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Abstract

In this report we shall present case studies of different data type specifications for natural
numbers, for integers (int and int2), for finite lists (list and list2), for finite lists with an
additional error element, for finite sets (set and set2), for binary words, for commutative
trees, and for arrays. Furthermore, this report contains a collection of constructive function
and predicate specifications, whose recursion orderings are shown to be well-founded.
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Introduction

The induction principle is based on well-founded orderings, i.e., orderings without infinite
descending chains. Therefore, in order to automate inductive proofs, it is essential to automate
the proofs for an ordering to be well-founded, which is closely related to a termination proof.

The general idea to achieve these proofs is to use the <-relation on natural numbers and
to map each data type object into a natural number by use of a measure function. For an
automation typically a single measure function is used, for instance, the size of an object.

In case of freely generated data types, that is for data types whose objects possess a unique
syntactic structure, like, for instance, natural numbers, finite lists, and finite trees, the size of
an object corresponds to the number of reflexive constructor functions that are necessary to
represent the object. Here, the axiomatization of a function to compute the size of an object
can be easily encoded in a first-order logic. Thus, together with an axiomatization of the
natural numbers the occurring proof obligations can be proved quite easily.

Besides freely generated data types there are non-freely generated data types which fre-
quently occur in practical applications. These data types include, for example, finite sets and
arrays. They are characterized by having objects with different syntactic representations. The
size of such an object corresponds to the minimal number of reflexive constructor functions
that are necessary to represent the object. Compared to freely generated data types, the size
of a non-freely generated data type object can only be axiomatized within a first-order logic
in a complicated and inconstructive way, which leads to substantially more difficult proofs.

Yet, for the proof obligations that occur during the proofs of an ordering to be well-
founded it is not necessary to compute the size of an object explicitly. Instead it is sufficient
to estimate how two objects relate to each other with respect to their size. This idea is
incorporated into a specific calculus, the Estimation Calculus, which was originally designed
by Walther for termination proofs over freely generated data types.
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In DFKI Technical Report RR-96-01, “Induction on Non-Freely Generated Data Types”,
we present a generalization of this calculus that allows to efficiently derive estimations for
non-freely generated data type objects with respect to their size, too.

For the resulting proof obligations when proving an ordering to be well-founded, the
Estimation Calculus decides whether under a condition ¢ the sizes of two objects, which
are denoted by terms, are within the <p-relation. Moreover, usually both terms possess a
common subterm. Hence, the proof obligations are of the form:

@ = [f(t)] < [g(t)]-

In order to prove this obligation, it is split by the Estimation Calculus into a chain of
estimations with respect to the <-relation. Furthermore, each single estimation is based on
certain properties of the underlying formal specification:

v — [f(t)| 2 [t| and
o = [t| < |g(t)].

These single estimations together with the transitivity of the <n-Relation guarantee

@ = [f(t)] 2 [g(t)]-

To show that the objects which are denoted by the two terms are within the strict <-
relation, for each single estimation a formula is synthesized which is sufficient for the <-
relation. Then, an additional proof that the disjunction of these formulas follows from the
condition ¢ guarantees the original proof obligation.

For the single estimations within the Estimation Calculus certain properties of the involved
functions are used. Defined functions are analyzed whether they are argument-bounded,
i.e., whether the size of one of their arguments denotes an upper bound for the size of an
application of the function. And for constructor functions it is determined, whether the size
of each argument is a lower bound for the size of an application of the function.

Whereas the first property can be proved within the Estimation Calculus itself, the second
property is more difficult to show. To do that an implementation of the non-freely generated
data type as a freely generated data type has to be used. This allows one to axiomatize a
function that computes the size of an object explicitly, however, in general, in an inconstruc-
tive way. Together with an axiomatization of the natural numbers, the second property can
be encoded in a first-order logic, and, thus, be proved.

Hence, for a data type specification certain properties of the involved functions are proved
in advance, in order to allow the use of these properties later on for proofs of orderings being
well-founded. Thereby, this approach together with the generalized Estimation Calculus
enables an efficient automation of the proofs for an ordering to be well-founded.

In this report we shall present a collection of different data type specifications for natural
numbers, for integers (int and int2), for finite lists (list and list2), for finite lists with an addi-
tional error element, for finite sets (set and set2), for binary words, for commutative trees, and
for arrays. For all of these data type specifications it is determined according to our approach
described in DFKI Technical Report RR-96-01, whether their reflexive constructor functions
are size increasing, in which case the respective strictness and minimal representation pred-
icates are specified. Furthermore, this report contains a collection of constructive function
and predicate specifications, whose recursion orderings are shown to be well-founded.



Natural Numbers, na

Our specification of natural numbers, nat uses two constructor functions 0 :— nat, generating
zero, and succ : nat — nat, generating the successor of a number. Equality on nats is specified
by the axioms:

V x:nat 0 # succ(x) and
V x,y:nat succ(x) = succ(y) = x =y.

By the above specification we have defined a freely generated data type. Hence, the con-
structor function succ is size increasing, and we can synthesize the strictness predicate ©} . :
nat — bool and the minimal representation predicate [gycc : nat — bool by

V x:nat ©} .. (x) = true and

V x:nat Mgyec(x) = true.

Furthermore, the constructor functions of nat are non-overlapping, which leads to the following
synthesis of the destructor function pred : nat — nat for the constructor function succ:

V x,y:nat x = succ(y) — x = succ(pred(x)),
pred(0) = 0, and
V x,y:nat x = succ(y) — Msucc(pred(x)) = true.

Furthermore, pred is 1-bounded with difference predicate A : hat — bool:

1
pred

V x:nat Al 4(x) = true ¢ x = succ(pred(x))

For the data type nat we will give constructive function and predicate specifications for
+, =, <nat, <nats >nat, and >pat.
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2.1 + :nat X nat — nat

+ computes the addition on natural numbers and is defined by:

V x,y:nat
x=0—>(x+y) =y

V x,y:nat
x = succ(pred(x)) = (x +y) = succ(pred(x) +y)

The recursion ordering of + is well-founded: There is only one definition case with a single
recursive call of +. Hence, we use the Estimation Calculus, abbreviating the invariant case
condition

x = succ(pred(x))

by :

Identity

(i, x =nat X, false)
Estimation

<<p, pred(x) =nat X, false V A,ljred (x) = true>

In order to ensure the strict <npat-relation, we have to show

V x:nat
x = succ(pred(x))

— (false V AL 4(x) = true),

1
pre

which can be simplified using the definition of A; ; to

V x:nat
x = succ(pred(x)) — x = succ(pred(x)).

2.2 — :nat X nat — nat

— computes the subtraction on natural numbers and is defined by:

V x,y:nat
(y=0) = (x—y) =x

V x,y:nat
(y = succ(pred(y)) Ax=0) = (x—y) =

V X, y:nat
(y = succ(pred(y)) A x = succ(pred(x)))
— (x —y) = (pred(x) — pred(y))

The recursion ordering of — is well-founded: There is only one definition case with a single
recursive call of —. For each argument we use the Estimation Calculus, abbreviating the
invariant case condition
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(y = succ(pred(y)) A x = succ(pred(x)))

by . For the first argument of —, x, we obtain:

Identity
<(:0a X jnat X, false)

Estimation

<<,0, pred(x) =nat X, false V Aéred (x) = true>

In order to ensure the strict <,;-relation, we have to show

V x,y:nat
(y = succ(pred(y)) A x = succ(pred(x)))

— (false v Aéred (x) = true),

which can be simplified using the definition of A,ljred to

V x:nat
(y = succ(pred(y)) A x = succ(pred(x)))
— x = succ(pred(x)).

And for the second argument of —t, y, we obtain:

Identity

<(107 y jnat Y7 false)
Estimation

<<p, pred(y) =<nat ¥, false V Aéred (y) = true>

In order to ensure the strict <npat-relation, we have to show

V X, y:nat
(y = succ(pred(y)) A x = succ(pred(x)))

— (false V AL 4(y) = true),

which can be simplified using the definition of Aéred to

V X, y:nat
(y = succ(pred(y)) A x = succ(pred(x)))
— y = succ(pred(y)).

Hence, the recursion ordering of — is a well-founded order relation.
In addition, — denotes a 1-bounded function symbol. To prove this property, first of all,
we need to show that — is completely specified, by:

Y x,y:nat
(y=0)Vv
(y = succ(pred(y)) Ax = 0)V
(y = succ(pred(y)) A x = succ(pred(x)))



6 CHAPTER 2. NATURAL NUMBERS, nat

Then, we examine each definition case separately. For the first case we obtain

— ldentity ———
{y = 0,x =pat x, false)
For the second case we abbreviate the invariant case condition
y = succ(pred(y)) Ax =0
by ¢. Using the Estimation Calculus, we obtain

—— Identity ——

(p,0 <pat 0, false)

— Equation 1 —

(p,0 =pat x, false)

For the third case we abbreviate the invariant case condition
y = succ(pred(y)) A x = succ(pred(x))

by (. Furthermore, since this is a recursive case, we may use the additional inference rule
(¢, pred(x) <pat x, A)
£=> Induction Hypothesis
{¢p, (pred(x) — pred(y)) =nat pred(x), Al (pred(x), pred(y)) = true)

where £ is an abbreviation for the formula

Vx,y:nat p = A
as an induction hypothesis. Now, the derivation in the Estimation Calculus is given by

Identity

(i, x =nat X, false)

Estimation

<<p, pred(x) <nat X, false V AL i(x) = true>

Induction Hypothesis
, (pred(x) — pred(y)) =nat pred(x),
Al (pred(x), pred(y)) = true
Strong Embedding
¢, (pred(x) — pred(y)) Znat succ(pred(x)),

Al (pred(x), pred(y)) = true V O}, (pred(x)) = true
Equation 4

< ¢, (pred(x) — pred(y)) =nat X, >
Al (pred(x), pred(y)) = true V O} . (pred(x)) = true

where to apply the induction hypothesis, the formula
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V x,y:nat o — (false V AL () = true)

has to be proved.
Based on the different derivations in the Estimation Calculus and using the simplified
difference formulas, the difference predicate for —, Al : nat x nat — bool is synthesized as:

Y x,y:nat
(y =0) = Al (x,y) = false

V x,y:nat
(y = succ(pred(y)) Ax = 0) — Al (x,y) = false

Y x,y:nat
(y = succ(pred(y)) A x = succ(pred(x)))
— Al (x,y) = true

An additional simplification of this definition yields:

V x,y:nat
Al (x,y) = true <+ (y = succ(pred(y)) A x = succ(pred(x))).

2.3 <,: nat X nat — bool

<nat computes the less-than-relation on natural numbers and is defined by:

Y x,y:nat
(y =0) = (x <par y) = false

V x,y:nat
(y = succ(pred(y)) Ax =0) = (x <pat y) = true

Y x,y:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = true)
= (X <pat y) = true

V X, y:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = false)
— (x <nat y) = false

The recursion ordering of <,,; is well-founded: There are two definition cases with a single
recursive call of <, ¢ in each. For each recursive definition case and each argument we use
the Estimation Calculus. Starting with the first recursive case, we abbreviate the invariant
case condition

(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = true)

by ¢. For the first argument of <pat, X, we obtain:

Identity

(i, x =nat X, false)
Estimation

<<,0, pred(x) =nat X, false V A,ljred (x) = true>
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In order to ensure the strict <,;-relation, we have to show

V X, y:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <pat pred(y)) = true)

— (false V AL 4(x) = true),

which can be simplified using the definition of A,ljred to

V x:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <pat pred(y)) = true)
— x = succ(pred(x)).

And for the second argument of <., y, we obtain:

Identity

(¢,y Znat v, false)
Estimation

<<,0, pred(y) =<nat ¥, false V Aéred (y) = true>

In order to ensure the strict <,;-relation, we have to show

Y x,y:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = true)
— (false v Aéred (y) = true),
which can be simplified using the definition of Aéred to

V x,y:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = true)
— y = succ(pred(y)).

For the second recursive definition case we abbreviate the invariant case condition
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <pat pred(y)) = false)

by . For the first argument of <,,¢, X, we obtain:

Identity

(i, x =nat X, false)
Estimation

<<p, pred(x) <nat X, false V AL i(x) = true>

In order to ensure the strict <,;-relation, we have to show

V X, y:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = false)

— (false V AL 4(x) = true),
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which can be simplified using the definition of A,ljred to

V x:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = false)
— x = succ(pred(x)).

And for the second argument of <pat, y, we obtain:

Identity

(¢,y Znat v, false)
Estimation

<<,0, pred(y) =<nat y, false V Aéred (y) = true>

In order to ensure the strict <npat-relation, we have to show

V X, y:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = false)

— (false V AL 4(y) = true),

which can be simplified using the definition of A,ljred to

V x,y:nat
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = false)
— y = succ(pred(y)).

Thus, the recursion ordering of <, is a well-founded ordering.
In addition, <,,t denotes a well-founded ordering as well. To prove that, we first have to
show that <,,t is completely specified, i.e.,

Y x,y:nat
(y=0)Vv
(y = succ(pred(y)) Ax = 0)V
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <pat pred(y)) = true))V
(y = succ(pred(y)) A x = succ(pred(x)) A (pred(x) <nat pred(y)) = false))

Next, for each definition case we show that
V x,y:nat (x <pat y) = true — X <pat Y,

again, using the Estimation Calculus. For the first case we obtain

Tautology
(y = 0 Afalse = true,x <nat ¥, A1)

where in order to enable the application of the Tautology Rule, the first-order formula

Y x,y:nat
—(y = 0 A false = true)
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has to be proved. To prove the strict relation, the formula,

Y x,y:nat
(y = 0 A false = true) — Aq

has to be shown. For the second case we obtain the derivation

Strong Estimation

(y = succ(pred(y)) A x = 0 A true = true, 0 <pat succ(pred(y)), true)

Equation 1
(y = succ(pred(y)) Ax =0 A true = true,0 <pat y, true)

Equation 5

(y = succ(pred(y)) Ax = 0 A true = true,x =<pat Y, true)
showing the strict relation by

V x,y:nat
(y = succ(pred(y)) A x = 0 A true = true)
— true

The third definition case is a recursive case. Hence, we need to make an additional case
analysis:

(pred(x) <nat pred(y)) = true or
(pred(x) <nat pred(y)) = false.

For the first case we can assume as an induction hypothesis the inference rule:

—— Induction Hypothesis —
(p, pred(x) <nat pred(y), true)

where we use ¢ as an abbreviation for

y = succ(pred(y)) A x = succ(pred(x))A
(pred(x) <nat pred(y)) = true A true = true A (pred(x) <nat pred(y)) = true

Then, the derivation of
(‘pa X =nat Y, A3>

is achieved by:

Induction Hypothesis

<(:05 pred (X) jnat pred(y), true>
Weak Embedding

(¢, succ(pred(x)) =nat succ(pred(y)), true V syec(pred(x)) = false)

Equation 3
(¢, succ(pred(x)) <nat Y, true V Isycc(pred(x)) = false)

Equation 5
(,x =Znat ¥, true V Fsyec(pred(x)) = false)
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where in order to enable the application of the Weak Embedding Rule, the first-order formula
V x,y:nat ¢ — Fguec(pred(y)) = true
has to be shown. The strict relation is proved by

Y x,y:nat
@ — (true V Fgycc(pred(x)) = false).

For the second case we cannot assume an induction hypothesis. We prove the estimation
formula

) = true A true = true A (pred(x) <nat pred(y)) = false,
X =nat ¥, A4

y = succ(pred(y)) A x = succ(pred(x))A
< (pred(x) <nat pred(y >

by an application of the Tautology Rule, where in order to enable this application, it is
necessary to prove the first-order formula:

Y x,y:nat

_ < y = succ(pred(y)) A x = succ(pred(x))A )

(pred(x) <nat pred(y)) = true A true = true A (pred(x) <nat pred(y)) = false

To prove the strict relation, the formula

Y x,y:nat
y = succ(pred(y)) A x = succ(pred(x))A
(pred(x) <nat pred(y)) = true A true = true A (pred(x) <nat pred(y)) = false
— Ay

needs to be shown.
The fourth definition case is also a recursive case. Hence, we need to make an additional
case analysis:

(pred(x) <pat pred(y)) = true or
(pred(x) <npat pred(y)) = false.

Although for the first case we could assume an induction hypothesis, this is not necessary
since the derivation of the estimation formula

) = false A false = true A (pred(x) <pat pred(y)) = true,

E/ = s_ cc(pred(y)) A x = succ(pred(x))A >
- X Znat ¥, Qs

< (pred(x) <pat pred

can be achieved by the application of the Tautology Rule. In order to enable this application,
the first-order formula

V x,y:nat

y = succ(pred(y)) A x = succ(pred(x))A )
(y

(pred(x) <nat pred(y)) = false A false = true A (pred(x) <nat pred(y)) = true

has to be shown. And for the strict relation, the formula
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V x,y:nat

y = succ(pred(y)) A x = succ(pred(x))A
(pred(x) <nat pred(y)) = false A false = true A (pred(x) <nat pred(y)) = true

— Ag

needs to be proved. For the second case we cannot assume an induction hypothesis. We prove
the estimation formula

y = succ(pred(y)) A x = succ(pred(x))A
< (pred(x) <nat pred(y)) = false A false = true A (pred(x) <pat pred(y)) = false, >
x Znat ¥, Q6

by an application of the Tautology Rule, where in order to enable this application, it is
necessary to prove the first-order formula:

V x,y:nat

y = succ(pred(y)) A x = succ(pred(x))A
7\ (pred(x) <pat pred(y)) = false A false = true A (pred(x) <nat pred(y)) = false

To prove the strict relation, the formula

Y x,y:nat

EIE cc(pred(y)) A x = succ(pred(x))A )

(pred(x) <nat pred(y)) = false A false = true A (pred(x) <nat pred(y)) = false

—>A6

needs to be shown.
Having proved all these obligations, <p,t denotes a well-founded order relation.

2.4 <, nat X nat — bool

<hat computes the less-than-or-equal-relation on natural numbers and is defined by:

V x,y:nat
(x <pat ¥) = true <> ((x <pat y) = true Vx =vy)

Since this a non-recursive constructive specification, we are done.

2.5 >, nat X nat — bool

>nat computes the greater-than-relation on natural numbers and is defined by:

V x,y:nat
(X >nat ¥) = true <> (y <pat X) = true

Since this a non-recursive constructive specification, we are done.

2.6 >, nat X nat — bool

>nat computes the greater-than-or-equal-relation on natural numbers and is defined by:

V x,y:nat
(X >nat ¥) = true <> (y <pat X) = true

Since this a non-recursive constructive specification, we are done.



Integers, int

This specification of integers, int, uses three constructor functions 0 :— int, generating zero,
succ : int — int, generating the successor of an integer, and pred : int — int, generating the
predecessor of an integer. Equality on int is specified by the axioms:

V x,y:int
succ(x) = succ(y) > x=y

V x,y:int
pred(x) = pred(y) = x=y

V x:int
succ(pred(x))

X

V x:int
pred(succ(x)) = x

V x:int
pred(x) # succ(x)

By the above specification we have defined a non-freely generated data type, since, for exam-
ple, 0 = succ(pred(0)). The minimal size of a data type object, i.e., an integer, corresponds
to the absolute value of the number. Unfortunately, both constructor functions succ and pred

are not size increasing. Hence, we cannot use the Estimation Calculus to prove orderings to
be well-founded.

13
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Integers, it

This specification of integers, int2, uses a single constructor function make_int : sign X nat —
int2, generating an integer as a signed natural number. Thereby, the data type sign is specified
as a freely generated data type with two constructor functions + :— sign and — :— sign.
Equality on int2 is specified by the axiom:

Vi,j:sign V x,y:nat
make_int(i, x) = make_int(j,y)
(x=0Ay=0)V >
(i=jAx=y)

By the above specification we have defined a non-freely generated data type, since
make_int(+,0) = make_int(—, 0).

Since the single constructor function make_int is irreflexive, there is no need to prove a
constructor function to be size increasing.

As example algorithms we will only use non-recursive function and predicate specifications.
Otherwise, we would have to refine our general approach by using a different measure function.
For the structural ordering of the data type int2 this means to compare two integers by the
sizes of their absolute values.

Still, we have to define the destructor functions for the constructor function make_int,
sign : int2 — sign for the first argument of make_int, and abs : int2 — nat for the second
argument of make_int. Do not be confused that we use the symbol sign for both, a sort name
and a function name. Then, sign and abs are defined by:

15
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Vi:sign ¥V y:nat V x:int2
x = make_int(i,y) — x = make_int(sign(x), abs(x))

For the data type int2 we will now give constructive function and predicate specifications
for succ, pred, +, negate, —, <int2, <int2, >int2, and Zine2.

4.1 succ:int2 — int2

succ computes the successor of an integer and is defined by:

V x:int2
abs(x) = 0 — succ(x) = make_int(+, succ(0))

V x:int2
(abs(x) = succ(pred(abs(x))) A sign(x) = +)
— succ(x) = make_int(+, succ(abs(x)))

Y x:int2
(abs(x) = succ(pred(abs(x))) A sign(x) = —)
— succ(x) = make_int(—, pred(abs(x)))

Note, in the above specification we use two different functions succ, one on integers and one
on natural numbers. However, from the context it is clear which one is meant. In subsequent
sections we will do so for other functions as well.

Since the above specification is non-recursive, we are done.

4.2 pred:int2 — int2

pred computes the predecessor of an integer and is defined by:

V x:int2
abs(x) = 0 — pred(x) = make_int(—, succ(0))

Y x:int2
(abs(x) = succ(pred(abs(x))) A sign(x) = +)
—s pred(x) = make_int(+, pred(abs(x)))

Y x:int2
(abs(x) = succ(pred(abs(x))) A sign(x) = —)
— pred(x) = make_int(—, succ(abs(x)))

Since this specification is non-recursive, we are done.

4.3 + :int2 X int2 = int2

+ computes the addition on integers and is defined by:

V x,y:int2
(sign(x) = + Asign(y) = +)
— (x+y) = make_int(+, (abs(x) + abs(y)))
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V x,y:int2

(sign(x) = — Asign(y) = —)
— (x +y) = make_int(—, (abs(x) + abs(y)))

Y x,y:int2
(sign(x) = + Asign(y) = — A (abs(x) <nat abs(y)) = true)
— (x+y) = make_int(—, (abs(y) — abs(x)))

V x,y:int2
(sign(x) = + Asign(y) = — A (abs(x) <pat abs(y)) = false)
— (x+y) = make_int(+, (abs(x) — abs(y)))

V x,y:int2
(sign(x) = — Asign(y) = + A (abs(x) <pat abs(y)) = true)
— (x +y) = make_int(+, (abs(y) — abs(x)))

Y x,y:int2
(sign(x) = — Asign(y) = + A (abs(x) <nat abs(y)) = false)
— (x +y) = make_int(—, (abs(x) — abs(y)))

Since this specification is non-recursive, we are done.

4.4 negate : Int2 — int2
negate computes the negation of an integer and is defined by:

V x:int2
abs(x) = 0 — negate(x) = make_int(+, 0)

Y x,:int2
(abs(x) = succ(pred(abs(x))) A sign(x) = +)
— negate(x) = make_int(—, abs(x)
Y x,:int2
(abs(x) = succ(pred(abs(x))) A sign(x) = —)
— negate(x) = make_int(+, abs(x)

Since this specification is non-recursive, we are done.

4.5 — :iInt2 X Int2 — Int2

— computes the subtraction of two integers and is defined by:

V x,y:int2
(x —y) = (x + negate(y))

Since this specification is non-recursive, we are done.



18 CHAPTER 4. INTEGERS, int2

4.6 < INt2 X Int2 — bool

<int2 computes the less-than-relation on integers and is defined by:

V x,y:int2
(X <int2 y) = true
sign(y — x) = +A
abs(y —x) Z0 >

Since this specification is non-recursive, we are done.

4.7 <, n:Int2 X Int2 — bool

<int2 computes the less-than-or-equal-relation on integers and is defined by:

Y x,y:int2
(x <int2 ¥) = true & (X <inr2 y) = true Vx =y)

Since this a non-recursive constructive specification, we are done.

4.8 >,.p:Int2 X int2 — bool

>int2 computes the greater-than-relation on integers and is defined by:

V x,y:int2
(X >int2 Y) = true <> (y <int2 X) = true

Since this a non-recursive constructive specification, we are done.

4.9 >, Int2 X int2 — bool

>int2 computes the greater-than-or-equal-relation on integers and is defined by:

V x,y:int2
(X >int2 ¥) = true <> (y <int2 X) = true

Since this a non-recursive constructive specification, we are done.



Finite Lists, st

This specification of finite lists (of nats), list, uses two constructor functions nil :— list,
generating the empty list, and cons : nat x list — list, inserting an element into a list. Equality
on lists is specified by the axioms:

V x:nat vV A:list
nil Z cons(x,A) and

V x,y:nat V A, B:list
cons(x,A) = cons(y,B) - (x=y AA=B).

By the above specification we have defined a freely generated data type. Hence, the con-
structor function cons is size increasing, and we can synthesize the strictness predicate
@gons : nat X list — bool and the minimal representation predicate [cons : nat x list — bool by

V x:nat V A:list
©2,,s(x,A) = true and

V x:natV A:list
[cons(x, A) = true.

Furthermore, the constructor functions of list are non-overlapping, which leads to the following
synthesis of the destructor functions car : list — nat for the first argument of the constructor
function cons and cdr : list — list for the second argument of the constructor function cons:

V x:nat V A, B:list
A = cons(x, B) — A = cons(car(A), cdr(A)),

19
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car(nil) = 0 (= Wnat) A cdr(nil) = nil, and

V x:nat V A, B:list
A = cons(x, B) — Icons(car(A), cdr(A)) = true.

Furthermore, cdr is 1-bounded with difference predicate Aidr : list — bool:

vV A:list
Al (A) = true «» A = cons(car(A), cdr(A)).

cdr

For the data type list we will give constructive function and predicate specifications for
app, member, min, max, length, delete, last, butlast, sort, <jst, <jist, >list, and >jjst-
5.1 app : list x list — list
app computes the concatenation of two lists and is defined by:

vV A, B:list
A = nil — app(A,B) =B

V A, B:list
A = cons(car(A), cdr(A)) — app(A, B) = cons(car(A), app(cdr(A), B))

The recursion ordering of app is well-founded. There is only one definition case with a single
recursive call of app. Hence, using the Estimation Calculus, abbreviating the invariant case
condition

A = cons(car(A), cdr(A))

by ¢, we obtain the derivation:

Identity
(‘107 A =list Aa false)
Estimation
{p,cdr(A) =it A, false V AL, (A) = true)

In order to prove the strict relation, we have to prove

V A, B:list
A = cons(car(A), cdr(A)) — (false v Al

cdr(A) = true)
which can be simplified to

V A, B:list
A = cons(car(A), cdr(A)) — A = cons(car(A), cdr(A)).
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5.2 member : nat X list — bool

member computes the containment relation of a natural number in a list and is defined by:

V x:nat V A:list
A = nil = member(x, A) = false

V x:nat vV A:list
(A = cons(car(A),cdr(A)) Ax = car(A))
— member(x,A) = true
V x:nat vV A:list
(A = cons(car(A),cdr(A)) Ax # car(A))
— member(x, A) = member(x, cdr(A))
The recursion ordering of member is well-founded. There is only one definition case with

a single recursive call of member. Hence, using the Estimation Calculus, abbreviating the
invariant case condition

(A = cons(car(A),cdr(A)) Ax # car(A))
by ¢, we obtain the derivation:

Identity
(p, A <jist A, false)
Estimation
{p,cdr(A) <jist A, false V AL, (A) = true)

cdr

In order to prove the strict relation, we have to prove

V x:nat V A:list
(A = cons(car(A),cdr(A)) A x # car(A)) — (false v Al

car(A) = true)
which can be simplified to

V x:nat V A:list
(A = cons(car(A),cdr(A)) Ax # car(A)) — A = cons(car(A), cdr(A)).

5.3 length : list — nat

length computes the length of a list and is defined by:

V A:list
A = nil — length(A) =0

vV A:list
A = cons(car(A), cdr(A)) — length(A) = succ(length(cdr(A)))

The recursion ordering of length is well-founded. There is only one definition case with a single
recursive call of length. Hence, using the Estimation Calculus, abbreviating the invariant case
condition
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A = cons(car(A), cdr(A))
by ¢, we obtain the derivation:
Identity
(‘107 A =list Aa false)
Estimation

{p,cdr(A) <iist A, false V AL, (A) = true)

cdr

In order to prove the strict relation, we have to prove

YV A:list
A = cons(car(A), cdr(A)) — (false v Al

cdr

(A) = true)
which can be simplified to

vV A:list
A = cons(car(A),cdr(A)) — A = cons(car(A), cdr(A)).

5.4 delete : nat x list — list

delete computes the delete operation on lists, thus it removes the first occurrence of a specified
natural number in a list, and it is defined by:

V x:nat V A:list
A = nil — delete(x, A) = nil

V x:nat V A:list
(A = cons(car(A), cdr(A)) A x = car(A))
— delete(x, A) = cdr(A)

V x:nat vV A:list
(A = cons(car(A),cdr(A)) Ax # car(A))
— delete(x, A) = cons(car(A), delete(x, cdr(A)))

The recursion ordering of delete is well-founded. There is only one definition case with a single
recursive call of delete. Hence, using the Estimation Calculus, abbreviating the invariant case
condition

(A = cons(car(A), cdr(A)) A x # car(A))
by ¢, we obtain the derivation:

Identity
<(:0a A jlist Aa false)
Estimation

{p,cdr(A) <iist A, false V AL, (A) = true)

cdr

In order to prove the strict relation, we have to prove
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V x:nat V A:list
(A = cons(car(A),cdr(A)) A x # car(A)) — (false V Al (A) = true)

cdr

which can be simplified to

V x:nat V A:list
(A = cons(car(A),cdr(A)) Ax # car(A)) — A = cons(car(A), cdr(A)).

In addition, delete denotes a 2-bounded function symbol. To prove this property, first of
all, we need to show that delete is completely specified, by:

V x:nat V A:list
A =nilv
(A = cons(car(A),cdr(A)) Ax = car(A))V
(A = cons(car(A), cdr(A)) A x # car(A))

Then, we examine each definition case separately. For the first case we obtain the derivation:

Identity
(A = nil, nil =it nil, false)
—— Equation 1 ———
(A = nil,nil <jist A, false)

For the second case we abbreviate the case condition
(A = cons(car(A), cdr(A)) A x = car(A))
by ¢, and we obtain the derivation in the Estimation Calculus:

Identity
(p, A <jist A, false)
Estimation
{p,cdr(A) <jist A, false V AL, (A) = true)

cdr

And, for the third case we abbreviate the case condition
(A = cons(car(A), cdr(A)) A x # car(A))

by . Furthermore, since this case is recursive, we can assume an additional inference rule as
the induction hypothesis:

(p,cdr(A) iise A, A)
&= Induction Hypothesis
{¢p, delete(x, cdr(A)) <jist cdr(A), A3, e (cdr(A)) = true)

delete

where £ is an abbreviation for the formula

Vx:nat V A:list p — A
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Then, we obtain the derivation:

Identity
(p, A <jist A, false)
Estimation
{p,cdr(A) <jist A, false V AL, (A) = true)

cdr

Induction Hypothesis
(i, delete(x, cdr(A)) <jist cdr(A), Ad oo (cdr(A)) = true)

Weak Embedding
< ©,cons(car(A), delete(x, cdr(A))) <jist cons(car(A), cdr(A)), >

A3 jere(cdr(A)) = true V Teons(car(A), delete(x, cdr(A))) = false

Equation 3
p,cons(car(A), delete(x, cdr(A))) <jist A,
A3 e (cdr(A)) = true V Teons(car(A), delete(x, cdr(A))) = false

where in order to enable the application of the induction hypothesis, the formula

V x:nat V A:list o — (false V Al (A) = true)

cdr

has to be proved, and to allow the application of the Weak Embedding Rule,
V x:nat V A:list ¢ — [cons(car(A), cdr(A)) = true

has to be shown.
In order to synthesize the difference predicate Agelete : nat x list — bool, we use the

simplified difference formulas from each derivation, and we obtain:

V x:nat vV A:list
A = nil = A (%, A) = false
V x:nat V A:list
(A = cons(car(A), cdr(A)) A x = car(A))
— A3 e (X, A) = true
V x:nat V A:list
(A = cons(car(A), cdr(A)) A x # car(A))
- Agelete (X’ A) = Agelete (X’ Cdr(A))

5.5 min: list — nat
min computes the minimal element in a non-empty list, and it is defined by:

vV A:list
(A = cons(car(A), cdr(A)) A cdr(A) = nil)
— min(A) = car(A)
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YV A:list
A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = true
— min(A) = min(cons(car(A), cdr(cdr(A))))

V A:list
A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cd
(car(A) <pat car(cdr(A))) =
— min(A) = min(cdr(A))

r(A)))A
false

The recursion ordering of min is well-founded. There are two definition cases with one recursive
call in each. For the first recursive case we obtain the derivation in the Estimation Calculus,
abbreviating the case condition

A = cons(car(A),cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = true

by :

Identity
(@, cdr(A) <jist cdr(A), false)

Estimation

< @, cdr(cdr(A)) <jist cdr(A), >

false vV AL, (cdr(A)) = true

cdr

Weak Embedding

o, cons(car(A), cdr(cdr(A))) <jist cons(car(A), cdr(A)),
false V ALy (cdr(A)) = true V Ieons(car(A), cdr(cdr(A))) = false
Equation 3
< ©, cons(car(A), cdr(cdr(A))) <jist A, >
false V AL, (cdr(A)) = true V Teons(car(A), cdr(cdr(A))) = false

where in order to enable the application of the Weak Embedding Rule, the formula
V A:list ¢ — [eons(car(A),cdr(A)) = true

has to be shown.
To ensure the strict relation, we, therefore, need to prove

V A:list
A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <nat car(cdr(A))) = true
false V Al (cdr(A)) = truev
Meons(car(A), cdr(cdr(A))) = false
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which can be simplified to
V A:list
A = cons(car(A),cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <nat car(cdr(A))) = true
— cdr(A) = cons(car(cdr(A)), cdr(cdr(A))).

