Rz based on the institution I, types © and ©' in TYPEz, and a TYPEZ-
morphism f : © — ©', then the abstract syntax of the language RSLz is given by

R:=0©|I4R|T/R|D;R| R+ R

where ® is a set of formulas in the institution Rz.

The type type(R) of an expression R in RSLz is an object of TYPEz and is defined inductively
on the structure of RSLz as follows:

e type(0) =0
o type(IpR) = type(R)
o type(TyR) = cod(f)
o type(D;R') = dom()
o type(Ri + Rs) = type(R1) = type(Ry).
An expression R from RSLz is well-formed if
e R=1IR', ® C Seng, ([type(R')]), and R' is well-formed.
o R=TiR', f is a morphism from type(R’') to type(R) in TYPEz, and R’ is well-formed.
e R= DR, f is a morphism from type(R) to type(R') in TYPEz, and R' is well-formed.
e R= R, + Ry, type(Ry) = type(Ry), and Ry and Ry are well-formed.
The semantics of a well-formed expression in RSL7 is an object of ADT%, and is defined in

two steps: first an expression in RSL7z is converted to an expression in SLg,, and then the
semantics of this expression yields a relation in ADTg,.
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Let © be a type in TYPEz, R a well-formed expression in RSLz, f a TYPEz-morphism from
type(R) to ©', and g a TYPEz-morphisms from ©' to type(R) for some ©’ in TYPEz, then

e [Ol, =I6]

i [[I':PR]]SLRI =Is [[R]]SLRI

o [T7Rls,, = Tini [Blsi,,
e [D,Rly,, =Dy [Rl,
.

[R: + RZ]]SLRI = [[Rl]]SLRI + [[RQ]]SLRI‘

Finally, the semantics of an expression R in RSLz is given by
(7L, = [1#ls.s, ]|

Similar as with SLz (c.f. Section 4.2), we make RSLz a category by defining the morphsims
f from R; to Ry to be the TYPE; morphisms (f¥, f#) having the property that [f] =
(f¥, f%[-]) is an ADTgr,-morphism from [R;], to [Ro]%.

FAct 5.29 For any expression R in RSLz we have
Sig"([R]) = [type(R)] and Mod*([R]y) C Strr, ([type(R)]).

We say that a type © = (D, T') is included in a type ©' = (D’,©’) if [" is a sub-diagram of
['". However, we also talk about inclusion if there are obvious inclusion morphisms between
corresponding nodes. For example, given the following diagrams

r'(1) r'(2)
- r:fl\ /(h)
r(0)

and
FW N4
\\N % 2)

then T' is included in I if T'(0) = I"(0), F(l) = F'(l), r'2) =1'(2), I'(f1) = I'(f1), and
I'(fs) = I'(f2), or if there are inclusion morphisms ¢ from I'(0) to I'(0), ¢; from I'(1) to
I'(1), and ¢ from I'(2) to I'(2).

M"=r"

Formally, we require that there exists a unique morphism ¢ = (., /#) from © to ©' such that
F.D — D’ is faithful and ¢4 : T(d) — ['(:F(d)) is “canonic” for all d € D.
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Abbreviations

Since TYPE7 is finitely cocomplete, so is RSLz, and, similar as with SLz, we extend RSLz by
a colimit construct

R:=...|colim F | Ry +(4,,0y) Rz | R1 +g, R2
where F' is a functor from a finite category J to RSLz. Then colim F' is an abbreviation for
TLE;type (F(Zl)) + -+ TLF;type (F(Zn))
11 tn

where Li;type are the co-cone morphisms of the colimit of F'; type. Similarly, we use Ri +y, 1)

R, for the pushout of R; with R, with respect to f; and fy, and Ry +g, R if f; and f, are
the unique inclusion of Ry in R; and R,.

In Chapter 6 we mainly have to deal with relations whose types have the form
Spy ‘e Sp,
Env
where the morphisms from Env to SP; are canonic, for example, in LSL this means that Env

is included into SpP; and that the morphisms are the corresponding inclusions of Env into Sp;.
We shall write <SPy X ... X SP,,>g,, for types of this form.

Then [e : E] in <[e : E] X SP>g,, is an abbreviation for

includes Env
introduces e : E

For example, the type of the Add operation from page 83 can be now written as

<[nin : Nat] X Counter X Counter>y,;.

If R is a relation defined by I© then we may also write

R:0
asserts @
And

R :0
includes R’
asserts @

is the same as I, R’ where ¢ is the canonic morphism from the type of R’ to ©.
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The motivation to study relations between classes of algebras is to model state-transitions in
software systems. An example of such software systems are abstract machines. An abstract
machines offers a set of operations to its clients. Depending on the operations that have been
requested before, the same operation may yield different results. Thus abstract machines
have memory. A typical abstract machine is the abstract machine of a stack. It provides
the operations Push and Pop. The Push operation pushes its argument on the stack, and the
Pop operation removes the topmost element of the stack and returns it. Depending on what
Push and Pop operations have been performed before, different results are returned by the
Pop operation. Thus an abstract machine consists of a set of states, a set of initial states, a
subset of the set of states, and a set of services. A service is a relation between states with
possible input and output values.

Abstract machines are often called abstract datatypes with states or simply abstract data-
types. However, to not confuse abstract datatypes with state with the notion of abstract
datatypes introduced in Chapter 4, we stick to the term abstract machines.

In the framework of this thesis, the signature of an abstract machine is a 4-tuple (Env, I, O, T)
where the environment Env is an SLz-expression, I is the name of the set of initial states, O
is a set of names for the operations, and 7 a function assigning to an operation name op in
O a type 7(op) from TyPEz. We require that 7(op) has the form

I . I, 0, .
y a1
f1 / gm
Env

We shall also write 7(op) = <I; X ... X I,> — <O; X ... X Op,> assuming that the mor-
phisms f; : Env — I; and g; : Env — O; are “canonic”, which, for example, in LS£ means
that f; and g; are inclusions.

Om

Since abstract machines encapsulate the state, the signature does not contain an SLz-expres-
sion for the state, and similar the type of an operation does not contain the state.

For the example, the signature of the stack is (Env, Empty, {Push,Pop}, 7) where 7(Push) =
<[e: E]> — <>, 7(Pop) = <> — <[e : E]>, and Env is an abstract datatype containing at
least the sort E.

Whenever convenient, we may also write

(Env, Empty, {Push : <[e : E]> — <>,Pop : <> — <[e: E|>})
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for the the signature (Env,Empty, {Push,Pop}, 7).

An abstract machine M = (Sty, Irq, Mo) of signature (Env, I, O, 7) consists of an abstract
datatype St from ADTz such that Env is included in St,,, defining the state space; a
relation I of type <Stai>pavy and a set of relations Mo = {opy | op € O} from ADTg,
such that if 7(op) = <[} X ... x I,> — <Oy X ... X O,,>, then the type of op,, is

<Ii x...I, X St X St x 01 X ---Om>Env-

The initial states Iy, are given as a unary relation of type <St(>g,, instead of an abstract
datatype from ADTz because this ensures that the class of initial states are models of St ,,
and this simplifies writing the condition of simulation in Section 7.2.

The abstract machine of a stack is given by
S = (Stackg, Emptyg, {Pushg, Popg})

where Stackg is the abstract datatype:

Stackg : trait
includes Env
introduces s : Stack

and Emptyg is the abstract datatype

Emptys : <Stackg>
asserts s = empty

We assume that the following specification is part of the environment Env:

Stack : trait

introduces empty : Stack
push : E, Stack — Stack
pop : Stack — Stack

top : Stack — E
asserts
Stack freely generated by empty, push

V e:E, s:Stack top(push(e,s)) = e
V e:E, s:Stack pop(push(e,s)) = s

The Pushg operation is defined as

Pushg : <[e:E] x Stackg X Stackg>
asserts s’ = push(e,s)

and the type of the operation Popg is <Stacks X Stacks X [e : E]>g. and the operation is
given by

Pops : <[e:E] x Stackg x Stackg>
asserts s’ = pop(s)
e = top(s)
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6.1 State as Algebra Approach

In the state as algebra approach the state of a software system is modeled by an algebra.
This corresponds to using one of the institutions £Q, £QC, or LSL as the base institution
7 for Rz. The state components in the state as algebra approach are constants (null-ary
functions), functions, and sorts.

Constants

Let us first consider constants as state components. Suppose we are given the following state
space:
State : trait

includes Env
introduces ¢ : S

and a type © = <State X State>g,,. The formulas that can be used to define relations of
type © are the formulas from £LSL over the signature

Ya = Sig(State) +sigav) Sig(State)
= Sig(Env)U{c: S, ¢ : S}

For example, a relation R = I;y_y;© where ¢ is a term of signature X not containing an
occurrence of ¢/, defines for each algebra A a unique algebra B by B|s;g(Env) = A|s;g(Env) and
B(c) = A(t) such that A R B. An example for this type of relation is the Inc relation on a
counter from Section 5.1

Inc = I{c’:succ(C)}(—)InC '

However, there are also other kinds of relations, like, for example the decrement operation
on a counter, which has the form:

Dec = I{succ(c’):c}('-)]:nc-
Note that the decrement operation is undefined for an algebra A if A(c) = A(zero) as there

is no n € A(Nat) such that A(succ)(n) = A(zero).

If one wants to describe that the value of a state component c : S does not change one can
define the relation R = I;,-»}©. Then A R B implies A(c) = B(c). A more general way
to define the identity on (part of) the state was shown in Section 5.7; the method presented
there has also the advantage that it is independent of the base institution.

Functions

Consider the state space of a dictionary, which we model by a function map from keys to
values and a function dom from keys to bool. The intention is that only in the case where
dom(z) yields true the value of map(x) is valid.
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Dict : trait
includes Env
introduces
map : Key — Value
dom : Key — Bool

Then type © of the add operation, adding a new key, value pair to the dictionary, is
© = <[k : Key] x [v: Value| X Dict X DiCt>gny
A possible way to define the add operation seems to be as

Add = I{nap! (k)=v, don’ (k)=true} O-

However, this does not define the expected relation. Consider the relation defined by the
above add operation. Add is the set of 4-tuples (A, B,C,D) such that A + B + C' +
D =% {map'(k) = v, dom’(k) = true}. Thus the only restrictions on map’ and dom' are
D(map)(A(k)) = B(v) and D(dom)(A(k)) = D(true). Nothing else is assumed, in particular
it need not hold that D(map)(a) is the same as C'(map)(a) if @ # A(k). This is in contrast, for
example, to the Abstract State Machine approach of Gurevich, where D(map)(a) = C(map)(a)
for a # A(k) would be implied.

Therefore, to get the intended meaning of the add operation, we have to write Add = [0
with ® being the set:

V x:Key map’(x) = (if x = k then v else map(x))
V x:Key dom’(x) & x = k V dom(x)

Note also that it is important that the sorts Key and Value are defined in the environment
Env because otherwise, A(Key), C'(Key) and D(Key) need not be the same set and thus a
term of the form D(map)(A(k)) would be meaningless since A(k) € A(Key) may not be an
element of D(Key) as required by D(map) : D(Key) — D(Value).

Our choice to model dom and map as functions depends strongly on the base institution. For
example, dom could have been a predicate instead of a boolean function in an institution with
predicates, like first-order logic [25], or one could have omitted dom altogether and used a
partial function map instead of a total one, in the institution of partial algebras [48]. And
using SET (cf. Section 9.1) as the base institution, map could be a set of key, value pairs.

Sorts

Similar to constants and functions, sorts can be used as state components. Consider for
example a state with a sort 0ID of object identifies, with a constant nil of sort 0ID:

State : trait
includes Env
introduces sorts 0ID
introduces nil : 0ID



6.1 State as Algebra Approach 117

We want to define a relation R that adds a new element to 0ID. However, how can two sorts
be related? In an algebraic institution no operations are defined on sorts, thus we cannot
write 0ID' = 0ID U {o}. Another way to relate the sorts 0ID and OID' is by a function
f : 0ID — 0ID', called tracking map in the D-oids approach of Astesiano and Zucca [4]. The
problem with this approach is that in Sig(State) +g,, Sig(State), which is the same as

Spe @ trait
includes Env
introduces sorts 0ID, 0ID’
introduces nil : 0ID
nil’ : 0ID’

there are no functions between the sorts of the pre- and the post-state. However this can be
helped by the use of the derive operation and a specification expression of type ©', where ©'
is

[f:0ID — OID', o: 0ID']

_— T
\ Env/

The notation [f : 0ID — 0ID',0: OID'] is an abbreviation for

State State

includes SP

introduces
f: 0ID — O0ID’
o: 0ID’

Then adding a new element to 0ID is the following relation R = D,I©’, where & is:

f(nil) = nil’
f(x) = £(y) = x =y % £ is injective
f(x) # o % o is a new object identifier.

The type-morphism ¢ is the inclusion © = <State X State>g,, into ©'.

An alternative is to define 0ID’ with the help of a generating constraint as R’ = D,I©" with
®' = {0ID’ generated freely by {f, o}}. The derive operation D, forgets the node defining f
and o.

Another problem is to access the newly created object identifier 0. Since 0ID and 0ID' are
state components, we cannot use the following type for the new operation:

State State [0 : OID]
Env

as the sort 0ID and the constant o have nothing to do with the sort 0ID in State and the
constant o used in the type ©’. A solution is to allow the output parameter to be an extension
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of the state instead of the environment. This gives the output parameter direct access to the
state components, which, in this case, is desirable. Thus the type of the new operation is

State State — [0 : 0ID]

~,

Env
Then we have to adapt ©’ to

[f : 0ID — OID', o : 0ID'] [0: 0ID]

\ / State

Note that still o in the output parameter and o in the hidden part of R are not identified,
but the colimit [[©' is:

II] © : trait

includes Env

introduces sorts 0ID, 0ID’
introduces nil: 0ID

State

nil’ : 0ID’
f: 0ID — 0ID’
o: 0ID’

o’: 0ID’

contains both constants o as o and o’. Note that the constant o' is of sort 0ID" because the
sort 0ID of the post-state and the parameters are the same since the post-state is included
into the output parameter. Then we can define R by D,Is0' with ® being:

0ID’ generated freely by f, o
o = o0’

6.2 Models of the State

In the following we use different approaches to model the state of an abstract machine.
Though they are described using LSL as the base institution, the approaches are not limited
to algebraic institutions.

One way to model the state is by providing a possible implementation of the state, that is,
we give a concrete model of the state. A characteristic of the concrete model of the state is
the existence of states which cannot be distinguished by the operations of the abstract ma-
chine. In this case the specification is biased towards an implementation of the specification
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(cf. Jones [40]). Note that a concrete model of the state does not prescribe the representation
of the state space used by the final implementation of the abstract machine (cf. Section 7.3).

An abstract model of the state, or a two tiered model, uses a functional abstract datatype
modeling the state space and as a component a constant of the sort of the functional abstract
datatype. This approach is, for example, used in the Larch approach to specifications [34].
The Larch Shared Language is used to define functional abstract datatypes, which are then
used in one of the Larch Interface Languages tailored to a specific programming language to
specify an abstract datatype with state.

A third approach uses as state components possible observations on the state. In general, it
is not possible to model all abstract machines with this technique because not all abstract
machines can be defined in a finite way by the effect the state changing operations have
on the observations. An example of this is the abstract machine of a stack as noted by
Schoett [55]. The observers of a stack are isEmpty and top. However, just with these two
state components it is impossible to describe the intended behavior of the Pop operation.

As an example of the different styles, we shall give the specification of a birthday book from
the Z reference manual of Spivey [57] in each of the three styles. The task is to model a
birthday book recording the names of people and their birthday. We define three operations
on the birthday book: AddBirthday adds a name and a date to the birthday book assuming
that not already a birthday for that name is recorded, FindBirthday returns the date of
birth associated to a name in the birthday book, and Remind returns a set of names for
persons whose birthday is recorded in the birthday book for a given date.

Thus the signature of the birthday book is
(Env, InitBirthday, {AddBirthday, FindBirthday, Remind}, 7),
where T is:

7(AddBirthday) = <[n : Name] X [d : Date]> — <>
T(FindBirthday) = <[n : Name]> — <[d : Date|>
7(Remind) = <[d : Date|> — <[s : NameSet]>.

The environment Env contains at least sorts Name, Date and the sort NameSet, of finite sets
of sort Name.

Concrete State

In the concrete model of the state, the state of the birthday book is modeled by a finite set
of names known, containing the names for which the birthday book contains an entry and
a finite map birthday between names and dates. known is modeled as a constant of sort
NameSet, defined in the specification Set and birthdate as a constant of sort NameToDate,
defined in the specification FiniteMap. The environment Env is given by the specification:
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Env : trait
includes Set[Name for E, NameSet for C]

FiniteMap[Name for F, Date for T, NameToDate for M]
introduces sorts Name, Date

The specifications for Set and FiniteMap can be found in the appendix A.

The state of the birthday book is given by

BirthdayBookpe : trait
includes Env
introduces
known: NameSet
birthday: NameToDate
asserts
Vn : Name n € known < defined(birthday,n)

The state invariant requires that if n is in known then the association with n as its key is valid
in birthday. Note that, because in LSL all functions are total, apply(birthday,n) always
has a value, however, the value is not specified, if defined(birthday,n) does not hold.

Of the three versions of the birthday book example presented here, this version is the closest
to the original Z specification of Spivey [57].

