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ABSTRACT

Since nanoindentation technique is able to measure the mechanical properties of ex-
tremely thin layers and small volumes with high resolution, it also became one of the
important testing techniques for thin polymer layers and coatings.

This dissertation is focusing on the characterization of polymers using nanoindentation,
which is dealt with numerical computation, experiments and parameters identification.
An analysis procedure is developed with the FEM based inverse method to evaluate
the hyperelasticity and time-dependent properties. This procedure is firstly verified
with a parameters re-identification concept.

An important issue in this dissertation is to take the error contributions in real nanoin-
dentation experiments into account. Therefore, the effects of surface roughness, adhe-
sion force, friction and the real shape of the tip are involved in the numerical model to
minimize the systematic error between the experimental responses and the numerical
predictions. The effects are quantified as functions or models with corresponding pa-
rameters to be identified.

Finally, data from uniaxial or biaxial tensile tests and macroindentation tests are taken
into account. The comparison of these different loading situations provides a validation
of the proposed material model and a deep insight into nanoindentation of polymers.
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ZUSAMMENFASSUNG

Da Nanoindentation die Messung der mechanischen Eigenschaften von dünnen
Schichten und kleinen Volumen mit hoher Auflösung ermöglicht, hat sich diese
Messmethode zu einer der wichtigsten Testmethoden für dünne Polymerschichten und
-beschichtungen entwickelt.

Diese Dissertation konzentriert sich auf die Charakterisierung von Polymeren mittels
Nanoindentation, die in Form von numerischen Berechnungen, Experimenten und
Parameteridentifikationen behandelt wird. Es wurde ein Auswertungsverfahren mit
einer FEM basierten inversen Methode zur Berechnung der Hyperelastizität und der
zeitabhängigen Eigenschaften entwickelt. Dieses Verfahren wird zunächst mit einem
Konzept der Parameter Re-Identifikation verifiziert.

Fehlerquellen wie Oberflächenrauheit, Adhäsionskräfte, Reibung und die tatsächlichen
Form der Indenterspitze werden in das numerische Modell eingebunden, um die
Abweichungen der numerischen Vorhersagen von den experimentellen Ergebnissen zu
minimieren. Diese Einflüsse werden als Funktionen oder Modelle mit dazugehörigen,
zu identifizierenden Parametern, quantifiziert.

Abschließend werden Messwerte aus uni- oder biaxialen Zugversuchen und Makroinden-
tationsversuchen betrachtet. Der Vergleich dieser verschiedenen Belastungszustände
liefert eine Bestätigung des vorgeschlagenen Materialmodells und verschafft einen tief-
eren Einblick in die bei der Nanoindentation von Polymeren ablaufenden Mechanismen.
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I
A REVIEW AND SUMMARY OF THE

THESIS

Nanoindentation testing is a fairly mature technique for hard metals, which uses the
continuously sensed indentation depth combined with the measured applied force to de-
termine the elastic modulus and the hardness of the test specimen. Since this technique
is able to measure the local properties of extremely small volumes with high resolution,
it also became one of the primary testing techniques for the mechanical characteriza-
tion of polymers and biological tissues. The experimental setup and analysis methods
of nanoindentation on soft polymers are developed to spread a wide adaption in poly-
mers.
This thesis consists of a summary and six appended papers. A review and summary
of the thesis are presented in this part. The primary problems existing in experiments
and analysis about nanoindentation of soft polymers are discussed. The motivation
and main works of the thesis are illustrated. Summaries of the appended papers A-F
are also included.

– 1 –



2 I. A REVIEW AND SUMMARY OF THE THESIS

1 Introduction and motivation

This section provides a description of the nanoindentation instrument and its mea-
surement method. A review of the primary problems with wide adaption in polymers
has motivated our research work in this field. A description of the objectives is also
included in this part.