For the second recursive case we abbreviate the case condition

A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = false

by ¢, and we obtain the derivation:

Identity
<(:0a A jlist Aa false)
Estimation

{p,cdr(A) <iist A, false V AL, (A) = true)
In order to prove the strict relation, we have to prove

v Alist
A = cons(car(A),cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = false
— (false V AL, (A) = true)

which can be simplified to

V A:list
A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <nat car(cdr(A))) = false
— A = cons(car(A), cdr(A)).

5.6 max: list = nat

max computes the maximal element in a non-empty list, and it is defined by:
vV A:list

(A = cons(car(A), cdr(A)) A cdr(A) = nil)
— max(A) = car(A)

V A:list
A = cons(car(A),cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = true

— max(A) = max(cdr(A))
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YV A:list
A = cons(car(A),cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = false
— max(A) = max(cons(car(A), cdr(cdr(A))))

The recursion ordering of max is well-founded. There are two definition cases with one re-
cursive call in each. For the second recursive case we obtain the derivation in the Estimation
Calculus, abbreviating the case condition

A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = false

by ¢:

Identity
(@, cdr(A) <jist cdr(A), false)

Estimation

< @, cdr(cdr(A)) <jist cdr(A), >

false vV AL, (cdr(A)) = true

cdr

Weak Embedding

o, cons(car(A), cdr(cdr(A))) <jist cons(car(A), cdr(A)),
false V ALy (cdr(A)) = true V Ieons(car(A), cdr(cdr(A))) = false
Equation 3
< ©, cons(car(A), cdr(cdr(A))) <jist A, >
false V AL, (cdr(A)) = true V Teons(car(A), cdr(cdr(A))) = false

where in order to allow the application of the Weak Embedding Rule, the formula
V A:list ¢ — [eons(car(A),cdr(A)) = true

has to be shown.
In order to ensure the strict relation, we, therefore, need to prove

vV A:list
A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = false

false V AL, (cdr(A)) = trueV
[cons(car(A), cdr(cdr(A))) = false

which can be simplified to

V A:list
A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = false
— cdr(A) = cons(car(cdr(A)), cdr(cdr(A))).
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For the first recursive case we abbreviate the case condition

A = cons(car(A),cdr(A))A
cdr(A) = cons(car(cdr(A)),c d(_ r(A)))A

(car(A) <pat car(cdr(A))) = true
by ¢, and we obtain the derivation:
Identity
<(:0a A =list Aa false)
Estimation

{(p,cdr(A) =it A, false V AL, (A) = true)
In order to prove the strict relation, we have to prove

V A:list
A = cons(car(A),cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <nat car(cdr(A))) = true
— (false vV AL, (A) = true)

which can be simplified to

V A:list
A = cons(car(A), cdr(A))A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = true
— A = cons(car(A), cdr(A)).

5.7 last: list — nat
last computes the last element in a non-empty list, and it is defined by:

vV A:list
(A = cons(car(A), cdr(A)) A cdr(A) = nil)
— last(A) = car(A)

V A:list
(A = cons(car(A), cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
— last(A) = last(cdr(A))

The recursion ordering of last is well-founded. There is only one definition case with a single
recursive call. Hence, we use the Estimation Calculus, abbreviating the case condition

(A = cons(car(A), cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
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by ¢. We obtain the derivation:

Identity
(p, A <jist A, false)
Estimation
{p,cdr(A) <jist A, false V AL, (A) = true)

cdr

In order to prove the strict relation, we have to prove

YV A:list
(A = cons(car(A),cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
— (false vV AL, (A) = true)
which can be simplified to
V A:list
(A = cons(car(A), cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
— A = cons(car(A), cdr(A)).

5.8 butlast : list — list

butlast computes the original list without its last element, and it is defined by:

vV A:list
A = nil — butlast(A) = nil

vV A:list
(A = cons(car(A), cdr(A)) A cdr(A) = nil)
— butlast(A) = nil

vV A:list
(A = cons(car(A),cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
— butlast(A) = cons(car(A), butlast(cdr(A)))

The recursion ordering of butlast is well-founded. There is only one definition case with a
single recursive call. Hence, we use the Estimation Calculus, abbreviating the case condition

(A = cons(car(A), cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
by ¢. We obtain the derivation:

Identity
<(:0a A jlist Aa false)
Estimation

{p, cdr(A) <jist A, false V AL, (A) = true)

cdr

In order to prove the strict relation, we have to prove
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YV A:list
(A = cons(car(A),cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
— (false vV AL, (A) = true)
which can be simplified to
V A:list
(A = cons(car(A), cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
— A = cons(car(A), cdr(A)).

To prove that butlast is 1-bounded, first of all, we need to show that butlast is completely
specified, i.e.,

vV A:list
A = nilv
(A = cons(car(A), cdr(A)) A cdr(A) = nil)V
(A = cons(car(A), cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))

Next, we examine each definition case separately. For the first definition case we abbreviate
the case condition

A = nil
by ¢. Then, we obtain the derivation:

— ldentity ———
(¢, nil <yt nil, false)
—— Equation 1 —
(p, nil <jist A, false)
For the second definition case we abbreviate the case condition
(A = cons(car(A), cdr(A)) A cdr(A) = nil)
by ¢, and we obtain the derivation:
Strong Estimation
(¢, nil <jist cons(car(A), cdr(A)), true)
Equation 1
(i, nil <jist A, true)
For the third definition case we abbreviate the case condition
(A = cons(car(A), cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
by . Since this is a recursive definition case, we may assume the additional inference rule
(p,cdr(A) <jist A, A)
&= Induction Hypothesis
(¢, butlast(cdr(A)) <jist cdr(A), Al asc (cdr(A)) = true)

where £ is an abbreviation for the formula
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VA:listp > A
as an induction hypothesis. Now, we obtain the derivation:

Identity
(p, A <jist A, false)
Estimation
{(p,cdr(A) =it A, false V AL, (A) = true)
Induction Hypothesis
< {p, butlast(cdr(A)) <jist cdr(A), AL s (cdr(A)) = true) >

Weak Embedding

< p,cons(car(A), butlast(cdr(A))) <jist cons(car(A),cdr(A)), >
AL st (cdr(A)) = true V Teons(car(A), butlast(cdr(A))) = false
Equation 3

©,cons(car(A), butlast(cdr(A))) <jist A,
Al ac (cdr(A)) = true V [eons(car(A), butlast(cdr(A))) = false

where in order to enable the application of the induction hypothesis, the formula
V A:list ¢ — (false V ALy (A) = true)

has to be proved, and to allow the application of the Weak Embedding Rule,
V A:list [cons(car(A), cdr(A)) = true

has to be shown.
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Using the simplified difference formulas, we can now synthesize the definition of Al.l)utlast :

list = bool:
V A:list
A =nil = AL e (A) = false
V A:list
(A = cons(car(A), cdr(A)) A cdr(A) = nil)
- At1>utlast(A) = true
YV A:list

(A = cons(car(A),cdr(A)) A cdr(A) = cons(car(cdr(A)), cdr(cdr(A))))
- At1>utlast(A) At1>utlast(Cdr(A))
5.9 sort: list — list

sort sorts a list, defined by:

vV A:list
A = nil — sort(A) = nil
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YV A:list
A = cons(car(A), cdr(A))
— sort(A) = cons(min(A), sort(delete(min(A), A)))

The recursion ordering of sort is well-founded. There is only one recursive definition case with
a single recursive call. Hence, we abbreviate the case condition

A = cons(car(A), cdr(A))
by ¢. Using the Estimation Calculus, we obtain the following derivation:

Identity
(p, A <jist A, false)
Estimation
{p, delete(min(A), A) <ist A, false V A2, (min(A),A) = true)

delete

To prove the strict relation, we need to show

YV A:list
A = cons(car(A), cdr(A)) — (false V A3 e (Min(A), A) = true)

which can be proved by induction.

5.10 <q: list X list — bool
<jist computes the less-than-relation on lists, and it is defined by:

V A, B:list
B = nil = (A <jix B) = false

V A, B:list
(B = cons(car(B), cdr(B)) A A = nil)
— (A <jist B) = true

V A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <ijist cdr(B)) = true
— (A <jist B) = true

VA, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <jist cdr(B)) = false
— (A <jist B) = false

The recursion ordering of <jis; is well-founded: There are two definition cases with a single
recursive call of <j;g; in each. For each recursive definition case and each argument we use the
Estimation Calculus. Starting with the first recursive case, we abbreviate the invariant case
condition
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( B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A >
(cdr(A) <jist cdr(B)) = true

by . For the first argument of <jis, A, we obtain:

Identity

(p, A <jist A, false)
Estimation

{p,cdr(A) <iist A, false V AL, (A) = true)

cdr

In order to ensure the strict <is;-relation, we have to show

V A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <ijit cdr(B)) = true
— (false vV AL, (A) = true),
which can be simplified using the definition of Al to
V A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <ijist cdr(B)) = true
— A = cons(car(A), cdr(A)).

And for the second argument of <jis;, B, we obtain:

Identity
<(:0a B jlist B,false)
Estimation

(¢, cdr(B) =jist B, false V AL, (B) = true)

cdr

In order to ensure the strict <s;-relation, we have to show

VA, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <ijist cdr(B)) = true
— (false V AL, (B) = true),

cdr

1

cdr to

which can be simplified using the definition of A

VA, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <ijist cdr(B)) = true >
— B = cons(car(B), cdr(B)).

For the second recursive definition case we abbreviate the invariant case condition

33
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( B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A >
(cdr(A) <jist cdr(B)) = false

by . For the first argument of <jis, A, we obtain:

Identity
(p, A <jist A, false)
Estimation
{p,cdr(A) =jist A, false V AL, (A) = true)

cdr

In order to ensure the strict <is;-relation, we have to show
vV A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <jist cdr(B)) = false
— (false V Al (A) = true),
which can be simplified using the definition of A(I:dr to
vV A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <jist cdr(B)) = false
— A = cons(car(A), cdr(A)).

And for the second argument of <jis;, B, we obtain:

Identity
<(:0a B jlist B,false)
Estimation

(¢, cdr(B) =jist B, false V AL, (B) = true)

cdr

In order to ensure the strict <is;-relation, we have to show

V A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <jist cdr(B)) = false
— (false vV AL, (B) = true),

1

cdr to

which can be simplified using the definition of A

V A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <jist cdr(B)) = false
— B = cons(car(B), cdr(B)).
Thus, the recursion ordering of <jis; is a well-founded ordering.

In addition, <& denotes a well-founded ordering as well. To prove that, we first have to
show that <)t is completely specified, i.e.,
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V A, B:list
(B =nil)v
(B = cons(car(B), cdr(B)) A A = nil)V
( B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A ) y
(cdr(A) <jit cdr(B)) = true
(B),cdr(B)) A A = cons(car(A), cdr(A))A )
(cdr(A) <jist cdr(B)) = false

( B = cons(car
Next, for each definition case we show that
V A, B:list (A <jist B) = true — A <5t B,
again, using the Estimation Calculus. For the first case we obtain
Tautology
(B = nil A false = true, A <jist B, A1)

where in order to enable the application of the Tautology Rule, the first-order formula

V A, B:list
—(B = nil A false = true)

has to be proved. To prove the strict relation, the formula

V A, B:list
(B = nil A false = true) — A

has to be shown. For the second case we obtain the derivation

Strong Estimation

B = cons(car(B), cdr(B)) A A = nil A true = true,
nil <jist cons(car(B), cdr(B)), true
Equation 1

< B = cons(car(B), cdr(B)) A A = nil A true = true,

nil <}t B, true

Equation 5

< B = cons(car(B), cdr(B)) A A = nil A true = true,

A <list B, true

showing the strict relation by

V A, B:list
(B = cons(car(B), cdr(B)) A A = nil A true = true)
— true

35

The third definition case is a recursive case. Hence, we need to make an additional case

analysis:
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(cdr(A) <jist cdr(B)) = true or
(cdr(A) <jist cdr(B)) = false.
For the first case we can assume as an induction hypothesis the inference rule:

— Induction Hypothesis —
(p, cdr(A) <jist cdr(B), true)

where we use ¢ as an abbreviation for

( B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A )
(cdr(A) <jist cdr(B)) = true A true = true A (cdr(A) <jist cdr(B)) = true

Then, the derivation of
(¢, A st B, A3z)
is achieved by:

Induction Hypothesis

(p, cdr(A) <jist cdr(B), true)

Weak Embedding

< ©, cons(car(A),cdr(A)) =jist cons(car(B), cdr(B)), >
true V [eons(car(A), cdr(A)) = false

Equation 3

< @, cons(car(A),cdr(A)) <jist B, >

true V lNeons(car(A), cdr(A)) = false
Equation 5
(¢, A <jist B, true V INeons(car(A), cdr(A)) = false)

where in order to enable the application of the Weak Embedding Rule, the first-order formula
V A, B:list ¢ — [eons(car(B), cdr(B)) = true
has to be shown. The strict relation is proved by

V A, B:list
@ — (true V Tcons(car(A), cdr(A)) = false).

For the second case we cannot assume an induction hypothesis. We prove the estimation
formula

(cdr(A) <jist cdr(B)) = true A true = true A (cdr(A) <jist cdr(B)) = false,

B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
< A jlist B, A4 >
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by an application of the Tautology Rule, where in order to enable this application, it is
necessary to prove the first-order formula:

VA, B:list
B = cons(car(B),cdr(B)) A A = cons(car(A), cdr(A))A
T\ (cdr(A) <jiet cdr(B)) = true A true = true A (cdr(A) <jiet cdr(B)) = false

To prove the strict relation, the formula

V A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <jist cdr(B)) = true A true = true A (cdr(A) <jist cdr(B)) = false
— Ay

needs to be shown.
The fourth definition case is also a recursive case. Hence, we need to make an additional
case analysis:

(cdr(A) <jist cdr(B)) = true or
(cdr(A) <jist cdr(B)) = false.

Although for the first case we could assume an induction hypothesis, this is not necessary
since the derivation of the estimation formula

B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
< (cdr(A) <jist cdr(B)) = false A false = true A (cdr(A) <jist cdr(B)) = true, >
A Ziist B, As

can be achieved by the application of the Tautology Rule. In order to enable this application,
the first-order formula

VA, B:list
< B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A )
(cdr(A) <jist cdr(B)) = false A false = true A (cdr(A) <jist cdr(B)) = true

has to be shown. And for the strict relation, the formula

VA, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <jist cdr(B)) = false A false = true A (cdr(A) <jist cdr(B)) = true
— Ag

needs to be proved. For the second case we cannot assume an induction hypothesis. We prove
the estimation formula

B = cons(car(B), cdr(B)) A A = cons(car(A),cdr(A))A
< (cdr(A) <jist cdr(B)) = false A false = true A (cdr(A) <jist cdr(B)) = false, >
A Xjist B, Ag

by an application of the Tautology Rule, where in order to enable this application, it is
necessary to prove the first-order formula:



38 CHAPTER 5. FINITE L1STS, list

V A, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
T\ (cdr(A) <jiet cdr(B)) = false A false = true A (cdr(A) <jist cdr(B)) = false

To prove the strict relation, the formula

VA, B:list
B = cons(car(B), cdr(B)) A A = cons(car(A), cdr(A))A
(cdr(A) <jist cdr(B)) = false A false = true A (cdr(A) <jist cdr(B)) = false
— A6

needs to be shown.
Having proved all these obligations, <jisx denotes a well-founded order relation.

5.11 <q: list X list = bool

<jist computes the less-than-or-equal-relation on lists, and it is defined by:

YV A, B:list
(A <list B) = true < (B <list A) = false

Since this is a non-recursive constructive definition we are done.

5.12 > list X list — bool

>|ist computes the greater-than-relation on lists, and it is defined by:

vV A, B:list
(A >ijist B) = true > (B <jist A) = true

Since this is a non-recursive constructive definition we are done.

5.13 >, list X list — bool

>)ist computes the greater-than-relation on lists, and it is defined by:

vV A, B:list
(A >jist B) = true ¢ (B <jit A) = true

Since this is a non-recursive constructive definition we are done.



Finite Lists, st

This specification of finite lists (of nats), list2, uses three constructor functions nil :— list2,
generating the empty list, single : nat — list2, generating a singleton list, and app : list2 x
list2 — list2, concatenating two lists. Equality on list2 is specified by the axioms:

V x:nat
nil # single(x)
VA, B:list2
nil = app(A, B) <> (A = nil A B = nil)

V x:natV A, B:list2
single(x) = app(A, B)
< ((A = single(x) A B =nil) V (A = nil A B = single(x)))

Y x,y:nat
single(x) = single(y) <> x =y

YV A:list2
app(nil,A) = A

Vx,y:nat V A, B:list2

app(single(x), A) = app(single(y),B) + (x =y A A = B)
V A, B, C:list2

app(app(A, B), C) = app(A, app(B, C))

39
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By the above specification we have defined a non-freely generated data type. Hence, we must
prove the constructor function app to be size increasing by using the respective implementation

specification. Furthermore, the strictness predicates @épp : list2 x list2 — bool and e’;‘pp :

list2 x list2 — bool, as well as the minimal representation predicate I'5pp : list2 X list2 — bool
have to be synthesized.

The implementation specification is automatically generated using the constructor func-
tions nily :— list2r, singler : nat — list2;, appy : list2; X list2; — list2;, and the new equality
predicate Eqjigto, : list2r X list2; — bool.

V x:nat
nil; Z single(x)

V A, B:list2;
r'|i|I $—é appI(Aa B)

V x:nat V A, B:list2;
single;(x) # app;(A, B)

Y x,y:nat
single;(x) = single;(y) - x=y

V A, B, C,D:list2;
appi(A, B) = appi(C,D) - (A=CAB=D)

V x:nat
Eq|ist21(ni|l,Singlel(X)) = false

V A, B:list2;
Eq|i5t21(ni|17 appI(A7 B)) = true
< (Edjisto, (A, nilp) = true A Eqyigo, (B, nily) = true)
V x:natV A, B:list2;
quist21 (singler(x),appr(A, B)) = true

o (Edyist, (A, sirTgIeI(x)) = true A Eq|i5t2.l(B, nil) = true)V
(quistzI (A, nilf) = true A quist21(87 single;(x)) = true)

Y x,y:nat
Edlista, (singler(x), single(y)) = true &> x =y
Y A:list2r

Edjistz, (appr(nil, A), A) = true

V x,y:nat V A, B:list2g
Edjist2, (appr(single; (x), A), app (single;(y), B)) = true
< (x =y AEqjgo, (A, B) = true)
V A, B, C:list2]
Edjisez, (appr(appr (A, B), C), app; (A, app;(B, C))) = true

YV A:list2g
Eqjisto, (A, A) = true
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VA, B:list2,
Edjisto, (A, B) = true — Eqjigr, (B, A) = true

V A, B, C:list2;
(Edjist2, (A, B) = true A Eqjigro, (B, C) = true)
— Edjisip, (A, C) = true

Since list2; is freely generated, the strictness predicates! Héppl ¢ list2; x list2; — bool
and 9§pp : list2p x list2; — bool, as well as the minimal representation predicate vapp, :
list2; x list2; — bool are defined by:

V A, B:list2;
O;PPI(A’ B) = true
V A, B:list2;
0§ppI(A, B) = true
V A, B:list2;

Yapp; (A, B) = true

In addition, all constructor functions of list2; are non-overlapping. Hence, the destructor
function get_nat; : list2; — nat for the constructor function single; is defined by

V x:nat V A:list2;
A = single;(x) — A = single;(get_nat;(A)),
get_nat;(nilf) = 0 (= Vnat)

V A, B:list2y
get_nat;(app; (A, B)) = 0 (= Vnat)

And for the constructor function app; we introduce two destructor functions left_listy :
list2; — list2; for the first argument of app; and right_list; : list2y — list2; for the second
argument of app;. For these destructor functions we obtain the following representation

axioms:

V A, B, C:list2;
A = app;(B, C) — A = app;(left_list; (A), right_list; (A))

left_listr(nily) = nily
right_list; (nilr) = nily

V x:nat
left_listy(single;(x)) = single;(x)

V x:nat
right_list; (single;(x)) = single;(x)

"We will denote the strictness predicates for the reflexive constructor functions of the implementation data
type by 6, as opposed to the strictness predicates, ©, for the reflexive constructor functions of the original
data type. Similarly, « shall denote the minimal representation predicate for the implementation constructor

function, and I for the original constructor function.
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V A, B, C:list2;
A = appy(B, C) — vapp, (left_listy(A), right_list; (A)) = true

Now, left_list; and right_list; are both 1-bounded with difference predicates Allelft_nstl : list2r —

bool and Aﬁzght_nstl : list21 — bool, defined by
V A:list2;
Al st (A) = true <> A = appy(left_listy(A), right_list; (A))
V A:list2r
Alihesist, (A) = true < A = appy(left_listi (A), right_list; (A))

Furthermore, the function term_sizejisto, : list2; — nat is synthesized by:

YV A:list2g
A = nil; — term_sizejis2, (A) =0

YV A:list2;
A = singler(get_nat;(A)) — term_sizejisro, (A) =0

V A:list2;
A = app;(left_list; (A), right_list; (A))
— term_sizejisro, (A) =
succ(term_sizejso, (left_list;(A)) + term_sizejigto, (right_list; (A)))

In order to have easier proofs, we specify a function min_sizejso, : list2y — nat, by

YV A:list2;
min_sizejige2, (A) = pred(length(A)),

where length : list2; — nat is defined constructively by

YV A:list2;
A = nilf — length(A) =0

YV A:list2;
A = single;(get_nat;(A)) — length(A) = succ(0)

V A:list2g
A = app;(left_list; (A), right_list;(A))
— length(A) = (length(left_list;(A)) + length(right_list;(A)))

The specification of length is case-distinct, as proved by

vV A:list2p
- ( A = nili A A = single; (get_nat; (A)) )

V A:list2y
- ( A = nilf A A = app; (left_list (A), right_list;(A)) )

V A:list2;
- ( A = single(get_nat;(A)) A A = app;(left_listr(A), right_list; (A)) )
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Furthermore, the recursion ordering of length is well-founded. To prove that we use the
Estimation Calculus. There is only one recursive case with two recursive calls of length. Now,
we abbreviate the case condition

A = appy(left_list;(A), right_list; (A))

by . Then, for the first recursive call the derivation in the Estimation Calculus is given by

Identity
(SO? A jlist21 Aa false>

Estimation

<<,0, left_listr(A) Siist2; A, false V Allelft_listI(A)>

To prove the strict relation, we need to show

YV A:list2;
A = app;(left_list; (A), right_list;(A))
— (false v AlL . (A))

left_listy

which can be simplified to

YV A:list2;
A = app;(left_list; (A), right_list; (A))
— A = appy(left_list;(A), right_list; (A)).

Similarly, for the second recursive call we obtain:

Identity
(SO? A jlist21 Aa false>

Estimation

<<,o, right_list;(A) <iist2; A, false V AL (A)>

right_list;

To prove the strict relation, we need to show

YV A:list2;
A = app;(left_list; (A), right_list;(A))
— (false v AlL (A))

right_listy

which can be simplified to

V A:list2;
A = app;(left_list; (A), right_list; (A))
— A = appy(left_list;(A), right_list; (A)).

Now, we need to prove that the above axiomatization of min_sizejsrp, computes the minimal
size of a list, indeed. Therefore we need to show the following proof obligations
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V A, B:list2;
Edjisto, (A, B) = true — (min_sizejis2, (A) <pat term_sizejis2, (B)) = true

V A:list2; 3 B:list2;
Edjisto, (A, B) = true A (min_sizejisto, (A) >nat term_sizejiseo, (B)) = true

VA, B:list2;
Edjisto, (A, B) = true — min_sizejisr2, (A) = min_sizejist2, (B)

Next, we need to show that app denotes a size increasing constructor function. To do
that, we prove:

V A, B:list2;
(min_sizejiseo, (A) <nat Min_sizejiseo, (app;(A, B))) = truen
(min_sizejisto, (B) <nat min_sizejisto, (appr(A, B))) = true

Finally, we need to define the strictness predicates @},ppl : list2y x list2; — bool and @gpp :

list2y x list2; — bool, as well as the minimal representation predicate I3, : list2y xlist2; — bool.
We suggest the following definitions:

V A, B:list2;
©zpp; (A, B) = false
TR (Edjist2, (B, nilp) = true)V
(3 x:nat Eqyge, (A, nili) = true A Eqjisya, (B, single; (x)) = true)
V A, B:list2;
©3pp, (A, B) = false
> (quist2I(Aa nil) = true)V
(3 x:nat Eqjigrp, (B, nily) = true A Eqyigro, (A, singler(x)) = true)

V A, B:list2;
Capp; (A, B) = true
< (Edjisto, (A, nilp) = false A Eqjigrp, (B, nilp) = false)

However, we have to prove that our suggestions really define the strictness predicates and
the minimal representation predicate. Hence, we need to show that

V A, B:list2;

@;ppI(A, B) = true <> (min_sizejist2, (A) <nat Min_sizejisto, (appr(A, B))) = true
V A, B:list2;

@gppI(A, B) = true <+ (min_sizejistz, (B) <nat min_sizejisto, (appr(A, B))) = true
V A, B:list2;

Capp; (A, B) = true
<> min_sizejisro, (appy(A, B)) = succ(min_sizejisro, (A) + min_sizejigt2, (B))
Having done so, we know for our original specification list2 that the constructor func-

tion app is size increasing, and we can translate the strictness predicates and the minimal
representation predicate into the original specification. Hence, we obtain:
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V A, B:list2

@gpp(A, B) = false <+ ( (3 x:nat A (EBj ?\Igvz single(x)) )
V A, B:list2

©2,,(A,B) = false ( (3 x:nat B (EAnﬁ ;\IKVE single(x)) )

V A, B:list2 [, (A, B) = true <+ (A Z nil A B # nil)
The data type list2 possesses overlapping constructor functions, since
nil = app(nil, nil)

Thus, we cannot use the simplified construction scheme for the destructor functions.
The destructor function get_nat : list2 — nat for the constructor function single is defined
by:

V x:nat vV A:list2
A = single(x) — A = single(get_nat(A)),

vV A:list2
(V x:nat A # single(x)) — get_nat(A) =0 (= Vnat)-

And for the constructor function app we introduce two destructor functions left_list :
list2 — list2 for the first argument of app and right_list : list2 — list2 for the second argument
of app. For these destructor functions we obtain the following representation axioms:

V A, B, C:list2
A = app(B,C) — A = app(left_list(A), right_list(A)),

vV A:list2
(V B, C:list2 A # app(B, C)) — (left_list(A) = A Aright_list(A) = A),

vV A, B, C:list2
(A =app(B,C) AA Znil A (V x:nat A # single(x)))
— [app (left_list(A), right_list(A)) = true,

V A, B, C:list2
(A =app(B,C) A (A =nil VI x:nat A = single(x)))
— [app(left_list(A), right_list(A)) = false,

V A, B, C:list2
(A =app(B,C) AA # nil A (V x:nat A # single(x)) A Tapp(B, C) = true)
— [app (left_list(A), right_list(A)) = true.

They can be simplified to:

V A, B, C:list2
A = app(B,C) — A = app(left_list(A), right_list(A)),



46 CHAPTER 6. FINITE L1STs, list2

V A, B, C:list2
(A =app(B,C) AA £ nil A (V x:nat A # single(x)))
— [app(left_list(A), right_list(A)) = true,

V A, B, C:list2
(A = app(B,C) A (A =nil V 3 x:nat A = single(x)))
— Tapp(left_list(A), right_list(A)) = false.

Both reflexive destructor functions of the constructor function app, left_list and right_list,
are 1-bounded, and their difference predicates A}eft_“st : list2 — bool and A}ight_list : list2 —
bool, are defined by

vV A:list2

Alleft_list(A) = true

o A = app(left_list(A), right_list(A)) A
Capp(left_list(A), right_list(A)) = true
vV A:list2
Ar}ight_list(A) = true

o A = app(left_list(A), right_list(A)) A
Capp(left_list(A), right_list(A)) = true

For the data type list2 we will give constructive function and predicate specifications for
cons, member, length, delete, last, butlast, <jisto, <iist2, >list2, and >jist2-

6.1 cons: nat X list2 — list2

cons computes the insertion of an element at the beginning of a list, and it is defined by:

V x:nat vV A:list2
cons(x, A) = app(single(x),A)

Since this a non-recursive constructive specification, we are done.

6.2 member : nat X list2 — bool

member computes the containment relation of an element in a list and is defined by:

V x:nat V A:list2
A = nil — member(x, A) = false

V x:nat V A:list2
(A = single(get_nat(A)) A x = get_nat(A))
— member(x, A) = true

V x:nat V A:list2
(A = single(get_nat(A)) A x # get_nat(A))
— member(x, A) = false
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V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A)) >
— member(x, A) = true
< (member(x, left_list(A)) = true V member(x, right_list(A)) = true)

The recursion ordering of member is well-founded. There is only one definition case with two
recursive calls of member. Using the Estimation Calculus, abbreviating the invariant case
condition

A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

by ¢, we obtain the following derivation for the first recursive call:

Identity
<(:0a A jlist2 Aa false)
Estimation

{p, left_list(A) <pst2 A, false V ALy . (A) = true)

To ensure the strict relation, we need to prove

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))
— (false V Akg i (A) = true)

which simplifies to

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

. A = app(left_list(A), right_list(A)) A
app (left_list(A), right_list(A)) = true /-

A proof of this property is quite simple using the definition of the destructor functions, i.e.,

vV A, B, C:list2
(A =app(B,C) AA Znil A (V x:nat A # single(x)))
— [app (left_list(A), right_list(A)) = true.

Similarly, for the second recursive call of member we obtain:

Identity
<(:0a A jlist2 Aa false)

Estimation

<<,0, right_list(A) <jist2 A, false vV AL (A) = true>

right_list

To ensure the strict relation, we need to prove
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V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

— (false V ALy it (A) = true)

which simplifies to

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

. A = app(left_list(A), right_list(A)) A
app (left_list(A), right_list(A)) = true /-

6.3 length : list2 — nat

length computes the length of a list and is defined by:

V A:list2
A = nil — length(A) =0

vV A:list2
A = single(get_nat(A)) — length(A) = succ(0)
vV A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A)) >
— length(A) = (length(left_list(A)) + length(right_list(A)))

The recursion ordering of length is well-founded. There is only one definition case with two
recursive calls of length. Using the Estimation Calculus, abbreviating the invariant case
condition

A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

by ¢, we obtain the following derivation for the first recursive call:

Identity
(p, A <jist2 A, false)
Estimation
{ip, left_list(A) <jsr2 A, false V Alg, i (A) = true)

To ensure the strict relation, we need to prove

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))
— (false V Alg, i (A) = true)
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which simplifies to

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

. A = app(left_list(A), right_list(A)) A
Capp(left_list(A), right_list(A)) = true |

A proof of this property is quite simple using the definition of the destructor functions, i.e.,

V A, B, C:list2
(A =app(B,C) AA £ nil A (V x:nat A # single(x)))
— [app (left_list(A), right_list(A)) = true.