The initial birthday book contains no entries.

InitBirthdaypc : <BirthdayBookpc>
asserts
known = {}

The operation AddBirthday adds a new association to birthday provided that n is not in
known. The type ©,p of the AddBirthday operation is:

<[n : Name| x [d : Date] x BirthdayBook,. X BirthdayBook.>gay

Then AddBirthday,, = IsO,s with @ the set

not(n € known);
birthday’ = update(birthday,n,d)

As in Spivey [57] we have not defined the effect of AddBirthday to known’. In particular we
would like to show that n is an element of known after executing the AddBirthday operation.
This should be a consequence of the definition of AddBirthday and the state invariant of
BirthdayBook. Thus we would like to show

AddBirthday ="Z n € known’

In Chapter 7 we shall develop methods to do this.

FindBirthday returns the birthday d of a person with name n. The type Opp of FindBirthday
is:

<[n : Name] x BirthdayBook,, X BirthdayBook,. X [d : Date|>gay
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Then FindBirthday,, = IO with ® given as:

n € known

d = apply(birthday,n)
birthday’ = birthday
known’ = known

For a given date d, the remind operation returns the set of names of persons whose birthday
is recorded in the birthday book and who have their birthday at that date. The type of the
remind operation is Og:

<[d : Date] x BirthdayBook,. x BirthdayBook,, X [s : NameSet|>gn,

And Remindpe = I0Of with ® being the set

known’ = known
birthday’ = birthday
Vn: Name n € s & known(n) A apply(birthday,n) = d

Abstract State

In the abstract state approach, the state space is modeled by a sort BBook defined in
the environment, and the state consists of a constant bdb of this sort. The specification
BirthdayBookSpec defines the sort BBook with the functions initBirthday, addBirthday,
known, and findBirthday. These functions are later used to define the operations
AddBirthday, FindBirthday, and Remind.

BirthdayBookSpec : trait
introduces
initBirthday : BBook
addBirthday : BBook, Name, Date — BBook

known : BBook, Name — Bool
findBirthday : BBook, Name — Date

asserts
BBook generated by initBirthday, addBirthday
forall b:BBook, n,nl:Name, d,dl:Date
—known (initBirthday,n) ;
known (addBirthday(b,nl,d),n) &
n = nl V known(b,n);
findBirthday(addBirthday(b,n1,d) ,n) =
(if n1 = n
then d
else findBirthday(b,n));

Note that it is possible to add several dates for the birthday of one person to the birthday
book. However, only the birthday added last will be found using the operation findBirthday.

We require that Env includes BirthdayBookSpec:
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Env : trait
includes BirthdayBookSpec,
Set [Name for E, NameSet for C]

Then the state space of the birthday book is given by:

BirthdayBookg4 : trait
includes Env
introduces bdb: BBook

The initial state InitBirthday, 4 initializes bdb to the constant initBirthday of type BBook.

InitBirthdayg4 : <BirthdayBookp 4>
asserts bdb = initBirthday

The operations on BirthdayBook may, but need not, rely on the operations provided by
BirthdayBookSpec. For example, the AddBirthday-operation is given by:
AddBirthdayp4:<[n:Name]x[d:Date]lxBirthdayBookp 4xBirthdayBookp 4>y
asserts
known (bdb,n)
bdb’ = addBirthday(bdb,n,d)

and FindBirthday:
FindBirthdayp4:<[n:Name]xBirthdayBookp4xBirthdayBookpg 4x [d:Date]l>gyy
asserts
known (bdb,n)
d = findBirthday(bdb,n)
bdb’ = bdb

Both, AddBirthday and FindBirthday have used in their definition the corresponding func-
tions addBirthday and findBirthday from the specification BirthdayBookSpec.

Remindp 4:<[d:Date]lxBirthdayBookp 4xBirthdayBookpg 4x[s:NameSet]>gny
asserts

V n:Name n € s & findBirthday(bdb,n) = d A known(bdb,n)
bdb’ = bdb

The abstract state approach is similar to the two tiered approach of Larch. First we have
given a functional abstract datatype of a birthday book in an algebraic institution LSL£. Then
we have used this trait to specify an abstract data type with state using formulas relating
the components of the pre- and post-states of an operation. But instead of using a Larch
Interface Language tailored to a specific programming language, we use the specification
language RSL.s, as a kind of abstract interface language that makes no references to a
specific programming language.

Using Observers

The basic observations one can make about a birthday book are whether a name is in the
birthday book or not and what the birth date is for a given name. Thus the state has two
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components, a function known : Name — Bool and birthday : Name — Date.

BirthdayBookpp : trait
includes Env
introduces
known: Name — Bool
birthday : Name — Date

In the initial state of a birthday book no names are known, that is,

InitBirthdaysp : <BirthdayBookpp>
asserts
V n : Name known(n) = false

The effect of the operations are described by their effect on the observers. Thus the
AddBirthday operation is given by:
AddBirthdaypp:<[n:Name]lx[d:Date]xXBirthdayBookppxBirthdayBookpo>gny
asserts
—known (n)
VYV n’ : Name known’(n’) < n’ = n V known(n’)
V n’ : Name birthday’(n’) = if n’ = n then d else birthday(n’)

The FindBirthday operation does not change the observers and returns for a given person
with name n its birthday d, if known(n) is true.
FindBirthdaypp:<[n:Name]xXBirthdayBookponxBirthdayBookpnx[d:Date]l g,y
asserts

known(n) ;

d = birthday(n)

V n’ : Name known’(n’) = known(n’)

V n’ : Name birthday’(n’) = birthday(n’)

Instead of explicitly writing the formulas that the state of the birthday book does not change,
we can define a relation IDBirthdayBookpy, that expresses this:
IDBirthdayBook:<BirthdayBookgpxBirthdayBookszn>

asserts

V n’ : Name known’(n’) = known(n’)

VY n’ : Name birthday’(n’) = birthday(n’)

then we can write

FindBirthdaygp:<[n:Name]XBirthdayBookpnxBirthdayBookgpx[d:Datel>gyy
includes IDBirthdayBook
asserts
known(n) ;
d = birthday(n)

to stand for
IsT,IDBirthdayBooky,

where o is the inclusion of the type of IDBirthdayBooky, into the type of FindBirthdaypg,,
and @ is the set {known(n), d = birthday(n)}.
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Another way to define IDBirthdayBook, is by using the derive operation with a morphism
o from O to Opy = <BirthdayBookg,>g.vy, mapping the environment component of
O1pp to the environment component of O and both state components to the single state
component of O (cf. Section 5.7). Then IDBirthdayBook,, = D,Omp. To see that the
definition of IDBirthdayBookpy, really does what it is supposed to do, we prove

IDBirthdayBook, ="45¢ Vn' : Name known'(n') = known(n')
The proof that
Vn' : Name birthday’(n') = birthday(n')
follows from IDBirthdayBooky, is analog.

Using the rules for proving properties of specification expressions SLz from Section 4.3, it
suffices to prove

Ome =745¢ 5(Vn' : Name known'(n') = known(n'))

Since the state components of ©1pp are mapped to the same state component of O1ppr, we get
that o(known’) = known = o(known) and therefore it suffices to show

Oy E755£ ¥n/ : Name known(n') = known(n'),
which holds trivially.

The Remind operation is defined as follows:

Remindpp :<[d:Date] xBirthdayBookpnxBirthdayBookpnX[s:NameSet] g,y
includes
IDBirthdayBook
asserts
Vn : Name n € s < birthday(n) = d A known(n)
V n : Name known(n) = known(n)
V n : Name birthday’(n) = birthday(n)

6.3 Extensions to RSL7

In the following we shall introduce operations on relations that are useful for defining the
operations of abstract machines, and that can be explained in terms of derive, translate, and
union.

Sequential Composition

Consider two relations R C A x B and S C B x C. In the first step of the construction we
extend R and S to three place relations in the following way:
(a,b,c) € Riff (a,b) € R for every ¢ € C and
(a,b,c) € S iff (b,c) € S for every a € A.
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In the next step we form the intersection of R and S, which yields
RN S ={(a,b,c) | (a,b,c) € R, (a,b,c) € S}
={(a,b,¢) | (a,b) € R, (b,c) € S}
In the last step we forget about the middle component of R N S and get a binary relation
(RN S) = {(a,c) | Fb.(a,b,c) € RN T}
= {(a,c) | 3b.(a,b) € R, (b,c) € S},
which is the sequential composition R;S of the relation R with S.

Now let R be a relation of type <SP; X SPy>g,, and S a relation of type <SPy X SP3>gn,
in RSL7. In a first step we form the pushout of S and R with respect to the inclusions of
<SPy>py into R and S.

R S

<SP2 > Env

where s; and s, are the inclusions of the relation <SPy>g,, into R and S.

To construct the pushout in RSLz we first take the pushout of the types of R and S, translate
R and S by the co-cone morphism and form their union.

Theorem 5.19 can be used to form the pushout of the following diagram in TYPEz:

SP1 SPQ SPQ SP3
» A
\ /
\ / \ / \ /
E N ! E
nv (s1#)1=id \ / (s2#)1=id nv
AN N , P4
N \ / s
N \ / 7
AN 7
(sl“)OZiE N SPy e zsz”)OZid
. T .
AN Ve
N Ve
Env
which is
Spy Sp, SP3
O, = \ T /
Env
with co-cone morphisms s}
SP1 SPQ SP3
— 7 7
id_ —~ s
— - '
- j\ T /
Spy Spy _Env
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!
and s,
SPl SP2 SP3
~ S
T N ~ _id
\ S N - i
Env Sp, P3
id\\ /

Then the pushout of R and S with respect to morphism s; and sy in RSLz is Ty R + T, S.

In the next step, we have to forget the SPy component of the pushout. This is done with the
help of the derive operation. Then we get

R; S = DL(R +(<sp2>&w,51,52) S) = DL(Ts’lR + Ts’zs);
where ¢ is the inclusion of <SPy X SP3>g,, iNto <SPy X SPy X SP3>gny.

SP1 SPQ SP3

N

SP1 Env SP3

N

Env

DEFINITION 6.1 (SEQUENTIAL COMPOSITION)

Let R be a relation of type <SPy X SPy>py, and S a relation of type <SPy X SP3>gn,. Further,
let s1 and sy be the obvious inclusion morphisms of <SPy>gn, into the type of R and S. The
type © = <SPy X SPy X SP3> is the colimit of s1 and sy. Let further s be the morphism from

<SPy X SP3> into © mapping SPy to the first component and SP3 to the last component of
0.

Then the sequential composition of R with S, R;S, is a relation of type <SPy x SP3> and
defined by

R, S = Ds(R +(<SP2>Env,31;52) S)

This definition can be extended to arbitrary relations R of type
<SP; X ... X SP, X SP] X ... X SP| >pny
and S of type

<SP} X ... X SP], x SP{ X ... X SP|>gn,.
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Let © be <SP} X ... X SP! >, and s; = (5,7, 1d) a morphism from © to the type of R and
sy = (s, id) a morphism from © to the type of S. The result type of the composition of R
with S is

©' = <SPy X ... X SP, X SP} X ... X SP}>gq,.

Let s be the inclusion of ©' into the pushout of the type of R and S with respect to s; and
So, then we have

R;S = Dy(R+(0,51,52) S)-

Instantiation

If R is a binary relation R C A x B and S a subset of A then the instantiation of R with S,
R(S), is the set {b | Ja. (a,b) € R, a € S}. One can extend this to arbitrary relations R and
S, where the type of S is a subtype of R. For example, let R C A X B x C be a relation and
S C A x B. Then

R(S) ={c | Ja,b. (a,b,c) € R, (a,b) € S}.

DEFINITION 6.2 (INSTANTIATION OF RELATIONS)

Let R be a relation of type ©Op = <SPy X ... X SP, >, and S a relation of type ©g =
<SPy X -+ X SPp,>pny for m < n. The instantiation of R with S, R(S), is a relation of type
ORr(s) = <SPpy1 X * -+ X SPp>gyy defined by

R(S)=D,(R+1T,5S),
where 1 s the inclusion of Opg(gy into Og and 1 the inclusion of Og into Of.

The section about refinement (cf. Section 7.2) contains an example of the use of instantiation.






7 Proving Entailment of Relations

We are interested in methods for showing that a relation R entails another relation S, which,
for example, is needed to prove the correctness of refinement (cf. Section 7.2). Applying the
results of Section 4.3, the goal of proving R ="7 S, where R and S are expressions in SLz_,
can be reduced to subgoals R; )=RI S; for 1 <4 < n, which, in a lot of cases, can be further
reduced to ®; =77 @) for 1 < j < m. Thus the problem is how to prove ® =R7 @'

In Section 5.3 we have defined m =77 ¢ iff m =7 ¢. This might lead to the conclusion that
® =Rz @' if and only if ® =7 ®'. However, while ® =7 @ implies ® |=*z &', the converse is
not always true.

THEOREM 7.1 Let ® and @' be subsets of Seng,(0©) for © € SIGNg,, then ® =X & implies
o =R @,

PROOF. Let m be a O-structure. We have to show that m =7z ® implies m E®* ®'. By
the definition of =*7 we have m =7z & if and only if m =¥ ®. Because ® =% &', we have
m L @ and thus m =Rz @' O

Let © be (D,T'), the problem with the inverse direction is that the class of ©-structures in
Rz that satisfy @ is usually only isomorphic to a subclass of [T SigA—structures in Z that
satisfy ® because Strg,(©) is only isomorphic to a subcategory of Strz(]]T'; Sig*). However,
if Strg,(©) is isomorphic to Strz(][T'; Sig?) then we get:

THEOREM 7.2 Let ® and @' be subsets of Seng,(©) for © = (D,I') in SIGNg,, and let
Mod*(climapr, (©)) be the same as Strz(][T';Sig?). Then ® =R &' implies ® =7 @',

PROOF. Assume that m is in Strz(] [ T'; Sig?) with m =7 ®, then m is in Mod*(climape, (©))
because we have assumed that Strz(]]T';Sig?) is the same as Mod“(climpy,(©)). Since
Strz, and climapr,; Mod” are isomorphic, there exists m’ in Strg, (©) such that @' = m. By
the definition of =*7 we have m =7 @ if and only if m' E*7 ®. Because ® =77 @' we have
m' ER7 @' and therefore m = @' 0

However, in general, the condition Mod*(climspy,©) = Strz(][T;Sig?) does not hold as
climypr, © contains restrictions given by the datatypes defined in the environment and possi-
ble state invariants. Take the birthday book with the AddBirthday operation from Section 6.2
as an example.

Env : trait
includes Set[Name for E, NameSet for C]

FiniteMap[Name for F, Date for T, NameToDate for M]
introduces sorts Name, Date
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BirthdayBook : trait
includes Env
introduces
known: NameSet
birthday: NameToDate
asserts
V n:Name n € known < defined(birthday,n)

AddBirthday = [0,z with
® = {n ¢ known, birthday = update(birthday,n,d)}
and
O = <[n : Name| X [d : Date] x BirthdayBook X BirthdayBook >gy,

We would expect the formula n & known = n € known’ to follow from ® in Rz since otherwise
the state invariant

Vn : Name n € known' < defined(birthday’, n)

would not hold for the state after the AddBirthday operation; however, it is easy to see
that the above formula is not a consequence of ® in Z. The problem is that we need, in
addition to the formulas in ®, the state invariant, which is part of the type © 45, and the
definition of defined, which is part of the FiniteMap trait included in the environment, to
prove n ¢ known = n € known'.

7.1 Translation of RSL7-Expressions

Thus, to prove ® ?7 & we have to prove that ®' holds in all models that satisfy ® and are
models of [ [ T'. If we use the specification language SLz to specify the abstract datatypes I'(d)
for d € D, that is, if we provide a functor I from D to SLz such that [I['(d)] = ['(d), then
we can reduce the task of proving ® =%z @' to the task of proving that the SLz-expression
I131 % is entailed by IX e + colim I in Z where ¥ is [] I SigA.

THEOREM 7.3 LetI" be a functor from D to SLz then © = (D, I'; [.]) is an object of SIGNg,,.
Let ® and @' be sets of ©-formulas then

® =R ' iff IsXy +colim T =F Ie Xy,

where ¥ = [, I'; Sig

We do not directly prove this theorem, but use a more general approach. To an RSLz-
expression R we associate an SLz-expressions tr(R) such that GA([R],) = [tr(R)]. For two
RSLz-expressions R and S this implies that R "7 S if and only if tr(R) EZ tr(S).
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DEFINITION 7.4 Let R and S be well-formed expressions in RSLz of type Or and Og =
(Dg,T's), respectively, T a functor from D to SLz, ® a set of (D,T';[])-formulas and f :
Or — Og an arrow in TYPEz. Then

tr((D,I)) = colim T

tr(ls ) = Iq)tI'(R)

(
o tr(TyR) = Ter(pytr(R) + colim I'g
[ tr(Df ) Dtr(f)tr(S)

e tr(R+ S) = tr(R) + tx(S)

and tr maps a morphism f in RSLz to a morphism climgy (f) in SLz.

THEOREM 7.5 (CORRECTNESS OF tr) Let R be an erpression in RSLz then

GA([Rlz) = [tx(R)].

PRrROOF. The proof is done by induction over the structure of R.