1.1 Nanoindentation instrument

Wide application of nanoindentation has spawned a number of nanoindentation instru-
ments that compete on a world market. The instruments typically monitor the depth
of penetration using either an inductance or capacitance displacement sensor. A load
can be applied by the expansion of the piezoelectric element, the movement of a coil
in a magnetic field. A typical nanoindentation test instrument, or “nanoindenter”, has
a depth resolution of less than a tenth of a nm and a force resolution of several nN.
Maximum loads are usually limited to the mN range. The minimum load is usually
less than a µN. The goal of majority of nanoindentation tests is to determine elastic
modulus and hardness of the specimen material from the load-displacement curve.
Hysitron TriboIndenterR⃝ is a fully automated and powerful indentation instrument
because it is a quantitative system with internal analysis procedure and it can pro-
vide in-situ topographical images of the sample surface before and after a test. All
nanoindentation experiments in this study have been performed by using the Hysitron
TriboIndenterR⃝. The TriboIndenterR⃝ system contains three main components: the
XYZ axes staging system, the Triboscanner and the transducer assembly. The coarse
control of samples and tip positions is performed by the XYZ axes staging system. The
samples are mounted directly to the XY stage via magnetic attraction or the optional
vacuum stage. The Triboscanner and optics are mounted to the Z stage. The Tri-
boscanner is designed to provide fine scale positioning of the probe tip before and after
conducting the tests. The positioning is monitored by a three-axis piezo scanner using
a tandem piezoelectric ceramic scanning tube. The top half of the Triboscanner tube
is composed of four separate quarter cylinders. Each quarter of the tube controls the
motion in a different direction: +X, +Y, -X, and -Y. When the lower tube is energized,
it lengthens to provide motion along the Z-axis. The Triboscanner together with the
Scanning Probe Microscopy mode can provide in-situ topographical images of the sam-
ple surface before or after a test is performed. Images are created by raster-scanning the
probe across the sample surface while maintaining a constant normal force or setpoint.
They can be used to determine the surface roughness and to present phenomenons such
as cracking, delamination, or excessive pile-up. The TriboIndenterR⃝ uses a transducer
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based on revolutionary three-plate capacitor technology providing simultaneous actu-
ation and measurement of force and displacement with a range of 1 nN to 30 mN. The
transducer system consists of two fixed outer plates (the drive plates) and one pickup
electrode (the middle plate) which is spring mounted. Therefore, the middle plate is
free to move up and down in the region between the two drive plates. The indenter is
attached on the middle plate with a screw. To perform an indentation, an electrostatic
force is generated between the drive plates and the pickup electrode when a voltage is
applied to the drive plates. The electrostatic attraction between the pickup electrode
and the bottom plate will pull the middle plate down. The force can be calculated from
the magnitude of the voltage applied. The displacements are measured by changes in
the capacitance of the stack of plates.
The indenter tip is a very important part of the nanoindentation test. The geometry
and the material it is made from can dramatically influence the raw data. The material
is important because its stiffness may influence the reduced modulus and because local
adhesion might occur between the sample and the tip. The most often used indenter
tips are made from diamond with a modulus about 1000 GPa and a Poisson’s ratio of
0.07. The most common shapes of indenters are sphere, flat punch, cone and pyramid.
The Berkovich indenter has the advantage that the edges of the pyramid are more eas-
ily constructed to meet at a single point even in the nano- or micro-scale. Therefore,
it is generally used in nanoindentation, especially in the case of shallow penetration of
hard metals. The conical indenter has the advantage of possessing axial symmetry. It
is convenient to treat the pyramidal indenters as conical indenters with a cone angle
that provides the same projected contact area to depth relationship as the actual in-
denter in question. This allows the use of axisymmetric numerical simulation models
and axisymmetric elastic equations. The flat punch has an advantage that the contact
area is constant. But in small scale, a contact angle may exist between the sample
surface and the punch, which has strong influence on the measurements and such an
influence is not easy to exclude. Spherical indenters are increasingly popular, as they
can provide a smooth transition from elastic to elastic-plastic contact. They are par-
ticularly suitable for measuring soft materials and for replicating contact damage in
in-service conditions.