Similarly, for the second recursive call of length we obtain:

Identity
<(:0a A jlist2 Aa false)

Estimation

<<,0, right_list(A) <jist2 A, false vV AL (A) = true>

right_list

To ensure the strict relation, we need to prove

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

— (false v A}ight_list(A) = true)

which simplifies to

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))
. A = app(left_list(A), right_list(A)) A
app (left_list(A), right_list(A)) = true /-

6.4 delete : nat x list2 — list2

delete computes the delete operation on lists, thus it removes the first occurrence of a specified
object in a list, and it is defined by:

V x:nat V A:list2
A = nil — delete(x, A) = nil

V x:nat V A:list2
(A = single(get_nat(A)) A x = get_nat(A))
— delete(x, A) = nil
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V x:nat V A:list2
(A = single(get_nat(A)) A x # get_nat(A))
— delete(x, A) = single(get_nat(A))

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = true
— delete(x, A) = app(delete(x, left_list(A)), right_list(A))

V x:nat V A:list2
A = app(left_list(A), right_list(A)) A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = false
— delete(x, A) = app(left_list(A), delete(x, right_list(A)))

The recursion ordering of delete is well-founded. There are two definition cases with one
recursive call of delete in each. Using the Estimation Calculus for the first recursive case,
abbreviating the invariant case condition

A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = true

by ¢, we obtain the following derivation:

Identity
(p, A <jist2 A, false)
Estimation

{ip, left_list(A) <pst2 A, false V Alg, i (A) = true)

To ensure the strict relation, we need to prove

V x:nat V A:list2
A = app(left_list(A), right_list(A)) A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = true
— (false V Alg, i (A) = true)

which simplifies to

V x:nat V A:list2
A = app(left_list(A), right_list(A
AZnilANA# smgle(get nat(A
member(x, left_list(A)) = true
(A)A
= tru

N A = app(left_list(A rlght list(
[app (left_list(A), rlght list(A))

A proof of this property is quite simple using the definition of the destructor functions, i.e.,
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VvV A,B, C:list2
(A =app(B,C) AA #nil A (V x:nat A # single(x)))
— [app (left_list(A), right_list(A)) = true.
For the second recursive definition case of delete we abbreviate the invariant case condition
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = false

by ¢, and we obtain:

Identity
<(:0a A jlist2 Aa false)

Estimation

(ip, right list(A) <o A, false V Al i (A) = true)

To ensure the strict relation, we need to prove
V x:nat V A:list2
A = app(left_list(A), right_list(A)) A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = false
— (false v Anght st (A) = true)

which simplifies to

V x:nat V A:list2
A = app(left_list(A), right_list(A)) A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = false
R ( A = app(left_list(A), right_list(A)) A )
app (left_list(A), right_list(A)) = true /-

Again, we can prove this obligation easily using

V A, B, C:list2
(A =app(B,C) AA Znil A (V x:nat A # single(x)))
— [app (left_list(A), right_list(A)) = true.

In addition, delete is a 2-bounded function symbol. To prove this property, first of all, we
need to show that delete is completely specified, i.e.,
V x:natV A:list2
A =nilv
(A = single(get_nat(A)) A x = get_nat(A)V
(A = single(get_nat(A)) A x # get_ nat (A))V
A = app(left_list(A), right_list(A
AZnilANA#£ smgle(get nat(A
member(x, left_list(A)) = true
A = app(left_list(A), rlght list(A
AZnilANA#£ smgle(get nat(A
member(x, left_list(A)) = false
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Then, we examine each definition case separately. For the first case we abbreviate the invariant
case condition

A =nil

by ¢, and we obtain

—— ldentity ——
(¢, nil Xis2 nil, false)
—— Equation 1 ——
(¢, nil Zjist2 A, false)
For the second definition case we abbreviate the invariant case condition

(A = single(get_nat(A)) A x = get_nat(A))

by ¢, and we obtain

Equivalence

(i, nil <jist2 single(get_nat(A)), false)
Equation 1

(i, nil Rjist2 A, false)
For the third definition case we abbreviate the invariant case condition
(A = single(get_nat(A)) A x # get_nat(A))
by ¢, and we obtain

Identity

(¢, single(get_nat(A)) =<jist2 single(get_nat(A)), false)

Equation 1
(¢, single(get_nat(A)) <ist2 A, false)

For the fourth definition case we abbreviate the invariant case condition
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = true

by . Since this case is recursive, we may assume an additional inference rule as induction
hypothesis:

(p, left_list(A) Rjise2 A, A)
&= Induction Hypothesis
(ip, delete(x, left_list(A)) <ist2 left_list(A), A2 e (%, left_list(A)) = true)

delete

where £ is an abbreviation for the formula
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Vx:nat V A:list2 ¢ = A

Using this additional rule, we obtain:

Identity
(p, A <jist2 A, false)
Estimation
{ip, left_list(A) <psr2 A, false V Alg, i (A) = true)
Induction Hypothesis
{¢p, delete(x, left_list(A)) <ist2 left_list(A), A2, (x, left_list(A)) = true)

delete

where in order to enable the application of the induction hypothesis, the formula
V x:nat V A:list2 ¢ — (false V AL o (A) = true)

has to be proved. On the other hand, we obtain:

Identity
(¢, right_list(A) <jist2 right_list(A), false)

Hence, we can continue with the following derivation:

{ip, delete(x, left_list(A)) <2 left_list(A), A ... (%, left_list(A)) = true) ,

(¢, right_list(A) <jist2 right_list(A), false)
Weak Embedding

< ©, app(delete(x, left_list(A)), right_list(A)) <jist2 app(left_list(A), right_list(A)), >

false V A2, e (%, left_list(A)) = trueV
[app(delete(x, left_list(A)), right_list(A)) = false

Equation 3

false V A3 ... (x, left_list(A)) = truev

delete

< o, app(delete(x, left_list(A)), right_list(A)) <jist2 A, >
[app(delete(x, left_list(A)), right_list(A)) = false

where in order to enable the application of the Weak Embedding Rule, the formula

V x:nat V A:list2 ¢ — opp(left_list(A), right_list(A)) = true

has to be shown.
Finally, for the fifth definition case we abbreviate the invariant case condition

A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = false
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by ¢. Since this case is also a recursive, we may assume an additional inference rule as
induction hypothesis:
(o, right_list(A) Sjis2 A, A)
= Induction Hypothesis
(i, delete(x, right_list(A)) <jisea right_list(A), A2, e (%, right_list(A)) = true)

where £ is an abbreviation for the formula
V x:natV A:list2 p - A

Using this additional rule, we obtain:

Identity
(¢, left_list(A) <jist2 left_list(A), false)

On the other hand, we also obtain:

Identity
<(:0a A jlist2 Aa false)

Estimation

<<,0, right_list(A) <jist2 A, false vV AL (A) = true>

right_list

Induction Hypothesis
{¢p, delete(x, right_list(A)) =<jist2 right_list(A), A2, (%, right_list(A)) = true)

delete

where in order to apply the induction hypothesis, the formula

V x:nat V A:list2 ¢ — (false vV Al (A) = true)

right_list
has to be shown. Hence, we can continue with the following derivation:

(¢, left_list(A) <jist2 left_list(A), false) ,
{¢p, delete(x, right_list(A)) =<jist2 right_list(A), A2 .. (x, right_list(A)) = true)

» S delete

Weak Embedding
< p, app(left_list(A), delete(x, right_list(A))) <jist2 app(left_list(A), right_list(A)), >

false V A3 e (%, right_list(A)) = truev
Capp(left_list(A), delete(x, right_list(A))) = false

Equation 3
< w, app(left_list(A), delete(x, right_list(A))) <ist2 A, >

false V A3 e (%, right_list(A)) = truev
[app (left_list(A), delete(x, right_list(A))) = false

where in order to allow the application of the Weak Embedding Rule, the formula

V x:nat V A:list2 ¢ — (Fapp (left_list(A), right_list(A)) = true)
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has to be proved.
The corresponding difference predicate, Agelete : nat x list2 — bool, is now synthesized
with the simplified difference formulas from the derivations in the Estimation Calculus as:

V x:nat V A:list2
A = nil = A3 e (x, A) = false

V x:nat V A:list2
(A = single(get_nat(A)) A x = get_nat(A))
— A2, 0 (x, A) = false
V x:nat V A:list2
(A = single(get_nat(A)) A x # get_nat(A))
— A3 e (X, A) = false

delete

V x:nat V A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = true

Agelete (X, A) = true
- o Agelete (X, Ieft_list(A)) = trueV
[app (delete(x, left_list(A)), right_list(A)) = false

V x:nat V A:list2
A = app(left_list(A), right_list(A)) A
A # nil A A # single(get_nat(A))A
member(x, left_list(A)) = false
Agelete (X, A) = true
— o A3 e (%, right_list(A)) = trueV
[app (left_list(A), delete(x, right_list(A))) = false

6.5 last: list2 — nat
last computes the last element in a non-empty list, and it is defined by:

v A:list2
A = single(get_nat(A)) — last(A) = get_nat(A)

vV A:list2
A = app(left_list(A), right_list(A))A
( A # nil A A # single(get_nat(A))
— last(A) = last(right_list(A))

The recursion ordering of last is well-founded. There is only one recursive definition case with
a single recursive call of last. Hence, we abbreviate the invariant case condition

A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))
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by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity
<(:0a A =list2 Aa false)
Estimation
<<,0, right_list(A) <jist2 A, false vV A}ight_list(A) = true>
In order to prove the strict relation, we need to show
YV A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))
— (false V ALy it (A) = true)
which can be easily done using the definitions of A}ight_list and [5pp.

6.6 butlast : list2 — list2

butlast computes the original list without its last element, and it is defined by:

vV A:list2
A = nil — butlast(A) = nil

vV A:list2
A = single(get_nat(A)) — butlast(A) = nil

vV A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))
— butlast(A) = app(left_list(A), butlast(right_list(A)))

The recursion ordering of butlast is well-founded. There is only one recursive definition case
with a single recursive call of butlast. Hence, we abbreviate the invariant case condition

A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity
(9, A Sist2 A, false)

Estimation

<<Pa right list(A) <jist2 A, false V ALy i (A) = true>

In order to prove the strict relation, we need to show
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vV A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))
— (false V ALy it (A) = true)

which can be easily done using the definitions of A}ight_list and [5pp.

In addition, butlast denotes a 1-bounded function symbol. First of all butlast is completely
specified, as proved by

vV A:list2
A = nilv
A = single(get_nat(A))V
A = app(left_list(A), right_list(A))A | ~
A # nil A A # single(get_nat(A))

Then, we examine each definition case of butlast separately. For the first definition case
we abbreviate the invariant case condition

A =il

by ¢, and we obtain

— ldentity ———
(¢, nil <jise2 nil, false)
—— Equation 1 ——
(0, nil <jist2 A, false)

For the second definition case we abbreviate the invariant case condition
A = single(get_nat(A))

by ¢, and we obtain

Equivalence
(¢, nil =ist2 single(get_nat(A)), false)
Equation 1
(@, nil Zyist2 A, false)

For the third definition case we abbreviate the invariant case condition

A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))

by ¢, and since this is a recursive case, we may assume

(¢, right-list(A) =jis2 A, A)
= Induction Hypothesis
{p, butlast(right_list(A)) <ist2 right_list(A), Al . (right_list(A)) = true)

butlast

as an additional inference rule, where £ is an abbreviation for
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VA:list2 o — A

Then, we obtain:

Identity
(¢, left_list(A) <jist2 left_list(A), false)

On the other hand, we can derive:

Identity
(p, A <jist2 A, false)

Estimation

<<p, right_list(A) <2 A, false V AL . (A) = true>

right_list

Induction Hypothesis
{p, butlast(right_list(A)) <jist2 right_list(A), A2 .. (right_list(A)) = true)

butlast

where in order to enable the application of the induction hypothesis, the formula

V A:list2 p — (false vV Al (A) = true)

right_list

has to be proved. Now, we can continue with the derivation:

(¢, left_list(A) <jist2 left_list(A), false) ,
{p, butlast(right_list(A)) <jist2 right_list(A), A2 .. (right_list(A)) = true)

Weak Embedding
< o, app(left_list(A), butlast(right_list(A))) <jist2 app(left_list(A), right_list(A)), >

false v A2 . (right_list(A)) = trueV

butlast

[app (left_list(A), butlast(right_list(A))) = false
Equation 3

false V A2 . (right_list(A)) = trueV

< o, app(left_list(A), butlast(right_list(A))) <jist2 A, >
[app (left_list(A), butlast(right_list(A))) = false

where to allow the application of the Weak Embedding Rule,
V A:list2 o — [app(left_list(A), right_list(A)) = true

has to be proved.
The corresponding difference predicate, A%utlast : list2 — bool, is now synthesized with the
simplified difference formulas from the derivations in the Estimation Calculus as:

vV A:list2
A =nil = AL (A) = false

V A:list2
A = single(get_nat(A)) — AL 1. (A) = false
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vV A:list2
A = app(left_list(A), right_list(A))A
A # nil A A # single(get_nat(A))
At1>utlast (A) = true

~ RN A%utlast(right—liSt(A))) = trueV
Capp(left_list(A), butlast(right_list(A))) = false

6.7 <! list2 X list2 — bool

<jist2 computes the less-than-relation on lists, and it is defined by:

VA, B:list2
(A <jist2 B) = true <> (length(A) <nat length(B)) = true

Since this is a non-recursive constructive definition we are done. However note, that <jis»
denotes a well-founded order relation.

6.8 < q: list2 x list2 — bool
<jist2 computes the less-than-or-equal-relation on lists, and it is defined by:

vV A, B:list2
(A <iis2 B) = true <> (length(A) <pa¢ length(B)) = true

Since this is a non-recursive constructive definition we are done.

6.9 list2+ list2 x list2 — bool

>|ist2 computes the greater-than-relation on lists, and it is defined by:

VA, B:list2
(A >jist2 B) = true < (B <jist2 A) = true

Since this is a non-recursive constructive definition we are done.

6.10 >, list2 X list2 — bool

>)ist2 computes the greater-than-relation on lists, and it is defined by:

VA, B:list2
(A >jist2 B) = true <5 (B <jist2 A) = true

Since this is a non-recursive constructive definition we are done.
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Error Lists, errorlist

This specification of error lists (of nats), errorlist, uses three constructor functions error :—
errorlist, generating the error element, nil :— errorlist, generating the empty list, and cons :
nat X errorlist — errorlist, for the insertion of an element into an error list. Equality on errorlist
is specified by the axioms:

error Z nil

V x:nat V A:errorlist
error = cons(x, A) <> A = error

V x:nat V A:errorlist
nil Z cons(x, A)

V x,y:nat V A, B:errorlist
cons(x, A) = cons(y, B)

o (A = error A B = error)V
(x=yAA=B)

By the above specification we have defined a non-freely generated data type. Hence, we must
prove the constructor function cons to be size increasing by using the respective implementa-
tion specification. Furthermore, the strictness predicate ©2,, : nat x errorlist — bool and the
minimal representation predicate [¢ons : Nat X errorlist — bool have to be synthesized.

The implementation specification is automatically generated using the constructor func-
tions error; :— errorlisty, nily :— errorlist;, consy : nat X errorlisty — errorlist;, and the new

equality predicate Eqeroist, : €rrorlisty X errorlisty — bool.

61
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errory Z nily

V x:nat V A:errorlisty
errory # consy(x, A)

V x:nat V A:errorlisty
nily #Z cons(x, A)

V x,y:nat V A, B:errorlisty
consy(x,A) = consi(y,B) = (x=y AA =B)

qurrorlistl(errorl, nil;) = false

V x:nat V A:errorlisty
qurrorlistI (errorl’ ConSI(X7 A)) = true < qurrorIiStI(Aa errorl) = true

V x:nat V A:errorlist;
qurrorlistI (nil, consi(x, A)) = false

V x,y:nat V A, B:errorlisty
qurrorlistI (ConSI (Xa A)a consy (ya B)) = true
(qu"orlistl(A, errory) = true A qu"orlistl(B, errory) = true)V )

<~
(X =y A qurrorlistI(Aa B) = true)

Y A:errorlisty
qurrorlistI (A,A) = true

V A, B:errorlisty
qurrorlistI (Av B) = true — qurrorlistI(Ba A) = true

vV A, B, C:errorlist;
(qurrorlistI(Av B) = true A\ qurrorlistI(Ba C) = true)
- qurrorlistI(Aa C) = true

Since errorlisty is freely generated, the strictness predicate 030,,51 : nat x errorlist;y — bool,

as well as the minimal representation predicate 7ycons; : Nat X errorlisty — bool are defined by:

V x:nat V A:errorlisty
62, (x,A) = true

consy

V x:nat V A:errorlisty
Yeons (X, A) = true

In addition, all constructor functions of errorlist; are non-overlapping. Hence, for the
constructor function cons; we introduce two destructor functions cary : errorlist; — nat for the
first argument of consy and cdry : errorlist; — errorlist; for the second argument of cons;. For
these destructor functions we obtain the following representation axioms:

V x:nat V A, B:errorlisty
A = consi(x,B) — A = consy(car(A), cdri(A))

carr(nilf) =0 (= Vnat)
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carr(errorr) = 0 (= Vnat)
cdrI(niII) = niII
cdrr(errory) = errory

V x:nat V A, B:errorlisty
A = consi(x, B) = Yeons (cari(A), cdri(A)) = true

Now, cdry is 1-bounded with difference predicate AlL

cdry © errorlist; — bool, defined by

YV A:errorlisty
AL (A) = true <+ A = consy(cary(A), cdri(A))

cdry
Furthermore, the function term_sizeeyrorlist, : errorlisty — nat is synthesized by:

V A:errorlisty
A = nil; = term_sizeerrorist, (A) = 0

V A:errorlist;
A = error; — term_sizeesrorlist; (A) = 0

V A:errorlist;
A = consy(car;(A), cdri(A))
— term_sizeerrorlist; (A) = succ(term_sizegrrorlist, (cdri(A)))

In order to have easier proofs, we specify a function min_sizeerorlist, : errorlisty — nat, by

YV A:errorlisty
A = nil; = min_sizeerrorlist; (A) = 0

V A:errorlisty
A = error; — min_sizegrrorlist; (A) = 0

YV A:errorlisty

( A = consg(car(A), cdri(A))A >

qurrorlistI (Aa errorI) = true
- min—SizeerrorlistI(A) =0

V A:errorlisty
A = consy(carr(A), cdri(A))A
( qurrorlistI(AaerrorI) = false
- min—SizeerrorlistI(A) = Succ(min—SizeerrorlistI (Cdr[(A)))

The specification of min_sizegrorist; is case-distinct, as proved by
V A:errorlisty
A = nilfA
A = errorg
V A:errorlisty
A = nilfA

- ( A = consi(carr(A), cdri(A))A )

qurrorlistI(A, errory) = true
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V A:errorlisty
A = niliA
- ( A = cons;(cari(A), cdri(A))A )

qurrorlistI (A, errory) = false

YV A:errorlisty
A = erroriA

- ( A = cons;(cari(A), cdri(A))A )

qurrorlistI(Aa errory) = true

V A:errorlisty
A = errorA

- ( A = cons;(cary(A), cdri(A))A )

qurrorlistI (A, errory) = false

V A:errorlisty
A = consg(car(A), cdri(A))A
A
qurrorlistI(Aa errory) = true

- A = consy(cari(A), cdri(A))A
qurrorlistl (A, errory) = false

Furthermore, the recursion ordering of min_sizegroriist, is well-founded. To prove that we
use the Estimation Calculus. There is only one recursive case with a single recursive call of
Min_sizeerrorlist;- NOW, we abbreviate the case condition

( A = consy(car(A), cdri(A))A >

qurrorlistI(Aa errorl) = false

by . Then, using the Estimation Calculus, we obtain:

Identity
<(,0, A errorlist; A, falSG)

Estimation

<‘,0, CdrI (A) jerrorlistI Aa false V Aclz}irl (A)>

To prove the strict relation, we need to show

V A:errorlisty

( A = cons;(cari(A), cdri(A))A )

qurrorlistI(Aa errory) = false
— (false v Ai}er(A))

which can be simplified to

V A:errorlist;
A = consy(carr(A), cdri(A))A
qurrorlistI(Aa errorl) = false
— A = consy(cari(A), cdri(A)).
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Now, we need to prove that the above axiomatization of min_sizeeoriist; computes the
minimal size of an error list, indeed. Therefore we need to show the following proof obligations

V A, B:errorlisty
Ederrortist; (A,B) = true — (min_sizeerrorlist; (A) <nat term_sizeerroriist; (B)) = true

V A:errorlist; 3 B:errorlist;
Ederrorlist; (A, B) = true A (min_sizeerrorist; (A) >nat term_sizeeroriist; (B)) = true

YV A, B:errorlisty
qurrorlistI (Aa B) = true — min—SizeerrorlistI (A) = min—SizeerrorlistI(B)

Next, we need to show that cons denotes a size increasing constructor function. To do
that, we prove:

V x:nat V A:errorlisty
(min_sizeerrorist; (A) <nat MiN_sizeerrorist; (coOnsi(x, A))) = true.

Finally, we need to define the strictness predicate @fonsl : nat x errorlisty — bool and the
minimal representation predicate [cons; : nat x errorlisty — bool. We suggest the following

definitions:

V x:nat V A:errorlist]
egonsl (x,A) = true
AR qurrorlistI(Aa errory) = false

V x:nat V A:errorlist]
[ cons; (X, A) = true
AR qurrorlistI(Aa errory) = false

However, we have to prove that our suggestions really define the strictness and the minimal
representation predicate. Hence, we need to show that

V x:nat V A:errorlisty
@gonsl (x,A) = true
> (min_sizeerrorist; (A) <nat MIN_Sizeerroriist; (cONSI(x, A))) = true

V x:nat V A:errorlisty
[cons; (X, A) = true
A min—SizeerrorlistI(ConSI (x,A)) = Succ(min—Sizeerror“StI (A))

Having done so, we know for our original specification errorlist that the constructor function
cons is size increasing, and we can translate the strictness predicate as well as the minimal
representation predicate into the original specification. Hence, we obtain:

V x:nat V A:errorlist
@gons(x,A) = true
< A # error

V x:nat V A:errorlist
[cons(X, A) = true
< A # error
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The data type errorlist possesses overlapping constructor functions, since

V x:nat
error = cons(x, error)

Thus, we cannot use the simplified construction scheme for the destructor functions.

For the constructor function cons we introduce two destructor functions car : errorlist — nat
for the first argument of cons and cdr : errorlist — errorlist for the second argument of cons.
For these destructor functions we obtain the following representation axioms:

V x:nat V A, B:errorlist
A = cons(x, B) — A = cons(car(A), cdr(B))

car(nil) = 0 (= Vnat)
car(error) =0 (= Vnat)
cdr(nil) = nil

cdr(error) = nil

V x:nat V A, B:errorlist
(A = cons(x, B) A A # error)
— Teons(car(A), cdr(A)) = true

V x:nat V A, B:errorlist
(A = cons(x,B) A A = error)
— Teons(car(A), cdr(A)) = false

The reflexive destructor function of the constructor function cons, cdr, is 1-bounded, and

the difference predicate A(I:dr : errorlist — bool is defined by

V A:errorlist
Al (A) = true
o A = cons(car(A), cdr(A))A
lcons(car(A), cdr(A)) = true
For the data type errorlist we will give constructive function and predicate specifications
for app, member, min, max, length, delete, last, butlast, sort, <errorlists <Zerrorlist; errorlist; and

Zerrorlist-

7.1 app : errorlist X errorlist — errorlist

app computes the concatenation of two error lists and is defined by:

V A, B:errorlist
A = error — app(A, B) = error

V A, B:errorlist
A = nil — app(A,B) =B



7.2 member : nat x errorlist — bool 67

V A, B:errorlist
(A = cons(car(A), cdr(A)) A A # error)
— app(A, B) = cons(car(A), app(cdr(A), B))

The recursion ordering of app is well-founded. There is only one definition case with a single
recursive call of app. Hence, using the Estimation Calculus, abbreviating the invariant case
condition

(A = cons(car(A),cdr(A)) A A # error)
by ¢, we obtain the derivation:

Identity
(p, A <jist A, false)
Estimation
{p,cdr(A) <jist A, false V AL, (A) = true)

cdr

In order to prove the strict relation, we have to prove

V A, B:list
(A = cons(car(A),cdr(A)) A A £ error)
— (false V AL, (A) = true)

cdr

which can be simplified to

V A, B:list
(A = cons(car(A),cdr(A)) A A £ error)
A = cons(car(A), cdr(A))A )

- M cons(car(A), cdr(A))

This formula can be easily proved using the definition of the destructor functions.

7.2 member : nat X errorlist — bool

member computes the containment relation of an element in an error list and is defined by:

V x:nat V A:errorlist
A = error — member(x, A) = false

V x:nat V A:errorlist
A = nil — member(x, A) = false

V x:nat V A:errorlist
(A = cons(car(A),cdr(A)) A A # error Ax = car(A))
— member(x,A) = true

V x:nat V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A x # car(A))
— member(x, A) = member(x, cdr(A))
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The recursion ordering of member is well-founded. There is only one definition case with
a single recursive call of member. Hence, using the Estimation Calculus, abbreviating the
invariant case condition

(A = cons(car(A), cdr(A)) A A # error A x # car(A))
by ¢, we obtain the derivation:

Identity
(90, A Zerrorlist A,false>
Estimation
{p,cdr(A) Zemortist A, false V AL, (A) = true)

cdr

In order to prove the strict relation, we have to prove

V x:nat V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A x # car(A))
— (false vV AL, (A) = true)

cdr

which can be simplified to

V x:nat V A:errorlist
(A = cons(car(A),cdr(A)) A A # error Ax # car(A))

A = cons(car(A), cdr(A))A
- lcons(car(A), cdr(A)) = true

This formula can be easily proved using the definition of the destructor functions.

7.3 length : errorlist — nat
length computes the length of an error list and is defined by:

YV A:errorlist
A = error — length(A) =0

V A:errorlist
A = nil — length(A) =0

V A:errorlist
(A = cons(car(A),cdr(A)) A A £ error)
— length(A) = succ(length(cdr(A)))

The recursion ordering of length is well-founded. There is only one definition case with a single
recursive call of length. Hence, using the Estimation Calculus, abbreviating the invariant case
condition

(A = cons(car(A),cdr(A)) A A # error)
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by ¢, we obtain the derivation:

Identity
(90, A Zerrorlist A,false>
Estimation

{p, cdr(A) =Zerorlist A, false V Al (A) = true)

cdr

In order to prove the strict relation, we have to prove

V x:nat V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A x # car(A))
— (false vV AL, (A) = true)

cdr

which can be simplified to

V x:nat V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A x # car(A))

. ( A = cons(car(A), cdr(A))A )
[cons(car(A), cdr(A)) = true

This formula can be easily proved using the definition of the destructor functions.

7.4 delete : nat X errorlist — errorlist

delete computes the delete operation on error lists, thus it removes the first occurrence of a
specified object in an error list, and it is defined by:

V x:nat V A:errorlist
A = error — delete(x, A) = nil

V x:nat V A:errorlist
A = nil — delete(x, A) = nil

V x:nat V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A x = car(A))
— delete(x, A) = cdr(A)

V x:nat V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A x # car(A))
— delete(x, A) = cons(car(A), delete(x, cdr(A)))

The recursion ordering of delete is well-founded. There is only one definition case with a single
recursive call of member. Hence, using the Estimation Calculus, abbreviating the invariant
case condition

(A = cons(car(A),cdr(A)) A A # error A x # car(A))
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by ¢, we obtain the derivation:

Identity
(©, A Zerrorlist A, false)
Estimation

(p,cdr(A) Zerroriist A, false V Al (A) = true)

cdr

In order to prove the strict relation, we have to prove

V x:nat V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A x # car(A))
— (false vV AL, (A) = true)

cdr

which can be simplified to
V x:nat V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A x # car(A))
A = cons(car(A), cdr(A))A )

- lcons(car(A), cdr(A)) = true

This formula can be easily proved using the definition of the destructor functions.
In addition, delete denotes a 2-bounded function symbol. To prove this property, first of
all, we need to show that delete is completely specified, i.e.,

V x:nat V A:errorlist
A = errorV

A =nilv
(A = cons(car(A),cdr(A)) A A #£ error Ax = car(A))V
(A = cons(car(A), cdr(A)) A A # error A x # car(A))

Then, we examine each definition case separately. For the first case we obtain the derivation:

Identity

(A = nil, error <eproriist error, false)

Equation 1

(A = error, error <errorlist A, false)

For the second case we obtain the derivation:
Identity
(A = nil, nil <¢prorlist Nil, false)
Equation 1
(A = nil, nil Zerroriist A, false)

For the third case we abbreviate the case condition
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(A = cons(car(A), cdr(A)) A A # error A x = car(A))
by ¢, and we obtain the derivation in the Estimation Calculus:

Identity

(©, A Zerrorlist A, false)
Estimation

(0, cdr(A) Zemorist A, false V ALy (A) = true)

And, for the fourth case we abbreviate the case condition
(A = cons(car(A), cdr(A)) A A # error A x # car(A))

by . Furthermore, since this case is recursive, we can assume an additional inference rule as
the induction hypothesis:
<§0a Cdr(A) Serrorlist A, A>
&= Induction Hypothesis
{ip, delete(x, cdr(A)) =Zerrorist Cdr(A), Al e (cdr(A)) = true)

where £ is an abbreviation for the formula
V x:nat V A:errorlist ¢ — A

Then, we obtain the derivation:

Identity
(@, A =errorlist A, false)
Estimation

{(p,cdr(A) Zemortist A, false V AL, (A) = true)

cdr

Induction Hypothesis
{ip, delete(x, cdr(A)) =errortist cdr(A), A2, e (cdr(A)) = true)
Weak Embedding

¢, cons(car(A), delete(x, cdr(A))) =<errorlist cons(car(A),cdr(A)),
A3 e (cdr(A)) = true V Teons(car(A), delete(x, cdr(A))) = false

Equation 3

p, cons(car(A), delete(x, cdr(A))) <errorlist A,
A3 e (cdr(A)) = true V Teons(car(A), delete(x, cdr(A))) = false

where to enable the application of the induction hypothesis, the formula

V x:nat ¥ A:errorlist o — (false vV Al

cdr

(A) = true)

has to be proved, and in order to allow the application of the Weak Embedding Rule, the
formula
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V x:nat V A:errorlist ¢ — [cons(car(A), cdr(A)) = true

needs to be shown.
To synthesize the difference predicate Agelete : nat X errorlist — bool, we use the simplified
difference formulas from each derivation, and we obtain:

V x:nat V A:errorlist
A = error — A3, .0 (%, A) = false

V x:nat V A:errorlist
A = nil = A e (%, A) = false

V x:nat V A:errorlist

(A = cons(car(A),cdr(A)) A A # error Ax = car(A))
- Agelete (Xv A) Aidr(A)
V x:nat V A:errorlist

(A = cons(car(A), cdr(A)) A A # error A x # car(A))

Agelete (X, A) = true
— o A3 e (cdr(A)) = truev
[cons(car(A), delete(x, cdr(A))) = false

7.5 min : errorlist — nat
min computes the minimal element in a non-empty error list, and it is defined by:

V A:errorlist
(A = cons(car(A),cdr(A)) A A # error A cdr(A) = nil)
— min(A) = car(A)

V Ac:errorlist
A = cons(car(A),cdr(A)) A A # errorA

cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <nat car(cdr(A))) = true
— min(A) = min(cons(car(A), cdr(cdr(A))))

V A:errorlist
A = cons(car(A),cdr(A))
cdr(A) = cons(car(cdr(A)),
(car(A) <pat car(cdr(A

— min(A) = min(cdr(A)

A A # errorA
cdr(cdr(A)))A
r(A))) = false

)

The recursion ordering of min is well-founded. There are two definition cases with one recursive

call in each. For the first recursive case we obtain the derivation in the Estimation Calculus,
abbreviating the case condition

A = cons(car(A),cdr(A)) A A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <nat car(cdr(A))) = true
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by ¢:

Identity

(i, cdr(A) =errorlist cdr(A), false)
Estimation

< p, cdr(cdr(A)) Zerrortise cdr(A), >
false V Al (cdr(A)) = true

Weak Embedding
< o, cons(car(A), cdr(cdr(A))) =erorlist cons(car(A), cdr(A)), >

false V AL, (cdr(A)) = true V lcons(car(A), cdr(cdr(A))) = false
Equation 3

o, cons(car(A),cdr(cdr(A))) Zerrorlist A,
false V AL, (cdr(A)) = true V Teons(car(A), cdr(cdr(A))) = false

where to enable the application of the Weak Embedding Rule, the formula

V A:errorlist ¢ — [eons(car(A), cdr(A)) = true
has to be shown. In order to ensure the strict relation, we, therefore, need to prove

Y A:errorlist
A = cons(car(A), cdr(A)) A A #£ errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = true

false Vv Acdr(cdr( )) = trueV
[cons(car(A), cdr(cdr(A))) = false

which can be easily proved using the definitions of the involved functions. For the second
recursive case we abbreviate the case condition
A = cons(car(A),cdr(A)) A A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <nat car(cdr(A))) = false
by ¢, and we obtain the derivation:

Identity

(@, A =errorlist A, false)
Estimation

(0, cdr(A) Zerorist A, false V ALy (A) = true)

In order to prove the strict relation, we have to prove

V A:errorlist
A = cons(car(A), cdr(A)) A A #£ errorA

)
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = false
— (false V AL, (A) = true)

which can be easily proved using the definition of the involved functions.
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7.6 max: errorlist = nat
max computes the maximal element in a non-empty error list, and it is defined by:

V A:errorlist
(A = cons(car(A), cdr(A)) A A # error A cdr(A) = nil)
— max(A) = car(A)

V Ac:errorlist
A = cons(car(A),cdr(A)) AA # error/\

)
cdr(A) = cons(car(cdr(A)), cdr(cdr(A
(car(A) <nat car(cdr(A))) = true
— max(A) = max(cdr(A))

Y A:errorlist
A = cons(car(A), cdr

(A
cdr(A) = cons(car(cdr(A)), cdr(cdr(A

(car(A) <nat car(cdr(A))) = false

— max(A) = max(cons(car(A), cdr(cdr(A

) AAZ£ error/\ )
)
)))

The recursion ordering of max is well-founded. There are two definition cases with one re-
cursive call in each. For the first recursive case we obtain the derivation in the Estimation
Calculus, abbreviating the case condition

A = cons(car(A), cdr(A)) A A #£ errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = true

by ¢:

Identity

(90, A Zerrorlist A,false>
Estimation

(i, cdr(A) Zerroriist A, false V Acdr(A) = true)

In order to prove the strict relation, we have to prove

V A:errorlist
A = cons(car(A),cdr(A)) A A # errorA
c

)
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = true
— (false vV AL, (A) = true)

which can be easily proved using the definition of the involved functions.
For the second recursive case we abbreviate the case condition

A = cons(car(A),cdr(A)) A A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <nat car(cdr(A))) = false
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by ¢, and we obtain the derivation:

Identity
(i, cdr(A) =errorlist cdr(A), false)
Estimation
p, cdr(cdr(A)) =errorlist cdr(A),
false V AL, (cdr(A)) = true
Weak Embedding
o, cons(car(A), cdr(cdr(A))) =erorlist cons(car(A), cdr(A)),
false V ALy (cdr(A)) = true V Ieons(car(A), cdr(cdr(A))) = false
Equation 3

p, cons(car(A),cdr(cdr(A))) Zerrorlist A,
false V AL, (cdr(A)) = true V Teons(car(A), cdr(cdr(A))) = false

where to enable the application of the Weak Embedding Rule, the formula
V A:errorlist ¢ — [eons(car(A), cdr(A)) = true
has to be shown. In order to ensure the strict relation, we, therefore, need to prove

V A:errorlist
A = cons(car(A), cdr(A)) A A #£ errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
(car(A) <pat car(cdr(A))) = false

false V AL, (cdr(A)) = trueVv
7\ Teons(car(A), cdr(cdr(A))) = false

which can be easily proved using the definitions of the involved functions.