GA([O]r) = G*(([E], Strr, ([61))) | Def. [r
= ([ T1r1;5sig*, St (1O)

because of the definition of G* and because © = (D, T),
= ([T ITT; Sig™!, Mod™ (clim v ([€])))
because Strg, is natural isomorphic to climapy,; Mod*
= climapr, ([O])

because (Sig*(Sp), Mod*(SP)) is the same as SP,

= H ] | Def. climap,,
D

= [colim I'] | Theorem 4.12

= [tr(O)] | Def. tr,

where © = (D, T).
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Impose Let [R], = (Or, Mg) and S = [[ O; Sig*.

G*([LsRlR) = G*((Or, {m | m =7 ®, m € Mg})) | Def. [ g
= (Zg,{m | m =Rz &, m € Mg}) | Def. G*
= (Cr,{m |m =F ®, m € Mg})

because m =7z @ if and only m =% @,

= (Sg, {m | m " ®, m € Mod(G*([R]z))})
because GA((0, Mg)) is the same as (Xg, M),

= (Sg, {m | m " ®, m € Mod*([tr(R)])})
because of the induction hypotheses,

= [Iptr(R)] | Def. []
= [tr(IsR)] | Def. tr.

Union Let [R] = (0, Mg), [S]z = (O, Ms) and %4 = [[ ©; Sig™.

GA([R + Slz) = GA((©, Mg N Ms)) | Def. [z
= (EclaMR ﬂﬁs) | Def. GA
= (Za, Mod*(GA([R])) N Mod*(G*([S])))

because G*((0, Mg)) = (Xa, Mg) and GA((©, Ms)) = (Sa, Ms)
= (S, Mod?([tx(R)]) N Mod™([tx(S)]))

because of the induction hypotheses we have G*([R] ) is the same as [tr(R)] and G*([S],)
is the same as [tr(95)],

= [tr(R) + tx(9)] | Def. []
= [tr(R+ 9)] | Def. tr.

Derive Let [R]r = (Or, Mg), [f]: ©s — Or, X5 = [ [ Os; Sig" and Sx = | Og; Sig™.

GA([D;RlR) = G*((©s, {mly | m € Mg})) | Def. [z
= (85, {ml[n, | m € MR}) | Def. GA
= (ESa {m|CIimADTI(|[f]R) | m € MR})
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because Strg, is natural isomorphic to climpr,; Mod#,

= (s, {Mlcimupe, (111z) | ™ € Mod*(G*([R]2))})
because GA(R) = (Zg, M),

= (Zs, {7z | 7 € Mod*([ex(R))])})

because of the induction hypotheses,

= [Dex(ptr(R)]] | Def. []
= [tr(D;R)] | Def. tr

Translate Let [R], = (Or, M), [f] : Or — Os, Os = (Ds,T's), ¥r = ][ O; Sig* and
Ys =]]0Os; Sig™.
GA([TyRlz) = G*((©s, {m | mlis,, € Mg, m € Strr,(Os)}))

= (Xg,{m | m||[f € Mg, m € Strg,(Os)})

= (Xg,{m | m‘CIImADTI([f]R)] € Mgr, mE€E Mod* (climapr,(©5))})

= (S5, {m | Mlgx(sy) € Mod*(G*([R]z)), m € Mod*(] [ T's)})
= (s, {m | M px(ry) € Mod*([tx(R)]), m € Mod™(] [ [type(S)])})
= (Zs, {m | Mz € Mod* ([tr(R)])} N Mod*([colim type(S)]))
= (
=
=1

Y MOdA([[Ttr(f) r(R)]]) N Mod*([colim type(S)]))
[Ttr R)) + colim type(S)ﬂ
tr (TfR)]]

|

Since GA preserves colimits, tr commutes with the construction of colimits, that is, the
abstract datatypes denoted by tr(colim F') and colim F;tr are the same.

THEOREM 7.6 Given a functor F' from a finite category J to RSLz, then

[tr(colim F)] = [colim F;tr].
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PROOF.
[tr(colim F)] = G*([colim F];) | Thm. 7.5
=GAJ[F;[dz) | Thm.4.12
J
=[[F;[dz;6* | Thm.5.26
J
= HF; tr; [] | Thm. 7.5
J

= [colim F;tr] | Thm. 4.12

COROLLARY 7.7 Let R and S be expressions in RSLz then

R =R S iff tr(R) =F tr(9)
PROOF. By Fact 5.24 we have R =77 S if and only if GA(R) =% GA(S) and by Theorem 7.5
we get tr(R) =T tr(9). O

Now we can finish the proof of Theorem 7.3.

PRrROOF OF THEOREM 7.3. We have
® ="z @' if and only if Is© =~ ;0.
By Corollary 7.7 we have Is© =7z [L© if and only if
tr(I0) E* tr(1,0).
Because tr(Is0) = Igcolim I' and tr(le©) = Igcolim I' we are done if we can prove

Iscolim I' =X Igcolim I iff 1534 + colim ' =5 I 2.

Note that R and S are RSLz-expressions and not SLg -expressions. However, the semantics
of RSLz-expressions are defined by translating them to SLz -expressions and therefore we can
apply all the techniques developed in Section 4.3 to entailment of RSL7 expressions. Then we
are done by the following derivations:

(=)

Id
Iscolim T' =7 Igicolim T Ie Y EY Ie Y
Iy +colim T =X ISy + colim T Ie Yy +colim T =X IgXy,
Iq,Ecl + colim I ):I I@/Ed

L6’

ut
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(<)

Id

colim I' =7 colim T
IsY g +colim T =r IeY,  IXe + colim I' =% colim T
IsYy +colim I' =X ISy + colim T

Iscolim T' =7 Igicolim T

L6’

The translation of AddBirthday yields:

tr(AddBirthday) = tr(ls045)

= I@(tr(@AB))
= Is(colim T'45),

where colim I'yg is

colimI'yg : trait
includes Env

introduces
n: Name
d: Name

known: NameSet

birthday: NameToDate

known’: NameSet

birthday’: NameToDate

asserts

V n:Name n € known < defined(birthday,n)
V n:Name n € known’ < defined(birthday’,n)

and

® = {n ¢ known, birthday’ = update(birthday,n,d)}

To show that AddBirthday "< It gxnoun=>neknown’} ©1as holds, we have to show

Is(colim T'yg) E* n & known = n € known',

which is implied by Vn : Name n € known’ < defined(birthday’,n), n ¢ known and
defined(birthday’,n) and the definition of defined in the trait FiniteMap, included in

the environment.

7.2 Refinement

Usually an abstract datatype denotes the class of possible realizations of a software system
(cf. [51, 42, 52]). By making design decisions, the class of possible realizations is refined until
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one realization or a class of isomorphic realizations remain. Given a specification SP, each
design decision introduces a new specification SP', a refinement of SP, such that Mod*(Sp') C
Mod“(SP). In general, we have several refinement steps SPy, SPy, ... , SP, with Mod*(Sp) D
Mod?(Spy) D ... D Mod?(Sp,). To prove that Sp; is a refinement of SP;_;, we have to show
that SP; = SP;_;. Of course, for a specification to be sensible, we require that Mod*(SPp) is
not empty.

A software component m is correct with respect to a specification Sp if m is a model of Sp.
Let p[m] be a program that uses the software component m. Then p is correct with respect
to specifications SP’ and SP if whenever m is a model of SP', then p[m] is a model of SP.

In contrast, an abstract datatype in the institution Rz denotes one relation and not a class
of relations. Therefore the above notion of refinement does not apply directly to objects
from ADTg,. To apply the above notion of refinement, we use a function spec which given
a relation R yields a set of relations spec(R). Then a relation S refines a relation R if
spec(S) C spec(R).

In principle, the choice of the set spec(R) can be arbitrary because if p is proved correct with
respect to spec(S) and spec(R), then for any relation S’ in spec(S) the result of p[S’] is in
spec(R) regardless how spec is defined. For example, an extreme case is to define spec(R) as

{R}.

The usual definition for spec(R) is as the set of all relations R’ such that R can be substituted
by R’ in any context where R can be used. If R’ can substitute R in all contexts, we call R’ a
simulation of R and write R’ C R. We get different sets spec(R) depending on the meaning of
“context” and “R can be substituted by R”. For example, compare the definition of Hehner
[37], where R’ C R if R’ is a subset of R, with the definition of C below. Usually one requires
C to be a partial order, that is, C is reflexive and transitive.

Note that, if spec(R) is defined as {R' | R’ C R} where C is a partial order, then proving that
S is a refinement of R, that is spec(S) is a subset of spec(R), can be simplified to proving
S C R, and, similarly, it suffices to show that p[S] C R to show that a program p is correct
with respect to spec(S) and spec(R).

The problem in defining C is to determine what the context where a relation can be used
in is and what does it mean that R’ can substitute R in that context. In the following we
use the most common approach [39, 36, 46, 40, 57], where a context is a program p which is
viewed as partial, non-deterministic function from some input values I to some output values
O. A program p’ implements a program p, denoted by p’ < p, if p’ is defined on the same
input values as p and produces correct output values, that is, if o is a possible output value
of p’ for a given input value then o is also a possible output value of p for the same input
value. Then R' C R holds if for all programs p[R| that use R, R’ can be used instead of
R, and p[R'] is an implementation of p|R]. Note that <, and therefore C, are reflexive and
transitive and that C C < because R itself can be viewed as the program p[R] = R.

In the literature, e.g. [39, 36, 46], it is shown that C is the same as < for a suitable class of
programming languages. Suitable means, for example, that a program p[R] can use a relation
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R as a component only as a partial, non-deterministic function fg, that is, if R is a relation
R C I x O, then fg is a partial, non-deterministic function from I to O such that fz is
defined for all values ¢ in the domain of R and if fz(i) returns the value o, then (i,0) € R.
However, it is not possible for p to have access to all possible outcomes of fg, that is, the set

R(i) = {o| (i,0) € R}.
As a counter-example consider the program
plR] =if R(1) = {1, 2} then 1 else 2.

Let R ={(1,1)} and R = {(1,1),(1,2)}, although R’ C R, we have p|R'| £ p|R] since p|R’]
yields the relation {(7,2) | ¢ € I} while p[R] yields the relation {(i,1) | ¢ € I}.

Thus, for the rest of this section we assume that relations are interpreted as partial, non-
deterministic functions and that C = <. Then R' C R if dom(R) C dom(R’) and R'(7) C R(7)
for all i € dom(R) where dom(R) is the set of all input values of R for which there exists an
output value, that is, dom(R) = {i | Jo (i,0) € R}. Let S be a set, then R|g denotes the
restriction of the domain of R to S, that is, R|s = {(¢,0) | Jo (i,0) € R, i € S}. Then we
have R' C R if and only if

dom(R) C dom(R') and R'|4om(r) C R.
In the framework of this thesis we are dealing with relations R = (Og, Mg) of type O =
<Ii X ...x I, x Oy X ... X Op>gyy where ©; = <I; x ... x I,,> is the input type of R and

0, = <01 X ... X Op>py 1s the output type of R. Let f; be the injection of ©; in © and
fo, the injection of ©, in Ox. Then we define

dom(R) = D/.R.

As an example consider the Push operation on stacks. Push has the type
<[e: E] x Stack X Stack>g.

The morphism f; from <[e : E] X Stack>p to type(Push) maps [e : E] to [e : E] and
Stack to the first Stack component. Then the domain of Push is a relation of type ©; =
<[e: E] x Stack>g,, given by

dom(Push) = Dy,Push.

Let S be of type ©; then we define
R|s =TS+ R.

Ty, S describes the relation {m € Strz,(Or) | m|s, € Mod*(S)}, that is, the domain of T}, S
is S and the output values are all possible output values. Then the union of TS with R is
the relation R with its domain restricted to S.

Now we can formulate R’ C R as an entailment of relations as follows:
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DEFINITION 7.8 (SIMULATION) Given relations R' and R of type
Op=<1 x...x1I,x0; x...%X 0Oy >Eny-
R' simulates R, denoted by R' C R, if
1. dom(R) =*7 dom(R')
2. R'|gomr) E** R

We prove that simulation is a preorder as an example of the use of the inference system of
Section 4.3.

THEOREM 7.9 Simulation C is a preorder.

PROOF. We have to show that C is reflexive and transitive.

For reflexivity we have to show dom(R) "% dom(R) and R|dom(ry E=~* R. The first condition
is trivial and the second condition also if rewritten as Ty, Dy, R + R =77 R.

For transitivity we have to show that S’ C R if S’ C S and S T R. Thus we have to show
D;R =Rz D;S" and TyD;R+S" E® R. Since S' C S we have D;S =72 D;S’ and therefore

D;RF DsS D;S+ D;S'
DRV D;S'

Cut

Because S’ C S, we have TyD;S + S' =Rz S', and then we get
TyD;S+S'F S 3
T;D;R+T;D;S+ '+ T;D;R+ S T;D;R+ S+ R
TyDi/R+T;D;S+S'F R

Cut

and
D:R\ D;S
T¢DiRETiDsS

L4

Using the following derived rule (*)

SP1 + SPQ + SP4 F SP3 SP1 F SP2
SP1 + SP4 [ SP3

we get

TyD;R+T;D;S+S'+FR  T;D;R+ T;D;S "
T;D;R+ S +R
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The derivation for rule (*) is:

SP1 F SPQ M3
SP1 + SP4 + SPl F SP1 + SP4 + SP2 SP1 + SPQ + SP4 F SP3

ut

SP1 + SP4 + SP1 F SP3

SP1 + SP4 F SP3

7.3 Data-Refinement

The following section extends the notion of refinement of relations to refinement of abstract
machines. Consider an abstract machine A = (St 4, I4, Ao) of signature ¥ = (Env, 1,0, 7).
Similar to the previous section, we have the problem that, to talk about the refinement of
A, we have to define the class spec(.A) of abstract machines for a given abstract machine
A. One way to define spec(.A) is to extend the definition of C to abstract machines. For an
abstract machine C = (St¢, I¢,Co) we have C C A if and only if Ste = St 4, Ic = I4, and
opc C opy for all o € O. Then spec(A) = {C | C C A}.

However, this definition does not take into account the fact that the state of an abstract
machine is only accessible by the operations of that abstract machine. That is, there may be
abstract machines C and A for which C C A does not hold, but which cannot be distinguished
by programs p, that is, p[C] < p[A] holds for all programs p. As in the previous section
p[A] and p[C] are programs whose semantics are non-deterministic, partial functions between
input and output. The differences to the previous section are that the programs may refer
to complete abstract machines instead of single relations only and that C now compares
abstract machines while < still compares non-deterministic, partial functions.

Therefore we can weaken the above definition and get:
DEFINITION 7.10 (SIMULATION II)
Let A and C be two abstract machines of signature (Env, 1,0, ), then C simulates A, denoted

by C C A, if there ezists a relation Sim of type <St4 X Ste>pny such that Io =R Sim(1,)
and for all operations op € O:

1. Sim;(dom(op4)) E* dom(opc)
2. (Simi; 0pc)|dom(opa) EF 0p.a; Sim,
where Sim; is the extension of Sim to a relation of type

<t X ...X I, xSty XSte xI{ x...xI,>

by the identity on the inputs. If T(op) = <I; X ... x I,> — <O1 X ... X Oy >, then Sim; is
the colimit of Idy,, ... ,ld;,, and Sim with respect to the identity on the environment. Simi-
larly, Sim, is the colimit of Sim and Idp, ...ldo,, .
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The second condition can be depicted by:

Ilx...xInxdom(opA)%StAxOl><...><Om

Sim; l l/Simo

It X oo x Iy X Ste ——>Ste X O1 X ... X O,

Note that Sim is a relation between abstract and concrete state values instead of a function
from the concrete state space to the abstract state as, for example, in the seminal work of
Hoare [39]. However, later work by Nipkow [46], Schoett [55], and He, Hoare and Sanders [36]
have shown that .4 may be biased towards a particular implementation (cf. Section 6.2), that
is, some states in St 4 cannot be distinguished by the operations in A. In this case one
concrete state may be related to several indistinguishable abstract states.

Note also that not every concrete state value needs to be related to an abstract state value

since some of the states of St¢ may not be reachable from the initial states and the operations
of C.

In general, choosing the empty relation for Sim will not work because Sim has to relate at
least the initial states of A to the initial states of C.

It was shown by He et al [36] and Nipkow [46] that simulation is sound and complete with
respect to implementation, that is, C C A if and only if p[C] < p[A] for all programs p
provided that the programming language ensures the encapsulation principle.

7.4 An Example of Data-Refinement

As a non-trivial example of doing proofs using the methods introduced in this chapter and
Chapter 4, we show that the abstract machine 87 of a stack is a correct refinement of the
abstract machine § introduced in Chapter 6.

The abstract machine SZ uses the abstract machine C of a counter and an abstract machine
A of an array to implement its operations.

Counter The abstract machine C of a counter has the following signature:
(Env, Zero, {Inc : <> — <>,Dec : <> — <>}),
The elements of the state space St of the counter have a state component ¢ of type N. We

assume that the specification Nat (cf. Section 5.1) is part of the environment Env.

Ste : trait
includes Env
introduces ¢ : N

In the initial states Zeroc, c is set to the constant zero of sort V.
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Zero : <St¢>
includes Counter
asserts ¢ = zero

The increment operation is given by
Ince = I{succ(c):c’}<StC X Ste>Eny-
The decrement operation decrements ¢ only if ¢ is not zero and is defined by

Dece = I{c:,ézero, succ(c’):c}<StC X Ste>Eny.