1.2 Primary problems with adaption in polymers

Since nanoindentation has the considerable advantage to measure the local properties
of extremely small volumes with sub-µm and sub-µN resolution, it also became one
of the primary testing techniques for the mechanical characterization of thin polymer
layers or coatings. However, a lot of questions still need to be answered in order to
make a wide adaption of nanoindentation in polymers.
First of all, nanoindentation was originally designed to measure the hardness and mod-
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ulus of hard metals. If this instrument is applied to soft polymers or some ultra-soft
biomaterials, the experiment is going to be really tricky. It is required that a nanoin-
denter must have a very high force resolution as well as high precision over a large
range of depth. Because nanoindentation on soft polymers results in a deep penetra-
tion depth with a low value of force. The noise of the force at this low level has an
extremely strong influence on the accurate measurement if the force resolution is not
high enough. Normally, indentation with a larger force is able to resolve this problem.
However, in this case, the experiment may be terminated because of the insufficient
depth range of the nanoindenter. Besides, detection of the initial contact point is
another important issue of nanoindentation of soft materials, which will be described
in details in the section of ”Initial contact point”. Moreover, most of the polymeric
materials show highly elastic and viscous material behavior at the same time, called
viscoelasticity. In the past decades, investigations of viscoelastic effects of polymeric
materials using experimental testing, constitutive modeling and numerical computa-
tion have been published in e. g. [35, 36, 39, 31, 57, 58, 59]. Therefore, polymers creep
during nanoindentation, which has the same effect on the measured force-displacement
data as thermal drift, details are included in the section 3.1. It is difficult to quantify
the thermal drift as a linear function of time. A pronounced error may be included
in the force-displacement data if a long testing time is required in creep or relaxation
loading histories.
Secondly, there is some problem about the analysis method to characterize the vis-
coelasticity of a polymer from nanoindentation still need to resolve. The analysis
procedure, which is used in most indentation instruments to determine hardness and
elastic modulus, is based on the Oliver & Pharr method [65, 66]. This analysis method
assumes that the material behaves in an elastic-plastic manner and does not exhibit
any time-dependent behavior or load rate dependence, details are included in section
2.2. This method is not applicable to a viscoelastic polymer. Furthermore, the mea-
sured hardness and the elastic modulus are not enough to represent the rate-dependent
properties. In order to identify the viscoelastic behavior of polymers by nanoinden-
tation, two ways have been documented in literature instead of the Oliver & Pharr
method. The first method is based on analytical or semi-analytical solutions. These
solutions are based on parameters of the respective viscoelastic model and represent
the relationship between indentation force and displacement. The model parameters
are then obtained by fitting the experimental force-displacement data with the ana-
lytical functions, details about viscoelastic solutions are included in section 2.3. Since
the linear viscoelastic contact solutions are derived from the Hertz elastic contact the-
ory by the correspondence principle, this method is restricted by yielding accurate
identification only for specific linear viscoelastic models under fixed experimental pro-
cesses. Furthermore, effects like non-linear friction, adhesion and surface roughness
in nanoindentation experiments are not taken into account in the analytical solutions.
The second method, the so called inverse method, is performed by combining finite
element method (FEM) modeling and numerical optimization. In this method, the
objective function, which is the difference between experimental and numerical data,
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is minimized with respect to the model parameters using numerical optimization. The
parameters of the constitutive models are identified as the optimized solution. Huber
et al. [38, 40, 48, 82] have been the first to apply this method in indentation. They
used neural networks to identify the material parameters from indentation experiments
on metals. However, the inverse method is still a new topic regarding nanoindenta-
tion problems of polymeric materials. Hartmann [32] identified the viscoplastic model
parameters with uniaxial tests and validated them using indentation tests. Rauchs
[72, 71] employed a gradient-based numerical optimization method to identify viscous
hyperelastic and elasto-viscoplastic material parameters. Guessasma [28] determined
viscoelastic properties of biopolymer composite materials using the finite element cal-
culation and nanoindentation experiments. Saux et al. [54] identified the constitutive
model for rubber-like elasticity from micro-indentation tests. As the inverse method
permits us to handle any material model with non-linear properties and to include
additional effects in the numerical model, it is a useful new method to deal with the
problems of identifying rate-dependent material properties from nanoindentation.
Thirdly, as mentioned at the beginning, nanoindentation has a considerable advantage
to determine local properties from continuously measured force-displacement data with
high resolution. Unfortunately, there are various problems that influence the actual
material response during indentation, e. g. friction, adhesion, surface roughness and the
indentation process associated factors. These problems result in a systematic error be-
tween the numerical and the experimental results that often leads to even larger errors
in the parameter identification [71, 6, 60, 83]. Therefore, a certain knowledge about
the influence of these factors and basic investigations are indispensable to characterize
the material accurately by the inverse method.

1.3 Aims of our work

It is the aim of this work to develop a robust and reliable methodology of characteriz-
ing the viscoelastic properties of polymers from nanoindentation based on the inverse
method.
In the first stage, a virtual laboratory for studying nanoindentation is developed. The
boundary value problem describing the indentation test is simulated by a finite ele-
ment computation in ABAQUSR⃝. The influence of the rate-dependent behavior, of
non-linearity due to large deformations, of friction, adhesion and surface roughness,
is investigated. The involved model parameters are re-identified using a computer-
based numerical optimization routine performed by ABAQUSR⃝ in combination with
MATLABR⃝.
In the second stage of the work, the developed methodology and the obtained knowl-
edge of the first stage are applied to real nanoindentation experiments. In addition,
taking into account data from uniaxial or biaxial tension tests and from multiaxial
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compressive loading as applied during indentation, this allows a deep insight into the
material’s behavior. The comparison of these different loading situations is able to
validate the proposed material model and model modifications, respectively.

2 Analysis of nanoindentation test data

It is well known that the principal goal of nanoindentation testing technique is to deter-
mine elastic modulus and hardness of the specimen from experimental measurement of
indenter’s depth of penetration and the applied force. Since the spatial dimensions are
nanometers, the readings of the indentation depth and the indenter geometry give an
indirect measure of the contact area at full load. The mean contact pressure, and thus
the hardness, can be determined from the contact area. The elastic modulus is esti-
mated from the relationship of the force and the corresponding penetration depth. The
stress and the deformation arising from the contact mechanics between two solids are of
particular interest to understand indentation testing. The existing semi-analytical and
analytical analysis methods in nanoindentation, e. g. Sneddon’s solution, the Oliver &
Pharr method and viscoelastic analytical solutions, are mostly derived from the elastic
contact theory that is pioneered by Heinrich Hertz.

2.1 Elastic contact theory

First of all, we have to distinguish between conforming and non-conforming contacts

according to [43].

A contact is said to be conforming if the surfaces of the two bodies ‘fit’

exactly or even closely together without deformation. Bodies which have

dissimilar profiles are said to be non-conforming. When brought into con-

tact without deformation they will touch first at a ‘point-point contact’-or

along a ‘line-line contact’.