7.7 last : errorlist — nat

last computes the last element in a non-empty error list, and it is defined by:

V A:errorlist
A = cons(car(A),cdr(A))A
A # errorA
cdr(A) = nil
— last(A) = car(A)

V Ac:errorlist
A = cons(car(A),cdr(A))A
A # error
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))A
— last(A) = last(cdr(A))

The recursion ordering of last is well-founded. There is only one definition case with a single
recursive call. Hence, we use the Estimation Calculus, abbreviating the case condition
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A = cons(car(A), cdr(A))A
A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))

by ¢. We obtain the derivation:

Identity
(©, A Zerrorlist A, false)
Estimation

(p,cdr(A) Zerroriist A, false V Al (A) = true)

cdr

In order to prove the strict relation, we have to prove

V A:errorlist
A = cons(car(A),cdr(A))A
A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))
— (false V AL, (A) = true)

which can be easily proved using the definitions of the involved functions.

7.8 Dbutlast : errorlist — errorlist

butlast computes the original error list without its last element, and it is defined by:

V A:errorlist
A = error — butlast(A) = error

V A:errorlist
A = nil — butlast(A) = nil

Y A:errorlist
A = cons(car(A),cdr(A))A
A # errorA
cdr(A) = nil
— butlast(A) = nil

V Ac:errorlist
A = cons(car(A), cdr(A))A
A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))
— butlast(A) = cons(car(A), butlast(cdr(A)))

The recursion ordering of butlast is well-founded. There is only one definition case with a
single recursive call. Hence, we use the Estimation Calculus, abbreviating the case condition

A = cons(car(A), cdr(A))A
A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))
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by ¢. We obtain the derivation:

Identity

(90, A Zerrorlist A,false>
Estimation

(i, cdr(A) Zerroriist A, false V Al (A) = true)

cdr

In order to prove the strict relation, we have to prove

V A:errorlist
A = cons(car(A),cdr(A))A
A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))
— (false V AL, (A) = true)
which can be easily prove using the definitions of the involved functions.
To prove that butlast is 1-bounded, first of all, we need to show that butlast is completely
specified, i.e.,

Y A:errorlist
A = errorV
A =nilv
A = cons(car(A), cdr(A))A
A # errorA \%
cdr(A) = nil
A = cons(car(A),cdr(A))A
A # errorA

cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))

Then, we examine each definition case separately. For the first definition case we abbreviate
the case condition

A = error

by ¢. Then, we obtain the derivation:

Identity

(i, error <erroriist error, false)

Equation 1

(‘Pa error =errorlist A,false)
For the second definition case we abbreviate the case condition

A =il
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by ¢. Then, we obtain the derivation:

Identity ———
(@, nil Zerrontist nil, false)
— Equation 1 ———
<‘107 nil errorlist A, false)

For the third definition case we abbreviate the case condition
A = cons(car(A), cdr(A))A
A # errorA
cdr(A) = nil
by ¢, and we obtain the derivation:

Minimum
(@, nil <errorlist A, A Z nil A A # error)
For the fourth definition case we abbreviate the case condition
A = cons(car(A), cdr(A))A
A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))
by . Since this is a recursive definition case, we may assume the additional inference rule
(@, cdr(A) Zerrorlist A, A)
&= Induction Hypothesis
{p, butlast(cdr(A)) Zerrortist cdr(A), AL 1. (cdr(A)) = true)

butlast

as an induction hypothesis, where £ is an abbreviation for the formula
YV A:errorlist o — A

Now, we obtain the derivation:

Identity
(@, A =errorlist A, false)
Estimation
<(:0a Cdr(A) jerrorlist A, false vV Al (A) = true>

cdr

Induction Hypothesis
(¢, butlast(cdr(A)) Zerorist cdr(A), Al .. (cdr(A)) = true)

» =butlast

Weak Embedding

©,cons(car(A), butlast(cdr(A))) =errorlist cons(car(A), cdr(A)),
Al st (cdr(A)) = true V Teons(car(A), butlast(cdr(A))) = false

Equation 3

@, cons(car(A), butlast(cdr(A))) <errorlist A,
Al st (cdr(A)) = true V Teons(car(A), butlast(cdr(A))) = false
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where to enable the application of the induction hypothesis, the formula

V A:errorlist o — (false V Al, (A) = true)

cdr

has to be proved, and to allow the application of the Weak Embedding Rule, the formula
V A:errorlist [cons(car(A), cdr(A)) = true

needs to be shown.
Using the simplified difference formulas, we can now synthesize the definition of Al.l)utlast :
errorlist — bool:

V A:errorlist
A = error — Al . (A) = false

V A:errorlist
A = nil —» Al

butlast

(A) = false

V Ac:errorlist
A = cons(car(A),cdr(A))A
A # errorA
cdr(A) = nil

— A} (A) = true

butlast
V A:errorlist
A = cons(car(A), cdr(A))A
A # errorA
cdr(A) = cons(car(cdr(A)), cdr(cdr(A)))
Atlwutlast(A) = true

- > A%)utlast(cdr(A)) = trueV
rcons(Car(A), butlast(cdr(A))) = false

7.9 sort : errorlist — errorlist

sort sorts an error list, defined by:

Y A:errorlist
A = error — sort(A) = error

V A:errorlist
A = nil — sort(A) = nil

V A:errorlist
(A = cons(car(A), cdr(A)) A A # error)
— sort(A) = cons(min(A), sort(delete(min(A), A)))

The recursion ordering of sort is well-founded. There is only one recursive definition case with
a single recursive call. Hence, we abbreviate the case condition

(A = cons(car(A),cdr(A)) A A # error)
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by . Using the Estimation Calculus, we obtain the following derivation:

Identity

(90, A Zerrorlist A,false>
Estimation

{¢p, delete(min(A), A) Zerorlist A, false V A (min(A),A) = true)

delete

To prove the strict relation, we need to show

V A:errorlist
(A = cons(car(A),cdr(A)) A A £ error)
— (false V A3,...(min(A), A) = true)

which can be proved by induction.

7.10 < ons: €rrorlist x errorlist — bool

<errorlist computes the less-than-relation on error lists, and it is defined by:

V A, B:errorlist
B = error — (A <errorlist B) = false

V A, B:errorlist
(B £ error A A = error) = (A <errorlist B) = false

V A, B:errorlist
B = nil = (A <errorlist B) = false

V A, B:errorlist
B = cons(car(B), cdr(B))A
B £ errorA
A =il
— (A <errorlist B) = true

VY A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorlist cdr(B)) = true
- (A <errorlist B) = true

V A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorlist cdr(B)) = false
- (A <errorlist B) = false
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The recursion ordering of <gporiist i well-founded: There are two definition cases with a
single recursive call of <erorlist in €ach. For each recursive definition case and each argument
we use the Estimation Calculus. Starting with the first recursive case, we abbreviate the
invariant case condition

B = cons(car(B), cdr(B))A
B £ errorA
A = cons(car(A),cdr(A))A
A # errorA
(cdr(A) <errorlist cdr(B)) = true

by . For the first argument of <errorlist; A, We obtain:

Identity
(©, A Zerrorlist A, false)
Estimation
<(:0a Cdr(A) jerrorlist A, false vV Al (A) = true>

cdr

In order to ensure the strict <erorlist-relation, we have to show

V A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(Cdr(A) <errorlist Cdr(B)) = true
— (false V AL, (A) = true),

cdr

which can be done using the definitions of the involved functions. And for the second argument
of <errorlists B, we obtain:

Identity
(¢, B Zerrorlist B, false)
Estimation
<(:0a Cdr(B) =errorlist B, false vV Al (B) = true>

cdr

In order to ensure the strict <erorlist-relation, we have to show

V A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(Cdr(A) <errorlist Cdr(B)) = true
— (false V AL, (B) = true),

cdr

which can be done using the definitions of the involved functions.
For the second recursive definition case we abbreviate the invariant case condition
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B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorlist cdr(B)) = false

by . For the first argument of <errorlist; A, We obtain:

Identity
(0, A Zerrorlist A, false)
Estimation

(p,cdr(A) Zerroriist A, false V Al (A) = true)

cdr

In order to ensure the strict <erorlist-relation, we have to show

YV A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorlist cdr(B)) = false
— (false vV AL, (A) = true),

cdr

which can be done using the definitions of the involved functions. And for the second argument
of <errorlists B, we obtain:

Identity

(90, B =errorlist B,false>
Estimation

{(p, cdr(B) Zerroriist B, false V Al (B) = true)

cdr

In order to ensure the strict <eporiist-relation, we have to show

V A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorist cdr(B)) = false
— (false vV Al (B) = true),

cdr

which can be done using the definitions of the involved functions. Thus, the recursion ordering
of <errorlist 18 a well-founded ordering.

In addition, <errorlist denotes a well-founded ordering as well. To prove that, we first have
to show that <eporiist 18 completely specified, i.e.,
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YV A, B:errorlist
(B = error)V
(B # error A A = error)V
(B =nil)v
B = cons(car(B), cdr(B))A
B # errorA Vv
A =il
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A v
A £ errorA
(cdr(A) <erroriist cdr(B)) = true
B = cons(car(B), cdr(B))A
B £ errorA
A = cons(car(A), cdr(A))A
A # errorA
(cdr(A) <errorlist cdr(B)) = false

Next, for each definition case we show that
V A, B:errorlist (A <errorlist B) = true — A <errorist B,

again, using the Estimation Calculus. For the first definition case we obtain

Tautology
(B = error A false = true, A <errorlist B, A1)

where in order to enable the application of the Tautology Rule, the first-order formula

V A, B:errorlist
—(B = error A false = true)

has to be proved. To prove the strict relation, the formula,

V A, B:errorlist
(B = error A false = true) — A

has to be shown. For the second definition case we obtain

Tautology
B # error A A = error A false = true,
A errorlist Ba Ay
where in order to enable the application of the Tautology Rule, the first-order formula

V A, B:errorlist
—(B # error A A = error A false = true)

has to be proved. To prove the strict relation, the formula,
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V A, B:errorlist
(B # error A A = error A false = true) — A,

has to be shown. For the third definition case we obtain

Tautology
(B = nil A false = true, A <errorlist B, A3z)

where in order to enable the application of the Tautology Rule, the first-order formula

V A, B:errorlist
—(B = nil A false = true)

has to be proved. To prove the strict relation, the formula

V A, B:errorlist
(B = nil A false = true) — A3

has to be shown. For the fourth definition case we obtain the derivation

Minimum

< B = cons(car(B), cdr(B)) A B # errorA >

A = nil A true = true,
nil <errorlist B, B Z nil A B # error
Equation 5

A = nil A true = true,

< B = cons(car(B), cdr(B)) A B # errorA >
A =errorlist B, B Z nil A B Z error
showing the strict relation by

V A, B:errorlist
B = cons(car(B), cdr(B)) A B # errorA
A = nil A true = true )
— (B # nil A B # error)

The fifth definition case is a recursive case. Hence, we need to make an additional case
analysis:

(Cdr(A) <errorlist Cdr(B)) = true or
(cdr(A) <errortist cdr(B)) = false.

For the first case we can assume as an induction hypothesis the inference rule:

Induction Hypothesis
(@, cdr(A) =errorlist cdr(B), true)

where we use ¢ as an abbreviation for
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B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorlist cdr(B)) = trueA
true = trueA
(cdr(A) <erroriist cdr(B)) = true

Then, the derivation of

(¢, A Zerrorlist B, Ag)
is achieved by:

Induction Hypothesis
(e, cdr(A) =errorlist cdr(B), true)
Weak Embedding

< o, cons(car(A), cdr(A)) =erroriist cons(car(B),cdr(B)), >

true V [eons(car(A), cdr(A)) = false
Equation 3

o, cons(car(A), cdr(A)) =errorlist B,
true V INeons(car(A), cdr(A)) = false

Equation 5
(0, A <erroriist B, true V Ieons(car(A), cdr(A)) = false)

where in order to enable the application of the Weak Embedding Rule, the first-order formula
V A, B:errorlist ¢ — Tcons(car(B), cdr(B)) = true
has to be shown. The strict relation is proved by

V A, B:errorlist
@ — (true V Tcons(car(A), cdr(A)) = false).

For the second case we cannot assume an induction hypothesis. We prove the estimation
formula

(‘107 A =errorlist B, AS)
where ¢ is an abbreviation for

B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A = errorA
(Cdr(A) <errorlist Cdr(B)) = trueA
true = true/A
(cdr(A) <erortist cdr(B)) = false




86 CHAPTER 7. ERROR LISTS, errorlist

by an application of the Tautology Rule, where in order to enable this application, it is
necessary to prove the first-order formula:

VY A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
- A = errorA
(cdr(A) <errorlist cdr(B)) = trueA
true = trueA
(cdr(A) <erroriist cdr(B)) = false

To prove the strict relation, the formula

YV A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorist cdr(B)) = trueA
true = trueA
(cdr(A) <errorist cdr(B)) = false
— A5

needs to be shown.
The sixth definition case is also a recursive case. Hence, we need to make an additional
case analysis:

(cdr(A) <errorist cdr(B)) = true or

(cdr(A) <erortist cdr(B)) = false.

Although for the first case we could assume an induction hypothesis, this is not necessary
since the derivation of the estimation formula

(‘107 A =errorlist B, A6>

where ¢ is an abbreviation for

B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorist cdr(B)) = falseA
false = trueA
(Cdr(A) <errorlist Cdr(B)) = true

can be achieved by the application of the Tautology Rule. In order to enable this application,
the first-order formula
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YV A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A),cdr(A))A
- A = errorA
(cdr(A) <errorlist cdr(B)) = falseA
false = trueA
(cdr(A) <errortist cdr(B)) = true

has to be shown. And for the strict relation, the formula

V A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A # errorA
(cdr(A) <errortist cdr(B)) = falseA
false = truen
(cdr(A) <errorlist cdr(B)) = true
— A6

needs to be proved. For the second case we cannot assume an induction hypothesis. We prove
the estimation formula

(‘107 A =errorlist B, A?)

where ¢ is used as an abbreviation for

B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
A £ errorA
(cdr(A) <errorlist cdr(B)) = falsen
false = trueA
(cdr(A) <errorist cdr(B)) = false

by an application of the Tautology Rule, where in order to enable this application, it is
necessary to prove the first-order formula:

YV A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A), cdr(A))A
- A = errorA
(cdr(A) <errorlist cdr(B)) = falseA
false = trueA
(cdr(A) <errorlist cdr(B)) = false

To prove the strict relation, the formula
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YV A, B:errorlist
B = cons(car(B), cdr(B))A
B # errorA
A = cons(car(A),cdr(A))A
A £ errorA
(cdr(A) <errorist cdr(B)) = falsen
false = trueA
(cdr(A) <errorist cdr(B)) = false
— A7

needs to be shown.
Having proved all these obligations, <erorlist denotes a well-founded order relation.

711 <ipoms: €rrorlist x errorlist — bool

<errorlist computes the less-than-or-equal-relation on error lists, and it is defined by:

V A, B:errorlist
(A Zerrorlist B) = true & (B <errorlist A) = false

Since this is a non-recursive constructive definition we are done.

7.12 >0 errorlist X errorlist — bool

>errorlist cOmputes the greater-than-relation on error lists, and it is defined by:

V A, B:errorlist
(A >errorlist B) = true < (B <errorlist A) = true

Since this is a non-recursive constructive definition we are done.

7.13  >..oms: €rrorlist x errorlist — bool

>errorlist computes the greater-than-relation on error lists, and it is defined by:

V A, B:errorlist
(A = errorlist B) = true < (B <Zerrorlist A) = true

Since this is a non-recursive constructive definition we are done.



Finite Sets, s

This specification of finite sets (of nats), set, uses two constructor functions empty :— set,
generating the empty set, and ins : nat X set — set, for the insertion of an element into a

set. Equality on set is specified using an auxiliary predicate €: nat x set — bool and by the
axioms:

V x:nat
x ¢ empty

V x,y:nat V A:set
x €ins(y,A) <> (x=yVx €A)

V A, B:set
A=B + (Vx:natx € A <> x € B)

By the above specification we have defined a non-freely generated data type. Hence, we must
prove the constructor function ins to be size increasing by using the respective implementation
specification. Furthermore, the strictness predicate @izns : nat X set — bool and the minimal
representation predicate [, : nat x set — bool have to be synthesized.

The implementation specification is automatically generated using the constructor func-

tions empty; :— sety, insy : nat x set; — sety, as well as the new equality predicate Eqq, :
set; X set; — bool.

V x:nat V A:sety
empty; Z insp(x, A)

89
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Vx,y:nat V A, B:sety
insg(x,A) =insi(y,B) - (x=yAA=B)

V x:nat
X 1 emptyy

V x,y:nat V A:set;
x €insi(y,A) < (x=yVxerA)

V A, B:setp
Edget, (A, B) = true
< (Vx:natx €1 A <> x €1 B)

V A:setg
Edger; (A, A) = true

V A, B:setp
Edser; (A, B) = true — Eqge, (B, A) = true

VvV A, B, C:set;
(EqSetI (A,B) = true A EqsetI(B, C) = true)
— Eqget, (A, C) = true

V x,y:nat V A, B:sety
(x =y A Eqge, (A, B) = true)
—)(XE[A(—)yEI B)
Since sety is freely generated, the strictness predicate Qiznsl : nat X set; — bool, as well as
the minimal representation predicate vins, : nat x set;y — bool are defined by:

V x:nat V A:sety
62 . (x,A) = true

Insy

V x:nat V A:sety
Vins; (X, A) = true

In addition, the constructor functions of set; are non-overlapping. Hence, for the con-
structor function ins; we introduce two destructor functions elementy : set; — nat for the first
argument of insy and subset; : set; — set; for the second argument of ins;. For these destructor
functions we obtain the following representation axioms:

V x:natV A, B:set;
A = inst(x,B) — A = insy(elementy(A), subsetr(A))

elementy(empty;) =0 (= Vnat)

subset;(empty;) = empty;

V x:natV A, B:set;
A = insg(x, B) = 7ins; (element;(A), subset;(A)) = true

Now, subset; is 1-bounded with difference predicate A : sety — bool, defined by

I1
subset;
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V A:setp
AH

subsety

(A) = true <> A = insg(element(A), subset;(A))
Furthermore, the function term_sizes, : set; — nat is synthesized by:

V A:sety
A = empty; — term_sizeget, (A) =0

V A:setp
A = insi(element(A), subset;(A))
— term_sizeser, (A) = succ(term_sizeset, (subseti(A)))

In order to have easier proofs, we specify a function min_sizesy, : sety — nat, by

V A:sety
A = empty; — min_sizeget, (A) =0

V A:setg
(A = ins(element(A), subset;(A)) A element;(A) €1 subsetr(A))
— min_sizeget, (A) = min_sizeget, (subset;(A))

YV A:sety
(A = insg(element;(A), subset;(A)) A element(A) & subset(A))
— Min_sizeser, (A) = succ(min_sizeset, (subseti(A)))

The specification of min_sizes, is case-distinct, as proved by

V A:setp

A = empty;A
7\ (A =insi(element;(A), subset;(A)) A element;(A) €r subset;(A))

V A:setp

A = empty;A
(A = insg(element;(A), subset;(A)) A element;(A) & subset;(A))

YV A:sety
(A = insg(element;(A), subset;(A)) A element;(A) €1 subset;(A))A
7\ (A = ins(element(A), subset;(A)) A element;(A) ¢ subset;(A))

Furthermore, the recursion ordering of min_sizes, is well-founded. To prove that we
use the Estimation Calculus. There are two recursive cases with a single recursive call of
min_sizeset, in each. For the first recursive case we abbreviate the case condition

(A = insg(element;(A), subset;(A)) A element(A) €1 subset(A))

by . Then, using the Estimation Calculus, we obtain:

Identity
(p, A =eet; A, false)

Estimation

<<p, subset;(A) <set; A, false vV Al (A)>

subset;

To prove the strict relation, we need to show
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V A:setp
(A = ins(element(A), subset;(A)) A element;(A) €1 subsetr(A))
— (false V ALl (A))

which can be simplified to

YV A:sety
(A = insg(element;(A), subset;(A)) A element(A) €1 subset(A))
— A = insp(elementy(A), subsetr(A)).

Similarly, for the second recursive case, we abbreviate the case condition
(A = insg(elementy(A), subset;(A)) A elementr(A) &1 subseti(A))
by . Then, using the Estimation Calculus, we obtain:

Identity
(p, A <eet; A, false)

Estimation

(ip, subseti(A) =ty A false V AL (A))

subset;
To prove the strict relation, we need to show

YV A:sety
(A = insg(element;(A), subset;(A)) A element(A) & subset(A))
- (false \ A&Jbsetl(A))

which can be simplified to

YV A:sety
(A = insg(element;(A), subset;(A)) A element(A) & subset(A))
— A = insi(element;(A), subset;(A)).

Now, we need to prove that the above axiomatization of min_sizest,; computes the minimal
size of a set, indeed. Therefore we need to show the following proof obligations

V A, B:sety
Eqget, (A, B) = true — (min_sizeget; (A) <nat term_sizeger, (B)) = true

V A:set; 3 B:sety
Edget, (A, B) = true A (min_sizeger; (A) >nat term sizeger, (B)) = true

V A, B:sety
Edget, (A, B) = true — min _sizege, (A) = min _sizege, (B)

Next, we need to show that ins denotes a size increasing constructor function. To do that,
we prove:

V x:nat V A:sety
(min_sizeser, (A) <nat Min_sizeset, (insi(x, A))) = true.
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Finally, we need to define the strictness predicate @iznsl : nat x set; — bool and the minimal

representation predicate [jns, : nat x set;y — bool. We suggest the following definitions:

V x:nat V A:setp
eiznsl (x,A) = true

(—)XQIA

V x:nat V A:sety
Cins; (x, A) = true
X €I A

However, we have to prove that our suggestions really define the strictness and the minimal
representation predicate. Hence, we need to show that

V x:nat V A:sety
@iznsl (x,A) = true
< (min_sizeset; (A) <nat Min_sizege, (insy(x, A))) = true

V x:nat V A:setp
Cins; (X, A) = true
<> min_sizegey, (insg(x, A)) = succ(min_sizeget, (A))

Having done so, we know for our original specification set that the constructor function
ins is size increasing, and we can translate the strictness predicate as well as the minimal
representation predicate into the original specification. Hence, we obtain:

V x:nat V A:set
2. (x,A) = true

> xEA

V x:nat V A:set
Fins(x, A) = true
> xEA

The data type set possesses non-overlapping constructor functions, since

V x:nat V A:set
empty Z ins(x, A)

holds. Hence, we can use the simplified construction scheme for the destructor functions.

For the constructor function ins we introduce two destructor functions element : set — nat
for the first argument of ins and subset : set — set for the second argument of ins. For these
destructor functions we obtain the following representation axioms:

V x:natV A, B:set
A = ins(x, B) — A = ins(element(A), subset(B))

element(empty) =0 (= Vnat)

subset(empty) = empty
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V x:natV A, B:set
A = ins(x, B)
— Tins(element(A), subset(A)) = true

The reflexive destructor function of the constructor function ins, subset, is 1-bounded, and

the difference predicate Aiubset : set — bool is defined by
V A:set
Aiubset(A) = true

< A = ins(element(A), subset(A))

For the data type set we will give constructive function and predicate specifications for
delete, union, inter, diff, min, max, card, sort, <set, <set, >set, and get-

8.1 delete : nat x set — set

delete computes the delete operation on sets, thus it removes a specified object in a set, and
it is defined by:

V x:nat V A:set
A = empty — delete(x, A) = empty

V x:natV A:set
(A = ins(element(A), subset(A)) A x = element(A))
— delete(x, A) = subset(A)

V x:natV A:set
(A = ins(element(A), subset(A)) A x # element(A))
— delete(x, A) = ins(element(A), delete(x, subset(A)))

The recursion ordering of delete is well-founded. There is only one definition case with a single
recursive call of delete. Hence, using the Estimation Calculus, abbreviating the invariant case
condition

(A = ins(element(A), subset(A)) A x # element(A))

by ¢, we obtain the derivation:

Identity
(p, A <set A, false)
Estimation
{p,subset(A) =eer A, false V AL . (A) = true)

subset

In order to prove the strict relation, we have to prove

V x:natV A:set
(A = ins(element(A), subset(A)) A x # element(A))
— (false vV AL (A) = true)

subset
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which can be simplified to

V x:nat V A:set
(A = ins(element(A), subset(A)) A x # element(A))
— A = ins(element(A), subset(A)).

In addition, delete denotes a 2-bounded function symbol. To prove this property, first of
all, we need to show that delete is completely specified, i.e.,

V x:nat V A:set
A = emptyV
(A = ins(element(A), subset(A)) A x = element(A))V
(A = ins(element(A), subset(A)) A x # element(A))

Then, we examine each definition case separately. For the first case we obtain the derivation:

Identity

(A = empty, empty =gt empty, false)
Equation 1

(A = empty, empty =t A, false)
For the second case we abbreviate the case condition
(A = ins(element(A), subset(A)) A x = element(A))

by ¢, and we obtain the derivation in the Estimation Calculus:

Identity
(Lpa A jset Aa false)
Estimation

(p,subset(A) =eet A, false V AL | (A) = true)

subset

And, for the third case we abbreviate the case condition
(A = ins(element(A), subset(A)) A x Z element(A))

by . Furthermore, since this case is recursive, we can assume an additional inference rule as
the induction hypothesis:
(¢, subset(A) =set A, A)
&= Induction Hypothesis
{ip, delete(x, subset(A)) <set subset(A), A, (subset(A)) = true)

where £ is an abbreviation for the formula

Vx:natV A:set o = A
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Then, we obtain the derivation:

Identity
(p, A =Zeet A, false)
Estimation
{(p,subset(A) =set A, false V AL | (A) = true)
Induction Hypothesis
(ip, delete(x, subset(A)) <set subset(A), A3, (subset(A)) = true)
Weak Embedding

@, ins(element(A), delete(x, subset(A))) <set ins(element(A), subset(A)),
A3 o (subset(A)) = true V Mins(element(A), delete(x, subset(A))) = false

Equation 3
¢, ins(element(A), delete(x, subset(A))) <set A,
A3 e (subset(A)) = true V [ins(element(A), delete(x, subset(A))) = false

where to enable the application of the induction hypothesis, the formula

V x:natV A:set ¢ — (false V AL, . (A) = true)

has to be proved, and to allow the application of the Weak Embedding Rule, the formula
V x:nat V A:set ¢ — [ips(element(A), subset(A)) = true

needs to be proved.
In order to synthesize the difference predicate Agelete : nat X set — bool, we use the

simplified difference formulas from each derivation, and we obtain:

V x:nat V A:set
A = empty = A e (X, A) = false

V x:natV A:set
(A = ins(element(A), subset(A)) A x = element(A))

— Agelete (x,A) = true

V x:nat V A:set
(A = ins(element(A), subset(A)) A x # element(A))
- Agelete (X7 A) = Agelete (X’ SUbset(A))

8.2 union : set X set — set

union computes the union of two sets, and it is defined by:

V A, B:set
A = empty — union(A,B) =B

V A, B:set
A = ins(element(A), subset(A))
— union(A, B) = ins(element(A), union(subset(A), B))
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The recursion ordering of union is well-founded. There is only one definition case with a single
recursive call of union. Hence, using the Estimation Calculus, abbreviating the invariant case

condition
A = ins(element(A), subset(A))

by ¢, we obtain the derivation:

Identity

(Lpa A jset Aa false)
Estimation

{p,subset(A) =eet A, false V AL (A) = true)

subset

In order to prove the strict relation, we have to prove

V x:nat V A:set
A = ins(element(A), subset(A))
— (false vV AL (A) = true)

subset

which can be simplified to

V x:natV A:set
A = ins(element(A), subset(A))
— A = ins(element(A), subset(A)).

8.3 inter:set X set — set
inter computes the intersection of two sets, and it is defined by:

V A, B:set
A = empty — inter(A, B) = empty

V A, B:set
(A = ins(element(A), subset(A)) A element(A) € B)
— inter(A, B) = ins(element(A), inter(subset(A), B))

V A, B:set
(A = ins(element(A), subset(A)) A element(A) & B)
— inter(A, B) = inter(subset(A), B)

The recursion ordering of inter is well-founded. There are two recursive definition cases with
a single recursive call in each. For the first recursive case we abbreviate the invariant case

condition

(A = ins(element(A), subset(A)) A element(A) € B)
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by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity
(p, A <set A, false)
Estimation

(p,subset(A) =eer A, false V AL | (A) = true)

subset

In order to prove the strict relation, we have to prove

V x:natV A:set
(A = ins(element(A), subset(A)) A element(A) € B)
— (false vV AL (A) = true)

subset

which can be simplified to

V x:nat V A:set
(A = ins(element(A), subset(A)) A element(A) € B)
— A = ins(element(A), subset(A)).

For the second recursive case we abbreviate the invariant case condition
(A = ins(element(A), subset(A)) A element(A) ¢ B)

by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity
(p, A <set A, false)
Estimation
{p,subset(A) =eer A, false V AL (A) = true)

subset

In order to prove the strict relation, we have to prove

V x:natV A:set
(A = ins(element(A), subset(A)) A element(A) ¢ B)
— (false vV AL (A) = true)

subset

which can be simplified to

V x:natV A:set
(A = ins(element(A), subset(A)) A element(A) & B)
— A = ins(element(A), subset(A)).