Array The abstract machine A of an array has an operation to update the array at a
position ¢ with a new value v and an operation to return the value of the array at a given
position. Thus the signature of A is

(Env, Empty, { Update : <[i : N] X [v: E]> — <>,
Get : <[i: N> — <[v: E|> }),

We assume that Env contains a sort £ and that Nat is part of Env. The state St4 of A is
similar to the state of the dictionary defined in Section 6.1. St 4 has two functions map and
dom as components. If dom(7) is true, map(z) yields the value of the array at position 7. In
the empty array, the function dom always yields false.

Sty : trait Empty, : trait
includes Env includes St,
introduces asserts Vn : N -dom(n)

map : N — E
dom : N — Bool

The update operation changes the function map such that map(i) = v is true and for all other
J # i map(i) remains the same.

Update, : <[i:N] x [v:E] Xx St, X Stp>
asserts
Vn: N map’(n) = if n = i then v else map(n)

Vn: N dom’(n) & n=1i V dom(n)
The get operation returns the value v for an index value 7

Gety : <[i:N] X Sty X Stp X [v:El>
asserts
dom(i)

V n:N map’(n) = map(n)
VY n:N dom’(n) = dom(n)
v = map(i)
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Stack Implementation In Chapter 6 we have given the definition of an abstract machine
of a stack S. Here we define another abstract machine for a stack SZ, based on the abstract
machine C of a counter and A of an array.

The state space of SZ is the pushout of the state spaces for the counter and the array with
respect to the environment Env and inclusions ¢; : Env — St¢ and ¢o : Env — St 4 such that
all values smaller than the value of the counter have a value associated by the array.

Stsz = Ljvn: N n < ¢ = dom(n)} (Ste +(u1 ) ST ).

For simplicity we assume that the environment of C and A and are the same. If this is not
the case, one can always use the translate operation to adapt the environments.

The initial states Emptyq; of the stack are basicly given by the pushout of the initial states
of the counter and the array with respect to the inclusions e; : <Env>g,, — St¢ and e :
<Env>g,, — St 4. However, the result type of Zeroc + (¢, e,) Empty 4 is <St¢ +(,;,15) StA>Env,
which does not include that state-invariant {Vn : N n < ¢ = dom(n)}. Thus we have to
translate the pushout of Zeroc with Empty 4 by o., the inclusion of <St¢ +(;;,1,) St 4>Env into
<Sts7>Env, yleldmg

Emptyg; = 1, (Zeroc +e1,e2) Empty 4).

Similarly, the push operation can be given as the pushout of the increment operation on
counters and the update operation on arrays:

Pushsz = T}, (Ince +(ps,,ps,) Update 4).

The parameter [i : N] of the update operation is given by the pre-state of the increment op-
eration. Thus the TYPEz-morphism ps; has domain <[i : N| X Env X Env>g,, and codomain
<St¢ X Ste>, mapping [i : N| and the first Env to the first Ste. The morphism ps, has
the same domain as ps; and codomain <[i : N] x [e: E] X St4 X St 4>, mapping [i : N]| to
[i : NJ, the first Env to the first St 4 and the second Env to the second St 4. Thus we get the
following pushout diagram:

<[e: E] X Stc¢ +(1y ) Sta X Ste 44y 10) StA>Env

7 N

psh _ — ~ _psy
<Ste X Ste>eny <[i: N] x[e: E] x Stq X St 4>gny
DS PSo

<[i: N] X Env X Env>g,,

Note that ps; maps [7 : N| and the first Env to the same St implies that the co-cone morphism
ps’ identifies the argument [i : N| of the update operation with the ¢ : N component of the
counter. This means that the first input to the update operation is provided by the pre-state
of increment operation.
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As with Emptyg;, we have to add the state-invariant to the pre- and post-states of the
push operation by translating Ince +(ps, ps,) Update 4 by o,s, Where oy, is the inclusion of
<[€ : E] X Ste F(11,02) Sty X Ste F(11,02) St 4>gqy into <[6 : E] X Stsz X Sts7>Eny-

The normal-form of the push operation is

Pushgy : <[v:E] X Stgsz X Stsr>
asserts
¢’ = succ(c)

V n:N map’(n) = (if n = i then v else map(n))
V n:N dom’(n) & n =1i V dom(n)

The pop operation removes the top element from the stack and returns it in v. The pop
operation is defined using the pushout of the decrement and the get operations. This time
the ¢ : N component of the post-state of the counter is identified with the 7 : N argument of
the get operation:

Popsz = 1o, (Decc +(po, ,po,) G A)-
The morphisms po; and po, form the following pushout diagram:

<Ste 41 10) St X Ste +(y,) Sta X [V E]>pny

7 ~

poy  ~ ~ ~ _poy
<Ste X Ste>Eny <[Z : N] X Sty X Sty X [6 : E]>Env
poy yoop)

<[i: N] X Env X Env>g,,

po; maps [i : N] and the second Env to the second St¢ and po, maps [i : N| to [i : N] and
the first Env to the first St 4 and the second Env to the second St 4.

Opo is again the inclusion of
<Ste F(11,00) Sta X Ste () Sta X [V E]>gny
into

<Stgz X Stsz X [6 : E]>Env-

The normal-form of Popg; is

Popsz : <Stsz X Stsz X [v:EI>
asserts
c # zero

succ(c’) = ¢

dom(c’)

V n:N map’(n) = map(n)
VY n:N dom’(n) = dom(n)
v = map(c’)
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Proof of Refinement

To show that SZ is a refinement of S, we have to provide a simulation Sim of type
<Sts X Stsr>eny- T'he relation Sim is defined with the help of a function o« : N — Stack,
where a(n) is the stack consisting of the first n — 1 entries of map. Then the relation between
Sts and Stgz is established by the equation s = a(c).

Formally Sim is defined as D,(Alpha + Sim’) where Alpha defines the function o and Sim’
relates c to s:

Alpha : ®Alpha
asserts
a(zero) = empty
V n:Nat succ(n) < c = a(succ(n)) = push(map(n),aln))
Sim’ : ®Alpha
asserts
s = a(c)
The type ©pipna is

[ : N — Stack]

N
\Env/

with a being the inclusion of <Sts X Stsz>g,, into O.

@Alpha = Sts_’[

To facilitate the following refinement proofs we use the following lemma:
LEMMA 7.11
<Sts X Stsz>Env ):RI DaAlpha

PROOF. We have to show that each <Stg X Stgsz>pn,-structure (my, msy) can be extended
to an element m of Strg_(©) such that m|, = (my,my) and m "% Alpha. What we have
to do is to define the appropriate function m(«) : mi(N) — my(N). Note that because
(m1,mg) € Strgr,(<Sts X Stsz>g.y) and N is a sort in Env we have mi(N) = ma(N).
Provided that Env restricts the interpretations of the sort N to be isomorphic to the natural
numbers, the equations used in Alpha can be viewed as a functional program defining m(«)
for each pair (mq, mg) in Strg,(<Sts X Stsz>gay)- O

Initial States

For the initial states of S and SZ we have to show

Emptyg; F*7 Sim(Empty,)
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This means that given a model m of Emptyg;, we have to find a pair (m, my) such that
my = m, my is model of Emptyg and (mq, ms) is a model of Sim.

However, we prove a stronger result:

1. for each model m of Emptyg, there exists a pair (my, msg) such that m; = m and my is
a model of Emptyg and

2. for all models m of Emptyg; and models mgy of Emptyg, the pair (m,ms) is a model of
Sim.

The first condition is formally written as
Empty g, F~** D;TpEmptysg,

where f is the inclusion of <Stsz> into <Sts X Stsz> and f’ is the inclusion of <Sts> into
<Stgs X Stgr>. The second condition is

T/Empty gy + TpEmpty g F7% Sim.

This decomposition is an instance of Rule R3 because the original proof obligation can be
rewritten as

Empty gy F*¢ Dy (Sim + TpEmptys),

using the definition of instantiation.

To show that Empty g, =% D;TpEmptyg, we observe that f and f” are the co-cone morphisms
of the following pushout:

<Sts X Sts7>Env
-

<
- S~ f
N

<Sts>Env <Sts7>Env

< >Env

where <>g,, denotes the type (1, Ogyy : 1 — SLz) with Oy, (1) = Env. Using the equalities of
Fact 4.9 we can rewrite our proof obligation as Empty ¢y "% T,y D,Emptys and using Rule R5
we have to show

Dy Emptyss Rz D Empty .

This means that given a model m of Emptyg;, we have to show that m|y, call it mgyy, can be
extended to some model m’ of Emptyg such that m’|, = mgy,. We are done, if we can show
that any model mg,, of Env can be extended to a model m’ of Emptyg such that m’'|; = Mgy,
that is, if we can show

<>pw F D, Empty
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because we have DyEmptyg; H*% <>g, by Rule R1. By the definition of Emptyg we thus
have to show:

<y 7 Dyl enpty)Sts-

Let mgny be a model of <>g,, then define m' by m’'|, = mgy, and m'(s) = m/(empty) =
Meny (empty). Then m' satisfies s = empty and thus m' is a model of Emptys. Therefore we
have <>gny }:Rl DgIs—enpty)Sts. Since we have trivially completed our inference system
(cf. Section 4.5) we get <>gay F*7 Dyl{s_empty}Sts-

In the next step we have to show that T Emptyg; + TpEmptyg H"7 Sim holds. Given the
definition of Sim as D,(Alpha + Sim’), we can use again Rule R3 to decompose our proof
obligation into

1. T/Emptygs + TpEmptyg H*2 D,Alpha and
2. T,(TtEmptys; + TpEmpty,) + Alpha F?Z Sim’.
1. is a consequence of Lemma 7.11 and for 2. we note that
o T Emptyg; + TpEmptyg H=Z J fp—tCh
o T/Emptygss + TpEmptyg F*7 Ifrzere}© and
o T/Emptyg; + TpEmptyg FRz | {a(zero)=empty} ©

because the formula s = empty is included in the definition of Emptyg;, the formula ¢ = zero
is included in the definition of Zeros and «a(zero) = empty is part of the definition of Alpha.
Since Sim’ = I{s—q(c)} Oaipna and using Rule L8, we are done if we can show that

{s = empty, c = zero, a(zero) = empty} F** {s = a(c)}.
Using Theorem 7.1 it suffices if we can show
{s = empty, ¢ = zero, a(zero) = empty} =% {5 = a(c)},

which is easy to see.

Operations

Next we have to show for the operations Push and Pop:

Sim;(dom(Pushg)) F** dom(Pushsz)

(Sim;; Pushsz)|dom(pushs) FRZ Pushg; Sim,
and

Sim;(dom(Popg)) F** dom(Popg;)
(Sim;; POPg7) |dom(pops) FR7 Popg; Sim,

As an example, we give the proof for Pop.
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Entailment of Preconditions

Step 1 First we have to prove
Sim;(dom(Pop)) F7** dom(Popg;).
By applying the definition of dom this is the same as
Sim;(dom(Popg)) ="* Dy, Popg;,

where po; maps <Stsz> to the first component of <Stgsz X Stsz X [v: E]|>.

That is, for each model m of SP = Sim;(dom(Popg)) we have to show that there exists a
triple of structures (my, ms, mg3), such that m; = m and (my, ms, m3) is a model of Popg.

To this end we define a relation SP; such that each <Stgz>gn,-Structure m can be extended
to a model (m, ms, m3) of SPy, that is, we prove

<Stsz>F*% Dy, SPy,
and show that each model of Ty, SP + Sp; is also a model of Popg, that is,
Tpo,SP + SPy FR7 Popg,.

This procedure is justified by Rule R3, if we let SP” in Rule R3 be T},.SP + Spy. Then
SP FR7 Dy, (Tpe,SP + SPy) is implied by <Stsz> F?* D,, SP; using monotonicity of union
and the equalities of Fact 4.9.

Sp; is given by
Sp1 : <Stsz X Stsz x [v:EI>

asserts
¢’ = pred(c)

v = map(c)
Vn: N map’(n) = map(n)
Vn:N dom’(n) & dom(n)

Now let m be a <Stgz> then we define a <Stgz>-structure my by
L4 m2‘Env = m|Env-
e my(map) = m(map),
e my(dom) = m(dom),
e my(c) = m(pred)(m(c)) and
and a <[v : E]>-structure mz by
® M3 |eay = M|eny and

e mg(v) = m(map)(m(c)),
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It is obvious that (m, mg, m3) is a model of SP; and thus we have
<Stgzr> ):RI DpoiSPI;
which implies

<Stgzr> Rz DP“i SP;.

Step 2 In the second step we have to prove
Tpo,SP + SP; =77 Popg;.

Bringing Popg; into its normal-form we get I, <Stsz X Stsz X [v : E]>, where @, is the set

{ dom(c)
¢ # zero
succ(c’) = ¢
V n:N map’(n) map(n)
Y n:N dom’(n) = dom(n)
v = map(c) }

The normal-form of Ty, SP + SP; is D,15,0', where ®, is the set

{ oa(zero) = empty
n < ¢ = a(succ(n)) = push(map(n), a(n))

s = a(c)

s # empty

s’ = pop(s)
v’ = top(s)
¢’ = pred(c)

V n:N map’(n) = map(n)
VY n:N dom’(n) = dom(n)
v = map(c) }

and o is the inclusion of <Stsr X Stsr X [v: E]> into ©', with ©' being the type:

[a: N — Stack]

/\

Stsr Stsr [v: E]
\ E ITIV /’/7

Note that we have two components v and v'; v' denotes the result of the operation Popg of
the abstract stack, which is hidden by the dom operation and thus is distinct from the result
v of the operation Popg; of the stack implementation.

Now we have to prove:

Dglcpl@’ |_RI Iq>2<S'tSI X Stgz X [’U : E]>,
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which is, by Rule L5, equivalent to

I5,0' F77 I,(5,)0'.
Because of Rule L7 we have nothing to do for formulas in ®, that also occur in ®;. The only
formulas in @, not already in ®; are dom(c), ¢ # zero and succ(c') = c.

Thus it remains to show that dom(c), ¢ # zero and succ(c¢’) = ¢ are consequences of ®;
in the institution R,s,. However, to prove this, we cannot apply Theorem 7.1 and simply
prove

®, =* {dom(c), ¢ # zero, succ(c) = ¢},

as we did in the proof for Emptyg; F** Emptys; Sim given in the previous section. The reason
is that we need the state invariant Vn : N n < ¢ = dom(n) given in Stgz and the definition
of predecessor, given in the environment Env. Thus we have to apply Theorem 7.3 and prove

Li)lz + colim ©’ ):I I{dom(c), c#zero, succ(c’):c}za

where X is the signature of SL.sc-expression colim ©’. Then dom(c) is a consequence of
Vn : N n < c¢= dom(n), ¢ # zero is a consequence of a(zero) = Empty, s # Empty and
a(c) = s, and succ(c’) = ¢ is a consequence of Vn : N n # zero = succ(pred(n)) = n and
¢ = pred(c).

Entailment of Postconditions We have to show:
(Sims; Popgsy)|dom(pops) Rz Popg; Sim,
Let SP = Sim;; Popg;. Using the definition of sequential composition, we have to show:
SPlgom(pops) =" Dy; (POPs +(s1, ) Simo),

where f; and fy are TYPEz-morphisms from <Stg x [v : E]> to the type of Popg and the
type of Sim,, respectively, and f3 is the inclusion of

<Stg X Stsz X [U : E]>Env

into the pushout of the type of Popg and the type of Sim, with respect to f; and fs, which
is © = <Sts X Sts X [v: E] X Stsz X [v: E|>Eny-

type(Popg) type(Sim,)

<Sts X [v: E]>gny

We can apply Rule R3 if we can show
1. SP|dom(Pops) Rz Dy, Ty Popg and
2. ng(SP‘dom(PopS)) + TféPopS Rz Tf{SimO.
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Step 1 First we show:
SP|dom(Pop37_) Rz DfsTfQPOPS

That is, given a model (m1,m2,m3) of SP|gom(popg), We have to find structures mi and mj,
such that (m;, mj, m3) is a model of Popg. Since we have restricted the domain of SP|gom(popy)
to dom(Pops), we know that if (m1, my, m3) is a model of SP|gom(pops) then m; is in dom(Popy)
and thus there exists models m/, and mj} such that (my, m}, m}) is a model of Popg.

We prove this formally by observing that R|s F*7 TS because R|s is defined as R + T}S.
Thus we have

SP'dom(Pops) FRI Tf(dom(PopS))7

where f maps Stgs in <Stg>g, to the first component of <Sts X Stsz X [v : E|>gg,. Using
the definition of dom we get

SP|dom(Pop.) FR7 T D,Popg,

where g maps Stg of <Stg>gy, to the first component of <Stg X Stgs X [v : E]>gpy.

Note that f3 and f} are the co-cone morphisms of the pushout of <Stg X Sts X [v : E|>gqy
with <Sts X Stsz X [v : E|>gq, with respect to the morphisms f and g.

O
type(Popg) type(Popg; Sim,)
\ /
<St$>Env

Using the equalities of Fact 4.9 we have Ty D Pops = Dy, Ty;Popg and thus we get

SP|dom(pops) FRz Df3TféP0ps.