—K.L. Johnson
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The contact area in the non-conforming contact is generally small compared with the
dimensions of the two considered bodies. The contact pressures are highly concentrated
in the region close to the contact zone and such a distribution is not greatly influenced
by the shape of the bodies themselves. Indentation contains a typical non-conforming
contact between the indenter and the specimen surface.
The first satisfactory analysis about the pressure and area of non-conforming contact
and how they grow with increasing load between two elastic bodies is due to Hertz [34].
Two solids of spherical shape are shown in crosssection after deformation in Fig. I.1

aa

r

R1

R2

δuz1

uz2

half-space

half-space

F

F

z

x − y

plane
a a

r

R

ht
hc

hs

half-space

F

z

Figure I.1: Schematics of contact between two elastic deformable half-spaces (left) and
indentation on an elastic half-space by a rigid spherical indenter (right)

(left) under a load F . The contact area could be circular, having a radius a. The
boundary condition for normal displacements within contact can be written as

uz1 + uz2 = δ −
r2

2R
, (I.1)

where 1/R = (1/R1 + 1/R2) is the relative curvature, δ is the distance of mutual
approach, r (0 ≤ r ≤ a) is the lateral coordinate along the contact area. Hertz then
introduced the assumptions for the simplification to calculate the local deformation
[34, 43]:

• Each solid in contact can be considered as an elastic half-space: a ≪ R1,2;

• The surface is continuous and non-conforming;

• The strain is small: a ≪ R;

• The surfaces in contact are frictionless.
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A distribution of contact pressure, proposed by Hertz with the maximum pressure p0

can be written as
p(r) = p0{1 − (r/a)2}1/2. (I.2)

The total load F , which compresses the solids, is determined as an integration of the
contact pressure over the contact area

F =

∫ a

0

p(r)2πr dr =
2

3
p0πa2. (I.3)

Hence the maximum pressure p0 is 3/2 times the mean pressure pm. The normal
displacements of both solids are given by

uzi =
1 − ν2

i

Ei

π p0

4a
(2a2 − r2), i = 1, 2, (I.4)

submitting the expressions for uz1 and uz2 into Eq. (I.1) one obtains

π p0

4aE∗
(2a2 − r2) = δ − (1/2R) r2. (I.5)

The effective elastic modulus E∗ is defined as

1

E∗
=

(1 − ν2
1)

E1
+

(1 − ν2
2)

E2
, (I.6)

E1, ν1, E2, ν2 are the Young’s modulus and the Poisson’s ratio of the first and the
second solid, respectively. Setting r = 0 and r = a in Eq. (I.5), the radius of the
contact area a and the mutual approach of distant points in the two solids δ are given
by

a =

(

3FR

4E∗

)1/3

, δ =
a2

R
=

(

9F 2

16RE∗2

)1/3

. (I.7)

If R2 → +∞, the Hertz contact, illustrated in Fig. I.1 (left), is equivalent to the
indentation of a half-space with a non-rigid spherical indenter. Furthermore, if the
second solid is assigned with a modulus of E∗, then the contact can be treated as taking
place between a rigid indenter of radius R and a half-space, as shown in Fig. I.1 (right).
The mutual approach of distant points δ in the second term of Eq. (I.7) becomes the
total depth of penetration ht beneath the specimen’s free surface [26]. The deflection
h of the specimen’s original free surface in the vicinity of the indenter is derived from
Eq. (I.5) as

h =
1

E∗

3

2

F

4a

(

2 −
r2

a2

)

. (I.8)
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In the case of r = 0, the deflection h is the total elastic displacement ht. If r = a, h
is the depth of the circle of contact beneath the specimen’s free surface hs. Hence, it
can be easily shown that hs = hc = ht/2, hc is the contact depth, which is the distance
from the bottom of the contact to the contact circle. The relationship between the
total load and the depth of penetration can be written as

F =
4

3
E∗

√
R h3/2

t . (I.9)

The mean contact pressure pm, which has an actual physical significance as stress, is
given by

pm =
F

πa2
=

(

4E∗

3π

)

a

R
. (I.10)

The second term in Eq. (I.10) is defined as an indentation stress-strain relationship
similar to that more commonly obtained from conventional uniaxial tension and com-
pression tests. Therefore, the mean contact pressure pm is often referred to as the
“indentation stress” and the term a/R as the “indentation strain”.
For the Boussinesq problem of a rigid axisymmetric body indenting into a half-space
composed of a homogeneous, linearly elastic and isotropic material, Sneddon derived
an expression for the indentation load with an axisymmetric indenter of arbitrary shape
[76, 77]

F = 2E∗a

∫ 1

0

x2f ′(x)√
1 − x2

dx, (I.11)

where f(x) is the smooth shape function of the indenter with the dimensionless coordi-
nate x = r/a (0 ≤ x ≤ 1). For a spherical indenter of radius R, the Sneddon’s solution
of load is equivalent to Eq. (I.9). For a conical indenter, the relationship between the
load and the contact radius a is expressed in terms of the indenter cone half-angle α
as

F =
πa

2
E∗ a cotα. (I.12)

The displacement of the specimen free-surface beneath the indenter is given by:

h =
(π

2
−

r

a

)

a cotα, r ≤ a . (I.13)

Hence, the relationship between the load and the penetration depth ht (r = 0) is found
from

F =
2

π
E∗ h2

t tanα. (I.14)

For a cylindrical punch indenter of radius R, a simple relationship between the load
and the penetration depth reads F = 2RE∗ht.
The pyramidal indenters are generally treated as conical indenters with an effective
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cone angle that provides the same contact area to the contact depth relationship as the
considered one. This allows the Sneddon’s elastic solutions of axisymmetric indenter,
Eqs. (I.12) to (I.14), to be applied to indentation involving pyramidal indenters. The
contact areas, as a function of the contact depth for some common indenters, are given
in the following, where θ is the semi-angle of the pyramidal indenters and α is the
effective cone angle.