In addition, inter denotes a 1-bounded function symbol. To prove this property, first of
all, we need to show that inter is completely specified, i.e.,

V A, B:set
A = emptyV
(A = ins(element(A), subset(A)) A element(A) € B)V
(A = ins(element(A), subset(A)) A element(A) & B)
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Then, we examine each definition case separately. For the first case we abbreviate the invariant
case condition

A = empty
by ¢, and we obtain the derivation:

—— ldentity —
(‘107 empty =set empty, false)

Equation 1
(i, empty =eet A, false)
For the second case we abbreviate the invariant case condition
(A = ins(element(A), subset(A)) A element(A) € B)
by ¢, and since this is a recursive case, we may assume

(¢, subset(A) =set A, A)

= nduction Rypothesis
¢ Induction H hesi
(¢p, inter(subset(A), B) <t subset(A), Al (subset(A), B) = true)

Inter

as an additional inference rule, where £ is an abbreviation for the formula
VA B:setp— A
Thus, we obtain the derivation

Identity
(p, A <set A, false)
Estimation
{p,subset(A) =eer A, false V AL (A) = true)

subset

Induction Hypothesis

@, inter(subset(A), B) <qet subset(A),
Al (subset(A),B) = true

Inter
Weak Embedding
< @, ins(element(A), inter(subset(A), B)) <et ins(element(A), subset(A)), >

Al (subset(A), B) = true V Mins(element(A), inter(subset(A), B)) = false
Equation 3
©,ins(element(A), inter(subset(A), B)) <set A,
Al . (subset(A), B) = true V Mins(element(A), inter(subset(A), B)) = false

where to enable the application of the induction hypothesis, the formula

V A, B:set p — (false v AL, (A) = true)

subset
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has to be proved, and to allow the application of the Weak Embedding Rule, the formula
V A, B:set ¢ — lips(element(A), subset(A)) = true

needs to be shown. For the third case we abbreviate the invariant case condition
(A = ins(element(A), subset(A)) A element(A) & B)

by ¢, and since this is a recursive case, we may assume

(ip, subset(A) Zset A, A)
&= Induction Hypothesis

@, Inter(subset , <set subset(A), A; subset(A), = true
i bset(A), B bset(A), Al (subset(A), B

as an additional inference rule, where £ is an abbreviation for the formula
VA B:setp— A

Thus, we obtain the derivation

Identity
(p, A <set A, false)
Estimation

(p,subset(A) <eer A, false V AL . (A) = true)
Induction Hypothesis

@, inter(subset(A), B) <t subset(A),
Al (subset(A),B) = true

Inter
Strong Embedding
< @, inter(subset(A), B) <qet ins(element(A), subset(A)), >
A

1 o (subset(A),B) = true V ©2 (element(A), subset(A)) = true
Equation 4
@, inter(subset(A), B) <set A,
Al (subset(A), B) = true V ©2 (element(A), subset(A)) = true

where to enable the application of the induction hypothesis, the formula

V A, B:set ¢ — (false V AL, . (A) = true)

subset
has to be proved.
In order to synthesize the difference predicate Ailnter : natxset — bool, we use the simplified
difference formulas from each derivation, and we obtain:

V A, B:set
A =empty — Al (A, B) = false

inter

V A, B:set
(A = ins(element(A), subset(A)) A element(A) € B)
Ailnter(Aa B) = true
— o Al . (subset(A), B) = trueV
lins(element(A), inter(subset(A), B)) = false
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V A, B:set
(A = ins(element(A), subset(A)) A element(A) ¢ B)
— AL . (A, B) = true

8.4 diff : set X set — set
diff computes the difference of two sets, and it is defined by:

V A, B:set
A = empty — diff(A, B) = empty

V A, B:set
(A = ins(element(A), subset(A)) A element(A) € B)
— diff(A, B) = diff(subset(A), B)

V A, B:set
(A = ins(element(A), subset(A)) A element(A) ¢ B)
— diff(A, B) = ins(element(A), diff(subset(A), B))

The recursion ordering of diff is well-founded. There are two recursive definition cases
with a single recursive call in each. For the first recursive case we abbreviate the invariant
case condition

(A = ins(element(A), subset(A)) A element(A) € B)

by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity
(p, A <set A, false)
Estimation

(p,subset(A) <eet A, false V AL | (A) = true)

subset

In order to prove the strict relation, we have to prove

V x:natV A:set
(A = ins(element(A), subset(A)) A element(A) € B)
— (false V AL, . (A) = true)

subset

which can be simplified to

V x:natV A:set
(A = ins(element(A), subset(A)) A element(A) € B)
— A = ins(element(A), subset(A)).

For the second recursive case we abbreviate the invariant case condition

(A = ins(element(A), subset(A)) A element(A) & B)
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by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity
(p, A =set A, false)
Estimation

(p,subset(A) <eet A, false V AL | (A) = true)

subset

In order to prove the strict relation, we have to prove

V x:natV A:set
(A = ins(element(A), subset(A)) A element(A) & B)
— (false vV AL (A) = true)

subset

which can be simplified to

V x:natV A:set
(A = ins(element(A), subset(A)) A element(A) & B)
— A = ins(element(A), subset(A)).

In addition, diff denotes a 1-bounded function symbol. To prove this property, first of all,
we need to show that diff is completely specified, i.e.,

V A, B:set
A = emptyV
(A = ins(element(A), subset(A)) A element(A) € B)V
(A = ins(element(A), subset(A)) A element(A) ¢ B)

Then, we examine each definition case separately. For the first case we abbreviate the invariant
case condition

A = empty
by ¢, and we obtain the derivation:

—— ldentity —
(‘107 empty =set empty, false)

Equation 1
(p,empty =eet A, false)
For the second case we abbreviate the invariant case condition
(A = ins(element(A), subset(A)) A element(A) € B)
by ¢, and since this is a recursive case, we may assume

(0, subset(A) =set A, A)

= nduction Rypothesis
¢ Induction H hesi
{p, diff(subset(A), B) <set subset(A), Al.(subset(A), B) = true)

as an additional inference rule, where £ is an abbreviation for the formula
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VA B:setp— A

Thus, we obtain the derivation

Identity
(p, A <set A, false)
Estimation
{p,subset(A) =eer A, false V AL (A) = true)

subset

Induction Hypothesis

o, diff(subset(A), B) =<set subset(A),
Al (subset(A), B) = true

Strong Embedding

o, diff(subset(A), B) =<set ins(element(A), subset(A)),
Al (subset(A), B) = true V ©2 (element(A), subset(A)) = true
Equation 4

@, diff(subset(A), B) <set A,
Al.c(subset(A), B) = true V ©2  (element(A), subset(A)) = true

where to enable the application of the induction hypothesis, the formula

V A, B:set p — (false v AL (A) = true)

subset

has to e proved.

For the third case we abbreviate the invariant case condition
(A = ins(element(A), subset(A)) A element(A) & B)

by ¢, and since this is a recursive case, we may assume

(¢, subset(A) =set A, A)
£=> Induction Hypothesis

{ip, diff(subset(A), B) <set subset(A), Al (subset(A), B) = true)

as an additional inference rule, where £ is an abbreviation for the formula

VA B:setp— A
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Thus, we obtain the derivation

Identity
(p, A <set A, false)
Estimation
{p,subset(A) =eet A, false V AL (A) = true)

subset

Induction Hypothesis
o, diff(subset(A), B) <set subset(A),
Al (subset(A), B) = true
Weak Embedding

o, ins(element(A), diff(subset(A), B)) <et ins(element(A), subset(A)),
Al (subset(A), B) = true V Mips(element(A), diff(subset(A), B)) = false

Equation 3

@, ins(element(A), diff(subset(A), B)) <set A,
Al (subset(A), B) = true V Mins(element(A), diff(subset(A), B)) = false

where to enable the application of the induction hypothesis, the formula

V A, B:set p — (false vV AL, (A) = true)

subset

has to be proved, and where to allow the application of the Weak Embedding Rule, the
formula

V A,B:set ¢ — ins(element(A), subset(A)) = true

needs to be shown.
In order to synthesize the difference predicate A}jiff : nat X set — bool, we use the simplified
difference formulas from each derivation, and we obtain:

V A, B:set
A = empty — AL(A,B) = false

V A, B:set
(A = ins(element(A), subset(A)) A element(A) € B)
— AL (A, B) = true

V A, B:set
(A = ins(element(A), subset(A)) A element(A) & B)
AlLg(A,B) = true
— Al (subset(A), B) = trueV
“ .
lins(element(A), diff(subset(A), B)) = false

8.5 min:set — nat

min computes the minimal element in a non-empty set, and it is defined by:
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V A:set
(A = ins(element(A), subset(A)) A subset(A) = nil)
— min(A) = element(A)

V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <,at element(subset(A))) = true
— min(A) = min(ins(element(A), subset(subset(A))))

V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <nat element(subset(A))) = false
— min(A) = min(subset(A))

The recursion ordering of min is well-founded. There are two definition cases with one recursive
call in each. For the first recursive case we obtain the derivation in the Estimation Calculus,
abbreviating the case condition

A = ins(element(A), subset(A))A
subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <nat element(subset(A))) = true

by ¢:

Identity
(i, subset(A) <get subset(A), false)
Estimation

o, subset(subset(A)) <get subset(A),
false vV AL . (subset(A)) = true

subset

Weak Embedding
< ©,ins(element(A), subset(subset(A))) <set ins(element(A), subset(A)), >

false V AL, . (subset(A)) = trueV

subset

Ins(element(A), subset(subset(A))) = false
Equation 3

¢, ins(element(A), subset(subset(A))) <set A,
< false V AL, . (subset(A)) = trueV >

subset

Ins(element(A), subset(subset(A))) = false
where to apply the Weak Embedding Rule, the formula
V A:set o — Tips(element(A), subset(A)) = true

has to be shown. In order to ensure the strict relation, we, therefore, need to prove
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V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <,at element(subset(A))) = true

. false V AL, .. (subset(A)) = truev
lins(element(A), subset(subset(A))) = false

which can be simplified to

V A:set
A = ins(element(A), subset(A))A
subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <,at element(subset(A))) = true
— subset(A) = ins(element(subset(A)), subset(subset(A))).

For the second recursive case we abbreviate the case condition

A = ins(element(A), subset(A))A
subset(A) = ins(element(subset(A)), subset(subset(A)))A
) =

(element(A) <nat element(subset(A))) = false
by ¢, and we obtain the derivation:
Identity
(‘107 A jset A7 false>
Estimation

(p,subset(A) <eer A, false V AL . (A) = true)
In order to prove the strict relation, we have to prove

V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <pat element(subset(A))) = false
— (false v Al A) = true)

subset (

which can be simplified to

YV A:set
A = ins(element(A), subset(A))A
subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <nat element(subset(A))) = false
— A = ins(element(A), subset(A)).

8.6 max:set — nat

max computes the maximal element in a non-empty set, and it is defined by:
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V A:set
(A = ins(element(A), subset(A)) A subset(A) = nil)
— max(A) = element(A)

V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <,at element(subset(A))) = true
— max(A) = max(subset(A))

V A:set
A = ins(element(A), subset(A))A
subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <pat element(subset(A))) = false
— max(A) = max(ins(element(A), subset(subset(A))))

The recursion ordering of max is well-founded. There are two definition cases with one re-
cursive call in each. For the first recursive case we obtain the derivation in the Estimation
Calculus, abbreviating the case condition

A = ins(element(A), subset(A))A
subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <pat element(subset(A))) = true

by :

Identity

(p, A <set A, false)
Estimation

(p,subset(A) <cer A, false V Al

A) = true)

subset (

In order to prove the strict relation, we have to prove

V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <pat element(subset(A))) = false
— (false v Al A) = true)

subset (

which can be simplified to

V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <pat element(subset(A))) = false
— A = ins(element(A), subset(A)).

For the second recursive case we abbreviate the case condition

A = ins(element(A), subset(A))A
subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <nat element(subset(A))) = false



108 CHAPTER 8. FINITE SETS, set

by ¢, and we obtain the derivation:

Identity
(p,subset(A) <get subset(A), false)
Estimation

¢, subset(subset(A)) <set subset(A),
false V AL, .. (subset(A)) = true

subset

Weak Embedding
< @, ins(element(A), subset(subset(A))) <set ins(element(A), subset(A)), >

false v AL (subset(A)) = truev

subset

[ns(element(A), subset(subset(A))) = false
Equation 3

false v Al (subset(A)) = truev

subset

< ©, ins(element(A), subset(subset(A))) <set A, >
[ns(element(A), subset(subset(A))) = false

where to enable the application of the Weak Embedding Rule, the formula
V A:set o — Tips(element(A), subset(A)) = true
has to be shown. In order to ensure the strict relation, we, therefore, need to prove

V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <nat element(subset(A))) = true

. false V Al ... (subset(A)) = truev
lins(element(A), subset(subset(A))) = false

which can be simplified to

V A:set
A = ins(element(A), subset(A))A

subset(A) = ins(element(subset(A)), subset(subset(A)))A
(element(A) <nat element(subset(A))) = true
— subset(A) = ins(element(subset(A)), subset(subset(A))).

8.7 card:set — nat

card computes the cardinality of a set, and it is defined by:

V A:set
A = empty — card(A) =0

V A:set
A = ins(element(A), subset(A)) — card(A) = succ(card(subset(A)))
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The recursion ordering of card is well-founded. There is only a single recursive definition case
with a single recursive call. Hence, using the Estimation Calculus, abbreviating the invariant
case condition

A = ins(element(A), subset(A))

by ¢, we obtain the derivation:

Identity
(p, A <set A, false)
Estimation

(i, subset(A) =eer A, false V AL | (A) = true)

subset

To prove the strict relation, we need to show

V A:set
A = ins(element(A), subset(A))
— (false vV AL, . (A) = true)

which can be simplified to

V A:set
A = ins(element(A),subset(A)) — A = ins(element(A), subset(A))

8.8 sort:set — list

sort sorts a set, defined by:

V A:set
A = empty — sort(A) = nil

V A:set
A = ins(element(A), subset(A))
— sort(A) = cons(min(A), sort(delete(min(A), A)))

The recursion ordering of sort is well-founded. There is only one recursive definition case with
a single recursive call. Hence, we abbreviate the case condition

A = ins(element(A), subset(A))

by . Using the Estimation Calculus, we obtain the following derivation:

Identity
(Lpa A jset Aa false)
Estimation
{p, delete(min(A), A) Zeer A, false V A3, .o (Min(A),A) = true)

To prove the strict relation, we need to show
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V A:set
A = ins(element(A), subset(A))
— (false V A3, o (Min(A), A) = true)

which can be proved by induction.

8.9 <,:set X set — bool

<set computes the less-than-relation on lists, and it is defined by:

V A, B:set
B = empty — (A <set B) = false

V A, B:set
(B = ins(element(B), subset(B)) A A = empty)
— (A <get B) = true

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
( (subset(A) <set subset(B)) = true )
— (A <get B) = true

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = false
— (A <get B) = false

The recursion ordering of <g is well-founded: There are two definition cases with a single
recursive call of <¢ in each. For each recursive definition case and each argument we use the
Estimation Calculus. Starting with the first recursive case, we abbreviate the invariant case
condition

B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = true

by . For the first argument of <, A, we obtain:

Identity
(p, A <set A, false)
Estimation

(p,subset(A) =eet A, false vV AL | (A) = true)

subset

In order to ensure the strict <se-relation, we have to show

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
( (subset(A) <set subset(B)) = true )
— (false vV AL (A) = true),

subset
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1

subset to

which can be simplified using the definition of A

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = true
— A = ins(element(A), subset(A)).

And for the second argument of <, B, we obtain:

Identity
(Lpa B jset Ba false)
Estimation

{p,subset(B) =<set B,false V AL | . (B) = true)

subset

In order to ensure the strict <set-relation, we have to show

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = true >
— (false vV AL, .. (B) = true),

subset

which can be simplified using the definition of Agubset to

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = true )
— B = ins(element(B), subset(B)).

For the second recursive definition case we abbreviate the invariant case condition

B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = false

by . For the first argument of <se, A, we obtain:

Identity
(p, A <set A, false)
Estimation
(p,subset(A) =eer A, false V AL | (A) = true)

subset

In order to ensure the strict <se-relation, we have to show

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
( (subset(A) <set subset(B)) = false )
— (false vV AL (A) = true),

subset
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which can be simplified using the definition of Asubset 0

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = false
— A = ins(element(A), subset(A)).

And for the second argument of <, B, we obtain:

Identity
(p, B <set B, false)
Estimation

(p,subset(B) =<set B, false V AL .. (B) = true)

In order to ensure the strict <se-relation, we have to show

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
( (subset(A) <set subset(B)) = false )
— (false vV Al . (B) = true),

which can be simplified using the definition of Asubset 0

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = false
— B = ins(element(B), subset(B)).

Thus, the recursion ordering of <ge is a well-founded ordering.
In addition, <gt denotes a well-founded ordering as well. To prove that, we first have to
show that <get is completely specified, i.e.,

V A, B:set

(B = empty)V
(B = ins(element(B), subset(B)) A A = empty)V

B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
V
subset(A) <get subset(B)) = true

B), subset(B)) A A = ins(element(A), subset(A))A
subset(A) <get subset(B)) = false

/'\A AA

( B = ins(element

Next, for each definition case we show that
V A,B:set (A <get B) = true — A <t B,
again, using the Estimation Calculus. For the first case we obtain
Tautology
(B = empty A false = true, A <set B, Ay)

where in order to enable the application of the Tautology Rule, the first-order formula
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V A, B:set
—(B = empty A false = true)
has to be proved. To prove the strict relation, the formula

V A, B:set
(B = empty A false = true) — A

has to be shown. For the second case we obtain the derivation

Strong Estimation

B = ins(element(B), subset(B)) A A = empty A true = true,
empty =gt ins(element(B), subset(B)), true

Equation 1

B = ins(element(B), subset(B)) A A = empty A true = true,
empty <get B, true

Equation 5

B = ins(element(B), subset(B)) A A = empty A true = true,
A =set B, true
showing the strict relation by

V A, B:set
(B = ins(element(B), subset(B)) A A = empty A true = true)
— true

The third definition case is a recursive case. Hence, we need to make an additional case
analysis:

(subset(A) <set subset(B)) = true or
(subset(A) <set subset(B)) = false.

For the first case we can assume as an induction hypothesis the inference rule:

Induction Hypothesis
(p, subset(A) <set subset(B), true)

where we use ¢ as an abbreviation for

B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = true A true = trueA
(subset(A) <set subset(B)) = true

Then, the derivation of

(‘Pa A =gt B, A3>
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is achieved by:

Induction Hypothesis

(p, subset(A) <get subset(B), true)
Weak Embedding

< @, ins(element(A), subset(A)) <set ins(element(B), subset(B)), >

true V INps(element(A), subset(A)) = false

Equation 3

©,ins(element(A), subset(A)) <set B,
true V INps(element(A), subset(A)) = false

Equation 5
(p, A Zcet B, true V INps(element(A), subset(A)) = false)

where in order to enable the application of the Weak Embedding Rule, the first-order formula
V A, B:set ¢ — lips(element(B), subset(B)) = true
has to be shown. The strict relation is proved by

V A, B:set
@ — (true V Tips(element(A), subset(A)) = false).

For the second case we cannot assume an induction hypothesis. We prove the estimation
formula

(subset(A) <set subset(B)) = true A true = trueA

< B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A >
(subset(A) <set subset(B)) = false, A <set B, Ay

by an application of the Tautology Rule, where in order to enable this application, it is
necessary to prove the first-order formula:

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
- (subset(A) <set subset(B)) = true A true = trueA
(subset(A) <set subset(B)) = false

To prove the strict relation, the formula

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = true A true = trueA
(subset(A) <set subset(B)) = false
— Ay

needs to be shown.
The fourth definition case is also a recursive case. Hence, we need to make an additional
case analysis:
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(subset(A) <set subset(B)) = true or
(subset(A) <set subset(B)) = false.

Although for the first case we could assume an induction hypothesis, this is not necessary
since the derivation of the estimation formula

(subset(A) <set subset(B)) = false A false = trueA

< B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A >
(subset(A) <set subset(B)) = true, A <¢et B, As

can be achieved by the application of the Tautology Rule. In order to enable this application,
the first-order formula

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
- (subset(A) <set subset(B)) = false A false = trueA
(subset(A) <set subset(B)) = true

has to be shown. And for the strict relation, the formula

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = false A false = trueA
(subset(A) <set subset(B)) = true
— Ag

needs to be proved. For the second case we cannot assume an induction hypothesis. We prove
the estimation formula

(subset(A) <set subset(B)) = false A false = trueA

< B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A >
(subset(A) <set subset(B)) = false, A <5t B, Ag

by an application of the Tautology Rule, where in order to enable this application, it is
necessary to prove the first-order formula:

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
- (subset(A) <get subset(B)) = false A false = trueA
(subset(A) <set subset(B)) = false

To prove the strict relation, the formula

V A, B:set
B = ins(element(B), subset(B)) A A = ins(element(A), subset(A))A
(subset(A) <set subset(B)) = false A false = trueA
(subset(A) <set subset(B)) = false
A

needs to be shown.
Having proved all these obligations, <st denotes a well-founded order relation.



116 CHAPTER 8. FINITE SETS, set

8.10 <,:set X set — bool

<set computes the less-than-or-equal-relation on sets, and it is defined by:

V A, B:set
(A <get B) = true <> (B <get A) = false

Since this is a non-recursive constructive definition we are done.

8.11 >.,:set X set — bool

>¢et computes the greater-than-relation on sets, and it is defined by:

V A, B:set
(A >t B) = true <> (B <get A) = true

Since this is a non-recursive constructive definition we are done.

8.12 >.,:set X set — bool

>set computes the greater-than-relation on sets, and it is defined by:

V A, B:set
(A >get B) = true < (B <eet A) = true

Since this is a non-recursive constructive definition we are done.



Finite Sets, s

This specification of finite sets (of nats), set2, uses three constructor functions empty :— set2,
generating the empty set, single : nat — set2, generating a singleton set, and union : set2 x
set2 — set2, for the union of two sets. Equality on set2 is specified using an auxiliary predicate
€: nat X set2 — bool by the axioms:

Y x:nat x &€ empty

V x,y:nat x € single(y) <> x =y

V x:natV A, B:set2 (x € union(A,B)) +» (x e AVx € B)
VA,B:set2 A=B ¢« (Vx:inatxe A < x€B)

By the above specification we have defined a non-freely generated data type. Hence, we
must prove the constructor function union to be size increasing by using the respective im-
plementation specification. Furthermore, the strictness predicates @leion : set2 X set2 — bool
and @ﬁnion : set2 X set2 — bool, as well as the minimal representation predicate [ nion :
set2 x set2 — bool have to be synthesized.

The implementation specification is automatically generated using the constructor func-
tions empty :— set2p, single; : nat — set2r, uniong : set2; X set2] — set21, and the new equality

predicate Eqgep, @ set2r X set2; — bool.

V x:nat
empty; # single;(x)

117
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V A, B:set2;
empty; # uniong(A, B)

V x:nat V A, B:set2;
single;(x) # uniong(A, B)

V x,y:nat
single;(x) = single;(y) = x=y

VvV A,B,C,D:set2;
uniong(A, B) = union;(C,D) - (A=CAB=D)

V x:nat x &1 empty;
V x,y:nat x € single;(y) <> x =y
V x:natV A, B:set2; (x € unioni(A,B)) <> (x €1 AV x €1 B)

V A,B:set2] Eqge, (A,B) = true
< (Vx:natx €1 A <> x €1 B)

V A:set2;
Eqset21 (Aa A) = true

V A, B:set2;
Edsera, (A,B) = true — Eqset2I(B, A) = true

vV A, B, C:set2;
(Eqset21(Aa B) = true A Eqset21(Ba C) = true)
— Edgerp, (A, C) = true

V x,y:nat V A, B:set2;
(x =y A Eqgegp, (A, B) = true)
—)(XE[A(—)yEI B)

1 .
union; set2; X set2; — bool

and anionl : set2; X set2; — bool, as well as the minimal representation predicate yunion, :

set2; x set2; — bool are defined by:

Since set2; is freely generated, the strictness predicates 6

V A, B:set2g
6l . (A, B) = true

uniong

V A, B:set2;
62 . (A, B) = true

uniong
V A, B:set2g
'YunionI(A, B) = true

In addition, all constructor functions of set2; are non-overlapping. Hence, the destructor
function get_nat; : set2; — nat for the constructor function single; is defined by

V x:nat V A:set2;
A = single;(x) — A = single;(get_nat;(A)),
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get_nat;(empty;) =0 (= Vnat)

V A, B:set2;
get_naty(unioni(A,B)) =0 (= Vnat)

And for the constructor function union; we introduce two destructor functions left_set :
set2; — set2y for the first argument of union; and right_set; : set2; — set2; for the second
argument of union;. For these destructor functions we obtain the following representation
axioms:

YV A, B, C:set2;
A = union((B, C) — A = union;(left_set;(A), right_set;(A))

left_set;(empty;) = empty;

right_set; (empty;) = empty;

V x:nat
left_setr(singler(x)) = single;(x)

V x:nat
right_set;(single;(x)) = single;(x)

vV A, B, C:set2;
A = union;(B, C) — 7Yunion, (left_setr(A), right_set;(A)) = true

Now, left_set; and right_set; are both 1-bounded with difference predicates Allelft_setI : set2) —
bool and A2 : set2; — bool, defined by

right_set;

V A:set2;
AIl

left_set;

V A:set2;
Al (A) = true <> A = uniong(left_set;(A), right_set;(A))

right_set;

(A) = true +> A = uniong(left_set;(A), right_set;(A))

Furthermore, the function term_sizesero, : set2; — nat is synthesized by:

V A:set2;
A = empty; — term_sizeger2, (A) =0

V A:set2;
A = single(get_nat;(A)) — term_sizeger2, (A) =0

YV A:set2;
A = uniong(left_setr(A), right_set;(A))
— term_sizeserz, (A) =
succ(term_sizesero, (left_sety(A)) + term_sizesero, (right_set;(A)))

In order to have easier proofs, we specify a function min_sizesetp, : set2; — nat, by

V A:set2;
min_sizeger, (A) = pred(card(A)),
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where we use the following auxiliary functions, card : set2, — nat computing the cardinality
of a set and inter : set2] X set2; — set2; computing the intersection of two sets, defined by

V A, B:set2g
A = empty; — inter(A, B) = empty;

V A, B:set2;
A = single;(get_nat;(A))A
get_nat;(A) €1 B
— inter(A,B) = A

V A, B:set2;
A = single;(get_nat;(A))A
get_nat;(A) &1 B )
— inter(A, B) = empty;

V A, B:set2;
A = uniong(left_setr(A), right_set;(A))
— inter(A, B) = uniony(inter(left_set;(A), B), inter(right_set;(A), B))

and

YV A:set2;
A = empty; — card(A) =0

V A:set2;
A = single;(get_nat;(A)) — card(A) = succ(0)

V A:set2;
A = uniong(left_setr(A), right_set;(A))
— card(A) =
(card(left_setr(A)) + card(right_set;(A)))
— card(inter(left_set;(A), right_set;(A)))

Both specifications are case-distinct, as proved by

V A, B:set2g
A = empty;A

- A = single;(get_nat;(A))A
get_nat;(A) €1 B

V A, B:set2;
A = empty;A

- A = single;(get_nat;(A))A
get_nat;(A) ¢ B

V A, B:set2;

—/

A = empty;A
A = uniong(left_set;(A), right_set;(A))
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V A, B:set2;
A = single;(get_nat;(A))A A
get_nat;(A) €1 B

h A = single;(get_nat;(A))A
get_nat;(A) ¢ B

V A, B:set2;

A = single;(get_nat;(A))A A
- get_nat;(A) €1 B

A = uniong(left_set;(A), right_set;(A))

V A, B:set2;

A = single;(get_nat;(A))A A
- get_nat;(A) &1 B

A = uniong(left_set;(A), right_set;(A))

V A, B:set2;
A = empty;A
A = single;(get_nat;(A))
V A, B:set2;

—/

A = empty;A
A = uniong(left_set;(A), right_set;(A))

V A, B:set2g

—/

A = single;(get_nat;(A))A
A = uniong(left_setr(A), right_set;(A))
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Furthermore, both recursion orderings of inter and of card are well-founded. To prove that
we use the Estimation Calculus. In the specification of inter there is only one recursive case

with two recursive calls of inter. Now, we abbreviate the case condition

A = uniong(left_set;(A), right_set;(A))

by . Then, for the first recursive call the derivation in the Estimation Calculus is given by

Identity

(0, A Zser2; A, false)

Estimation

<<,0, left_sety(A) set2; A, false V AIIelft_setI (A)>

To prove the strict relation, we need to show

V A:set2;
A = uniong(left_setr(A), right_set;(A))
- (false \ AIIelft_setI (A))
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which can be simplified to

V A:set2;
A = uniong(left_set;(A), right_set;(A))
— A = uniony(left_set;(A), right_set; (A)).

Similarly, for the second recursive call we obtain:

Identity
(0, A Zser2; A, false)

Estimation

<<p, right_set;(A) =ser2; A, false v AlL (A)>

right_set;

To prove the strict relation, we need to show

V A:set2;
A = uniong(left_setr(A), right_set;(A))
- (false \ Alilght_setI (A))
which can be simplified to
V A:set2;
A = uniong(left_set;(A), right_set;(A))
— A = uniong(left_setr(A), right_set;(A)).

In addition, inter is a 1-bounded function symbol. To prove that, first of all, we need to show
that inter is completely specified, by proving:

V A, B:set2;
A = empty;V

A = single;(get_nat;(A))A v
get_nat;(A) €1 B

A = single;(get_nat;(A))A v
get_nat;(A) & B

A = uniong(left_set;(A), right_set;(A))

Now, we examine each definition case separately. For the first definition case we abbreviate
the invariant case condition

A = empty;
by ¢. Using the Estimation Calculus, we obtain the derivation

Identity

(p, empty; <set2, empty;, false)
Equation 1

(p, empty; =<set2, A, false)

For the second definition case we abbreviate the invariant case condition
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A = single;(get_nat;(A))A
get_nat;(A) €1 B

by ¢, and, using the Estimation Calculus, we obtain:

—— ldentity ——
(0, A Zser2; A, false)

For the third definition case we abbreviate the invariant case condition

A = single;(get_nat;(A))A
get_nat;(A) & B

by ¢, and, using the Estimation Calculus, we obtain:

Equivalence

(19, empty; Zsetz; single(get_nat;(A)), false)
Equation 1

(p, empty; <set2; A, false)
For the fourth definition case we abbreviate the invariant case condition
A = uniong(left_set;(A), right_set;(A))

by (. Since this is a recursive case, we may assume the following induction hypotheses as
additional inference rules:

(¢, left_seti(A) Zsero; A, A1)
&1 = Induction Hypothesis

{¢p, inter(left_set;(A), B) <sero, left_set;(A), Al (left_set;(A), B) = true)

inter

where &1 is an abbreviation for the formula
V A ,B:set2r o — Ay
and

(i, right_set;(A) =set2; A, A2)
&2 = Induction Hypothesis

{¢p, inter(right_set;(A), B) =seta, right_set;(A), Al

inter

(right_set;(A), B) = true)
where &, is an abbreviation for the formula

V A, B:set2; p — JAD)
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Thus, we obtain

Identity
(0, A <ser2, A, False)
Estimation
<<,0, left_set;(A) =set2; A, False V Alleft_setI(A) = true>
Induction Hypothesis
{¢p, inter(left_set;(A), B) =ser2, left_set;(A), Al

inter

(left_set; (A), B) = true)
where to enable the application of the induction hypothesis, the formula

V A, B:set2r ¢ — (False V Al o, (A) = true)
has to be proved. On the other hand, we obtain:

Identity
(0, A <ser2, A, False)
Estimation
<<,0, right_set;(A) <ser2; A, False vV Al
Induction Hypothesis

(i, inter(right_set;(A), B) =seto, right_set;(A), Al . (right_set;(A), B) = true)

right_set; (A) = true>

where to allow the application of the induction hypothesis, the formula

V A, B:set2; ¢ — (False vV Al A) = true)

right_set; (

needs to be shown. Having derived the above two estimation formulas, we can now continue
the derivation:

(¢p, inter(left_set(A), B) <sero; left_setr(A), Al _ (left_set;(A), B) = true),
{ip, inter(right_set;(A), B) =seto, right_set;(A), Al . (right_set;(A), B) = true>

Weak Embedding

o, uniong(inter(left_set;(A), B), inter(right_set; (A), B))
=<set2; uniony(left_setr(A), right_set;(A)),
A|nter(

left_set;(A), B) = true V Al _ (right_set;(A), B) = truev
[ union, (inter(left_set;(A), B), inter(right_set;(A), B)) = false

Equation 3

Al (left_set;(A),B) = true V AL _ (right_set;(A), B) = trueV
false

< ¢, uniong(inter(left_set;(A), B), inter(right_set;(A), B)) <set2, A, >
[ union, (inter(left_set;(A), B), inter(right_set;(A), B))

where in order to apply the Weak Embedding Rule, the formula
V A, B:set2; ¢ — [ynion, (left_set;(A), right_set; (A)) = true
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has to be shown.