Step 2 Thus it remains to show
ng(SP|dom(Pops)) + TféPopS FRz TfiSimo.
Because SP|gom(pop) 7 SP we get
Tf3(SP|dom(Pops)) + TféPopS pRz TfBSP + TféPopS
by monotonicity of translate and union. By the Cut rule, we are done, if we can prove

T1,SP 4 Ty Popg "7 Tj Sim,.
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Sim, is defined as D,(Alpha + Sim') +(,, ,,) ld<[y:)>, Where ¢; is the inclusion of <>g,, into
the type of Sim, ¢ the inclusion of <>g,, into the type of Idj,.z and Idj,.k) is defined as
Tty=yy<[v : E] X [U: E]>Eny.

Using the equalities of Fact 4.9 we get that

Ty (D,(Alpha + Sim') 4, ) i),
denotes the same relation as

Dy (Ty, Alpha + T),,Sim' + Th,ldpy.51),
where a' is the inclusion of © into ©’, which is

[a: N — Stack]

hy is the inclusion of Oy1pna into ©' and hs is the inclusion of <[v : E] x [v : E]> into ©".
To apply Rule R3 we have to show

1. Ty, SP + Ty Popg F*7 Dy Tj, Alpha and

2. To(Ty,SP + Ty Popg) + Th,Alpha 77 T), Sim' + Tj,ldjy.k).

Step 3 We have <Sts X Stsr>gn, F~% D,Alpha (cf. Lemma 7.11) and h; and o' are the
co-cone morphisms of the pushout of @ and f{. Thus we get

Ty <Sts X Stsz>gay = © F~* Tpp DyAlpha = DyTj, Alpha
Since we have Ty, SP + Ty Pops = ©, we get

Ty,SP + Ty Popg H"** Dy T}, Alpha.

Step 4 In the next step we show

Ty (T1,SP + Ty Popg) + Ty, Alpha FR% T, Sim' + Thyld < 255500 -

Using the equalities

Sim' = I{Sza(c)}<St5 X Sts7>Eny
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and
ldev:B>m = L=} <[V : E] X [V : E]>g,

and using the equalities of Fact 4.9 to form the normal-form of the left and right hand side,
we have to show:

DUICD@I” I_RI I{s’:a(c’), v’:v}GI-
Note that s and ¢ are renamed to s’ and ¢’ by the SLz-morphism
climgr, (h1) : climg, (type(Popg)) — climg, (")

because s is from the post-state of the operation Popg and c is from the post-state of the
operation Popg;.

O" is the type

[a: N — Stack] [@: N — Stack]
Stg Stsr Sts [v: E] Stsr [v: E]

and o the inclusion of ©' into ©".

Let s correspond to the first occurrence of Sts; map, dom and ¢ to the first occurrence of Stsz;
o to the first occurrence of [a : N — Stack]; as to the second occurrence of [ : N — Stack];
s’ to the second occurrence of Sts and map’, dom’ and ¢’ to the second occurrence of Stsz.
Then the set ® is given by the following list of formulas:

% Alpha: Def oy
oy (zero) = empty
Vn:Nat n<c¢ = o(succ(n)) = push(map(@n),m (n))

% Sim
s = ay(c)

% PopSI = Get + Dec
dom(c)
c # zero

succ(c’) = ¢
VY n:Nat dom’(n) = dom(n)
V n:Nat map’(n) = map(n)
v’ = map(c’)

% PopS

s # empty
s’ = pop(s)
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v = top(s)

% Alpha: Def an
op(zero) = empty
V n:Nat n < ¢’ = as(succ(n)) = push(map’(n),ay(n))

To prove D,I0" Rz Ity—a(e), v=0}©', we can use Rule L5 and show

I<I>®m }_RI I{s’:a2(c’), U’:U}GIH'

Step 5 Note that we cannot prove ® =% {v' = v, s’ = ay(c’)} because we need properties
of natural numbers and stacks for the proof, which are not present in ®. Therefore we cannot
use Theorem 7.1 to prove ® FRz {v/ = v, s’ = ay(c)}, instead we have to use Theorem 7.7
and show

IsX g + colim ©" =7 Iiy—y, y—ane@) e,

where X is the signature of the colimit of ©".

Now we have v' = map(c¢’) and v = top(s) and s = «a;(c) and succ(c’) = ¢ thus v =
top(ay(c)). Since we have ¢ < ¢ because Vn : N n < n is derivable from colim 0" we get
v = top(push(map(c’), a1(c’))) which yields v = map(c’) because

Ve: E, s: Stack top(push(e,s)) =e

is derivable from colim ©".

To prove s' = ay(c’) we need the lemma
Vn:Nn<c= a(n)=a(n),

which can be shown by induction on n as follows:
e n = zero: We have «a;(zero) = empty = ay(zero).

e n = succ(n'): Assume that succ(n’) < ¢ then
ai(n) = push(map(n), a;(n')).

Since n' < succ(n') < ¢ we can apply the induction hypotheses and with n < ¢ we
get ai(n) = push(map(n'), as(n’)) and because Vm : N map’(m) = map(m), we get
a;(n) = push(map’(n'), as(n')), which is ay(n), by the definition of .

Note that the justification to use induction over n : N comes from the constraint that N is
generated by zero and succ, derivable from colim ©".
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Now we have

s' = pop(s) | s =pop(s) € @
= pop(a(c)) | s=0(c) €
= pop(ay(succ(c)) | succ(d)=ce®
= pop(push(map(c’),a1())) [c<c
= ay(c) | d <
= az()

7.5 Conclusion

The proof that the abstract machine of a stack SZ is an implementation of S is surprisingly
quite complex.

One of the reasons is that we have to make explicit the relationship between the type of
the relations by using TYPEz-morphisms. This is due to the fact that we assumed that
everything which is not related by morphisms is different even if the components have the
same name. This requires to make explicit even simple inclusions of one type into another
and to adapt the type of relations by using the translate operation.

In practice though it should be possible to hide a lot of these morphisms and the corresponding
translate operations from the user.

Another reason for the complexity of the proofs is the use of the derive operation in the
definition of the relations that occur on the right hand side of a turnstile. For example,
expanding the right hand side of

(Sim;; Popgz) ldom(popy) FR% Popg; Sim,
yields
Dfs (Tfépops + Da' (Th1A1pha + Th1Sim, + Thzld[v:E}))a

which contains two derive operations. To get rid of the derive operations we have to use two
times the Rule R3, which introduces two proof obligations involving again derive: ... F?z
Dy, T Popg and . .. +Rz D, Ty, Alpha.

On some occasions, it helps to view the derive operation as an existential quantifier, and
then use the base institution to deal with that quantifier. For example, let

Popg = I{s'=pop(s), v=top(s)} Opaps

where Opop, = (Dpopg, ['popg)- DT Pops corresponds to

I{Es’ :Stack,v:E s'=pop(s)Av=top(s)} @Pops .
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Then for any RSLz-expression R we have R =%z D s I ;Popg if and only if

R
R }: * I{Hs’:Stack,v:E s’:pop(s)/\v:top(s)}@Popsa

and because of Theorem 7.5 if and only if

tr(R) }:I I{ES’:Stack,v:E‘ s’:pop(s)/\v:top(s)}conm Fpops,

Now we can use a theorem prover for the institution Z to proof this entailment and thus deal
with the derive operation.

However, this correspondence does not hold for all logics, for example, the above formula is
not admissible in LSL. Also D, T}, Alpha requires a second order existential quantifier as it
states the existence of an operation o : N — Stack.






8 Disjunction

A useful operation to define new relations is the disjunction of relations. Disjunction allows
to define separate relations for each subset of input values and then define a relation on all
input values by the disjunction of the component relations. For example in Spivey [57], the
AddBirthday operation (cf. Section 6.2) is extended to yield an error message if n is already
in known.

Let us recall the definition of the state space of the birthday book

BirthdayBookpe : trait
includes Env
introduces
known: NameSet
birthday: NameToDate
asserts
V n:Name n € known < defined(birthday,n)

and the definition of the AddBirthday operation

AddBirthdaypc: Gap
not(n € known)
birthday’ = update(birthday,n,d)

where the type ©,5 is:

<[n : Name] x [d : Date| X BirthdayBook X BirthdayBook>gy,

We define a new operation Successpe of type:
O = <[result : Report|>gy,

Successpe : Gk
result = ok

We assume that Env contains a sort Report which is freely generated by constants ok and
alreadyKnown. Given the type Ogp as

<[n : Name| x [d : Date| x BirthdayBook X BirthdayBook X [result : Report|>g,
with inclusions f of © 45 into Og4p and g of O into Og4p then
TyAddBirthday + T,Success

is a relation that adds a name to the birthday book and has ok as the value of result. The
relation AlreadyKnowng, is defined by
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AlreadyKnownpc : <[n:Name]xBirthdayBookxBirthdayBookx[result:Report]>
asserts
known’ = known
birthday’ = birthday
n € known
result = alreadyKnown

AlreadyKnown,. does not change known and birthday and the value of result is
alreadyKnown. Then a robust version of the AddBirthday . is

RAddBirthdayy, = (TrAddBirthdayy. + T,Successpc) V TjAlreadyKnown,,.

with h being the inclusion of the type of AlreadyKnowng, into ©gap. The operation
RAddBirthday,. adds a birthday for a person which is not already in the birthday-book
and reports ok, or does not change known and birthday and reports alreadyKnown.

8.1 Adding Disjunction to SL;

Similar to the union of two specification expressions SP; and SP,, which denotes the inter-
section of their model classes, we can define the disjunction of SP; and SP; in any institution
7, having the union of their model classes as the semantics. If Sp; is given as I, > and SPy
as Ip,% then m is a model of SP; V SP, if and only if m = ®; or m = ®,.

Disjunction as an operation to form abstract datatypes has not been treated in the literature
(cf. Sannella and Wirsing [54], Sannella and Tarlecki [50], Loeckx, Ehrich and Wolf [42] and
Farrés-Casals [21]). One reason for this is that in contrast to union, disjunction does not
have a semantics on the presentation level independent from the choice of the institution.
For example, for union we have

_lcplE + I¢2E == ]¢1U¢2E,
while for disjunction
15,2V 15,5 = Is%

only holds in institutions, where one can express the disjunction of two sets of formulas again
by a set of formulas (cf. Section 8.2).

The abstract syntax of specification expressions of section 4.2 is extended by
Sp:= ... |SpV Sp,

where SP; V SP, is well-formed if Sig(Sp;) = Sig(SP2) and SP; and Sp, are well-formed. The
signature of SP; V SPy is the signature of SP; and the semantics of disjunction is

[[SPl V SPl]] = (Z, M1 U MQ)

with [[SPl]] = (E, Ml) and IISPQ]] = (Z,MQ)
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8.2 Proving Properties with Disjunction

One problem with proving entailment SP; =% SP, for specification expressions in SLz with
disjunction is that the normal-form result of Section 4.2 does not hold anymore.

In the case of union we could use the equation D,SP; + SPy = D, (SP; + 1,SPy) to pull D,
out from the union (cf. Section 4.2). However for disjunction only

D,(Sp, vV T,SpPy) = D,Sp; V SP,y
is valid, while
DUSP1 \% SP2 ):I DU(SP1 V TO—SPQ)

does not hold in general. Let o be a signature morphism from ¥ to ¥ and let m =7
D,SP; V SP,, thus either there exists a X'-structure m’, which is a model of SP; and satisfies
m'|, = m or m is a model of SP,. Assume that m is a model of SP,. Then, in general, m
cannot be extended to a ¥'-structure m' with m’|, = m. For example, in LSL this is the
case if o is not injective on sorts and function symbols.

In Rz this happens if ¢ identifies parts of the shape of a relation. Consider the relation
R=Ds<[c: N]>V [jv_qy<[c: N] x [c: N>,

where f is a morphism from <[c : N] X [¢: N]> to <[c: N|> identifying both states. Then
(m1, my) € R if my = my or my(c) = 0. However

S =Ds<[c: N>V Tilig—g3<[c: N] x [c: N]>,

is the same as Dy<[c : N|> because © V SP has the same models as © (cf. the equalities on
page 161). Thus S and R do not describe the same relation.

Another problem with computing the normal-form is to find a set of formulas ® that ex-
presses the union of two model classes defined by sets of formulas ®; and ®, in an arbitrary
institution. That is, ® has the property

Mod*([I6SP]) = Mod?([Is,SP V I5,SP]).

In some institutions, like the institution of first-order logic, the disjunction of two (finite)
sets can be expressed as one formula.

DEFINITION 8.1 Given two sets of X-formulas ®1 and ®5. In the case, where a X-formula
© in an institution T exists such that for each X-structure m we have m =X ¢ if and only if
m = @1 or m = Oy, we call  the disjunction of ®1 and Py and write p = ‘1 V Oy,

THEOREM 8.2 Given an institution T and a signature 3 in SIGNz. If ‘@1 V ®y 7 exists for
sets of X-formulas ®1 and ®, then for a specification expression SP in SLz with signature X
we have

Iq;.lSP V I@ZSP = I{:q)l V @ ’}SP.
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PROOF. (C) Assume m 7 I, SP, that is, m =7 ®; and m =7 SP. Because of the definition
of ‘@, v &y, m X @, implies m =X ‘@, V ®,’ and therefore m % I, v ¢,,SP. A similar
argument holds if we assume m =7 I,SP.

(D) If m E* Lg, v e,SP then m EX ‘@ V &’ and m =* SP. Because of the definition of
‘@, V &y’ we have m =7 ®; or m = ®,. Assume now that m =% &, then m =% I, SPV I4,SP
and similar if m =% ®,. 0

In first-order logic the disjunction of two sets of formulas
(I)l = {VX Fl,VY FQ} and @2 = {VZ F3}
is

‘(I)l \% (I)Q’ = (VX F1 /\VY FQ) VVZ F3.

In £LSL the situation is more complex because formulas in LSL can only be equations or
constraints but not arbitrary first-order formulas, in particular, they cannot contain quanti-
fied sub-formulas. However, since each signature ¥ in SIGN;s, contains the sort Bool with
its operations and the equality symbol, and further each structure in Strysc(X) is required
to satisfy the property of booleans, we get the following theorems:

LEMMA 8.3 Given a finite set of X-formulas ® = {p1,...,pn} such that each @; has the
form VX s; = t;. Define ‘AN®’ as the equation VX (s =t A--- A s, =t,) = true and let A
be a X-algebra in Stresc(X) then

(Vo e ® A=) if and only if A |E ‘ND".

PROOF.

AN iff AEVX (ss=tA---ANs,=1t,) =true | Def. ‘AP’
iff V1<i<nAEVX (s;=t;) =true | Lemma 3.32
iff V1<i<nAEVXs =t | Lemma 3.35

O

Note that it is important that each equation VX s; = ¢; in ® has the same set of variables
X. An alternative could have been to allow each equation its own set of variables X; and
to define X in ‘AP’ as the union of all X; for 1 < i < n. However, this does not work in
the presence of empty carrier-sets as the following example shows. Let ¥ be the signature
with two sorts S; and Sy and with two constants ¢; and c; of sort S;. Let & be the set
consisting of the equations Vz; : S; 1 = =1 and ¢; = ¢o. Let A be a X-algebra such that
A(S1) = {} and A(cy) # A(cy). Then we have A = Vz; @ S; 21 = 21 A ¢g = ¢ because
there cannot be a variable assignment p from X to A because that would imply the existence
of a function from a non-empty set, {1}, to the empty set. On the other hand, we have
A =V : S 21 =z but also A £ ¢; = co. However, if we change ® to be the set containing
the equations Vx; : S7 21 = z1 and Va1 : S; ¢ = ¢ then we have A =V : S ¢1 = co.
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THEOREM 8.4 Given finite sets of YX-formulas ®; and ®5 such that
1. ®; and ®, do not contain constraints and
2. ®; has the form {VX* st =ti, ... VX' s, =1t} forie{1,2}.

Let X be the co-product of X' and X? with injections 1, : X' = X and 15 : X? = X and let
‘AP’ be VX! ¢; = true and ‘A®y’ be VX2 ¢y = true.

Then the disjunction ‘@1 V @57 of &1 and &, is given by
VX 11(e1) V ig(cg) = true.

PROOF. We have to show that for each Y-algebra A in Stresc(X) we have
A= @ or A @, if and only if A | ‘®; vV &y,

AED VO iff AEVX y(c)Vie(e) = true | Def. ‘@ v &y’
iff AEVX'c =trueor A VX?c, =true |Lemma 3.33
iff A= A® or A= ADy
iff AE=® or AEd | Lemma 8.3
O

If either ®; or ®, contains constraints then the disjunction ‘®; V @5’ is not defined since a
constraint cannot be used as a sub formula in LSL.

The Inference Rules

To the inference rules of Section 4.3 we add the following rules:
Sp = Spy RE' SP = Sp,
SP I SpP; V Spy SPF Sp; Vv SP27

Spi+Sp SpyF Sp
Sp; VvV Spy F Sp

R6

L9

and the rules for monotonicity of Vv:
Sp - Sp’ Sp + S¢’

bl

M4 )
Sp v Sp” I Sp’ v Sp” Sp” v Sp+ Sp” v Sp’

Disjunction is associative and commutative and the following equalities hold:
SPVvY =X D,(Sp; V Spy) = D,SP; V D,SPy
SPV Sp = Sp Is(SPy V SPy) = IsSPy V ISPy
T,(SPy; V Spy) = T,SPy V T,SP,
and
1s,SPV I3,SP = Lg, v 6,,SP
if ‘@, VvV &y’ exists.
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8.3 Adding Disjunction to RSL;

The language RSL7 is extended by disjunction as follows:
R:= ... |RVR.