Conical indenter

A = π h2
c tan2α

Berkovich indenter

A = 3
√

3h2
c tan2 θ = 24.49h2

c θ = 65.27◦, α = 70.30◦

Vickers indenter

A = 4 h2
c tan2 θ = 24.50h2

c θ = 68◦, α = 70.30◦

Cube corner indenter

A = 3
√

3h2
c tan2 θ = 2.60h2

c θ = 35.26◦, α = 42.28◦

Knoop indenter

A = 2 h2
c tan θ1 tan θ2 θ1 = 86.25◦, θ2 = 65◦,

= 108.21h2
c α = 77.64◦

2.2 Oliver&Pharr method

The Oliver&Pharr method was introduced in 1992 [65] and refined in 2004 [66] for
measuring hardness and elastic modulus by indentation technique. Because of the
Oliver&Pharr method, nanoindentation has widely been adopted to determine the
hardness and elastic modulus of materials at small scales. Although the method has
verified for numerous materials and extensively applied into commercial indentation
instruments, certain aspects of it have always been interested to understand. The
method was developed from fitting the unloading load-displacement data obtained
during one cycle of indentation consisting of loading and unloading. It is designed for
the monolithic materials that can be described as a semi-infinite, elastic-plastic half
space, in which there are no rate-dependent deformation mechanics such as viscoelas-
ticity [65, 66]. In particular, the method is recalled here in order to get advances in
the understanding of some problems:

• Why can the unloading curves be well described by a power law function?

• How can we determine the correction factor β?
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• Why is the geometric parameter ϵ 0.75 for the Berkovich indenter, rather than
0.72 similar to the conical indenter?

• How can we correct the pile-up effect?

Pharr and Bolshakov [68] did finite element (FE) simulations of indentation of elastic-
plastic materials by a rigid conical indenter with loading, unloading and reloading pro-
cesses. A key observation was that the unloaded deformed surface was not a perfectly
conical shape, but exhibited a subtle convex curvature. The contact area increased
continuously until the full load was again achieved during the reloading. Because both
processes were elastic, a process must be the reverse of what happened during un-
loading. It is this continuous change in the contact area that produces the nonlinear
unloading curve. The mathematical form of the curve can be understood by a concept
of an effective indenter shape, which produces the same normal surface displacements
on a flat surface that would be produced by the indenter on the deformed surface of
the hardness impression during unloading [68]. As such, the effective indenter shape
is able to describe Sneddon’s solution [77] for an axisymmetric indenter of arbitrary
profile

z = B rn, (I.15)

where B is a fitting constant and the exponent n varies in the range of 2∼ 6 depending
on the material properties. Using Sneddon’s formula of the total load F [77], Pharr
and Bolshakov [68] gave the load-displacement response for an indenter with arbitrary
profile as:

F =
2E∗

(
√
πB)

1/n

n

n + 1

(

Γ(n/2 + 1/2)

Γ(n/2 + 1)

)1/n

h1+1/n
e , (I.16)

where Γ is the gamma function1, he is the elastic part of the penetration depth and
related with ht through he = ht − hp, hp is the depth of the residual impression.
Therefore, the unloading curve is best represented by a power law function of the form:

F = γ (ht − hp)
m, (I.17)

where m is the exponent to be determined by fitting with the experimental data. The
contact stiffness S = dF/dh is defined as the slope of the initial part of the unloading
curve during the first stage of unloading. The elastic properties can be determined
from the relationship between measured contact stiffness S and the contact area A by
the solution

S = β
2√
π

E∗
√

A. (I.18)

1Γ(1) = 1, Γ(3/2) = 1/2 π1/2, Γ(2) = 1, Γ(1/2) = π1/2
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β is a correction factor that accounts for deviations in stiffness caused by the lack
of axial symmetry for pyramidal indenters. β plays an important role if accurate
properties measurements are desired. In the case of small deformation (note that small
deformation is achieved only if the half-included angle of the indenter is close to 90◦

[66]) of an elastic material by a rigid axisymmetric indenter with smooth profile, β is
exactly 1. However, because most of the real indentation experiments are performed
with a non-axisymmetric indenter (Berkovich indenter) and involve large strains, an
appropriate value of β ̸= 1 is required. Numerical methods have been used to evaluate
β and to explore the factors that influence it. For the purely elastic material, Larsson
et al. [52] found that β is slightly dependent on Poisson’s ratio ν by the formula

β = 1.2304
(

1 − 0.21ν − 0.01ν2 − 0.41ν3
)

. (I.19)

Hay et al. [33] developed a correction for the effect involving the half-included angle θ
of the indenter

β = π

[

π
4 + 0.1548 cotθ (1−2ν)

4(1−ν)

]

[

π
2 + 0.8312 cotθ (1−2ν)

4(1−ν)

]2 . (I.20)