Now, we have proved that inter is 1-bounded, and the respective difference predicate
Ailnter : set2r X set2; — bool is synthesized using the simplified difference formulas from each
call of the Estimation Calculus:

V A, B:set2;
A = empty; — Al (A, B) = false

inter

V A, B:set2;
A = single;(get_nat;(A))A
get_nat;(A) €1 B

— AL (A, B) = false

inter

V A, B:set2;

A = single;(get_nat;(A))A
get_nat;(A) &1 B

— AL (A, B) = false
V A, B:set2g
A = uniong(left_set;(A), right_set;(A))
Al (A B) = true
— o Ainter(lgft_setI(A), B) = trueVv
Ao (right_set;(A), B) = true

which can be further simplified to

V A, B:set2g
Al (A,B) = false

Inter

Using that inter is 1-bounded we can prove that the recursion ordering of card is well-founded.
There is only one recursive definition case with three recursive calls of card. Hence, we
abbreviate the invariant case condition

A = uniong(left_setr(A), right_set;(A))
by . Using the Estimation Calculus for the first recursive call we obtain the derivation:

Identity
(s A <ser2; A, false)

Estimation

<<,0, left_set;(A) <set2; A, false V Alleft_setI(A) = true>

In order to show the strict relation, we need to prove

YV A:set2;
A = uniong(left_set;(A), right_set;(A))
— (false v Al (A) = true)

left_set

which can be simplified to
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V A:set2;
A = uniong(left_set;(A), right_set;(A))
— A = uniony(left_set;(A), right_set; (A))

For the second recursive call of card we obtain the derivation:

Identity
(0, A =sero; A, false)

Estimation

<<,0, right_set; (A) =ser2; A, false vV Al (A) = true>

right_set;

In order to show the strict relation, we need to prove

V A:set2;
A = uniong(left_set;(A), right_set;(A))
— (false V Al et (A) = true)

which can be simplified to

V A:set2;
A = uniong(left_set;(A), right_set;(A))
— A = uniony(left_set;(A), right_set;(A))

And for the third recursive call of card we obtain the derivation:
Identity
(0, A Zcet2; A, false)

Estimation

<<p, left_set; (A) =set2, A, false V Al (A) = true>

left_setp
Estimation

@, inter(left_set;(A), right_set; (A)) <set2; A,
false V Al ger, (A) = true V Al (left_set;(A), right set;(A)) = true

In order to show the strict relation, we need to prove

V A:set2;
A = uniong(left_set;(A), right_set;(A))
— (false v Al (A) = true v A}

left_set inter

(left_set;(A), right_set;(A)) = true)
which can be simplified to

YV A:set2;
A = uniong(left_set;(A), right_set;(A))
— A = uniony(left_set;(A), right_set; (A))

Now, we need to prove that the above axiomatization of min_sizest2, computes the minimal
size of a set, indeed. Therefore we need to show the following proof obligations
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V A, B:set2;
Edsera, (A, B) = true — (min_sizeserz, (A) <nat term_sizeserz; (B)) = true

YV A:set2; 4 B:set2;
Edgerz, (A, B) = true A (min_sizeser2, (A) >nat term sizeserz, (B)) = true

V A, B:set2;
Edsera, (A, B) = true — min_sizesero; (A) = min_sizesero, (B)

Next, we need to show that union denotes a size increasing constructor function. To do
that, we prove:

V A, B:set2g
(min_sizeser2, (A) <nat Min_sizegeto, (unionr(A, B))) = trueA
(min_sizeger2, (B) <pat Min_sizeser2, (uniont(A, B))) = true
1 .
union set2; x set2; — bool and
@ﬁnionl : set2) X set2; — bool, as well as the minimal representation predicate Iynjon, : S€t21 X

set2; — bool. We suggest the following definitions:

Finally, we need to define the strictness predicates ©

V A, B:set2;
Olnion, (A, B) = false

o (Vx:natx €1 B = x €1 A)V
(3 y:nat A = empty; A B = single;(y))

V A, B:set2;
@5nionI(A, B) = false

o (Vx:natx €1 A = x €1 B)V
(3 y:nat B = empty; A A = single;(y))

V A, B:set2;
[ union; (A, B) = true

A # empty; A B # empty;A >

< (Vx:nat x ¢ AV x ¢ B)

However, we have to prove that our suggestions really define the strictness predicates and
the minimal representation predicate. Hence, we need to show that

V A, B:set2;

@leionI(A, B) = true <> (min_sizeget2, (A) <nat Min_sizesero, (union(A, B))) = true
V A, B:set2g

©2 ion; (A, B) = true <> (min_sizegerz; (B) <nat min_sizegero; (uniong(A, B))) = true
V A, B:set2;

[ union; (A, B) = true
<> min_sizesero, (union(A, B)) = succ(min_sizeserz, (A) + min_sizesetz, (B))

Having done so, we know for our original specification set?2 that the constructor func-
tion union is size increasing, and we can translate the strictness predicates and the minimal
representation predicate into the original specification. Hence, we obtain:
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YV A, B:set2
@}mion_(A, B) = false
(Vx:natx € B—=x € A)V ]

< (3 y:nat A = empty A B = single(y))

V A, B:set2
OZnion (A, B) = false
(Vx:natx € A = x € B)V ]

H (3 y:nat B = empty A A = single(y))

V A, B:set2
[union (A, B) = true
A # empty A B Z emptyA >

< (Vx:natx ¢ AV x ¢ B)

The data type set2 possesses overlapping constructor functions, since

empty = union(empty, empty)

Thus, we cannot use the simplified construction scheme for the destructor functions.
The destructor function get_nat : set2 — nat for the constructor function single is defined
by:

V x:nat V A:set2
A = single(x) — A = single(get_nat(A)),

V A:set2
(V x:nat A # single(x)) — get_nat(A) =0 (= Vnat)-

And for the constructor function union we introduce two destructor functions left_set :
set2 — set2 for the first argument of union and right_set : set2 — set2 for the second argument
of union. For these destructor functions we obtain the following representation axioms:

V A, B, C:set2
A = union(B, C) — A = union(left_set(A), right_set(A)),

V A:set2
(V B, C:set2 A # union(B, C)) — (left_set(A) = A A right_set(A) = A),

YV A,B, C:set2
(A = union(B,C) A A # empty A (V x:nat A # single(x)))
— Tunion (left_set(A), right_set(A)) = true,

V A, B, C:set2
(A = union(B,C) A (A = empty V I x:nat A = single(x)))
— Tunion (left_set(A), right_set(A)) = false,

V A, B, C:set2
(A = union(B,C) A A # empty A (V x:nat A # single(x)) A Tunion (B, C) = true)
— Tunion (left_set(A), right_set(A)) = true.

They can be simplified to:
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V A, B, C:set2
A = union(B, C) — A = union(left_set(A), right_set(A)),

vV A,B, C:set2
(A = union(B,C) A A # empty A (V x:nat A # single(x)))
— Tunion (left_set(A), right_set(A)) = true,

V A, B, C:set2
(A = union(B, C) A (A = empty V I x:nat A = single(x)))
— Tunion (left_set(A), right_set(A)) = false.

Both reflexive destructor functions of the constructor function union, left_set and right_set,
are 1-bounded, and their difference predicates Al : set2 — bool and Al :set2 —

left_set right_set
bool, are defined by

YV A:set2
AIeft set (A) = true

A = union(left_set(A), right_set(A))A )

© [ union (left_set(A), right_set(A)) = true
v A set2

rlght set( ) true

<~

A = union(left_set(A), right_set(A))A
[ union (left_set(A), right_set(A)) = true

For the data type set2 we will give constructive function and predicate specifications for
delete, ins, inter, diff, card, <set2, <set2, >set2, and >gero.

9.1 delete : nat x set2 — set2

delete computes the delete operation on sets, thus it removes a specified object in a set, and
it is defined by:

V x:nat V A:set2
A = empty — delete(x, A) = empty

V x:nat V A:set2
(A = single(get_nat(A)) A x = get_nat(A))
— delete(x, A) = empty

V x:nat V A:set2
(A = single(get_nat(A)) A x # get_nat(A))
— delete(x, A) = single(get_nat(A))

V x:nat V A:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))
— delete(x, A) = union(delete(x, left_set(A)), delete(x, right_set(A)))

The recursion ordering of delete is well-founded. There is only one definition case with two
recursive calls of delete. We abbreviate the invariant case condition
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A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

by ¢, and for the first recursive call we obtain the derivation:

Identity
(p, A <setr2 A, false)
Estimation
{ip, left_set(A) =<ser2 A, false V Al (A) = true)

left_set

To ensure the strict relation, we need to prove

V x:nat V A:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))
— (false V Al oo (A) = true)

which simplifies to

V x:nat V A:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

. A = union(left_set(A), right_set(A))A
runion (Ieft_set(A), rlght_set(A)) = true .

A proof of this property is quite simple using the definition of the destructor functions, i.e.,

YV A, B, C:set2
(A = union(B,C) A A # empty A (V x:nat A # single(x)))
— Tunion (left_set(A), right_set(A)) = true.

For the second recursive call we obtain:

Identity
(Lpa A jset2 Aa false>

Estimation

<<,0, right_set(A) <ser2 A, false V Al (A) = true>

right_set

To ensure the strict relation, we need to prove

V x:nat V A:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

— (false v A}ight_set(A) = true)

which simplifies to
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V x:nat V A:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

. A = union(left_set(A), right_set(A))A
[ union (left_set(A), right_set(A)) = true

Again, we can prove this obligation easily using

V A, B, C:set2
(A = union(B,C) A A # empty A (V x:nat A # single(x)))
— Tunion (left_set(A), right_set(A)) = true.

In addition, delete is a 2-bounded function symbol. To prove this property, first of all, we
need to show that delete is completely specified, i.e.,

V x:natV A:set
A = emptyV
(A = single(get_nat(A)) A x = get_nat(A))V
(A = single(get_nat(A)) A x # get_nat(A))V
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

Then, we examine each definition case separately. For the first case we abbreviate the invariant
case condition

A = empty

by ¢, and we obtain

Identity

(¢, empty <ser2 empty, false)
Equation 1

(‘107 empty <get2 A,false>

For the second definition case we abbreviate the invariant case condition
(A = single(get_nat(A)) A x = get_nat(A))

by ¢, and we obtain

Equivalence

(i, empty <ser2 single(get_nat(A)), false)
Equation 1

(‘107 empty <get2 A,false>

For the third definition case we abbreviate the invariant case condition

(A = single(get_nat(A)) A x # get_nat(A))
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by ¢, and we obtain

Identity

(¢, single(get_nat(A)) =<set2 single(get_nat(A)), false)
Equation 1

(¢, single(get_nat(A)) <set2 A, false)

For the fourth definition case we abbreviate the invariant case condition

A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

by ¢. Since this case is recursive, we may assume additional inference rules as induction
hypotheses:

(p, left_set(A) <set2 A, Aq)
&= Induction Hypothesis

(p, delete(x, left_set(A)) <sera left_set(A), A2, ... (x, left_set(A)) = true)

delete

where &1 is an abbreviation for the formula
V x:natV A:set2 o — Ay

and
(¢, right_set(A) Zser2 A, A)
& = Induction Hypothesis
{ip, delete(x, right_set(A)) et right_set(A), A ... (x, right_set(A)) = true)

delete

where &, is an abbreviation for the formula
V x:natV A:set2 p — Ay

Using these additional rules, we obtain:

Identity
(p, A <ser2 A, false)
Estimation
{(p, left_set(A) =<ser2 A, false V Al . (A) = true)
Induction Hypothesis
{ip, delete(x, left_set(A)) =ser2 left_set(A), AZ,... (x, left_set(A)) = true)

delete

where to enable the application of the induction hypothesis, the formula

V x:natV A:set2 p — (false V Aly, oo (A) = true)
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needs to be proved. On the other hand, we can derive:

Identity
(p, A <ser2 A, false)

Estimation

<<p, right_set(A) <ser2 A, false v AL (A) = true>

right_set

Induction Hypothesis
(p, delete(x, right_set(A)) =sera right_set(A), A2, ... (x, right_set(A)) = true)

where to allow the application of the induction hypothesis, the formula

V x:nat V A:set2 ¢ — (false vV AL (A) = true)

right_set

has to be shown. Hence, we can derive:

(p, delete(x, left_set(A)) =sera left_set(A), Ad ... (%, left_set(A)) = true),

{ip, delete(x, right_set(A)) etz right-set(A), Adjere (%, left_set(A)) = true)
Weak Embedding

o, union(delete(x, left_set(A)), delete(x, right_set(A)))
< =set2 union(left_set(A), right_set(A)), >

false V A e (%, left_set(A)) = truev
A3 e (X, right_set(A)) = trueV
[ union (delete(x, left_set(A)), delete(x, right_set(A))) = false

Equation 3

©, union(delete(x, left_set(A)), delete(x, right_set(A))) =set2 A,
false V A3, e (%, left_set(A)) = trueV
D3 e (X, right_set(A)) = trueV
[ union (delete(x, left_set(A)), delete(x, right_set(A))) = false

where to enable the application of the Weak Embedding Rule, the formula

V x:nat V A:set2
© = [union (left_set(A), right_set(A)) = true

has to be proved.
The corresponding difference predicate, Agelete : nat X set2 — bool, is now synthesized
with the simplified difference formulas from the derivations in the Estimation Calculus as:

V x:nat V A:set2
A = empty — A e (%, A) = false

V x:nat V A:set2
(A = single(get_nat(A)) A x = get_nat(A))
— A2 .. (x,A) = false

delete

V x:natV A:set2
(A = single(get_nat(A)) A x # get_nat(A))
- Agelete (Xa A) = false
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V x:nat V A:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A)) )
AZere (X, A) = true
A3 e (X, left_set(A)) = trueV
~ A jere (%, right_set(A)) = trueV
[ union (delete(x, left_set(A)), delete(x, right_set(A))) = false

9.2 Ins: nat X set2 — set?2

ins computes the insertion operation of an element into a set, defined by:

V x:nat V A:set2
ins(x, A) = union(single(x), A)

Since this a non-recursive constructive specification, we are done.

9.3 Inter: set2 X set2 — set2

inter computes the intersection of two sets, and it is defined by:

V A, B:set2
A = empty — inter(A, B) = empty

V A, B:set2
(A = single(get_nat(A)) A get_nat(A) € B)
— inter(A,B) = A

V A, B:set2
(A = single(get_nat(A)) A get_nat(A) ¢ B)
— inter(A, B) = empty

V A, B:set2
A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))
— inter(A, B) = union(inter(left_set(A), B), inter(right_set(A), B))
The recursion ordering of inter is well-founded. There is only a single recursive definition case
with two recursive calls. We abbreviate the invariant case condition

A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))

by ¢, and for the first recursive call we obtain the derivation:

Identity

(p, A <ser2 A, false)
Estimation

(ip, left_set(A) =<ser2 A, false V Alg (o (A) = true)
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To ensure the strict relation, we need to prove

V A, B:set2
A = union(left_set(A), right_set(A))A
( A # empty A A # single(get_nat(A)) )
— (false V Al oo (A) = true)

which simplifies to

V A, B:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

N A = union(left_set(A), right_set(A))A
Funion (left_set(A), right_set(A)) = true |

A proof of this property is quite simple using the definition of the destructor functions, i.e.,
V A, B, C:set2
(A = union(B,C) A A # empty A (V x:nat A # single(x)))
— Tunion (left_set(A), right_set(A)) = true.

Similarly, for the second recursive call of inter we obtain:

Identity

(p, A <ser2 A, false)
Estimation

<<p, right_set(A) <set2 A, false Vv A}ight_set(A) = true>

To ensure the strict relation, we need to prove

V A, B:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

— (false V ALy e (A) = true)

which simplifies to

YV A, B:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

N A = union(left_set(A), right_set(A))A
runion (Ieft_set(A), rlght_set(A)) = true .

In addition, inter denotes a 1-bounded function symbol. To prove this property, first of
all, we need to show that the specification of inter is case-complete,by
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YV A, B:set2
A = emptyV
(A = single(get_nat(A)) A get_nat(A) € B)Vv
(A = single(get_nat(A)) A get_nat(A) € B)V
A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))

Next, we examine each definition case separately. For the first definition case we abbreviate
the invariant case condition

A = empty
by . Using the Estimation Calculus, we obtain the derivation

Identity

(¢, empty <ser2 empty, false)
Equation 1

(i, empty <ser2 A, false)

For the second definition case we abbreviate the invariant case condition

A = single(get_nat(A))A
get_nat(A) € B

by ¢, and, using the Estimation Calculus, we obtain:

— Identity ——
(Lpa A jset2 Aa false>

For the third definition case we abbreviate the invariant case condition

A = single(get_nat(A))A
get_nat(A) ¢ B

by ¢, and, using the Estimation Calculus, we obtain:

Equivalence

(i, empty =ser2 single(get_nat(A)), false)
Equation 1

(‘107 empty <get2 A,false>

For the fourth definition case we abbreviate the invariant case condition

A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))
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by (. Since this is a recursive case, we may assume the following induction hypotheses as
additional inference rules:
(¢p, left_set(A) <set2 A, Aq)
& = Induction Hypothesis

{¢p, inter(left_set(A), B) <ser2 left_set(A), Al _ (left_set(A), B) = true)

inter

where &; is an abbreviation for the formula
V A B:set2 o = Ay
and
(i, right_set(A) <eet2 A, A3)
§2 = Induction Hypothesis
{¢p, inter(right_set(A), B) =2 right_set(A), Al _ (right_set(A), B) = true)

inter

where &> is an abbreviation of the formula
V A,B:set2 o =+ Ay
Thus, we obtain

Identity
(p, A <set2 A, False)
Estimation
(ip, left_set(A) =ser2 A, False V ALy oo (A) = true)
Induction Hypothesis
(¢, inter(left_set(A), B) <ser2 left_set(A), Al . (left_set(A), B) = true)

inter

where to enable the application of the induction hypothesis, the formula
V A,B:set2 ¢ — (False V AL o (A) = true)

has to be proved. On the other hand we obtain the derivation:

Identity
(@, A <set2 A, False)

Estimation

<<p, right_set(A) <ser2 A, False v Al (A) = true>

right_set

Induction Hypothesis
{¢p, inter(right_set(A), B) =2 right_set(A), Al _ (right_set(A), B) = true)

» inter

where to allow the application of the induction hypothesis, the formula

V A,B:set2 ¢ — (False v A}ight_set(A) = true)
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has to be shown. With these two estimation formulas we can now derive:

(o, inter(left_set(A), B) <sero left_set(A), Al . (left_set(A), B) = true),

{¢p, inter(right_set(A), B) =sera right_set(A), Al _ (right_set(A), B) = true)
Weak Embedding
@, union(inter(left_set(A), B), inter(right_set(A), B))
< =set2 union(left_set(A), right_set(A)),

Al (left_set(A),B) = true vV AL _ (right_set(A), B) = trueV
[union (inter(left_set(A), B), inter(right_set(A), B)) = false

Equation 3
< o, union(inter(left_set(A), B), inter(right_set(A), B)) <set2 A, >

Al (leftset(A),B) = true V AL _ (right_set(A), B) = trueV
[union (inter(left_set(A), B), inter(right_set(A), B)) = false

where in order to enable the application of the Weak Embedding Rule, the formula

V A, B:set2 ¢ — Tynion (left_set(A), right_set(A)) = true

needs to be shown.

Now, we have proved that inter is 1-bounded, and the respective difference predicate

Ailnter : set2 X set2 — bool is synthesized using the simplified difference formulas from each
call of the Estimation Calculus:

V A, B:set2
A =empty — Al (A, B) = false

inter

V A, B:set2
A = single(get_nat(A))A
get_nat(A) € B
— AL (A, B) = false

V A, B:set2
A = single(get_nat(A))A
get_nat(A) ¢ B
— AL (A, B) = false

YV A, B:set2
A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))
Al (A B) = true

Al (leftset(A), B) = truev
- 1 (p —
“~ A (right_set(A), B) = trueV

[union (inter(left_set(A), B), inter(right_set(A), B)) = false

9.4 diff : set2 x set2 — set2

diff computes the difference of two sets, and it is defined by:
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YV A, B:set2
A = empty — diff(A, B) = empty

V A, B:set2
(A = single(get_nat(A)) A get_nat(A) € B)
— diff(A, B) = empty
V A, B:set2
(A = single(get_nat(A)) A get_nat(A) ¢ B)
— diff(A,B) = A
V A, B:set2
A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))
— diff(A, B) = union(diff(left_set(A), B), diff(right_set(A), B))

The recursion ordering of diff is well-founded. There is only a single recursive definition case
with two recursive calls. We abbreviate the invariant case condition

A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))

by ¢, and for the first recursive call we obtain the derivation:

Identity
(p, A <setr2 A, false)
Estimation
{¢p, left_set(A) =<ser2 A, false V Al (A) = true)

left_set

To ensure the strict relation, we need to prove

V A, B:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))
— (false V ALy, . (A) = true)

which simplifies to

V A, B:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

N A = union(left_set(A), right_set(A))A
Funion (left_set(A), right_set(A)) = true |

A proof of this property is quite simple using the definition of the destructor functions, i.e.,

V A, B, C:set2
(A = union(B,C) A A # empty A (V x:nat A # single(x)))
— Tunion (left_set(A), right_set(A)) = true.
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Similarly, for the second recursive call of diff we obtain:

Identity
(Lpa A jset2 Aa false>

Estimation

<<,0, right_set(A) <ser2 A, false V Al (A) = true>

right_set
To ensure the strict relation, we need to prove

V A, B:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

— (false v A}ight_set(A) = true)

which simplifies to

V A, B:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

N A = union(left_set(A), right_set(A))A
Funion (left_set(A), right_set(A)) = true |

In addition, diff denotes a 1-bounded function symbol. To prove this property, first of all,
we need to show that the specification of diff is case-complete,by

V A, B:set2
A = emptyV
(A = single(get_nat(A)) A get_nat(A) € B)V
(A = single(get_nat(A)) A get_nat(A) & B)Vv

A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))

Next, we examine each definition case separately. For the first definition case we abbreviate
the invariant case condition

A = empty
by . Using the Estimation Calculus, we obtain the derivation

Identity

(¢, empty <ser2 empty, false)
Equation 1

(;p, empty <ser2 A, false)

For the second definition case we abbreviate the invariant case condition
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A = single(get_nat(A))A
get_nat(A) € B

by ¢, and, using the Estimation Calculus, we obtain:

Equivalence

(i, empty <ser2 single(get_nat(A)), false)
Equation 1

(‘107 empty <get2 A,false>

For the third definition case we abbreviate the invariant case condition

A = single(get_nat(A))A
get_nat(A) ¢ B

by ¢, and, using the Estimation Calculus, we obtain:

— ldentity ——
(p, A <ser2 A, false)

For the fourth definition case we abbreviate the invariant case condition

A = union(left_set(A), right_set(A))
A # empty A A # single(get_nat(A))

by . Since this is a recursive case, we may assume the following induction hypotheses as
additional inference rules:

(p, left_set(A) <set2 A, Ap)
§1 = Induction Hypothesis

{ip, diff(left_set(A), B) <ser2 left_set(A), Al.(left_set(A), B) = true)

where £ is an abbreviation for the formula
VA B:set2 p — A;
and

(¢, right_set(A) <eet2 A, Ap)
&H=> Induction Hypothesis
(i, diff(right_set(A), B) <set> right_set(A), AL« (right_set(A), B) = true)

where &, is an abbreviation for the formula

V A B:set2 p — Ay
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Thus, we obtain

Identity
(p, A <ser2 A, False)
Estimation
{ip, left_set(A) =ser2 A, False V Alc .. (A) = true)
Induction Hypothesis
(ip, diff(left_set(A), B) <ser left_set(A), Al (left_set(A), B) = true)

where to enable the application of the induction hypothesis, the formula
V A B:set2 p — (False V ALy .. (A) = true)

has to be proved. On the other hand we obtain:

Identity
(p, A <set2 A, False)
Estimation
<<p, right_set(A) <set2 A, False v Al
Induction Hypothesis
{ip, diff(right_set(A), B) =ser2 right_set(A), Al «(right_set(A), B) = true)

(A) = true>

right_set

where in order to allow the application of the induction hypothesis, the formula

V A, B:set2 ¢ — (False V Al (A) = true)

right_set

needs to be shown. Having derived the above estimation formulas we can now derive:

(¢, diff(left_set(A), B) <cer2 left_set(A), Adlff(left_set(A), B) = true),
{ip, diff(right_set(A), B) =seto right_set(A), AL« (right_set(A),B) = true)
Weak Embedding
o, union(diff(left_set(A), B), diff(right_set(A), B))

=set2 union(left_set(A), right_set(A)),
Alg(left_set(A), B) = true V Al«(right_set(A), B) = truev
)

[ union (diff(left_set(A), B), diff(right_set(A), B)) = false
Equation 3

©, union(diff(left_set(A), B), diff(right_set(A), B)) =<set2 A,
< Al (left_set(A), B) = true V Al «(right_set(A), B) = trueV >
)

[ union (diff(left_set(A), B), diff(right_set(A), B)) = false
where to allow the application of the Weak Embedding Rule, the formula

V A, B:set2 ¢ — ynion (left_set(A), right_set(A)) = true
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has to be shown.

Now, we have proved that diff is 1-bounded, and the respective difference predicate A(Ijiff :
set2 X set2 — bool is synthesized using the simplified difference formulas from each call of the
Estimation Calculus:

YV A, B:set2
A = empty — ALg(A,B) = false

V A, B:set2
A = single(get_nat(A))A
( get_nat(A) € B )
— Al¢(A, B) = false

V A, B:set2
A = single(get_nat(A))A
get_nat(A) ¢ B
— AL(A,B) = false

V A, B:set2
A = union(left_set(A), right_set(A))
( A # empty A A # single(get_nat(A)) )
AlLg(A,B) = true
Al (left_set(A), B) = trueV
“ Al (right_set(A), B) = trueV
[ union (diff(left_set(A), B), diff(right_set(A), B)) = false

9.5 card:set2 — nat
card computes the cardinality of a set, and it is defined by:

V A:set2
A = empty — card(A) =0

V A:set2
A = single(get_nat(A)) — card(A) = succ(0)

YV A:set2
A = union(left_set(A), right_set(A
A # empty A A #Z single(get_ nat )
— card(A) =
A
A

( (card(left_set(A)) + card(right_set(A))) )
—card(inter(left_set(A), right_set(A)))

The recursion ordering of card is well-founded. There is only one definition case with three
recursive calls of card. Using the Estimation Calculus, abbreviating the invariant case condi-
tion

A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))
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by ¢, we obtain the following derivation for the first recursive call:

Identity
(Lpa A jset2 Aa false>

Estimation

{p, left_set(A) =<ser2 A, false V Al . (A) = true)

To ensure the strict relation, we need to prove

V x:nat V A:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))
— (false V Alg, oo (A) = true)

which simplifies to

V x:nat V A:set2
A = union(left_set(A), right_set(A
A # empty A A # single(get- nat

. A = union(left_set(A), right_set(A
[ union (left_set(A), right_set(A)) =t

A proof of this property is quite simple using the definition of the destructor functions, i.e.,

V A, B, C:set2
(A = union(B,C) A A # empty A (V x:nat A # single(x)))
— Tunion (left_set(A), right_set(A)) = true.

Similarly, for the second recursive call of card we obtain:

Identity
(Lpa A jset2 Aa false>

Estimation

<<,0, right_set(A) <ser2 A, false V AL

(A) = true>

right_set
To ensure the strict relation, we need to prove

V x:nat V A:set2
A = union(left_set(A), right_set(A))A

A # empty A A # single(get_nat(A))
— (false v AL

right_set

(A) = true)
which simplifies to

V x:nat V A:set2
A = union(left_set(A), right_set(A
A # empty A A # single(get_ nat

. A = union(left_set(A), right_set(A
[ union (left_set(A), right_set(A)) =t '
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And for the third recursive call we obtain the derivation

Identity
(Lpa A jset2 Aa false>
Estimation

{(p, left_set(A) =<ser2 A, false V Al . (A) = true)
Estimation

< o, inter(left_set(A), right_set(A)) <set2 A, >

false V Alg oo (A) = true vV AL . (left_set(A), right_set(A)) = true

inter
In order to prove the strict relation, we need to show

V x:nat V A:set2
A = union(left_set(A), right_set(A))A
A # empty A A # single(get_nat(A))

. false V ALg oo (A) = truev
Al (left_set(A), right_set(A)) = true

inter

9.6 < p:set2 x set2 — bool
<set2 computes the less-than-relation on sets, and it is defined by:

V A, B:set2
(A <get2 B) = true <> (card(A) <pat card(B)) = true

Since this is a non-recursive constructive definition, we are done. However note, that <ge»

denotes a well-founded order relation.

9.7 <, set2 X set2 — bool
<set2 computes the less-than-or-equal-relation on sets, and it is defined by:

V A, B:set2
(A <get2 B) = true <> (card(A) <pat card(B)) = true

Since this is a non-recursive constructive definition, we are done.

9.8 > set2 x set2 — bool
>cet2 computes the greater-than-relation on sets, and it is defined by:

V A, B:set2
(A >0 B) = true < (B <gerp A) = true

Since this is a non-recursive constructive definition, we are done.
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9.9 >_.,:set2 x set2 — bool
>set2 computes the greater-than-or-equal-relation on sets, and it is defined by:

V A, B:set2
(A >get2 B) = true <> (B <ger2 A) = true

Since this is a non-recursive constructive definition, we are done.
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Binary Words, binword

This specification of binary words, binword, uses four constructor functions 0 :— binword,
generating the binary word for zero, 1 :— binword, generating the binary word for one, succ0 :
binword — binword, adding a zero to the end of a binary word, and succl : binword — binword,
adding a one to the end of a binary word. Equality on binword is specified by the axioms:

0#1

V x: binword
0 =succO(x) <> x=0

V x:binword
0 # succl(x)

¥ x:binword
1 # succO(x)

Y x:binword
1 =succl(x) <> x=0

V x,y: binword
succ0(x) # succl(y)

V x,y:binword
succO(x) = succl(y) <> x =y

Y x,y:binword
succl(x) = succl(y) <> x =y

147
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By the above specification we have defined a non-freely generated data type. Hence, we must
prove the constructor functions succO and succl to be size increasing by using the respective
implementation specification. Furthermore, the strictness predicates @iucco : binword — bool
and ©},.; : binword — bool, as well as the minimal representation predicates lsycco :
binword — bool and [s,cc1 : binword — bool have to be synthesized.

The implementation specification is automatically generated using the constructor func-
tions Oy :— binword;, 11 :— binword;, succO; : binword; — binwordy, succly : binword; —

binwordy, and the new equality predicate Equ;nporg, : binword; X binword; — bool.