Then RV S is well-formed if R and S are well-formed and have the same type. The type of
RV S is the type of R. The semantics of disjunction is defined by reduction to expressions
in SLRII

[[R v S]]SLRI = [[R]]SLRI \% [[S]]SLRI :

We also extend the translation of RSL expressions to SLz expressions (cf. Chapter 8) to
disjunction:

tr(RV S) =tr(R) Vtx(S).
Then we have to show that GA([RV S]z) = [tr(R) V tr(S)]. Let [R] = (©,Mg) and
[S1z = (©, Mg), where © = (D, TI'), and let
GA([R]) = (][ T;Sig*, M) and G*([S]) = (][ T'; Sig*, Ms).

The induction hypothesis gives us further GA([R]) = [tr(R)] and GA([S]) = [tr(S)].
Then we have:

GA([RV S]) = GA((©, Mg U Mg)) | Def. Vv
= (J[1;Sig*, MU M) | Def. G*
= (] [ s Sig*, Mod*(G*([R] ) U Mod*(G*([ST)))
= [tr(R) V tr(9)]

The Birthday-Book Example

As an example, the robust version of the AddBirthdayBook. relation from the beginning of
this chapter is translated to SL.s,.

tr(RAddBirthday )
= (Trtr(AddBirthdayy.) + Tytr(Successpse)) V Ttr(AlreadyKnowny,)

And we have tr(AddBirthday,):

includes colim ©p
asserts
not(n € known)

birthday’ = update(birthday,n,d)
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And colim @AB is

includes
BirthdayBookpsc,

BirthdayBookpc [known’ for known, birthday’ for birthday]
introduces
n : Name

d : Date

Then tr(Successpc) yields

includes colim Gy
asserts
result = ok

with colim ©f being

includes Env
introduces
result : Result

And tr(AlreadyKnowny,) is

includes colim <[n:Name]xBirthdayBookpcxBirthdayBookpgcx[result: Report]>
asserts
known’ = known

birthday’ = birthday
n € known
result = alreadyKnown

and colim <[n : Name| x BirthdayBook,. x BirthdayBook,. x [result : Report]> is

includes
BirthdayBookpsc,

BirthdayBookpc [known’ for known, birthday’ for birthday]
introduces
result : Result

n : Name

Then we get as tr(RAddBirthdayy,):

includes colim Ggup
asserts
not(n € known)

birthday’ = update(birthday,n,d)
result = ok

V
includes colim Ggup
asserts
known’ = known

birthday’ = birthday
n € known
result = alreadyKnown

with colim Ogyp being:
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includes
BirthdayBookpc

BirthdayBookpc [known’ for known, birthday’ for birthday]
introduces
n : Name

d : Date
result : Result

If we use Is, (colim Ogpp) V Is,(colim Oppp) = Ie, v 4, (colim Ogyp), we get tr(RAddBirthday)
equals

includes colim Ggup
asserts
(not(n € known)

A birthday’ = update(birthday,n,d)

A result = ok)
Vv
(n € known

A known’ = known
A birthday’ = birthday
A result = alreadyKnown)
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This chapter compares in more detail the approach presented in this thesis for the specification
of sequential system with the approach used by the model-oriented specification language
Z (cf. The Z Base Standard [12]). To this end we first define the institution SET, which
formalizes the logical system underlying Z. We show that the category of signatures SIGNge7
of SET is cocomplete and that the covariant structure functor Strggr : SIGNGy, — CAT
preserves colimits. Thus SET can be used as a base institution to construct Rsgr.

As already noted by Spivey [56], schemata are closely related to signatures and schema-types
to abstract datatypes of SET. We shall investigate this relationship further and show a
correspondence between the operations on abstract datatypes given in Section 4.2 and the
schema-expressions.

This correspondence and the relationship between ADTx,,, and ADTgg7, elaborated in Sec-
tion 5.6, allows to write Z-style specifications of sequential systems using any logical system,
for which there is an exact institution with a (finitely) cocomplete category of signatures. In
particular, we give an example specification using LSL.

9.1 The Institution SET

Signatures

A signature X in SIGNge7 consists of a set of names for given-sets G' and a set of identifiers
O. Each identifier id in O is associated with a type 7(id) built from the names of given-sets
and the constructors: cartesian product, power-set and schema-type.

Note that SE7T has no type constructors for function types. Instead, a function from 77 to
T, is identified with its graph and is of type P(T} x T»). This allows functions to be treated
as sets and admits higher-order functions, as functions may take as argument the graph of a
function and also return the graph of a function.

DEFINITION 9.1 (SIGNATURES) A signature X3 in SIGNger 48 a tuple (G, O, T) where G and

O are finite subsets of a recursive enumerable set of names F. The function T maps names
in O to types in T (G) where T (G) is inductively defined by:

e GCT(G)
o (product) Ty X --- xT, € T(GQ) forT; € T(G),1<i<n
o (power-set) P(T) € T(G) for T € T(QG)



166 Z Specifications

o (schema-type) <z1 :T1,... 2, : T,> € T(Q) for T; € T(G) and z; € F and z; # x;
for1<1,7 <n.

G and O need not be disjoint. If a name is used in an expression that occurs both in G and
in O then it is interpreted as an identifier from O and not as a given-set from G; this means
that the identifiers in O hide the identifiers in G.

The function 7, mapping a given-set G to T (G), is extended to a functor from SET to SET
by the canonical extension of a function f : G — G’ to a function 7(f) : T(G) — T(G")
given by the definition of 7(G), that is:

e T(f)(g)=gforgeg,

o T(H)T % ... xTp) =TT % ... x T(f)T) for T, ..., T, € T(G),
o T(f)(P(T))=P(T(f)T)) for T € T(G),
o T(f)(

((<xy Ty w2 T>) = <z T()(TA)s - 20 2 T(f)(Tn)> for Ty,... T, €
T(G)

A signature morphism o : (G,0,7) — (G',0',7') is a pair of maps between the given-sets
and the set of identifiers such that if id is the name of a given-set from G \ O then it has to
be mapped to G' \ O’'. This requirement is important for the proof of Lemma 9.14, which in
turn is needed in the proof of the satisfaction condition (cf. Theorem 9.15).

DEFINITION 9.2 (SIGNATURE-MORPHISMS) A signature morphism o from a signature
(G,0,T) to signature (G',0',7") is a pair of functions og : G — G' and 0o : O — O
such that og and oo are compatible with T and 7', that is 7;T(0g) = 0o;T'. We require that

if id is in G\ O then oo(id) is in G\ O.

DEFINITION 9.3 (SI1GNger) The category SIGNsgr has as objects signatures ¥ = (G, O, T)
and as morphisms signature morphisms o = (0g,00) as defined above.

The colimit of a functor F' : J — SIGNgg7 is given by the colimits of the set of given-set
names and the set of identifiers. Note that SIGNge7 is only finitely cocomplete because we
have assumed that the set of given-set names and the set of identifiers are finite.

THEOREM 9.4 The category SIGNsgr @S finitely cocomplete.

PROOF L. et F be a functor from J to SiGNgg7 and let F (i) = 3; = (G;,0;,73) and
F(f) =0 = (aé,aé). Define Fg : J — SET by Fg(i) = G; and Fg(f) = aé, and define
Fo:J — SET by Fp(i) = O; and Fp(f) = aé. Then [[ F = (G, O, 1), where G is the colimit
of Fg, O the colimit of Fp and 7 is given as the unique function satisfying 1"0; 7 = 7;; T(17¢)
for all 7 € J given by the colimit property of Fp.

0—"~T(G)

LiFO T TT(L?G)
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The co-cone morphisms ¢/ = ((15)i, (15);) from 3; to [ | F' are given by the co-cone morphisms
1€ from G; to G and ¢/° from O; to O. Note that, by the above diagram, (¢5); and (:5);
are compatible and therefore (" is a signature morphism.

Given a natural transformation p : FF = A(G’, O, ") then the unique function g = (fg, fio)
from [[ F to (G',O',7') with the property :f;u = p; for all i € J is given by the unique
functions ji¢ and fip given by the colimit property of G' and O. For p to be a signature
morphisms we have to show that fig;7 = 7;T(fig). We show this by using the colimit
property of O in SET for the following J-indexed families of diagrams

)T(MG) (G/) OAOI—T;T( I)

G
(t5)i T 7(( T AL (LS)\ T(Mo)i TT((NG‘)i)
G

T(G;) O0; —+T(Gy)

In the first family of diagrams the diagrams commute because the right triangle commutes
since fig is defined as the unique function that satisfies (¢%); i = (g )i, and the left rectangle
commutes because (" is a signature morphism. The diagrams in the second family commute
because the y; are signature morphisms (right rectangle) and fip is defined as the unique
function satisfying (:5):; 0 = (po): (left triangle). Then 7;T(jig) = jio; 7' because of the
uniqueness of the function from O to T(G') making the outer quadrangles of the diagrams
commute. O

The initial object in S1GNger is ({}, {},7) where 7 is the unique function from the empty

set to T({}) = {}-

Structures

Given a signature ¥ = (G, O, 1) a X-structure A interprets each given-set in G' by a set from
SET and each identifier ¢d in O by a value of the set corresponding to the type of id.

DEFINITION 9.5 (X-STRUCTURES) For a given signature ¥ = (G,0,T) the category
Strser(X) of E-structures has as objects pairs (Ag, Ao), where Ag is a functor from the
set G, viewed as a discrete category, to SET and Ao is the set {(01,v1),...,(0On,vs)} for
O ={o1,...,0,} and v; € Ag(7(0;)), where the functor Ag : T(G) — SET is given by:

o Ag(T) = Ag(T) forT=g and g € G

° AG T, X -+ X Tn) = (Ag(Tl) - X AG( )) fO’I" Ty X --- X Tn € T(G)

o Ag(P(T)) = 24T for P(T) € T(G)

o Ag(<zy:Th,... ,xn:Ty>) ~
={{(z1,v1),-.., (@n,vn)} | v; € Ac(T}), i € 1...n}
for <xy:Ty,...,z, : T,> € T(Q).
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A morphism A from a X-structure A to a Y-structure B is a family of functions between the
interpretations of the given-sets which is compatible with the interpretations of the identifiers
in O.

DEFINITION 9.6 (X-HOMOMORPHISM) A X-homomorphism h from a structure A =
(A, Ao) to a structure B = (Bg, Bo) is a natural transformation h : Aq = Bg for which

BT(O) (va) = vp for all 0o € O, (0,v4) € Ao and (o,vp) € Bo holds, where h is the extension
of h: Ag = Bg to h: Ag = Bg given by:

hr(v) = he(v) for T € G

hr((vi, ... vn) = (hry(v1), ... by, (vn)) for T =Ty x --- x T, € T(G)

by (S) = {hr(v) | v € S} for P(T) € T(G)

}_ZT({(xla Ul)’ T (xna Un)}) = {(.’L‘l, }_7’T1 (Ul))a T (mnﬂ }_LTn(Un))}
forT=<x,:Ty,... 2, :T,> € T(G)

DEFINITION 9.7 (0-REDUCT) Given a signature morphism o from ¥ = (G,0,7) to X' =
(G', 0", 7") in S1IGNgeT and a structure A = (Ag, Ao) in Strser(X') the o-reduct of A, written
Al,, is the structure B = (Bg, Bo) given by:

® Bg =o0¢;Ag
e Bo = {(0,v) | (60(0),v) € Ap, 0 € O}

For a X'-homomorphism h : A — B the o-reduct is defined as h|, = og; h.

DEFINITION 9.8 (Strsg7) The contravariant functor Strser from SIGNggr to CAT assigns
to each signature X the category having as objects Y-structures and as morphisms Y-ho-
momorphisms, and to each SIGNsgr-morphism o from ¥ to X' a functor from the category
Strser(X') to the category Strsgr(X) mapping a X-structure A and a X-homomorphism to
their o-reduct.

THEOREM 9.9 The functor Strser preserves finite colimits.

The functor Strser maps the initial object ({},{},7) in S1GNge7 to the category with one
element (Ag, {}) where Ag is the unique functor from the category with no objects to the
category SET. If Strger in addition preserves pushouts, then Strger preserves finite colimits.
The functor Strse7 preserves pushouts if the institution SE7 has amalgamation.

THEOREM 9.10 The institution SET has amalgamation.

PROOF L. et F be a pushout diagram with F(i) = ¥; = (G;,0;) for i € {0,1,2}, F(f) =
or=( é, Jé) for f € V, and let ¥, = (G, Og) be the pushout of F' with co-limit morphisms
Li; X = Yo for i € {0,1,2}. Given X;-structures A; = (A, Ab) such that A|,, = Ay =
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Aylo,, where f: 0 — 1 and g : 0 — 2. Then we define the amalgamated sum A = (Ag, Ap)
of A; and A, with respect to Ay by

Aq(g) = AL(g) if (1g)i(g;) = g for some i € {0,1,2} and g; € G;
and
Ao = {(o,v;) | i € {0,1,2} (0i,v:) € AS, (¢0)i(0;) = 0},

For Ag to be well-defined consider 7, j with (.¢)i(9:) = ¢ = (1¢);(g;)- Then we have to show
that A% (g;) = AL(g;). Assume that there exists f :4 — jin V then we have ol(g) = g
and A;|,, = A;, which by the definition of o-reduct implies O'é;AJG = A%, and therefore

Al(g) = AL(ck(9:)) = AL(g:).

A similar argument shows that if (0,v;) € Ap and (0,v;) € Ap then v; = v,. O

Formulas

The Y-formulas are first-order formulas over expressions denoting sets and elements in sets.
Expressions can be tested for equality and membership. An important category of expres-
sions, called schema-expressions, denote sets of elements of schema-type.

Expressions Expressions describe either given-sets or values in sets constructed from given-
sets; the values can, of course, be themselves sets. These expressions are built from names in
G and O, formation of tuples, selection of an element in a tuple, formation of an element of
schema-type, selection of a component of an element of schema-type and function application.

E:=id|(E,... ,E)|Ei|<x,:=E,...,xz,:=E>| FEx| E(E)

An identifier id in O denotes a value of the set Ag(7(id)) and a given-set name g in G
denotes a given-set Ag(g), which is an element of the set Ag(P(g)) = 24¢(9). The function
application E;(FEy) is well-defined if E; is of type P(T} x T3) and Es is of type 77. The
result is of type T,. If F; represents the graph of a total function then E;(E,) yields the
result of that function applied to E5. However, if F; is the graph of a partial function or not
a functional at all then an arbitrary value from the Ag(7T5) is chosen as the result for the
situations where Fs is not in the domain of that function or if several results are associated
with Fy in Fj.

The remaining expressions denote sets. These are set-extension and comprehension, power-
set construction, cartesian product and schemas.

E:=...|{E,... ,E}|{SeE} |P(E)|Ex...xE|S

Let V' be a recursive enumerable set of variable names such that V' and F' are disjoint.
Given a signature ¥ = (G,0,7) and a set of variables X C V together with a function
7x : X = T(QG) then an environment € is a pair (X, (X, 7x)). An expression E is well-formed
with respect to e if



170

Z Specifications

E =1id and id € X UO UG. The type of E w.r.t. € is
Tx(id) if id is in X,
T(E) = 7(id)  if id is in O and
P(id) ifidisin G\ O.

E = (Ei,... ,E,) and each E; is well-formed for all 1 < i < n. Then 7¢(F) =
T(Ey) X ... x 7(Ey).

E=Fi rE)=T x...xT, and 1 <i <n. The type of E is T;.

E=<z:=F,...,z, = E,> z; €V, z; # z; and each E; is well-formed. The type
of E'is <xy : T(EY),... ,x, : T(E,)>.

E=F .z mFE)=<x1:T,... ,z,: Tp>and x = z; for some 1 < i < n. The type of
FEisT;.
Ei(Ey), 7(Ey) = P(T1 x T3) and 7¢(E,) = T1. The type of E is Ts.

E ={EFE;,..., E,}, each E; is well-formed and all E; have the same type T for 1 < i < n.
The type of E is P(T).

E = {S e E'}, S is well-formed and has type P(<z;:T1,...,2z,:T,.> and E’ is
well-formed with respect to e[<zy : T, ... , T, : T,>], where e[<zy : Th, ..., 2, : T,>] =
(X, (X', 7%)) is given by X' = X U {zy,... ,z,} and

T; if2d = z; for some 1 <7 <n
Tx (id) else

7y (id) = {
The type of E is P(r> (F")).
E =P(FE') and E' is well-formed. The type of E is P(7¢(E")).
E = E, x...x E, and each E; is well-formed. The type of E is P(7¢(E;) X ... x7(Ey,)).

FE = S and S is well-formed schema-expression with respect to 3, where well-formedness
of schema-expressions are defined on page 172. The type of E is the type of S with
respect to e.

Let E be an expression well-formed with respect to e = (3, (X, 7x)) and let A = (Ag, Ao)
be a Y-structure. The semantics of an expression E with respect to the environment ?
B = (A, Ax), where Ax = {(z1,v1)...(Tn,vn)}, X = {z1,... ,2,} and v; € Ag(rx(z;)) for
all 1 <i < mn, is defined as follows:

[id]® = v if (id,v) € Ax and id € X or (id,v) € Ap and id € O or [id]’ = Ag(id) if
id isin G\ O.