Oliver and Pharr [66] reviewed the values of β for the Berkovich indenter in literature
and made a conclusion that the values fell in the range 1.0226 ≤ β ≤ 1.085. They sug-
gested that β = 1.05 was a good choice, with a potential error of approximately ±0.05.
If more accurate evaluation of β is desired, a scheme combining carefully performed
experiments and 3D FE simulations could be helpful to resolve this issue.
The determination of the contact area is described by an area function given by
Oliver & Pharr [65]

A =
8

∑

n=0

Cn(hc)
2−n = C0h

2
c + C1hc + ... + C8h

1/128
c . (I.21)

hc, the contact depth, is defined in the Oliver & Pharr method with the assumption
that the pile-up is negligible

hc = ht − hs = ht − ϵ
Fmax

S
, (I.22)

ϵ is a constant that depends on the geometry of the indenter. The value of ϵ is normally
defined from Eq. (I.22) as

ϵ = S
hs

Fmax
= 2E∗ amax

hs

Fmax
. (I.23)
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It is able to compute values of ϵ for simple indenter geometries from Hertz’s and
Sneddon’s solutions; specifically, ϵ = 1.0 for a flat cylindrical punch, ϵ = 0.75 for
a parabola of revolution, and ϵ = 0.72 for a conical indenter. Because a Berkovich
indenter is geometrically more like a cone than a parabola of revolution or a flat punch,
one might expect the value ϵ = 0.72 to be most applicable. However, supported by a
large number of experimental data, Oliver&Pharr concluded that the best value for ϵ is
0.75 [65]. This could be explained by the effective indenter shape concept, again. The
elastic unloading process of indentation with a Berkovich indenter can be described by
an effective indenter shape that is more like a parabola of revolution than a cone [68].
Therefore, the value ϵ = 0.75 is more applicable than ϵ = 0.72. Pharr and Bolshakov
[68] provided a more precise estimate of ϵ using Eq. (I.23) in conjunction with Sneddon’s
method for determining the surface displacement at the contact perimeter

ϵ = m

⎛

⎝1 −
2Γ

(

m
2(m−1)

)

√
πΓ

(

1
2(m−1)

) (m − 1)

⎞

⎠ . (I.24)

Hence, the value of ϵ varies mildly between 0.74 and 0.79 over the range of most
experimental observations, i. e., 1.2 ≤ m ≤ 1.6 [65]. However, since m depends not only
on the indenter geometry but also on the elastic and plastic behavior of the specimen,
a more appropriate value of ϵ might be obtained by experimentally measuring m and
then substituting it into Eq. (I.24).
As discussed in Eq. (I.22), one significant problem with the Oliver&Pharr method
is that it does not take into account the pile-up of the material around the contact
impression. Pile-up, which is observed in many indentations of elastic-plastic materials,
leads to a larger contact area than that estimated by this method. As a consequence,
both the determined hardness and elastic modulus are overestimated, sometimes as
much as 50% [5]. The fundamental material parameters, affecting the pile-up, are
the ratio of the effective modulus to the yield stress, E∗/σy, and the work hardening
behavior [66]. In general, the pile-up is greatest in materials with large E∗/σy and with
little or no capacity for work hardening. The capacity for work hardening inhibits the
pile-up because if the material at the surface adjacent to the indenter hardens during
deformation, it constrains the upward flow of material to the surface. Bolshakov and
Pharr [5] found that a convenient, experimentally measurable parameter can be used
to identify the pile-up behavior in a indentation with conical and Berkovich indenters.
The parameter is the ratio of the residual depth, hp, to the total depth of penetration,
ht. The natural limits for hp/ht is 0 ≤ hp/ht ≤ 1. The lower limit refers to fully elastic
deformation and the upper limit to the rigid plastic behavior. The pile-up is only large
if hp/ht is close to 1 and the degree of the work-hardening is small. If hp/ht < 0.7, the
pile-up is negligible and independent from the work-hardening behavior of the material.
Therefore, materials deforming elastically always sink in, pile-up occurs seldom.
Some methods have been developed that can be used to correct for pile-up. A good
example proposed by Cheng et al. [19] is based on the work of indentation, which
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can be measured from the area under the indentation loading curve, the total work of
indentation Wtot, the unloading curve and the work recovered during unloading Wu.
They found that the ratio of the irreversible work to the total work appears to be a
unique function of E∗/H , independent of the work-hardening behavior

Wtot − Wu

Wtot

∼= 1 − 5
H

E∗
, (I.25)

where H is the hardness of the specimen defined by the relation

H =
Fmax

A
. (I.26)

Combining the Eqs. (I.18) and (I.26) leads to another equation involving H and E∗:

β2 Fmax

S2

4

π
=

H

(E∗)2
. (I.27)

Because Wtot, Wu, Fmax and S are all measurable from the force-displacement curve,
Eqs. (I.25) and (I.27) represent two independent relations that can be used to solve H
and E∗ directly. Additionally, the contact area, which includes the effects of pile-up,
could be computed from the derived hardness H by means of Eq. (I.26). With the
development of the advanced topographic techniques, it is possible to check the profile
of the impression in nanoindentation, e. g. by using the in situ SPM Imaging model
of the indenter, the scanning electron microscope (SEM), the atomic force microscope
(AFM) and the surface profilemeter. In this way, the appearance and the extent of
pile-up could be clearly understood and the true contact area could be determined. As
a consequence, the effects of pile-up on the calculation of hardness and elastic modulus
can be eliminated.