01 Z L

V x:binword;
01 # succOp(x)

V x:binword;
0p # succli(x)

V x:binword;
11 # succ0r(x)

V x:binword;
11 # succly(x)

Y x,y:binwordy
succOr(x) # succly(y)

V x, y : binwordy
succOr(x) = succli(y) <> x =y

V x,y : binwordy
succli(x) = succli(y) <> x=y

Edbinword; (01, 11) = false

V x:binword;
Edbinword; (01, succ0r(x)) = true <> Edpinword, (X, 01) = true

V x:binword
Edbinword; (01, succly(x)) = false

V x:binwordy
Edpinword, (11, succOr(x)) = false

V x:binword;
Eqbinwordl(llaSUCC]-I(X)) = true & Eqbinwordl(x, 01) = true

V x,y : binwordy
Edbinword; (succO1(x), succli(y)) = false

Y x,y: binwordy
Edbinword; (succ0r(x), succOr(y)) = true <> Eqpuinword, (X, y) = true
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V x,y : binwordy
EqbinwordI(SUCC]-I(X)a SUCC]-I(Y)) = true < EqbinwordI(X7 Y) = true

V x:binword;
EqbinwordI(Xa X) = true

V x, y : binwordy
EqbinwordI(Xa Y) = true — EqbinwordI(YaX) = true

V x,y, z: binwordy
(Edbinword; (%, Y) = true A Edpinword, (Y5 2) = true)
— Eqbinwordl(xa Z) = true

Since binword; is freely generated, the strictness predicates Qsluccol : binword; — bool and

OSIUCCII : binword; — bool, as well as the minimal representation predicates ysycco; : binword; —

bool and vsycco, : binword; — bool are defined by:

V x:binword;
1 —
Osucco, (X) = true

V x:binword;
1 —
Osucer, (X) = true

V x:binword;
Ysucco, (X) = true

V x:binword;
Ysucel; (X) = true

In addition, all constructor functions of binword; are non-overlapping. Hence, the destruc-
tor function pred0; : binword; — binword; for the constructor function succO and the destructor
function predl; : binword; — binwordy for the constructor function succly are defined by:

V x,y : binwordy
x = succ0r(y) — x = succOr(pred0;(x))

pred0;(0r) = 01
pred0;(1;) = 1;

V x:binword;
predOy(succli(x)) = succli(x)

Y x,y : binwordy
x = succ0r(y) — Ysucco (pred0y(x)) = true

Y x,y: binwordy
x = succli(y) = x = succli(predl;(x))

pred1;(0r) = 01

predl;(1;) = 1;
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V x:binword;
predly(succOr(x)) = succOr(x)

V x, y : binwordy
x = succli(y) = Ysucc1, (predly(x)) = true

Now, pred0; and predl; are both 1-bounded with difference predicates A{alredol : binword; —

bool and Agredll : binword; — bool, defined by

V x:binword;
B ) = e 65 = s precy )

V x:binword;

Aélredll(x) = true <> x = succly(predl;(x))

Furthermore, the function term_sizepinword, : binword; — nat is synthesized by:

V x:binword;
x = 01 — term_sizepinword, (A) = 0

V x:binword;
x = 11 — term_sizepinword, (A) = 0

V x:binword;
x = succO(pred0;(x))
— term_sizepinword, (X) = succ(term_sizepinword, (Pred0;(x)))

V x:binword
x = succli(predl;(x))
— term_sizepinword, (X) = succ(term_sizepinword, (pred1;(x)))

In order to have easier proofs, we specify a function min_sizepinword, : binword; — nat, by

V x:binword;
x =07 — min_sizebinwordl(x) =0

V x:binword;
x = 11 — min_sizepinword; (X) = 0

V x:binword;

x = succOr(pred0; (x))A
Eqbinwordl(predol(x)a OI) = true
- min—SizebinwordI(X) =0

V x:binword;

x = succ0r(pred0;(x))A
Eqbinwordl(predol(x)a OI) = false

— Min_sizepinword; (X) = succ(min_sizepinword, (Pred0;(x)))

V x:binwordy
( x = succl(predl;(x))A )
Eqbinwordl(predlI(X)a OI) = true
— min_sizepinword, (X) = 0
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V x: binwordy

x = succly(predl;(x))A
Eqbinwordl(predll(x)a 0p) = false

— Min_sizepinword; (X) = succ(min_sizepinword, (Pred1;(x)))
The specification of min_sizepinword, is case-distinct, as proved by

V x:binwordy
x = 01A
X = 1I
V x:binwordy
x = 01A

- ( x = succ0r(pred0;(x))A >

EqbinwordI (predol (X)a OI) = true
V x:binword
x = 01A

- x = succOy(pred0;(x))A
EqbinwordI (predol (X)a OI) = false

V x: binwordy
x = 01A

- x = succly(pred1;(x))A
Eqbinwordl(predll(x)a OI) = true

V x:binwordy
x = 01A

- x = succl(predly(x))A
Eqbinwordl(predll(x)a OI) = false

V x:binwordy
x = 11A

- ( x = succ0r(pred0;(x))A >

EqbinwordI (predol (X)a OI) = true
V x:binword
x =LA

- x = succO; (pred0;(x))A
Eqbinwordl(predol (X), OI) = false

V x:binwordy
X = ]-I/\

- x = succly(pred1;(x))A
Eqbinwordl(predll(x)a OI) = true

V x:binwordy
x = L1A

- x = succly(predl;(x))A
EqbinwordI (predll(x)a OI) = false

_" ~——— ~—— N— N— ~_ ~_
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V x: binwordy

( x = succ0r(pred0;(x))A > A

EqbinwordI (predol (X)a OI) = true

x = succ0r(pred0;(x))A
Eqbinwordl(predol(x), OI) = false

V x: binwordy

( x = succ0r(pred0;(x))A >

EqbinwordI (predol (X)a OI) = true

( x = succli(predl;(x))A )

Eqbinwordl(predll(x)a OI) = true

V x: binwordy
( x = succ0r(pred0;(x))A > A
Eqbinwordl(predol(x)a 01) = true
) x = succli(predl;(x))A
Eqbinwordl(predll(x)a OI) = false

V x: binwordy

x = succOr (pred0;(x))A A
EqbinwordI (predol (X)a OI) = false

x = succly(predl;(x))A
Eqbinwordl(predll(x)a OI) = true

V x: binwordy

x = succOr (pred0;(x))A A
EqbinwordI (predol (X)a OI) = false

x = succly(predl;(x))A
EqbinwordI (predlI(x), OI) = false

V x:binwordy

( x = succly(pred1y(x))A > A

Eqbinwordl(predll(x)a OI) = true

x = succli(predl;(x))A
Eqbinwordl(predll(x), OI) = false

Furthermore, the recursion ordering of min_sizepinword, is well-founded. To prove that, we
use the Estimation Calculus. There are two recursive cases with a single recursive call in
each. For the first recursive case we abbreviate the invariant case condition

x = succ0r(pred0;(x))A
Eqbinwordl(predol(x)a OI) = false



by . Thus, we obtain the following derivation in the Estimation Calculus:

Identity

(@, X Zbinword; X, false)
Estimation

<<,0, pred0;(x) =binword; X, false V Aéredol(x) = true>
To ensure the strict relation, we have to prove

V x:binword;

x = succOr(pred0y(x))A
Eqbinwordl(predol(x), OI) = false

— (false V A} g0, (x) = true)

which can be simplified to

V x:binword;

x = succ0r(pred0;(x))A
Eqbinwordl(predol(x)a OI) = false
)

— x = succOy(pred0y(x

For the second recursive case we abbreviate the invariant case condition

x = succly(predl;(x))A
Eqbinwordl(predll(x)a 0r) = false

by ¢. Thus, we obtain the following derivation in the Estimation Calculus:

Identity

(p,x =binword; X, false)
Estimation

<<,0, pred1;(x) =pinword; X, false V Aéredll(x) = true>
To ensure the strict relation, we have to prove

V x:binwordy
x = succli(predl;(x))A
Edbinword; (Pred1y(x), 0r) = false

— (false v A,ljredll(x) = true)

which can be simplified to

V x:binword;

( x = succly(pred1y(x))A >
1)
)

Eqbinwordl(predll(x), 07) = false
— x = succly(predl;(x))
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Now, we need to prove that the above axiomatization of min_sizepipword, computes the min-
imal size of a binary word, indeed. Therefore we need to show the following proof obligations
V x, y : binwordy
Edbinword; (X, Y) = true — (min_sizepinword; (X) <nat term_sizepinword; (Y)) = true
V x:binwordy 3 y: binwordy
Edbinword; (X, ¥) = true A (min_sizepinword; (X) >nat term_sizepinword; (y)) = true
Y x,y: binwordy
Eqbinwordl(xa y) = true — min—SizebinwordI(X) = min—SizebinwordI(Y)
Next, we need to show that succO and succl denote size increasing constructor functions.
To do that, we prove:
V x:binword;

(min_sizepinword; (X) <nat MiN_sizepinword, (SuccO(x))) = true

V x:binword;

(min_sizepinword, (X) <nat MiN_Sizepinword, (Succl(x))) = true

Finally, we need to define the strictness predicates @%uccol : binword; — bool and @%uccll :

binword; — bool, as well as the minimal representation predicates [gycco, : binword; — bool
and [gyccr1, = binword; — bool. We suggest the following definitions:

V x:binwords
e.iuccOI(X) = true
AR Eqbinwordl(xa OI) = false

V x:binword;
eiuccll(x) = true
< Eqbinwordl(xa 01) = false

V x:binwordy
rsuccOI(X) = true
AR Eqbinwordl(xa OI) = false

V x:binword;
MNsuce1; (X) = true
A Eqbinwordl(xa 01) = false

However, we have to prove that our suggestions really define the strictness predicates and
the minimal representation predicate. Hence, we need to show that

V x:binword;
eiuccol(x) = true < (min—SizebinwordI(X) <hnat min—SizebinwordI(SUCCOI(X))) = true
V x:binword;
eiuccll(x) = true < (min—SizebinwordI(X) <hnat min—SizebinwordI(SUCCII(X))) = true
V x:binword;
[Msucco; (X) = true
<> min_sizepinword, (succO(x)) = succ(min_sizepinword; (X))
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V x:binword;
MNsucel; (X) = true
<> min_sizepinword, (succO(x)) = succ(min_sizepinword, (X))

Having done so, we know for our original specification binword that the constructor func-
tions succO and succl are size increasing, and we can translate the strictness predicates and
the minimal representation predicates into the original specification. Hence, we obtain:

V x:binword
OL,cco(x) = true &> x £ 0

V x:binword
Ol 1 (x) =true &> x £ 0

V x:binword
Msucco (X) = true <> x Z 0

V x:binword
Msuccl (X) = true <> x Z 0

The data type binword possesses overlapping constructor functions, since, for instance,
0 = succ0(0)

Thus, we cannot use the simplified construction scheme for the destructor functions.

The destructor function pred0 : binword — binword for the constructor function succO
and the destructor function predl : binword — binword for the constructor function succl are
defined by the following (already simplified) axioms:

Y x,y:binword
x = succ0(y) — x = succ0(pred0(x)),

pred0(0) =0
pred0(1) =1

V x: binword
pred0(succl(x)) = succl(x)

Y x,y:binword
(x = succO(y) Ax # 0)
— Tsucco(pred0(x)) = true

Y x,y:binword
(x = succl(y) Ax =0)
— Tsucco(pred0(x)) = false

V x,y: binword
x = succl(y) — x = succl(pred1(x)),

pred1(0) =0
predl(1) =1
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V x: binword
pred1(succO(x)) = succO(x)

V X, y: binword
(x =succl(y) Ax #1)
— [succ1 (pred1l(x)) = true

Y x,y:binword
(x = succl(y) Ax =1)
— Tsuce1 (predl(x)) = false

Both reflexive destructor functions pred0 and predl, are 1-bounded, and their difference

predicates A,ljredo : binword — bool and Ail,redl : binword — bool, are defined by

V x:binword
A,ljredo(x) = true

o[ X= succO(pred0(x))A
lNsucco (pred0(A)) = true

V x:binword
A;redl(x) = true

o *x= succl(pred1l(x))A
[succt (pred1(A)) = true

For the data type binword we will give constructive function and predicate specifications
for suce, pred, +, =5 <binwords; Sbinwords > binword: and 2 binword -

10.1 succ : binword — binword

succ computes the addition of 1 and the specified binary word, defined by:

V x: binword
x=0 —succ(x) =1

Y x:binword
x =1 — succ(x) = succ(x)

Y x:binword
(x = succO(pred0(x)) A x # 0)
— succ(x) = succl(pred0(x))

V x: binword
(x = succl(predl(x)) Ax # 1)
— succ(x) = succO(succ(predl(x)))

The recursion ordering of succ is well-founded. There is only a single recursive definition case
with a single recursive call. We abbreviate the invariant case condition

(x = succl(predl(x)) Ax # 1)
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by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity

(0, X Zbinword X, false)
Estimation

<<p, pred1(x) =<pinword X, false V A,ljredl(x) = true>

To ensure the strict relation, we have to prove

Y x:binword
(x = succl(predl(x)) Ax # 1)
— (false V AL 41 (x) = true)

which can be easily proved using the definition of the involved functions.

10.2 pred : binword — binword

pred computes the subtraction by 1 from the specified binary word, defined by:

V x: binword
x=0— pred(x) =0

V x: binword
x=1— pred(x) =0

V x:binword
(x = succO(pred0(x)) A x # 0)
— pred(x) = succl(pred(pred0(x)))

Y x:binword
(x = succl(predl(x)) Ax # 1)
— pred(x) = succO(pred1(x))

The recursion ordering of pred is well-founded. There is only a single recursive definition case
with a single recursive call. We abbreviate the invariant case condition

(x = succO(pred0(x)) A x # 0)
by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity

<(p,X =binword X false>
Estimation

<<,0, pred0(x) =pinword X, false V Aéredo(x) = true>

To ensure the strict relation, we have to prove
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V x: binword
(x = succO(pred0(x)) A x # 0)
— (false V AL 4o (x) = true)

which can be easily proved using the definition of the involved functions.

10.3 + : binword X binword — binword
+ computes the addition on binary words, defined by:

V x,y: binword
x=0—=>(x+y) =y

V x,y: binword
x=1—= (x+y) = succ(y)

Y x, y:binword
(x = succO(pred0(x)) A x # 0)
— (x+y) = (pred0(x) + (pred0(x) +y))

V x,y:binword
(x = succl(predl(x)) Ax # 1)
— (x+y) = succ(pred1(x) + (pred1l(x) +y))

The recursion ordering of + is well-founded. There are two recursive definition cases with
two recursive calls in each, however, both recursive calls coincide in the first parameter. For
the first recursive case we abbreviate the invariant case condition

(x = succO(pred0(x)) A x # 0)
by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity

(0, X Zbinword X, false)
Estimation

<<p, pred0(x) =pinword X, false V Aéredo(x) = true>

To ensure the strict relation, we have to prove

V x,y: binword
(x = succO(pred0(x)) A x # 0)

— (false v A;redo(x) = true)

which can be easily proved using the definition of the involved functions. For the second
recursive case we abbreviate the invariant case condition

(x = succl(predl(x)) Ax # 1)
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by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity

<(p,X =binword X false>
Estimation

<<,0, pred1l(x) =<pinword X, false V Aéredl(x) = true>

To ensure the strict relation, we have to prove

Y x,y:binword
(x = succl(predl(x)) Ax # 1)
— (false v A,ljredl (x) = true)

which can be easily proved using the definition of the involved functions.

10.4 — : binword x binword — binword

— computes the subtraction on binary words, defined by:

V x,y:binword
y=0—(x—y)=x

Y x,y:binword
y=1-—= (x—y) = pred(x)

V x,y: binword

(y = succO(pred0(y)) Ay # 0)
— (x —y) = ((x — pred0(y)) — pred0(y))

V x,y: binword

(y = succl(predl(y)) Ay #1)
— (x —y) = pred((x — predl(y)) — predi(y))

The recursion ordering of — is well-founded. There are two recursive definition cases with
two recursive calls in each, however, both recursive calls coincide in the first parameter. For
the first recursive case we abbreviate the invariant case condition

(y = succO(pred0(y)) Ay £ 0)
by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity

(‘Pay =binword y,false>
Estimation

<<p, pred0(y) =<pinword Y, false V Apl)redO(y) = true>

To ensure the strict relation, we have to prove
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V x,y:binword

(y = succO(pred0(y)) Ay # 0)

— (false V AL 4o (y) = true)

which can be easily proved using the definition of the involved functions.

recursive case we abbreviate the invariant case condition

(y = succl(predl(y)) Ay £ 1)
by ¢, and, using the Estimation Calculus, we obtain the derivation:

Identity

((p,y =binword y,false>
Estimation

(ip, pred1(y) =sinwora ¥, false V AL gy (y) = true)

To ensure the strict relation, we have to prove

V x,y: binword

(y = succl(predl(y)) Ay #1)

— (false V AL 4 (y) = true)

which can be easily proved using the definition of the involved functions.

10.5 <gpwora: binword x binword — bool

<pinword computes the less-than-relation on binary words and is defined by:

Y x,y:binword
(X <binword Y) = true <> (y —x) £ 0

Since this is a non-recursive definition, we are done.

10.6 <gwora: binword x binword — bool

For the second

<pinword computes the less-than-or-equal-relation on binary words and is defined by:

Y x,y:binword
(X Zbinword Y) = true < ((X <binword Y) =true Vx = Y)

Since this is a non-recursive definition, we are done.

10.7  >,wora: binword x binword — bool

>pinword cOmputes the greater-than-relation on binary words and is defined by:

V x,y: binword
(X > binword Y) = true < (y <binword X) = true

Since this is a non-recursive definition, we are done.
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10.8  >piwora: binword x binword — bool
>binword computes the greater-than-or-equal-relation on binary words and is defined by:

Y x,y:binword
(X Zbinword ¥) = true < (y <pinword X) = true

Since this is a non-recursive definition, we are done.



162 CHAPTER 10. BINARY WORDS, binword



11

Commutative Trees,

tree

This specification of commutative trees (of nats), tree, uses two constructor functions nil :—
tree, generating the empty tree and cons : nat X tree X tree — tree, creating a tree from a nat
and two existing trees. Equality on tree is specified by the axioms:

V x:natV A, B:tree
nil # cons(x, A, B)

Vx,y:natVA,B,C,D:tree
cons(x, A, B) = cons(y, C, D)

X =YyA
o (A=CAB=D)V
(A=DAB=C()

By the above specification we have defined a non-freely generated data type. Hence, we must
prove the constructor function cons to be size increasing by using the respective implemen-
tation specification. Furthermore, the strictness predicates ©2 . : nat x tree X tree — bool

cons *
and @3 : nat x tree x tree — bool, as well as the minimal representation predicate cons :

cons *
nat X tree X tree — bool have to be synthesized.

The implementation specification is automatically generated using the constructor func-
tions nily :— treer consy : nat x treer X tree — treer, and the new equality predicate Eqye, :

treer X tree; — bool.

163
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V x:natV A, B:treer
nil; #Z consi(x, A, B)

V x,y:natV A, B,C,D:treer
consy(x, A, B) = consy(y, C,D)
<+ (x=yANA=CAB=D)

V x:natV A, B:trees
eqreel(nilla consi(x, A, B)) = false

V x,y:nat V A, B, C,D:treer
Ediree, (consi(x, A, B), Consi(y, C,D)) = true
X =yA

Ans (eqreeI (A,C) =true A eqreel(
(eqreeI(Aa D) = true A eqreel

—~

,D) = true)Vv >

YV A:treer
eqreeI(A, A) = true

V A, B:treer
eqreeI(Aa B) = true — eqreeI(Ba A) = true

YV A, B, C:treer
(eqreeI(Aa B) = true A eqreeI(Ba C) = true)
— Ediree, (A, C) = true
Since tree is freely generated, the strictness predicates 030,,51 : nat X treey X tree; — bool
and 920,,51 : nat X treer X tree; — bool, as well as the minimal representation predicate 7ycons; :
nat X treer X treef — bool are defined by:

V x:natV A, B:treer
62, (x,A, B) = true

consy

V x:nat V A, B:tree;
ogonsl (x,A,B) = true

V x:nat V A, B:tree;
“Ycons; (X, A, B) = true

In addition, all constructor functions of tree; are non-overlapping. Hence, for the con-
structor function cons; we introduce three destructor functions, get_nat; : tree; — nat for
the first argument of consy, left_treey : tree; — treer for the second argument of consy, and
right_tree; : tree; — treey for the third argument of cons;. For these destructor functions we
obtain the following representation axioms:

V x:natV A, B, C:treer
A = consi(x,B,C) — A = consi(get_naty(A), left_treer(A), right_tree; (A))

get_nat;(nil)) =0 (= Vhat)

left_treer(nily) = nily
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right_tree; (nily) = nil;

V x:natV A, B, C:treer
A = consi(x, B, C) = veons, (get_naty(A), left_treer(A), right_tree;(A)) = true

12

Now, left_tree; and right_tree; are both 1-bounded with difference predicates A% 1 e, © treer —
bool and Aﬁght_tree[ : treef — bool, defined by
YV A:treep
Al iree; (A) = true <+ A = consy(get_nat;(A), left_treer (A), right_tree;(A))
V A:treep
Allht tree, (A) = true <> A = consi(get-nat;(A), left_tree; (A), right tree; (A))

Furthermore, the function term_sizeee, : tree; — nat is synthesized by:

YV A:treer
A = nil; — term_sizegree, (A) =0

V A:treer
A = consy(get_nat;(A), left_treer(A), right_tree;(A))
— term_sizegree; (A) =
succ(term_sizegree, (left_treer(A)) + term_sizeye, (right_tree;(A)))

In order to have easier proofs, we specify a function min_sizetree, : tree; — nat, by

YV A:treer
min_sizetree, (A) = pred(length(A)),

where length : tree; — nat is defined constructively by

V A:treep
A = nilf — length(A) =0

V A:treep
A = consy(get_nat;(A), left_tree; (A), right_tree;(A))
— length(A) = succ(length(left_treer(A)) + length(right_tree;(A)))

The specification of length is case-distinct, as proved by

V A:treep

A = nilkA
A = consi(get_nat;(A), left_tree;(A), right_tree;(A))

Furthermore, the recursion ordering of length is well-founded. To prove that we use the
Estimation Calculus. There is only one recursive case with two recursive calls of length. Now,
we abbreviate the case condition

A = consi(get_nat;(A), left_tree;(A), right_tree;(A))
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by . Then, for the first recursive call the derivation in the Estimation Calculus is given by

Identity
(‘107 A ﬁtreel A,false)

Estimation

(ip, left treer(A) Zuee, A, false V Al oo (A))

left_treey

To prove the strict relation, we need to show

YV A:treer
A = consy(get_nat;(A), left_tree; (A), right_tree;(A))
- (false \ AIIelft_treeI (A))

which can be simplified to

V A:treep
A = consy(get_nat;(A), left_treer (A), right_tree;(A))
— A = cons(get_nat;(A), left_treer(A), right_tree; (A)).

Similarly, for the second recursive call we obtain:

Identity
(‘107 A ﬁtreel A,false)

Estimation

<(p, right_tree;(A) <tree, A, false V AEilght_treeI(A)>

To prove the strict relation, we need to show

YV A:treep
A = consy(get_nat;(A), left_tree; (A), right_tree;(A))
— (false v AlL (A))

right_treey

which can be simplified to

V A:treep
A = consy(get_nat;(A), left_treer (A), right_tree;(A))
— A = cons(get_nat;(A), left_treer(A), right_tree; (A)).

Now, we need to prove that the above axiomatization of min_sizetee, computes the minimal
size of a tree, indeed. Therefore we need to show the following proof obligations

V A, B:treer
Edtree; (A, B) = true — (min_sizetree; (A) <nat term_sizetree, (B)) = true

V A:treer 4 B:treeg
Ediree, (A, B) = true A (min_sizeqree, (A) >nat term sizeyee, (B)) = true
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V A, B:treer
Edtree, (A, B) = true — min_sizeyee,(A) = min_sizeyee, (B)

Next, we need to show that cons denotes a size increasing constructor function. To do
that, we prove:

V x:nat V A, B:treep
(min_sizegree, (A) <nat Min_sizetree, (consi(x, A, B))) = trueA
(Min_sizetree; (B) <nat Min_sizeyee, (consi(x, A, B))) = true

Finally, we need to define the strictness predicates ©?2 : nat X treer x treef — bool

consy *
and @gonsl : nat X treer x tree; — bool, as well as the minimal representation predicate

[cons; @ hat X treer X tree; — bool. We suggest the following definitions:

V x:natV A, B:treer

@gonsl (x,A,B) = true
V x:natV A, B:trees
egonsl (Xa A, B) = true

V x:natV A, B:treer
[cons; (X, A, B) = true

However, we have to prove that our suggestions really define the strictness predicates and
the minimal representation predicate. Hence, we need to show that

V x:nat V A, B:treer
0205, (%, A, B) = true
> (min_sizegree; (A) <nat Min_sizeyee, (consi(x, A, B))) = true

V x:nat V A, B:treep
O3 s, (X, A, B) = true
< (min_sizegree; (B) <nat Min_sizeyee, (consi(x, A, B))) = true

V x:natV A, B:treer
[ cons; (X, A, B) = true
<> min_sizegree, (consi(x, A, B)) =
succ(min_sizeiree, (A) + Min_sizeiree, (B))

Having done so, we know for our original specification tree that the constructor func-
tion cons is size increasing, and we can translate the strictness predicates and the minimal
representation predicate into the original specification. Hence, we obtain:

V x:natV A, B:tree

02,,s(x, A, B) = true

V x:natV A, B:tree
@3 .(A,B) = true

cons

V x:nat V A, B:tree [eons(x, A, B) = true
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The data type tree possesses non-overlapping constructor functions. Hence, we can use
the simplified construction scheme for the destructor functions. For the constructor function
cons we introduce three destructor functions get_nat : tree — nat for the first argument of
cons, left_tree : tree — tree for the second argument of cons, and right_tree : tree — tree for the
third argument of cons. For these destructor functions we obtain the following representation
axioms:

V x:natV A, B, C:tree
A = cons(x, B, C) — A = cons(get_nat(A), left_tree(A), right_tree(A)),

get_nat(nil) =0 (= Vnat)
left_tree(nil) = nil
right_tree(nil) = nil

V x:natV A, B, C:tree
A = cons(x, B, C)
— Tcons(get-nat(A), left_tree(A), right_tree(A)) = true,

Both reflexive destructor functions of the constructor function cons, left_tree and right_tree,
are 1-bounded, and their difference predicates Alleft_tree : tree — bool and A}ight_tree : tree —
bool, are defined by

V A:tree
AI1e1’t_tree (A) = true
< A = cons(get_nat(A), left_tree(A), right_tree(A))

V A:tree
Al (A) = true

right_tree
+ A = cons(get_nat(A), left_tree(A), right_tree(A))

For the data type tree we will give constructive function and predicate specifications for
count, height, Ieafcount, deIete, <tree) Stree; >tree, and >tree-

11.1 count : tree — nat

count computes the number of nodes in a tree, and it is defined by:

V A:tree
A = nil = count(A) =0

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— count(A) = succ(count(left_tree(A) + count(right_tree(A)))

The recursion ordering of count is well-founded. There is only a single recursive definition
case with two recursive calls of count. Hence, we abbreviate the invariant case condition

A = cons(get_nat(A), left_tree(A), right_tree(A))
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by ¢, and, using the Estimation Calculus for the first recursive call, we obtain the derivation:

Identity

(©, A <tree A, false)
Estimation

{ip, left_tree(A) <iree A, false V Alc oo (A) = true)

In order to ensure the strict relation, we need to prove

YV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— (false V Alg 1ee(A) = true)

which can be simplified to

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— A = cons(get_nat(A), left_tree(A), right_tree(A))

For the second recursive call, we obtain the derivation:

Identity
(@, A Ztree A, false)

Estimation

<<p, right_tree(A) =<iree A, false vV Al (A) = true>

right_tree

In order to ensure the strict relation, we need to prove

YV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— (false v A}ight_tree(A) = true)

which can be simplified to

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— A = cons(get_nat(A), left_tree(A), right_tree(A))

11.2  height : tree — nat
height computes the height of a tree, and it is defined by:

YV A:tree
A = nil — height(A) =0
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V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A

(height(left_tree(A)) <nat height(right_tree(A))) = true
— height(A) = succ(height(right_tree(A)))

YV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A
(height(left_tree(A)) <nat height(right_tree(A))) = false
— height(A) = succ(height(left_tree(A)))
The recursion ordering of height is well-founded. There are two recursive definition cases
with three recursive calls in each, however, two are identical. For the first recursive case we
abbreviate the invariant case condition
A = cons(get_nat(A), left_tree(A), right_tree(A))A
(height(left_tree(A)) <nat height(right_tree(A))) = true

by ¢, and, using the Estimation Calculus for the first recursive call, we obtain the derivation

Identity

(©, A <tree A, false)
Estimation

(i, left_tree(A) <iree A, false V ALc . (A) = true)

In order to ensure the strict relation, we need to prove

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A
(height(left_tree(A)) <nat height(right_tree(A))) = true

— (false V Ak, . . (A) = true)
which can be simplified to

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A

(height(left_tree(A)) <nat height(right_tree(A))) = true )
— A = cons(get_nat(A), left_tree(A), right_tree(A)

For the second recursive call, we obtain the derivation:

Identity

<(pa A jtree Aa false)
Estimation

<<,0, right_tree(A) <iree A, false V Anght tree(A) = true>

In order to ensure the strict relation, we need to prove
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V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )

(height(left_tree(A)) <nat height(right_tree(A))) = true
— (false v AL (A) = true)

right_tree

which can be simplified to

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )
rue

(height(left_tree(A)) <nat height(right_tree(A))) =t
— A = cons(get_nat(A), left_tree(A), right_tree(A))

For the second recursive definition case we abbreviate the invariant case condition

A = cons(get_nat(A), left_tree(A), right_tree(A))A
(height(left_tree(A)) <nat height(right_tree(A))) = false

by ¢, and, using the Estimation Calculus for the first recursive call, we obtain the derivation:

Identity
(@, A Ztree A, false)

Estimation

(i, left_tree(A) <iree A, false V ALy oo (A) = true)

In order to ensure the strict relation, we need to prove

YV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A >

(height(left_tree(A)) <nat height(right_tree(A))) = false
— (false V Al e (A) = true)

which can be simplified to

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )
alse

(height(left_tree(A)) <nat height(right_tree(A))) = f
— A = cons(get_nat(A), left_tree(A), right_tree(A)

For the second recursive call, we obtain the derivation:

Identity
(@, A Ztree A, false)

Estimation

<<,0, right_tree(A) <iree A, false V Anght tree (A) = true>

In order to ensure the strict relation, we need to prove



172 CHAPTER 11. COMMUTATIVE TREES, tree

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A >

(height(left_tree(A)) <nat height(right_tree(A))) = false
— (false v AL (A) = true)

right_tree

which can be simplified to

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A >
alse

(height(left_tree(A)) <nat height(right_tree(A))) = f.
— A = cons(get_nat(A), left_tree(A), right_tree(A)

11.3 leafcount : tree — nat
leafcount computes the number of leaves in a tree, and it is defined by:

V A:tree
A = nil — leafcount(A) = succ(0)

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— leafcount(A) = (leafcount(left_tree(A) + leafcount(right_tree(A)))

The recursion ordering of leafcount is well-founded. There is only a single recursive definition
case with two recursive calls of leafcount. Hence, we abbreviate the invariant case condition

A = cons(get_nat(A), left_tree(A), right_tree(A))

by ¢, and, using the Estimation Calculus for the first recursive call, we obtain the derivation:

Identity

(, A <tree A, false)
Estimation

(i, left_tree(A) <iree A, false V Alc . (A) = true)

In order to ensure the strict relation, we need to prove

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— (false V Alg e (A) = true)

which can be simplified to

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— A = cons(get_nat(A), left_tree(A), right_tree(A))
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For the second recursive call, we obtain the derivation:

Identity
(©, A <tree A, false)

Estimation

<<,0, right_tree(A) =<iree A, false V Al (A) = true>

right_tree

In order to ensure the strict relation, we need to prove

V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— (false V Al p iree (A) = true)
which can be simplified to
V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))
— A = cons(get_nat(A), left_tree(A), right_tree(A))

11.4 delete : nat X tree — tree

delete deletes all subtrees with the specified object as node. It is defined by:

V x:nat V A:tree
A = nil — delete(x, A) = nil

V x:natV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A >

get_nat(A) =x
— delete(x, A) = nil

V x:natV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )

get_nat(A) # x
— delete(x,A) =
cons(get_nat(A), delete(x, left_tree(A)), delete(x, right_tree(A)))

The recursion ordering of delete is well-founded. There is only a single recursive definition
case with two recursive calls of delete. Hence, we abbreviate the invariant case condition

A = cons(get_nat(A), left_tree(A), right_tree(A))A
get_nat(A) # x

by ¢, and, using the Estimation Calculus for the first recursive call, we obtain the derivation:
Identity
(@, A Ztree A, false)
Estimation

(i, left_tree(A) <iree A, false V ALy oo (A) = true)
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In order to ensure the strict relation, we need to prove

V x:nat V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )

get_nat(A) # x
— (false V Alg e (A) = true)

which can be simplified to

V x:nat V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )

get_nat(A) # x
— A = cons(get_nat(A), left_tree(A), right_tree(A))

For the second recursive call, we obtain the derivation:

Identity
(©, A <tree A, false)

Estimation

<<,0, right_tree(A) =<iree A, false V Al (A) = true>

right_tree
In order to ensure the strict relation, we need to prove

V x:natV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )

get_nat(A) # x

— (false v A}ight_tree(A) = true)

which can be simplified to

V x:nat V A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A

get_nat(A) # x
— A = cons(get_nat(A), left_tree(A), right_tree(A))

In addition, delete denotes a 2-bounded function symbol. First of all, delete is completely
specified, as proved by

V x:nat V A:tree
A = nilv

A = cons(get_nat(A), left_tree(A), right_tree(A))A v
get_nat(A) = x
A = cons(get_nat(A), left_tree(A), right_tree(A))A
get_nat(A) # x

Next, we examine each definition case separately. For the first definition case we abbreviate
the invariant case condition

A =il
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by ¢, and we obtain the derivation:

— Identity ——
(o, nil Ziree nil, false)
—— Equation 1 ——
(, nil Zree A, false)

For the second definition case we abbreviate the invariant case condition

A = cons(get_nat(A), left_tree(A), right_tree(A))A
get_nat(A) = x

by ¢, and we obtain the derivation:

Strong Estimation

(i, nil <iree cons(get_nat(A), left_tree(A), right_tree(A)), true)
Equation 1

(i, nil <tree A, true)
For the third definition case we abbreviate the invariant case condition

A = cons(get_nat(A), left_tree(A), right_tree(A))A
get_nat(A) # x

by . Since this is a recursive definition case, we may assume the additional inference rules

(p, left_tree(A) <iree A, A1)
&1 = Induction Hypothesis

(ip, delete(x, left_tree(A)) =iree left_tree(A), AZ e (X, left_tree(A)) = true)

delete

where &1 is an abbreviation for the formula
V x:natV A:tree p — Ay

and

(‘Pa right—tree(A) Stree A7 A2>
&H=> Induction Hypothesis
{ip, delete(x, right_tree(A)) <yree left_tree(A), A, e (%, right_tree(A)) = true)

where &, is an abbreviation for the formula

V x:nat V A:tree p — Ay
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as induction hypotheses. Thus, we obtain the derivation:

Identity
(@, A Ztree A, false)
Estimation
(i, left_tree(A) <iree A, false V ALy oo (A) = true)
Induction Hypothesis
{ip, delete(x, left_tree(A)) =<iree left_tree(A), A2 .. (x, left_tree(A)) = true)

delete

where to enable the application of the induction hypothesis, the formula
V x:natV A:tree ¢ — (false V ALy, 100 (A) = true)

has to be proved. On the other hand we can derive:

Identity
(@, A Ztree A, false)

Estimation

<<p, right_tree(A) =<iree A, false v AL (A) = true>

right_tree

Induction Hypothesis

® delete(x, right—tree(A)) jtree right_tree(A),
A3 e (X, right_tree(A)) = true

where to allow the application of the induction hypothesis, the formula

V x:nat V A:tree ¢ — (false V ALy 1 ee(A) = true)

needs to be shown. Having derived the above estimation formulas we can now derive:

{ip, delete(x, left_tree(A)) <iree left_tree(A), A2, ... (x, left_tree(A)) = true) ,

(i, delete(x, right_tree(A)) =iree right_tree(A), A3 .. (X, right_tree(A)) = true)
Weak Embedding

p, cons(get_nat(A), delete(x, left_tree(A)), delete(x, right_tree(A)))
< tree cOns(get_nat(A), left_tree(A), right_tree(A)), >

A3 e (%, left_tree(A)) = trueV
D3 e (%, right_tree(A)) = trueV
[cons(get_nat(A), delete(x, left_tree(A)), delete(x, right_tree(A))) = false

Equation 3

o, cons(get_nat(A), delete(x, left_tree(A)), delete(x, right_tree(A))) <iree A,
A3 e (X, left_tree(A)) = trueV
D3 e (%, right_tree(A)) = trueV
[cons(get_nat(A), delete(x, left_tree(A)), delete(x, right_tree(A))) = false

where in order to apply the Weak Embedding Rule, the formula
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V x:nat V A:tree ¢ — [cons(get_nat(A), left_tree(A), right_tree(A)) = true

has to be proved.