[(Br,..., B = ([B]7, - [E]).
[E4])° = v if [E]® = (v1,... ,v0).
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[<zi:=Ey,... z, = E,>]° = {(z1, [EL]P), ... , (&, [Ex]P)}-

[E.2]® = v; if [E]’ = {(z1,v1), ..., (@n,vn)} and z = z;.

[Ey(E»)]? = v if v is unique with ([E2]?,v) in [Ey]°. If another v’ with ([E2]? ;") in
[E1]? exists or if none exists then v is an arbitrary element of Ag(T3), where 7¢(E;) =
P(Tl X TQ)

{Ew - B ={[E]’, ... . [E]"}.

[{S e B} ={[E]"" | v € [SI}.
For a value v = {(z1,v1), ..., (%n,va)} from [S]?, Blv] is the environment (A, Ax[v])
such that

Ax[v] = Ax \ {(id,v") | (id,v") € Ax, 1 <i<n:id=xz;} Uv

[P =2V

[E1 x ... x E)° =[E]? x ... x [En]’.

Schema-expressions A schema denotes a set of elements of schema-type which have the

form {(z1,v1),...,(zn,v,)} and are called bindings. A simple schema of the form z; :
Ei, ..., x, : E, defines the identifiers of a schema and a set of possible values for each
identifier.

We require that the identifiers of a schema are not taken from the same set F' as the given-set
names in G and the identifier names of 0. Thus we assume a recursive enumerable set V/
with V' N F = {} from which the identifiers of a schema are taken. The reason is that the
identifier names of a schema can be bound by a quantifier and that we have to prevent that
an identifier is renamed by a signature morphism to the name of a bound identifier. This
would lead to problems with the satisfaction condition for SE7T .

Given a schema S we can a define a new schema S|P having as elements all the elements of
S satisfying the predicate P. We can form the negation, disjunction, conjunction and impli-
cation of schema-expressions, which correspond to the complement, union and intersection
of the sets denoted by the arguments. For the disjunction, conjunction and implication of
schema-expressions the type of the arguments have to be compatible, that is, if two com-
ponents have the same name, they have to have the same type. The type of the result has
as components the union of the components of the arguments, with all duplicates removed.
Adjustments of the type of schemas can be made by using hiding and renaming, where hid-
ing hides some components of a schema-type and renaming renames some identifiers. An
existentially quantified schema 357.5; denotes the set of all bindings of the identifiers of S,
without the ones in S; such that there exists a binding in S; such that the union of the
bindings is an element of S;. An universally quantified schema VS5;.S, is an abbreviation for
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ﬂzlsl.ﬁSQ.
S = xm:E,...,x,: E|(S|IP)|-S|SVS|SAS|S=S
|VS.S |3S.S | S\ [21,---,za] | Slx1/y1, -+ s T0/Yn)
| S Decor | E

A schema-expression S is well-formed with respect to an envrionment € = (X, (X, 7x)) with
Y =(G,0,7),if

e S=ux1:F,...,z,: E,, z; € V and E; is well-formed and has type P(T;) for each
1 <i<n. The type of S'is P(<zy : 11, ... , 2y : Tp,>).

e S =5'|P and P is well-formed with respect to ¢ = €[T’|, where T is the type of S’ with
respect to €. The type of S'is T.

e S =-5"and S is well-formed. The type of S is 7¢(5").

e S=25 op Sy, S; and Sy have compatible types, and S; and Sy are well-formed for each
op € {V,A,=}. Two schema-types <zy : T,... ,z, : T,> and <z : T7,... 2! T >
are compatible if for all 4, j such that x; = z’; we have T; = T}. The type of S has as
components the union of the components of the type of S; and S, with the duplicates

removed.

e S =45..5, S; and S, are well-formed with respect to € and their types are compatible.
The type of S is the type of S; with all the identifiers removed which occur in Sj.

e S=5"\[z1,...,z,] and S is well-formed. Note that it is not required that the z; have
to be identifiers of the type of S’. The type of S is the type of S’ without the identifier
x; if z; occurs in the type of S for all 1 <7 < n.

o S =S"z1/y1,---,2n/ys] and S is well-formed. Note that it is not required that the
x; have to be identifiers of the type of S’. The type of S is the type of S’ where z; is
replaced by y; if z; is an identifier of S’. Note that the function from the identifiers of
the type of S’ to the identifiers of the type of S defined by this replacement has to be
injective.

e S = 5" Decorand S’ is well-formed. Decor is a finite sequence of elements from {',!,7}.
The type of S'is P(<Zy : T, ... , Ty : Tp>) if S"is of type P(<z1 : 11, ... , X : T>) T;
is the decorated form of x;, for example, if Decor is ! then z; is x;!.

e S = FE and FE is well-formed with type P(<z; :Ti,...,2,: T,>) The type of S is
P(<zy:Thy .o yxn : Tp>)

If a schema-expression S is well-defined with respect to €, its semantics [[S]]ﬂ with respect to
a structure A = (Ag, Ap) and an environment 3 = (A, Ax) is defined as follows:

o [z1: By, ... 20 E]P = {{(z1,01),..., (@0, v0)} | vi € [Ei]?, 1 <i<n}.

o [S|P]’ = {ve[S]’ | Blv] ESET P}. The satisfaction relation =5¢7 is defined on
page 174.
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[-S1” = {v|v ¢ [SI°}.

[S1 op S5])° = {v € Ag(T) | v =10, Uy, vy € [S1]° op vy € [S2]} for op € {V, A, =},
where T is the type of S; op Sy. Note that v € Ag(T) guarantees that if (z,a) € vy,
(z,d") € vy and v = vy U vy then a = d/.

[35:.8)° = {v € Ag(7(351.5,)) | Fvy € [S1]° v Uw € [S2]’}. Note that the ele-
ments of [S;]” contain at most one pair (z;,v;) for each identifier z; and therefore if
vy U is in [S]? then for all (z;,v;) € v and (z},v}) € v1 with z; = 2 we have v; = v;.

IS\ W15+ 9all® = {0lfar,.. ony | v € [S]’}, where {a1,... 2} is the set of identi-
fiers of the type of S without the identifiers i, ... ,y, and v|x denotes the binding v
restricted to the identifiers in the set X.

S/, - - - s un/Yl]]° = {f(v) | v € [S]?}, where f is the function from the identifiers
of type S to the identifiers of type S defined by [y1/v1,--- ,yn/y.] as follows:

y, ify; =id for some 1 <i<n
id else

fiia) = {

and f is the extension of f to bindings.

[S" Decor]” = {{(z1,v1),.., @n,va)} | {(z1,01),..., (%0, o)} € [S]’}. Z; is the
identifier z; decorated with Decor. For example, if Decor is ' then z; is z;'.

Formulas The formulas in Senggr(X) are the usual first-order formulas built on the mem-
bership predicate and the equality between expressions.

P := true|false | E€cE|E=E|-P|PVP|PAP
|P= P|VS.P|3S.P

A formula P is well-formed in an environment € = (3, (X, 7x)) if

P =E, € Ey, 7°(E2) = P(7¢(E1)) and E; and E, are well-formed.

P = (E, = E,), 7°(E)) = 7°(E>) and E) and E, are well-formed.

P = —=P'" and P’ is well-formed.

P = P; op P, and P, and P, are well-formed for op € {V,A,=}.

P =VS.P', S is well-formed and has type T and P’ is well-formed with respect to €[T].
P =3S.P', S is well-formed and has type T and P’ is well-formed with respect to 3[T].

Given a signature-morphism ¢ : ¥ — ¥’ and a formula P well-formed with respect to
e = (X, (X, 7x)) then the formula 5(P) is well-formed with respect to (X', (X, 7%)), where
% = 7x;T(0g), and G(P) is given by:

&(id) = id if id € X, 6(id) = 00(id) if id € O and &(id) = og(id) if id € G \ O.
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=a5(S1) op 5(Sy) for op € {V,A,=}.

[ Iz 35152) = 35(81).5’(52) and 5’(v51.82) = V&(Sl)ﬁ(Sz).
S\ [z1,.-.,za]) =7(S) \ [T1,--- 20

o a(S[x1/y1,--- s xn/yn)) = (S)[x1/y1, - s Tn/Ynl-

e 6(E, € Ey) =0(E)) € 6(Es).

S
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&
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=
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[ Moy

e 5(VS.P) =V5(S).0(P) and ¢(3S.P) = 35(S5).a(P).

DEFINITION 9.11 (Sengg7) The functor Senggr from SIGNger to SET maps each signature
Y to its set of X-formulas and each signature morphism o from X to X' to the translation of

Y-formulas to X' -formulas given by .

Validity of a well-formed formula P in 8 = (A, Ax), 8 E5¢7 P, is defined by:
o 3 =57 true.
o 8=5¢T B, € By iff [E\]’ € [E,]°.
o B=5¢T B, = B, iff [E1]° = [E.]".
o 8 ESET <P iff not 8 =557 P.
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o B=SET P, op Py iff B =557 P, op B =557 P, for op € {V, A, =1.
o B ESET VS.P iff Blu] =57 P for all v € [S]°.
o 8 =SET 3S.P iff Blv] =57 P for some v € [S]’.

DEFINITION 9.12 (SATISFACTION) Given an signature &, a formula P which is well-formed
with respect to (X, ({},7x)) and a S-structure A then A ESET P if (A, {}) =5¢7 P.

THEOREM 9.13 (THE INSTITUTION SET) The category SIGNsgr, the functor Strsgr, the

functor Sensgr and the family of satisfaction relations given by =5¢7 define the institution
SET = <SIGN557‘, StrseT, Senger, )2587—).

For SET to be an institution we have to show that the satisfaction condition holds. For the
proof of the satisfaction condition we need that the value of a translated expression ¢(F) in
B = (A", A) is the same as the value of E in the o-reduct of A" and A'.

LEMMA 9.14 Let A’ be a X'-structure, o a signature morphism from ¥ to X' and E a well-
formed expression with respect to . Then

[o(E)]” = [E)""
where B'|, = (A", AY)|, is defined as (A'|,, A'y).

ProOF L. et ¥ = (G,0,7) and ¥/ = (G',0',7"), 0 = (0g,00) be a signature morphism
from ¥ to ¥’ and A’ = (Ay, Ap) a YX'-structure. We give the proof only for the less obvious
cases.

Let E = id where id € X then [5(id)]* = [id]® = v where (id,v) € Ay and by the definition
of B8], we have [id]"!” = v.

Let E = id where id € O then [6(id)]* = [oo(id)]® = v where (o0 (id),v) € AL,. Applying
the definition of o-reduct we get (id,v) € A’|, and thus [[id]]’gl“” = 0.

If id is in G \ O then by the definition of signature morphisms we have o(id) € G’ \ O" and
[5(id)]” = Ag(oa(id)) = (4'|,)(id) = [7(d)]""
Let E = {S e E} then

[7({S e EN]” =[{5(S) e 5(E)}”
={leE)]"" |vela(9)]"}
={[E)"™" |v e [S]7}
=[{SeE}".
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For the last equation to hold we have to show that 5'[v]|, = (5'|5)[v].
(A, Aol = (A", A o],
= (A'l, Ak [v])
= (4], A)[o]
= (4, AY)o)[v]-
Let S=x: Fy,... ,z,: E, then
[6(9)])° = [z1:6(E),... 2, : 6(En)]”
= {{(z1,v1), -, (@n,v0)} | v € [(E)]P, 1 <i < n}
= {{(z1,v1),. ., (@n,v)} | v € [E]PV, 1<i<n}
=[z1: By, ...z, BV

O

THEOREM 9.15 (SATISFACTION CONDITION) For all signature morphisms o from ¥ to ¥’
in SIGNggT, all structures A in Strser(X') and formulas ¢ in Senger(X) we have

Alle BT ¢ iff A E5T ().

PROOF A. ssume that we are given a signature morphism o : ¥ — ¥’ and a ¥'-structure
A'. Let ¢ be the formula E € E' from Senge7(X). We have A 567 5(F € E') iff A =567

a(E) € a(E) iff [5(E)]’ € [a(E")]’, where 8 = (A, {}). Now we have [¢(E)]® = [E]“!-D
and similar [5(E")]° = [E']“""Y. Thus we get [6(E)]° € [a(E")]’ iff [6(E)]“ Y €
[[6(EI)]](A,|03{}) iff A'|, ):887’ EcE.

The argumentation is similar for the other formulas. O

9.2 Abstract Machines in Z

In Z, schemas are used for modeling the state space, the initial states and the operations of
abstract machines.

The state space of the counter is given by the following schema:
Counter

N

and the initial state:

__Init
Counter

Cc = zero
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Then the increment and decrement operation are given as

__Inc
ACounter

¢ = succ(c)

and

_ Dec
ACounter

—(c = zero)
succ(d) =c¢

where ACounter is the default notion for the schema that has as components the components
of the state before and after the operation: ACounter = Counter A Counter’.

Abstracting from the Z-syntax we can reformulate the above example in SLge7 as I where
Yc = ({N},{zero, succ, Counter, Init, Inc,Dec}, 7) with

e 7(zero) =N

e 7(succ) =P(N x N)

e 7(Counter) = 7(Init) = P(<c: N>)

e 7(Inc) = 7(Dec) = P(<c: N,d : N>)
The set of formulas ® is the union of ®- and ®,, where ®y restricts the interpretation of

N to be isomorphic to the set of natural numbers with 0 and the successor function, and ¢
is the set:

{ Counter =c: N,
Init = (Counter | ¢ = zero),
Inc = (Counter A Counter’ | ¢ = succ(c)),
Dec = (Counter A Counter’ | succ(c’) = ¢ A =(c = zero)) }

A possible model of I$X¢ is the Yg-structure A = (Ag, Ao), where Ag(N) = N and
{ (zero,0), (succ,{(n1,n2) | ne =n1+1, ny €N, ny € N}),
Counter, {(c,v) | v € N}),

(
(

AO = (Init7 {(Ca O)}):
EInc, {{(e, vg,( !

¢, )} v =v+1}),
Dec, {{(c,v), (c,v")} |

)} v +1=v, v#0}) }

Let ¥ = (G, O, 1) be a signature in SET. A schema-type

T=<x:T,... 25 :Tp>
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defines a signature ¥/ = (G,0 U {z1,...,z,},7),where 7'(z;) = T; and 7'(id) = 7(id) for
ide 0.

Given a Y-structure A = (Ag, Ap) then an element {(z1,v1), ..., (Zn,vn)} of schema-type T
defines a ¥'-structure A" = (Ag, Ao U {(z1,v1),..., (Tn,vn)})-

DEFINITION 9.16
Given a signature ¥ = (G,0,T), a schema-expression S of type P(<x1 : T, ...z, : Tp>)
and a X-structure A = (Ag, Ao). Define an abstract datatype (g, M) by

e X5 =(G,0U{x1,...,x,},7s), where 7s(x;) = T; for 1 < i <n and 75(id) = 7(id) for
id € O and

o Mg = {(Ag, Ao Uws) | vs € [S] Ao},

This definition can be extended to abstract datatypes SP = (X, M) in ADTser by taking the
union of all M4 for A€ M:

SPS = (ZS, U MSA)

AeM

Since a specification of an abstract machine in Z consists of a schema for the state space,
the initial states, and the operations, a specification of an abstract machine in Z can be also
viewed as a collection of abstract datatypes for the state space, the initial states, and the
operations.

In the example of the counter, let ¥ = (G,0,7), where G = {N}, O = {zero, succ},
7(zero) = N and 7(succ) = P(N x N). Then the schema for the increment operation

(Counter A Counter’ | ¢ = succ(c)),
which is the same as
(¢c: N, ¢ : N | =succ(e)),
defines the abstract datatype SPre = (X1ne, Mimc), where Yy is the signature
({N},{zero, succ, ¢, '}, Trac)
with Tre(€) = Tine(¢') = N, Tme(zero) = N and 7ppc(succ) = P(N x N), and
M = {(Ag, Ao U {(c,v), (¢, v")}) | v = [succ(c)] @) (4, Ap) € MY

Note that we get similar abstract datatypes when using RSLgsg7 to define the counter and
translating them to abstract datatypes in ADTger (cf. Section 7.1).

Also the operations on schemas are similar to the operations found in SLgg7. Let SP be an
SLse7 expression with semantics (X, M). If

!Note that ¥’ is not a signature as defined in Definition 9.1 because {z1,...,7,} is not a subset of F
since, for technical reasons, we had to require that the set of variable names and the set of identifier names
are disjoint. However, we can assume that O’ is the set OU{Z1, ... ,Z,} where the Z; are suitable renamings
of z; to symbols in F' not occurring in O.
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o S=uz:Fy,...,z,: E, then [SP], = [[I{$i€E¢|1SiSn}TO'SP:|]’ where o is the inclusion
of ¥ into Xg.

S = SI|P then IISP]]S = [[I{p}SPsl]]

S = 51 A Sy then [Sp]g = [T5,SPg, + T5,5Pg,]. The signature morphisms o; and o,
are the inclusions of the signatures X5, and Xg, into ¥g,rs,. This is needed because,
in contrast to the union of abstract datatypes, the types of S; and S, are only required
to be compatible in the union of S; and S,.

S = 51V S, then [Sr]ly = [T,,SPg, VT,,SPg,]. The signature morphisms oy and o,
are the same as defined for the union of schemas.