2.3 Viscoelastic analytical solutions

Generally in instrumented indentation, the analysis is developed to determine me-
chanical properties from measured load-displacement data for elastic and elasto-plastic
materials, for which rate-dependent behavior is normally ignored. The characterization
of viscoelastic behavior with indentation has been achieved by viscoelastic analytical
solutions to boundary value problems of indentation based on the elastic contact the-
ory.
The contact problem of a smooth rigid spherical indenter of radius R pressed into a
linear viscoelastic half-space has been firstly studied by Lee and Radok [55]. First of
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all, the stress-strain relations for linear isotropic viscoelasticity used in this study can
be expressed in the form:

P sij = Q eij, (I.28)

P ′ σij = Q′ ϵij ,

where

sij = σij −
1

3
σkk δij and eij = ϵij −

1

3
ϵkk δij

are the stress and strain deviators, σij and ϵij are stress and strain components, respec-
tively, and where P , Q and P ′, Q′ are pairs of linear operators in the time variable. The
Hertz solutions Eqs. (I.2) and (I.10) of the elastic problems give the contact pressure,
p(r, t), in terms of the shear modulus, the Poisson’s ratio ν of the elastic half-space and
time t as:

p(r, t) =
4

πR

G

1 − ν
f(r, t) , (I.29)

where
f(r, t) = Re

{

[a(t)2 − r2]1/2
}

, (I.30)

Re indicates the real part of [a(t)2−r2]1/2 in the case of r > a(t), that means if r > a(t),
f(r, t) = 0. For simplicity the case of incompressible material is considered, ν =
0.5. The shear modulus is replaced by Q/2P according to Eq. (I.28). Eq. (I.29) is an
appropriate form of the elastic solution to substitute the linear viscoelastic operators in
place of the elastic constants, non-linearity occurs only in the geometry of the boundary
conditions. Hence, the determination of the pressure distribution associated with the
indentation of a smooth rigid spherical indenter on an incompressible viscoelastic half-
space is given by

P [p(r, t)] =
4

πR
Q f(r, t), (I.31)

The application of the Laplace-transform and its inverse transform gives the relation
of the total load F (t) and the penetration h(t) of indentation associated with the
viscoelastic half-space as

P [F (t)] =
8

3

√
πQ

{

[h(t)]3/2
}

, (I.32)

P , Q are arbitrary linear viscoelastic operators. They may be the differential op-
erators associated with the common viscoelastic models of springs and dashpots, or
the integral operators associated with the hereditary-function approach, or any of the
other equivalent means of expressing viscoelastic behavior [55]. An important issue is
that the solutions eq. (I.31) and eq. (I.32) are valid only in which the radius a(t) is a
monotonically increasing function of time t. The reason is that if a(t) passes through
a maximum amax and decreases, f(r, t) in eq. (I.30) passes through a maximum and
retures to zero for r > a(t), but p(r, t) determined by eq. (I.31) usually passes through
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zero and takes on negative or tensile values [55]. For example, if P is a differential
operator, p(r, t), which is given by its complementary function, is non-zero because of
the non-zero value of p when f(r, t) first reduces to zero at r = a(t). The non-zero
value of p(r, t) violates the contact condition requiring that outside the contact region
the surface traction should be zero. This paradoxical result does not arise with non-
decreasing a(t), because the zero initial conditions and zero right-hand side of eq. (I.31)
for all ealier times gurantee zero surface traction outside the contact region [55].
A different approach developed by Ting [80, 81] yields an explicit solution of an integral
equation which arises in indentation on a viscoelastic half-space. This more general
solution is valid for contact problems if the time-dependent contact area is an arbitrary
function of time. Firstly, it is assumed that the viscoelastic half-space is bounded by
the horizontal plane x3 = 0 of the Cartesian coordinates (x1, x2, x3). x = (x1, x2)
denotes the position of a point on the free surface x3 = 0. Secondly, the distribution
of the surface pressure p(x, t) over the area of the contact region D(t) and the verti-
cal downward displacement of the free surface w(x, t) satisfy the function proposed by
Yang [89]

w(x, t) =

∫ t

0−
φ(t − τ)

∂

∂τ

∫

D(τ)

K(x, ξ) p(ξ, τ)dξdτ , (I.33)

where

K(x, ξ) =
1

2π|x− ξ|
=

1

2π [(x1 − ξ1)2 + (x2 − ξ2)2]1/2

and φ(t) represents the viscoelastic properties of the half-space with an inverse ψ(t).
Thirdly, the surface function f(x) of the rigid indenter and the contact area D(t) are
given. A continuous arbitrary contact region D(t) is considered as shown in Fig. I.2 to
illustrate the solutions derived by Ting [80, 81]. A time interval t is devided as

0 < t1 < t2 < ... < tn < t, (I.34)

where n is the largest integer for the division. Thus, if n is an odd integer n = 2k + 1,
tn−1 < τ < tn is in the interval where D(t) is monotonically increasing, cf. Fig. I.2
(left). If n is an odd integer n = 2k, tn < τ < tn+1 is in the interval where D(t) is
monotonically decreasing, cf. Fig. I.2 (right). Suppose that the solutions p(x, t) and