Now, we can synthesize the difference predicate Agelete : nat X tree — bool, using the same
case analysis as the specification of delete, and using the simplified difference formulas from
each derivation in the Estimation Calculus:

V x:nat V A:tree
A = nil = A3 e (x, A) = false

V x:natV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )

get_nat(A) =x
— A3 e (X, A) = true

V x:natV A:tree
A = cons(get_nat(A), left_tree(A), right_tree(A))A )

get_nat(A) # x

Adgere (X, A) = true
- o A3 e (X, left_tree(A)) = trueV
Agelete (x, right_tree(A)) = true

11.5 <,e: tree X tree — bool

<tree cOmputes the less-than-relation on trees and is defined by:

YV A, B:tree
(A <tree B) = true <> (count(A) <pat count(B)) = true

This predicate denotes a well-founded relation. Since this is a non-recursive specification, we
are done.

11.6 <,..: tree X tree — bool

<iree computes the less-than-or-equal-relation on trees and is defined by:

V A, B:tree
(A <tree B) = true <> (count(A) <pat count(B)) = true

Since this is a non-recursive specification, we are done.

11.7  >,.: tree X tree — bool
>tree cOmputes the greater-than-relation on trees and is defined by:

V A, B:tree
(A >iree B) = true +> (B <gree A) = true

Since this is a non-recursive specification, we are done.



178 CHAPTER 11. COMMUTATIVE TREES, tree

11.8 >,..: tree X tree — bool
>tree computes the greater-than-or-equal-relation on trees and is defined by:

V A, B:tree
(A >tree B) = true < (B <tree A) = true

Since this is a non-recursive specification, we are done.



Arrays, array

This specification of arrays with nats as index as well as entry data type, array, uses two
constructor functions void :— array, generating the empty (initial) array, and put : nat X nat x
array — array, for the update operation of an array. Equality on array is specified using an
auxiliary predicate €: nat X array — bool, using an auxiliary function aref : nat X array — nat,
and by the axioms:

Vi:nat
i & void

Vi,j:nat V x:nat V A:array
i € put(j,x,A) < (i=jVieA)

Vi:natV x:natV A:array
aref(i, put(i, x, A)) = x

Vi,j:nat V x:nat V A:array
i Zj — aref(i, put(j, x, A)) = aref(i, A)

vV A, B:array
A=B
<~ (Vicnat ie AvieB) — (i€ AAi € BAaref(i,A) = aref(i, B)))

By the above specification we have defined a non-freely generated data type. Hence, we must
prove the constructor function put to be size increasing by using the respective implementation
specification. Furthermore, the strictness predicate @gut : nat X nat X array — bool and the
minimal representation predicate [pyt : nat x nat x array — bool have to be synthesized.

179
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The implementation specification is automatically generated using the constructor func-
tions voidy :— arrayy, puty : nat X nat X array; — arrayj, as well as the new equality predicate
Edaray, : arrayy x array; — bool.

Vi:nat V x:nat V A:array;
void; # put;(i,x, A)

Vi, jinatVx,y:nat V A, B:array;
putr(i,x, A) = put;(j,y,B) = (i=jAx=yAA=B)

Vi:nat
i &1 void;

Vi,j:nat V x:nat V A:arrayy
i €1 put;(j,x,A) <> (i=jVierA)

Vi:nat V x:nat V A:array;
arefy(i, put; (i, x, A)) = x

Vi,jinat V x:nat V A:array;
i Zj — arefi(i, put; (j, x, A)) = arefi(i, A)

YV A, B:array;
Edarray, (A, B) = true
<~ (Vitnat (iegAVier B) = (ier AAier BAarefi(i, A) = arefi(i, B)))

V A:array;
EqarrayI (Aa A) = true

YV A, B:array;
Edarray, (A, B) = true — EqarrayI(B, A) = true

vV A, B, C:array;
(EqarrayI(A, B) = true A EqarrayI(B, C) = true)
— EQarray, (A, C) = true

Vi,j:nat V A, B:arrayg
(i = A Edarray, (A, B) = true)
—)(i ETA & jéEr B)

Vi,j:nat V A, B:array;
(i = j A EQarray, (A, B) = true)
— arefi(i, A) = arefi(j, B)

Since arrayp is freely generated, the strictness predicate ngtl : nat X nat x array; — bool as
well as the minimal representation predicate put, : nat x nat x array; — bool are defined by:

Vi:nat V x:nat V A:array;

Ogutl(i, x,A) = true

Vi:nat V x:nat V A:array;
Yput, (i,%, A) = true
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In addition, the constructor functions of array; are non-overlapping. Hence, for the con-
structor function put; we introduce two destructor functions indexp : array; — nat for the first
argument of put;, entry; : array; — nat for the second argument of put; and suby : array; —
arrayy for the third argument of put;. For these destructor functions we obtain the following
representation axioms:

Vi:nat V x:natV A, B:array;
A = put;(i,x, B) — A = put;(index;(A), entry;(A), subr(A))

indexq(void;) = 0 (= Vnat)
entry;(void;) = 0 (= Vnat)
suby(voidy) = void;

Vi:natV x:nat V A, B:array;
A = puty(i,x, B) — Yput, (indext(A), entry; (A), suby(A)) = true

Now, suby is 1-bounded with difference predicate ALl : array; — bool, defined by

SUb[
V A:array;
Agbl(A) = true <> A = put;(index;(A), entry;(A), subr(A))

Furthermore, the function term_sizeyay, : array; — nat is synthesized by:

V A:arrayg
A = void; — term_sizeyyray, (A) =0

V A:arrayg
A = puty(indexs(A), entry;(A), subr(A))
— term_sizearray, (A) = succ(term_size,ray, (subr(A)))

In order to have easier proofs, we specify a function min_sizeaay, : array; — nat, by

V A:arrayg
A = void; — min_sizeyay, (A) =0

V A:arrayg
(A = puty(indexi(A), entry;(A), subr(A)) Aindexi(A) €1 subr(A))
— Min_size;rray, (A) = min_size,ray, (subr(A))

V A:array;
(A = put;(index(A), entry;(A), subr(A)) A index;(A) & suby(A))
— Min_size,rray, (A) = succ(min_sizeray, (subr(A)))

The specification of min_size;qray, is case-distinct, as proved by

V A:array;
A = voidiA

- < A = put;(index;(A), entry;(A), subr(A))A >
indexI(A) S SUb[(A)
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V A:arrayg
A = voidiA
- A = puty(index;(A), entry;(A), sub(A))A
indexI(A) QI subI(A)

V A:array;
A = put;(index;(A), entryr(A), subr(A))A A
indexI(A S Sub[( )

B < A = put;(indexi(A), entry;(A), subr(A))A )
indexI(A) Q[ Sub[( )

N s

Furthermore, the recursion ordering of min_sizeyyay, is well-founded. To prove that we
use the Estimation Calculus. There are two recursive cases with a single recursive call of
min_sizearray, in each. For the first recursive case we abbreviate the case condition

(A = puty(indexi(A), entry;(A), subr(A)) Aindexi(A) €1 subr(A))
by . Then, using the Estimation Calculus, we obtain:
Identity
<90a A jarrayl Aafa|5e>
Estimation

(ip,sub1(A) Sarray, A, false vV AlL, (A))

To prove the strict relation, we need to show

V A:array;
(A = put;(index;(A), entry;(A), subr(A)) A index;(A) €1 suby(A))
— (false v AsubI(A))

which can be simplified to

V A:arrayg
(A = put;(indexg(A), entry;(A), subr(A)) A indexi(A) €1 subg(A))
— A = put;(index;(A), entry;(A), subi(A)).

Similarly, for the second recursive case, we abbreviate the case condition
(A = put;(index;(A), entry;(A), subi(A)) A index;(A) & subi(A))
by ¢. Then, using the Estimation Calculus, we obtain:

Identity
(©, A <array; A, false)

Estimation

(ip, SUBL(A) Zarray, A, false v ALL (A))

To prove the strict relation, we need to show
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V A:arrayg
(A = put;(indexg(A), entry;(A), subr(A)) A indexg(A) &1 subg(A))
— (false vV AL, (A))

which can be simplified to

V A:arrayg
(A = put;(indexg(A), entry;(A), subr(A)) A indexi(A) &1 subg(A))
— A = put;(index;(A), entry;(A), subi(A)).

Now, we need to prove that the above axiomatization of min_sizesray, computes the mini-
mal size of an array, indeed. Therefore we need to show the following proof obligations

V A, B:array;
Edarray, (A,B) = true — (min_sizearray, (A) <nat term_size,rray, (B)) = true

V A:array; 3 B:array;
Edarray, (A, B) = true A (min_sizearray, (A) >nat term_sizearray, (B)) = true

V A, B:array;
Edarray, (A, B) = true — min_sizearray, (A) = min_sizearray, (B)

Next, we need to show that put denotes a size increasing constructor function. To do that,
we prove:

Vi:nat V x:nat V A:array;
(min_size,rray, (A) <nat min_sizeyray, (put(i,x, A))) = true.

Finally, we need to define the strictness predicate @gutl : nat X array; — bool and the min-
imal representation predicate ['py, : nat x array; — bool. We suggest the following definitions:

Vi:V :xnatV A:array;

@gutl(i,x, A) = true
i €I A

Vi:V :xnatV A:array;
Mout, (i, x, A) = true
i €I A

However, we have to prove that our suggestions really define the strictness and the minimal
representation predicate. Hence, we need to show that

Vi:V :xnatV A:array;
@gutl(i,{(, A? = true o .
<+ (min_sizeapray, (A) <nat Min_sizearay, (puty(i,x, A))) = true

Vi:V :xnatV A:array;
[out, (i,%, A) = true
<+ min_size,rray, (puty (i, x, A)) = succ(min_sizearay, (A))

Having done so, we know for our original specification array that the constructor function
put is size increasing, and we can translate the strictness predicate as well as the minimal
representation predicate into the original specification. Hence, we obtain:
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Vi:natV x:natV A:array
@gut(i,x, A) = true
i €A

Vi:natV x:natV A:array
Mout (i, X, A) = true
~iéA

The data type array possesses non-overlapping constructor functions, since

Vi:natV x:natV A:array
void # put(i,x, A)

holds. Hence, we can use the simplified construction scheme for the destructor functions.

For the constructor function put we introduce three destructor functions index : array —
nat for the first argument of put, entry : array — nat for the second argument of put and
sub : array — array for the third argument of put. For these destructor functions we obtain
the following representation axioms:

Vi:natV x:natV A, B:array
A = put(i,x,B) — A = put(index(A), entry(A), sub(B))

index(void) = 0 (= Vnat)
entry(void) = 0 (= Vnat)
sub(void) = void

Vi:nat V x:natV A, B:array
A = put(i,x, B)
— [put(index(A), entry(A), sub(A)) = true

The reflexive destructor function of the constructor function put, sub, is 1-bounded, and
the difference predicate Agub : array — bool is defined by

YV A:array
Al (A) = true

< A = put(index(A), entry(A), sub(A))

For the data type array we will give constructive function and predicate specifications for
delete, size, min_index, index_min, swap, sort, <array, <array, >array; and >array.

12.1 delete : nat X array — array

delete removes the entry at the specified index from an array. It is defined by:

Vi:natV A:array
A = void — delete(i, A) = void

Vi:natV A:array
(A = put(index(A), entry(A),sub(A)) Ai = index(A))
— delete(i, A) = sub(A)



12.1 delete : nat x array — array 185

Vi:natV A:array
(A = put(index(A), entry(A),sub(A)) Ai # index(A))
— delete(i, A) = put(index(A), entry(A), delete(i,sub(A)))

The recursion ordering of delete is well-founded. There is only a single recursive definition
case with a single recursive call. Hence, we abbreviate the invariant case condition

(A = put(index(A), entry(A),sub(A)) Ai # index(A))
by . Using the Estimation Calculus, we obtain the derivation:

Identity
(@, A Zarray A, false)

Estimation

(0, 5ub(A) <array A, false V AL | (A) = true)

sub

To ensure the strict relation, we need to prove:

Vi:natV A:array
(A = put(index(A), entry(A),sub(A)) Ai Z index(A))
— (false V Al (A) = true)

which simplifies to

Vi:natV A:array
(A = put(index(A), entry(A),sub(A)) Ai Z index(A))
— A = put(index(A), entry(A), sub(A))
In addition, delete denotes a 2-bounded function symbol. First of all, we prove that delete
is completely specified, by

Vi:natV A:array
A = voidV
(A = put(index(A), entry(A),sub(A)) Ai = index(A))V
(A = put(index(A), entry(A),sub(A)) Ai # index(A))

Next, we examine each definition case separately. For the first case we abbreviate the invariant
case condition

A = void
by . Using the Estimation Calculus, we obtain:

Identity

(ip, void <array void, false)
— Equation 1 ———
<‘Pa void jarray A, f3|Se>

For the second case we abbreviate the invariant case condition
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(A = put(index(A), entry(A),sub(A)) Ai = index(A))
by ¢. Thus, we obtain the derivation

Identity

(@, A Zarray A, false)

Estimation
(0, 5ub(A) <array A, false V AL (A) = true)

sub

For the third case we abbreviate the invariant case condition
(A = put(index(A), entry(A),sub(A)) Ai # index(A))
by . Since this is a recursive case, we may assume the additional inference rule

(¢, sub(A) array A A)
&= Induction Hypothesis
<(:0a delete(ia SUb(A)) jaffay SUb(A)’ Agelete(i’ SUb(A)) = true>

as induction hypothesis, where £ is an abbreviation for the formula
Vi:natV A:array ¢ = A

Then, we obtain

Identity
(@, A Zarray A, false)
Estimation

(0, 5ub(A) <array A, false V AL (A) = true)

sub

Induction Hypothesis

<(:0a delete(iv SUb(A)) jaffay SUb(A)’ Aéelete(i’ SUb(A)) = true>
Weak Embedding
o, put(index(A), entry(A), delete(i, sub(A)))
=array put(index(A), entry(A),sub(A)),
A3 ere (i, sUb(A)) = truev
[put (index(A), entry(A), delete(i, sub(A))) = false
Equation 3

< @, put(index(A), entry(A), delete(i, sub(A))) <array A, >

A3 e (i, sub(A)) = truev
[put (index(A), entry(A), delete(i, sub(A))) = false

where in order to apply the induction hypothesis, the formula

Vi:natV A:array ¢ — (false V Al  (A) = true)

sub
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has to be proved, and to allow the application of the Weak Embedding Rule, the formula
Vi:nat V A:array ¢ — [pye(index(A), entry(A),sub(A)) = true

needs to be proved.
The difference predicate Agelete : natxarray — bool is then synthesized, using the simplified

difference formulas from each derivation as

Vi:natV A:array
A = void = AZ (i, A) = false

Vi:natV A:array

(A = put(index(A), entry(A),sub(A)) Ai = index(A))

— Agelete(i, A) = true

Vi:natV A:array
(A = put(index(A), entry(A),sub(A)) Ai Z index(A))
- Az (iv A) = Agelete(ivsUb(A))

delete

12.2 size:array — nat

size computes the number of occupied entries in an array, and it is defined by:
V A:array
A = void — size(A) =0

Y A:array
A = put(index(A), entry(A), sub(A))
— size(A) = succ(size(sub(A)))

The recursion ordering of size is well-founded. There is only a single recursive definition case
with a single recursive call. Hence, we abbreviate the invariant case condition

A = put(index(A), entry(A), sub(A))
by . Using the Estimation Calculus, we obtain the derivation:

Identity
(@, A Zarray A, false)
Estimation

(0, 5ub(A) <array A, false V AL | (A) = true)

sub

To ensure the strict relation, we need to prove:

Vi:natV A:array
A = put(index(A), entry(A), sub(A))
— (false vV AL  (A) = true)

sub
which simplifies to
Vi:natV A:array
A = put(index(A), entry(A), sub(A))
— A = put(index(A), entry(A), sub(A))
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12.3 min_index : array — nat

min_index computes the minimal index in an array. It is defined by:

Y A:array
(A = put(index(A), entry(A), sub(A)) A sub(A) = void)
— min_index(A) = index(A)

V A:array
A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), sub(sub(A)))A
(index(A) <pat index(sub(A))) = true
— min_index(A) = min_index(put(index(A), entry(A), sub(sub(A))))

V A:array
A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), sub(sub(A)))A
(index(A) <pat index(sub(A))) = false

— min_index(A) = min_index(sub(A))

The recursion ordering of min_index is well-founded. There are two recursive definition cases
with a single recursive call in each. For the first case we abbreviate the invariant case condition

A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), sub(sub(A)))A
(index(A) <pat index(sub(A))) = true

by ¢. Using the Estimation Calculus, we obtain the derivation

Identity

(¢, sub(A) =array sub(A), false)
Estimation

{p,sub(sub(A)) <array sub(A), false V Al , (sub(A)) = true)
Weak Embedding
@, put(index(A), entry(A), sub(sub(A)))
=array put(index(A), entry(A),sub(A)),
false V AL (sub(A)) = truev
[put (index(A), entry(A), sub(sub(A))) = false

Equation 3
< ¢, put(index(A), entry(A), sub(sub(A))) <array A, >

false V AL (sub(A)) = truev
[put (index(A), entry(A), sub(sub(A))) = false

where to enable the application of the Weak Embedding Rule, the formula
V A:array ¢ — [pye(index(A), entry(A), sub(A)) = true

has to be proved. To ensure the strict relation, we need to show



12.4 index_min : array — nat

189
V A:array

A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), ub(sub( )))A
(index(A) <pat index(sub(A))) =t
false V AL (sub(A)) = truev
- ( [put(index(A), entry(A), sub(sub(A))) = false >
which can be simplified to

YV A:array

A = put(index(A), entry(A), su

sub(A) = put(index(sub(A)), entry(sub(A
(index(A) <pat index(sub(A))) =

— sub(A) = put(index(sub(A)), entry(sub(A)

b(A))A
), ub(sub( A

tru
)s sub(sub( )

For the second case we abbreviate the invariant case condition

A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), sub(sub(A)))A
(index(A) <pat index(sub(A))) = false

by . Using the Estimation Calculus, we obtain the derivation

Identity

(@, A Zarray A, false)
Estimation

(0, 5ub(A) <array A, false V AL | (A) = true)

To prove the strict relation, we need to show

YV A:array
A = put(index(A), entry(A), su
sub(A) = put(index(sub(A)), entry(sub(A

(index(A) <pat index(sub(A))) =t
— (false vV AL, (A) = true)

b(A))A
), ub(sub( A

which can be simplified to

Y A:array

A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), ub(sub( )))A
(index(A) <pat index(sub(A))) =t
— A = put(index(A), entry(A), sub(A))

12.4 index_min : array — nat

index_min computes the index for the minimal entry in an array. It is defined by
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V A:array

(A = put(index(A), entry(A),sub(A)) A sub(A) = void)
— index_min(A) = index(A)

YV A:array
A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), sub(sub(A)))A
(entry(A) <nat entry(sub(A))) = true
— index_min(A) = index_min(put(index(A), entry(A), sub(sub(A))))

V A:array
A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), sub(sub(A)))A
(entry(A) <nat entry(sub(A))) = false

— index_min(A) = index_min(sub(A))

The recursion ordering of index_min is well-founded. There are two recursive definition cases
with a single recursive call in each. For the first case we abbreviate the invariant case condition

A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), ub(sub( )))A
(entry(A) <nat entry(sub(A))) =t

by . Using the Estimation Calculus, we obtain the derivation

Identity

(¢, sub(A) =array sub(A), false)
Estimation

{p,sub(sub(A)) <array sub(A), false V Al , (sub(A)) = true)
Weak Embedding

o, put(index(A), entry(A), sub(sub(A)))
=array put(index(A), entry(A),sub(A)),
false V AL (sub(A)) = truev
[put (index(A), entry(A), sub(sub(A))) = false

Equation 3
¢, put(index(A), entry(A), sub(sub(A))) <array A,
< false V AL (sub(A)) = truev >
[put (index(A), entry(A), sub(sub(A))) = false

where to enable the application of the Weak Embedding Rule, the formula
V A:array ¢ — [ (index(A), entry(A), sub(A)) = true

has to be proved. To ensure the strict relation, we need to show



12.5 swap : nat X nat x array — nat 191

V A:array
A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), ub(sub( )))A
(entry(A) <nat entry(sub(A))) =t

false V AL (sub(A)) = truev
- [put(index(A), entry(A), sub(sub(A))) = false

which can be simplified to

YV A:array
A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), ub(sub( )))A
(entry(A) <nat entry(sub(A))) = tru
— sub(A) = put(index(sub(A)), entry(sub(A)), sub(sub( )

b
)

For the second case we abbreviate the invariant case condition

A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), sub(sub(A)))A
(entry(A) <pat entry(sub(A))) = false

by . Using the Estimation Calculus, we obtain the derivation

Identity

(@, A Zarray A, false)
Estimation

(0, 5ub(A) <array A, false V AL | (A) = true)
To prove the strict relation, we need to show

YV A:array

A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), ub(sub( )))A
(entry(A) <nat entry(sub(A))) =t

— (false vV AL, (A) = true)

which can be simplified to

Y A:array
A = put(index(A), entry(A), sub(A))A
sub(A) = put(index(sub(A)), entry(sub(A)), ub(sub( )))A
(entry(A) <pat entry(sub(A))) =t

— A = put(index(A), entry(A), sub(A))

12.5 swap : nat X nat X array — nat

swap swaps the entries in an array at the specified indices. It is defined by:
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Vi,j:nat V A:array
A = void — swap(i,j,A) = A

Vi,j:natV A:array
A = put(index(A), entry(A), sub(A))A
[ i )
— swap(i,j,A) = A

Vi, j: nat Y A:array
= put(index(A), entry(A), su
i€ AA
JEA
— swap(i,j,A) = A

Vi,j: nat‘v’A array

) )
= put(index(A), entry(A), sub(A
i€ AA
j€AA
i=j
b ]

— swap(i,j,A) = A

Vi,j: nat‘v’A array

= put(index(A), entry(A), su
i€ AA

j€AA
i £ jA
mdex(A)
— swap(i = put(i, arefJ,sub )), put(j, entry(A), sub(A)))

Vi, j: nat Y A:array
= put(index(A), entry(A),sub(A))A

i € AA
j € AA
i Z JA

index(A) Z iA

mdex(A) =]

— swap(i,j, A) = put(j, aref(i,sub(A)), put(i, entry(A), sub(A)))

Vi,j:natV A:array
A = put(index(A), entry(A), sub(A))A

1€ AN
j € AA
i Z JA

index(A) Z iA

index(A) # j

— swap(i,j, A) = put(index(A), entry(A), swap(i, j, sub(A)))

The recursion ordering of swap is well-founded. There is only a single recursive definition
case with a single recursive call. We abbreviate the invariant case condition



12.5 swap : nat X nat x array — nat

A = put(index(A), entry(A), sub(A))A

i€ AA

J € AA

i ZJjA
index(A) # iA
index(A) # j

Identity
(0, A <array A, false)
Estimation
(0, 5ub(A) <array A, false V AL (A) = true)

To ensure the strict relation, we need to prove:

Vi,j:nat V A:array
A = put(index(A), entry(A),sub(A))A

i € AA

j € AA

i Z A
index(A) Z iA
index(A) # j
— (false vV AL  (A) = true)

sub

which simplifies to

Vi,j:natV A:array
A = put(index(A), entry(A), sub(A))A
i€ AA
j € AA
i Z JA
index(A) Z iA
index(A) # j
— A = put(index(A), entry(A), sub(A))
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In addition, swap denotes a 3-bounded function symbol. To prove that, first of all, we

show that swap is completely specified, by
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Vi,j:nat V A:array
A = voidV
A = put(index(A), entry(A),sub(A))A
i A
A = put(index(A), entry(A), sub(A))A
i€ AA
JEA
A = put(index(A), entry(A), sub(A))A
i€ AA
JE€AA
=
A = put(index(A), entry(A),sub(A))A
i € AA
JE€AA
i A
index(A) =i
A = put(index(A), entry(A), sub(A))A
i€ AA
j € AA
i Z A
index(A) # iA
index(A) = j
A = put(index(A), entry(A),sub(A))A
i € AA
JE€AA
i A
index(A) # iA
index(A) # j

CHAPTER 12. ARRAYS, array

Next, we examine each definition case separately. For the first, second, third, and fourth
definition case although we have different case conditions, abbreviated by ¢, we have identical
derivations in the Estimation Calculus:

— Identity ——
(@, A Zarray A, false)

For the fifth definition case we abbreviate the invariant case condition

A = put(index(A), entry(A),sub(A))A
i€ AN
j € AA
i Z JA
index(A) = i



12.5 swap : nat X nat x array — nat 195

by . Using the Estimation Calculus, we obtain the derivation

Identity
(@, sub(A) =array sub(A), false)
Strict Embedding
(@, put(j,entry(A),sub(A)) <aray sub(A), false)
Weak Embedding

=array put(index(A), entry(A),sub(A)),
false V ['put (i, aref(j, sub(A)), put(j, entry(A), sub(A))) = false
Equation 3

p, put(i, aref(j, sub(A)), put(j, entry (A), sub(A))) =array A,
false V ['put (i, aref(j, sub(A)), put(j, entry(A), sub(A))) = false

< o, put(i, aref(j, sub(A)), put(j, entry(A), sub(A))) >

where to enable the application of the Strict Embedding Rule, the formula
Vi,j:nat V A:array p — ©3,.(j,entry(A),sub(A)) = false

has to be proved, and where to allow the application of the Weak Embedding Rule, the
formula

Vi,jinat V A:array ¢ — [y (index(A), entry(A), sub(A)) = true
needs to be shown. For the sixth definition case we abbreviate the invariant case condition
A = put(index(A), entry(A), sub(A))A
i € AA
j € AA
i Z JA
index(A) Z iA
index(A) =
by ¢. Using the Estimation Calculus, we obtain the derivation

Identity
(@, sub(A) =<array sub(A), false)
Strict Embedding
(o, put(i, entry(A),sub(A)) <array sub(A), false)
Weak Embedding

< ©, put(j, aref(i, sub(A)), put(i, entry(A), sub(A))) >

Sarray Put(index(A), entry(A),sub(A)),
false V ['put(j, aref(i, sub(A)), put(i, entry(A), sub(A))) = false

Equation 3

@, put(j, aref(i,sub(A)), put(i, entry(A), sub(A))) <array A,
false V oyt (j, aref(i, sub(A)), put(i, entry(A), sub(A))) = false

where to enable the application of the Strict Embedding Rule, the formula
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Vi,j:nat V A:array p — @gut(i, entry(A),sub(A)) = false

has to be proved, and where to allow the application of the Weak Embedding Rule, the
formula

Vi,j:nat V A:array ¢ — [pe(index(A), entry(A), sub(A)) = true
needs to be shown. For the seventh definition case we abbreviate the invariant case condition
A = put(index(A), entry(A),sub(A))A

i € AA
J € AA
i Z JA

index(A) # iA

index(A) # j

by . Since this is a recursive case, we may assume the additional inference rule

(p,sub(A) Zarray A, A)
&= Induction Hypothesis

(19, 5wap(i, j, sub(A)) Zarray sUB(A), A (i, ], sub(A)) = true)

as an induction hypothesis, where £ is an abbreviation for the formula
Vi,j:natV A:array ¢ = A

Thus, we obtain the derivation

Identity
(@, A Zarray A, false)
Estimation
(0, sub(A) <array A, false V AL | (A) = true)
Induction Hypothesis

<<,0,swap(| ,J;SUb(A)) =array sub(A), >

Aswap( i,j,sub(A)) = true
Weak Embedding

o, put(index(A), entry(A), swap(i, j, sub(A)))
Sarray Put(index(A), entry(A),sub(A)),
A3ap(isj,sub(A)) = truev

[put (index(A), entry(A), swap(i, j, sub(A))) = false
Equation 3

A3ap(isj,sub(A)) = truev

< @, put(index(A), entry(A), swap(i, j, sub(A))) =array A, >
[put (index(A), entry(A), swap(i, j, sub(A))) = false

where in order to enable the application of the induction hypothesis, the formula
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Vi,j:nat V A:array ¢ — (false V AL, (A) = true)
has to be proved, and to allow the application of the Weak Embedding Rule, the formula
Vi,j:nat V A:array ¢ — [pe(index(A), entry(A), sub(A)) = true

needs to be shown.
Now, we can synthesize the difference predicate Agwap : nat X nat x array — bool, using

the simplified difference formulas from each derivation in the Estimation Calculus, as

Vi,j:nat V A: array
A = void — A3, (i,], A) = false

swap

Vi,j:natV A:array
A = put(index(A), entry(A), sub(A))A
i A )
— A3,.p(i,J, A) = false
Vi,j:natV A:array
A = put(index(A), entry(A),sub(A))A

i € AN
JEA
— A3,.p(i,J, A) = false

Vi,j:natV A:array

= put(index(A), entry(A), sub(A))A
( i€ AA

JE€AA
i =]
— A3,0p(0,),A) = false
Vi, j: nat Y A:array
= put(index(A), entry(A),sub(A))A
i € AA
JE€AA
i Z JA
index(A) =i
D300 (1,3, A) = false
Vi,j: nat Y A:array
= put(index(A), entry(A),sub(A))A
i € AA
j € AA
i Z JA
index(A) Z iA
mdex(A) =]

— A3 ,A) = false

swa p
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Vi,j:nat V A:array
A = put(index(A), entry(A),sub(A))A
i € AA
JE€AA
i Z JA
index(A) # iA
index(A) # j
5 B33, A) = B30, sub(A))

which can be further simplified to
Vi,j:natV A:array
A3,2p(i1,), A) = false
12.6 sort: array — nat

sort sorts an array, and it is defined by:

V A:array
A = void — sort(A) = void
Y A:array
A = put(index(A), entry(A), sub(A))
— sort(A) =

put(min_index(A), aref(index_min(A), A),
sort(delete(min_index(A),
swap(min_index(A),index_min(A), A))))

The recursion ordering of size is well-founded. There is only a single recursive definition case
with a single recursive call. Hence, we abbreviate the invariant case condition

A = put(index(A), entry(A), sub(A))
by ¢. Using the Estimation Calculus, we obtain the derivation:
Identity

(0, A <array A, false)
Estimation

@, swap(min_index(A), index_min(A), A)) =arra
false vV A3, (min_index(A), index_min(A), A)

||| £

e

Estimation
¢, delete(min_index(A), swap(min_index(A), index_min(A), A)) =<array A,
< false vV A3, (min_index(A),index_min(A), A)) = true >
A3 e (min_index(A), swap(min_index(A), index_min(A), A)) = true

To ensure the strict relation we must prove



12.7 <japray: array X array — bool 199

V A:array
A = put(index(A), entry(A), sub(A))
R ( false V A3, (min_index(A), index_min(A), A)) = true )
A2 .. (min_index(A), swap(min_index(A), index-min(A), A)) = true

which can be simplified to

YV A:array
A = put(index(A), entry(A), sub(A))
— A2, (min_index(A), swap(min_index(A), index_min(A), A)) = true

whose proof can be done by induction.

12.7 <., array X array — bool

<array computes the less-than-relation on arrays and is defined by:

V A, B:array
(A <array B) = true <> (size(A) <nat size(B)) = true

Since this is a non-recursive specification, we are done. However note, <42y denotes a well-
founded order relation.
12.8 <, array X array — bool

<array computes the less-than-or-equal-relation on arrays and is defined by:

vV A, B:array
(A <array B) = true < (size(A) <pat size(A)) = true

Since this is a non-recursive specification, we are done.

12.9 >, array X array — bool

>array computes the greater-than-relation on arrays and is defined by:

YV A, B:array
(A >array B) = true <3 (B <array A) = true

Since this is a non-recursive specification, we are done.

12.10 >, array X array — bool

>array computes the greater-than-or-equal-relation on arrays and is defined by:

V A,B:array
(A Zarray B) = true < (B <array A) = true

Since this is a non-recursive specification, we are done.
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