S = 8"\ [z1,..,x,) then [SP]g = [D,SPg], where o is the inclusion of ¥g into Lg.

S = S'[z1/y1, .-, Tn/yn] then [SP]s = [T,SPg], where o¢ is the identity and oo (z) = v;,
if x = x; for some ¢ and op(z) = = if x # z; for all i.

However, we do not have corresponding SLse7 operations for =S, S = S, VS.S and 35.5.
While their semantics could be easily defined, for example, [=(X, M)] = (X, {m € Strz(X) |
m & M}), one would need additional proof rules for the entailment of specification, as in the
case of disjunction (cf. Chapter 8).

There are some important differences between modeling the operations as schemas and as
abstract datatypes. Defining the operations as schemas depends on the base institution to
provide schemas. This fixes the institution to SE7T. In contrast, in the approach presented
in this thesis, we have separated the logic for defining the operations of an abstract machine
from the base institution. Thus our approach applies to any institution whose category of
signatures is (finitely) cocomplete and whose structure functor preserves (finite) colimits. On
the other side, since schemas are part of the institution SE7T, it is possible to reason within
SET itself about the operations of an abstract machine. In our approach only the operations
in RSLgg7 can be used to refer to other operations.

Another difference is that expressions in RSLgg7 carry information about the type of the
relation. The type of an operation in the Z style specification of abstract machines is kept
informal. Conventions, like the use of ACounter and descriptive text that surrounds a schema
definition, provides this information.

9.3 Z-style specifications using LSL

The theory of relations, presented in the previous chapters, is based on a newly constructed
institution Rz with respect to an, arbitrary exact institution Z with a (finitely) cocomplete
category of signatures. Then the language RSLz is used to define relations. However, the
problem with this approach is that RSL7 is an abstract language, which is intended mainly as
a vehicle for more concrete languages to define their semantics in and for theoretical studies.
Another problem is that no tools exist for RSL7.
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To address this problem we shall adopt a method used by the Z community for the specifi-
cation of sequential systems [57]. The specification language Z itself almost has no language
support for defining sequential system. It is a matter of convention and the explanations used
in the text surrounding a Z schema, whether this schema is to be interpreted as a definition
of a relation or the specification of a state space.

In the following, we shall use a similar approach based on the Larch Shared Language. The
advantage is that we can use tools designed for the Larch Shared Language, like the Larch
Shared Language checker and the Larch Prover to check our specifications and to prove
properties. However, since some information, for example, whether a specification is meant
as specifying a state space or defining a relation, is left implicit, the use of these tools is
limited.

Note that we could have used any suitable specification language, that is, a specification
language with loose semantics, like Pluss [8] or CASL [45].

That this approach is possible, is the result of the strong relationship between ADTx, and
ADT7 established in Section 5.6.

DEFINITION 9.17 An abstract datatype Sp = (X, M) from ADTz is a relation of type O
if there ezists a relation R = (Og, Mg) of type Or = (Dg,Tg) in ADTg, and an ADTz-
morphism o from [[Tg; Sig* to & such that M|, = Mg.

As an example we shall give the birthday book specification of Spivey [56], which we have
discussed in Section 6.2.

The state of a birthday book is given by the predicate known, a boolean function, and the
(total) function birthday, mapping the name of a person to his birthday. The value of
birthday for a name n is arbitrary if known(n) is not true.

BirthdayBook : trait
introduces
known: Name — Bool
birthday : Name — Date

The initial birthday book contains no entries.

InitBirthday : trait
includes
BirthdayBook
asserts
VY n:Name —known(n)

The trait DeltaBirthdayBook introduces two copies of known and birthday, an unprimed
copy for the state components before the operation and a primed copy for the state compo-
nents after the execution of the operation. Any operation that wants to change the state of
the birthday book includes DeltaBirthday.
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DeltaBirthdayBook : trait
includes
BirthdayBook,
BirthdayBook(known’ for known,
birthday’ for birthday)

DeltaBirthday is the colimit of the type <BirthdayBook X BirthdayBook >gp,.

In contrast, the trait ThetaBirthdayBook is included in the trait of all operations that do
not want to change the state of the birthday book.

ThetaBirthdayBook : trait
includes
BirthdayBook,
BirthdayBook (known’ for known,
birthday’ for birthday)
asserts
forall n:Name
known’ (n) < known(n);
birthday’(n) = birthday(n)

The operation adding a new birthday to a birthday book is specified by the trait AddBirthday.
The input parameters are the name of the person to add, name;,, and the birthday of that
person, date;,. The operation is defined only when that person does not already have an
entry in the birthday book.

AddBirthday : trait
includes
DeltaBirthdayBook
introduces
name;,: Name
datei,: Date
asserts
forall n:Name
— known (name;,,) ;
known’(n) < n = name;, V known(n);
birthday’(n) = (if n = name;,
then datej,
else birthday(n))

AddBirthday is a relation of type

<[name;, : Name] X [date;,| X BirthdayBook x BirthdayBook>.

The FindBirthday operation returns for a given person with name name;, its birthday
dateyy;- The inclusion of ThetaBirthdayBook guarantees that the state of the birthday
book is not changed.
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FindBirthday : trait
includes
ThetaBirthdayBook
introduces
namei,: Name
dategyyt: Date
asserts
equations
known (name;,,) ;
date,y; = birthday(name;,)

For a given date today,,, the Remind operation returns the set of persons whose birthday is
today,, .

Remind : trait
includes
ThetaBirthdayBook,
Set (Name ,NameSet)
introduces
today;,: Date
cardsqyy:: NameSet
asserts
forall n:Name
n € cardsqyy <
birthday(n) = todayi, A known(n)
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In this thesis we have defined a framework for the specification of dynamic behavior of
software systems. This framework is motivated by the state as algebra approach and the
model-oriented language Z. From the state as algebra approach we have used the idea of
modeling the environment and the state components as structures of an institution. How-
ever, in contrast to the state as algebra approach, states in our framework are modeled by
structures from any suitable institution not only those having algebras as their structures.
From Z we have used the idea that environment, state spaces, and relations between state
spaces are specified using the same logic, and how more complex relations can be constructed
from simpler ones by means of the schema calculus. However, we differ from Z in that our
framework can be instantiated by different institutions while the approach of Z can only work
because of the particular logical system used by Z.

We have defined a new institution Rz, which is based on an exact institution Z with a
cocomplete category of signatures. Abstract datatypes in Rz are relations between abstract
datatypes from Z; this means that a relation is a pair (0, M) consisting of a diagram © =

(D,T': D — ADT7) and a set M of families of structures mq € Mod*(I'(d)) for d € D such
that md/\r( ) = mq for each morphism f :d — d' in D.

Most of the known institutions have a cocomplete category of signatures, and their structure
functor preserves colimits. In addition, we have defined two new institutions, the institution
LS L, which is a variant of equational logic with constraints, used to model the logical system
of the Larch Shared Language, and the institution SE7, which models the logical system
of the specification language Z and which is based on set theory. Further, it is possible,
by defining a new institution, to instantiate our framework with models of the state more
appropriate to the problem domain. For example, one could define an institution whose
structures model states having components that denote arrays and pointer structures.

We have shown that the category of signatures of Rz is cocomplete and that the structure
functor of Rz preserves colimits. This implies, for example, that relations on complex states
can be uniquely constructed by relations on simpler states. As an example consider two state
spaces given by abstract datatypes SP; and SP, such that both are extensions of the abstract
datatype Env. Further, let R; be a relation of type <SP; X SP;>g,, and Ry be a relation of
type <SPy X SPo>. Now we can form a state space SP which consists of the components of
Sp; and SpPy sharing the components of Env. Thus, Sp is the pushout of Sp; and Spy with
respect to Env. Then we can define the relation R of type <SP X SP>,, acting as R; on the
state components from SP; and as Ry on the state components from SpPy as the pushout of
R, and R, with respect to the identity on Env. That this is always possible is a consequence
of the fact that SIGNg, is cocomplete; then the fact that Strgz, preserves colimits implies
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that the pairs (A, A’) in R can be uniquely constructed from pairs (A;, A}) in R; and pairs
(Ag, AY) in Ry as the amalgamated sums A = A; +4, As and A’ = A +a1 Al. Here, Ay is
the environment that A; and A} have in common and Aj is the environment that A, and
A, have in common. Note that Ay and Aj have to be the same environment to make the
construction work.

The advantage of modeling relations as abstract datatypes in Rz is that we could reuse
the institution independent theory of abstract datatypes. For example we could use the
specification language SLz, which is based on the operations impose, translate, derive, and
union, as the foundation of the specification language RSL7 for the specification of relations.
RSL7 is not intended to be a specification language used in practice, but as more practical
specification languages, like CASL [45], can be defined in terms of the operations of SLz,
more practical specification languages for the specification of relations could be defined using
the operations of RSL7.

In this thesis we have added disjunction to the operations on abstract datatypes. The dis-
junction of two abstract datatypes over the same signature forms the union of their model
classes. Disjunction was not treated before mainly because the disjunction of two abstract
datatypes given by sets of formulas ®; and ®, cannot be represented by one set of formulas in
every institution. This is only possible for restricted classes of sets of formulas and for certain
logics, like finite sets of formulas and first-order logic. This is in contrast to the union of two
abstract datatypes for which I, + I, is the same as I¢,ue,> in any institution. While
the usefulness of disjunction for the definition of classical abstract datatypes is questionable,
this is not the case for the construction of relations because disjunction allows to combine
relations defined on different domains to a relation defined on the union of these domains.

There are two ways of proving properties of relations and entailment of relations. The first
way takes advantage of modeling relations as abstract datatypes because this allows us to
apply the proof calculus for proving properties from abstract datatypes to prove properties
from relations and to prove entailment between relations.

A second way is given by the translation tr of RSLz-expressions to SLz-expressions, which is
defined in Section 7.1. One property of this translation is that it preserves entailment, that
is, R "7 ¢ if and only if tr(R) X ¢ and, similarly, R =7z R’ if and only tr(R) = tr(R').
This makes it possible to reuse theorem provers for the institution Z for the institution Rz.

Both strategies can be combined by first applying the rules of the proof calculus to reduce a
goal R =%z R’ into subgoals R, =*% ¢, to R, E** ¢, and then proving tr(R;) E** ¢; by
using a theorem prover for 7.

We have already discussed that RSLz can be used as the basis for a more practical specification
language for the specification of the dynamic behavior of software systems. However, there
is a second way to use the results of this thesis to specify software systems. This way has the
advantage that it can be used with any specification language whose semantics are abstract
datatypes.

The idea is that each relation R = (©, Mg) in ADTg, corresponds to an abstract datatype
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(Xa, My) in ADT7 such that Mg and M}, are isomorphic. This correspondence can be used
to interpret an abstract datatype (3, M) with respect to Z as a relation (©, Mp) provided
that we know the type of the relation. We need to know the type of the relation because
from ¥ it is impossible to get the type of the relation back as there may be several relations
having the same signature X, as the colimit of I'g; Sig*. If we keep the type of a relation as
an informal annotation with the specification of abstract datatypes in Z, then we can use any
specification language having abstract datatypes in Z as the semantics of its specifications
for the specification of the dynamic behavior of software systems. As an example of this style
we have given in Section 9.3 a specification of the birthday book example of the Z-reference
manual using the Larch Shared Language. Another example of this style can be found in
Baumeister [6].

Note that this approach is similar to the way the dynamic behavior of software systems
are specified in Z. In Z states and operations on states are both presented as schemata,
which correspond to abstract datatypes (cf. Section 9.2); only naming conventions and the
text surrounding a Z-schema determine whether a schema represents an operation or a state
space.

10.1 Future Work

Since the results of this thesis are parameterized by any suitable institutions, we can apply
our framework to all the other state as algebra approaches with the exception of Gurevich’s
Abstract State Machines. We cannot apply our results directly to Gurevich’s Abstract State
machines because the state of an Abstract State Machine is modeled as an unsorted algebra,
and for the institutions of unsorted equational and first-order logic the structure functor does
not preserve coproducts (cf. Diaconescu et al [17]), and thus it does not preserve arbitrary col-
imits, which is required by the construction of Rz. However, the structure functor preserves
colimits of all diagrams D that have a unique bottom element, that is, D has an element |
and for all objects d # L in D there exists a morphism f : 1 — d in D. This is the type
of diagrams we are mostly interested in because they are used in the type of relations of the
form <SpP; X -+ X SP,>gq,. Thus we could, in the construction of Rz, restrict ourself to
types (D,I" : D — ADTz) where D has this bottom element. This allows a lot of the results
in this thesis to be applied to Gurevich’s Abstract State Machines. However, modularity
results, that is, that the category of signatures constructed in that way is cocomplete and
that the structure functor preserves colimits, do not carry over. The problem here is that the
colimit of a diagram of types which have a unique bottom element need not yield a signature
(D.;,T¢;) where D, has a unique bottom element.

One application of our results could be, for a particular instantiation of our framework,
to extend RSLz by additional operations, like the local function update of Gurevich or the
elementary modifiers of the implicit state approach. Then the inference system has to be
extended by special rules coping with these new operations. For example, if R is given by
an update instruction f(t) := t' in the style of Abstract State Machines, then one would get
additional inference rules R+ f'(t) =t, RFx #t = f'(z) = f(z), and R F ¢'(z) = g(x)
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for all function symbols in the state signature which are not f. However, the translation of
RSLz-expressions to SLz-expression may not be possible anymore.

A closer look at the institution independent proof-calculus for entailment between abstract
datatypes is needed, in particular, for entailments where the right side contains a derive
operation. As we have seen in Section 7.4, this appears quite often when proving refinement,
and proving them can get quite tedious. One possibility would be to encode RSLz and its
proof-calculus into a higher-order logic framework, for instance Isabelle [47], and make it
parametric by a suitable encoding of the logical-system used to model the states.

What we could only touch in this thesis is a theory of abstract machines based on our
approach (cf. Chapter 6). One problem is how to combine abstract machines, for example,
use abstract machines as arguments to the operations of other abstract machines. In the
current approach it is possible to pass the state of an abstract machine as an argument,
but information hiding is lost because the operation has access to all the state components.
Similarly, one would want to use abstract machines as state components. The modularity
results allow us to use the state of another abstract machine as a sub-state of another, but
again loosing encapsulation.



A Larch Traits

In the following we present the traits FiniteMap and Set, which are based on the traits
SetBasics and DerivedOrders from the library of the Larch Shared Language. A description
of this library can be found in the book about Larch by Guttag and Horning [34].

A.1 FiniteMap

FiniteMap (M, D, R): trait
% An M is a map from D’s to R’s.
introduces
{}: - M
update: M, D, R — M
apply: M, D =+ R
defined: M, D — Bool
asserts
M generated by {}, update
M partitioned by apply, defined
Y m: M, d, d1, d2: D, r: R
apply(update(m, d2, r), d1) ==
if d1 = d2 then r else apply(m, d1);
—defined({}, 4);
defined(update(m, d2, r), d1) ==
dl = d2 V defined(m, dil)
implies
Arrayl (update for assign, apply for [],
M for A, D for I, R for E)
converts apply, defined
exempting V d: D apply({}, d)

A.2 Set

Set (E, C): trait
% Common set operators
includes
SetBasics,
Integer,
DerivedOrders (C, C for <, D for >,
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C for <, D for >)
introduces
¢ : E, C — Bool
delete: E, C — C
{}: E—>C
Jg, n, -:C,C—=2C
size: C — Int
asserts
Ve, el, e2: E, s, 81, s2: C
e ¢ s== (e € 8);
{ e } == insert(e, {});
el € delete(e2, s) == el # e2 A el € s;
e € (s1Us2) ==e €81 V e € s82;
e € (s1 N ss2) ==e € s1 AN e € s82;
e € (s1 -s82) ==e € sl A e ¢ s2;
size({}) == 0;
size(insert(e, s)) ==
if e ¢ s then size(s) + 1 else size(s);
s1 C s2 ==81 - s2 = {}

implies
AbelianMonoid (U for o, {} for unit, C for T),
AC (N, C),

JoinOp (U, {} for empty),

MemberOp ({} for empty),

PartialOrder (C, C for <, D for >,

C for <, D for >)

C generated by {1}, {}, U

V e: E, s, s1, s2: C
s1 C s2 = (e € 81 = e € 82);
size(s) > 0

converts
€, ¢, {}, delete, size, U, N, -:C,C—C,
c, 2, C, D

A.3 SetBasics

SetBasics (E, C): trait
% Essential finite-set operators
introduces
{}: » ¢
insert: E, C — C
€ : E, C = Bool
asserts
C generated by {}, insert
C partitioned by €
V s: C, e, el, e2: E
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-(e € {});
el € insert(e2, s) == el = e2 V el € s
implies
InsertGenerated ({1} for empty)
Ve, el, e2: E, s: C
insert(e, s) # {};
insert(e, insert(e, s)) == insert(e, 8);
insert(el, insert(e2, s)) ==
insert(e2, insert(el, s))
converts €

A.4 DerivedOrder

DerivedOrders (T): trait
% Define any three of the comparison operators,
% given the fourth
introduces
<, >, <, > T, T = Bool

asserts V x, y: T
x<y=x<y A -(x=1y);
x>y =y<x;
XxX>y=y<x

implies
Vx,y: T

x<{y=x<yVx=y
converts >, <, >
converts <, <, >
converts <, >, >
converts <, >, <
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