D(τ)

τ0 tt1 t2 t3 t2k−1t2k t′ t′′

D(τ)

τ0 tt1 t2 t3 t2k+1t2k t′ t′′

Figure I.2: Schematics illustration of D(τ), the area of the contact region or regions as
a function of time [81]
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w(x, t) have been found up to the time t′. It will proceed to find the solutions p(x, t)
and w(x, t) for t′ < t < t′′ until n changes its value at t′′. For t > t′ in the region where
D(t) is monotonically increasing, the solutions for w(x, t) and p(x, t) for t ≥ t′, until n
changes its value, are given by

w(x, t) = w(x, t2k) −
k

∑

i=1

∫ t2i

t2i−1

F2k,2i(t, τ)
∂

∂τ
w(x, τ)dτ , (I.35)

and

p(x, t) = p(x, t′) −
∫ t

t′
ψ(t − τ)

∂

∂τ
A(x, τ)dτ, (I.36)

respectively, with

A(x, t) =

∫ t′

t2k

φ(t − τ)
∂

∂τ
p(x, τ)dτ +

k
∑

i=1

∫ t2i−1

t2i−2

F2k,2i−1(t, τ)
∂

∂τ
p(x, τ)dτ ,

F2k,2k(t, τ) =

∫ t

t2k

φ(t − τ 1)
∂

∂τ 1
ψ(τ 1 − τ)dτ 1 ,

F2k,2k−1(t, τ) =

∫ t

t2k

φ(t − τ 1)
∂

∂τ 1
×

∫ τ1

t2k−1

ψ(τ 1 − τ 2)
∂

∂τ 2
φ(τ 2 − τ)dτ 2dτ 1 .

If n changes its value before D(t) becomes a maximum, Eqs. (I.35) and (I.36) are
applicable with a new value for t′. Similarly, if t ≥ t′ is in the region where D(t) is
monotonically decreasing as shown in Fig. I.2 (right), w(x, t) and p(x, t) are expressed
by

w(x, t) = w(x, t′) −
∫ t

t′
φ(t − τ)

∂

∂τ
C(x, τ)dτ, (I.37)

and

p(x, t) = p(x, t2k+1) −
k

∑

i=0

∫ t2i+1

t2i

F2k+1,2i+1(t, τ)
∂

∂τ
p(x, τ)dτ , (I.38)

repectively, with

C(x, t) =

∫ t′

t2k+1

ψ(t − τ)
∂

∂τ
w(x, τ)dτ +

k
∑

i=1

∫ t2i

t2i−1

F2k+1,2i(t, τ)
∂

∂τ
w(x, τ)dτ ,
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F2k+1,2k+1(t, τ) =

∫ t

t2k+1

ψ(t − τ 1)
∂

∂τ 1
φ(τ 1 − τ)dτ 1 ,

F2k+1,2k(t, τ) =

∫ t

t2k+1

ψ(t − τ 1)
∂

∂τ 1
×

∫ τ1

t2k(t)

φ(τ 1 − τ 2)
∂

∂τ 2
ψ(τ 2 − τ)dτ 2dτ 1 .

If n changes its value before D(t) becomes a minimum, Eqs. (I.37) and (I.38) are suit-
able to be used with a new value for t′.
The contact problem of a rigid axisymmetric indenter pressed into a viscoelastic half-
space was studied by e. g. Lee and Radok [55] and Ting [80, 81], as summarized above,
whose work motivated the interest of later workers and set a foundation for later re-
search. The general corresponding solutions have been recast into various viscoelastic
constitutive equations. In recent years, experimental scrutiny of these theories and
attempts at applying them into the nanoindentation characterization of viscoelastic
materials, have been also conducted.
The indentation of standard viscoelastic solids modeled with a three-element Voigt-
Kelvin model by an axisymmetric, flat-punch indenter has been investigated theoret-
ically using the correspondence principle by Cheng et al. [18]. The corresponding
solutions cover different loading histories: single step change in load, multiple step
load and arbitrary load history. Its applicability on the polyurethane (PU) coatings
and bulk polystyrene (PS) have been verified experimentally. Analytical solutions of
indentation on the same standard viscoelastic solids with a spherical indenter, were de-
veloped later by Cheng et al. [17]. The experimental verification of the solutions was
conducted by nanoindentation relaxation and creep tests on bulk PS and by the creep
tests on drying semicrystalline polyvinyl alcohol (PVOH). The results indicate that
the derived three-element analytical model of spherical indentation into the considered
two polymers is suitable.
Sakai and Shimizu [74] evaluated theoretically the time-dependent viscoelastic proper-
ties and the flow during indentation by a flat-ended, spherical, conical or a pyramidal
indenter into glass-forming materials at temperatures near the glasstransition. The
concept of representative stress and strain combined with the hereditary integral leads
to principal constitutive equations for linear viscoelastic indentation. An experimen-
tal as well as theoretical study of the viscoelastic behavior of soda-lime silica glass
have been conducted by the use of a Berkovich indenter. Later in [73], Sakai recast
the analytical solutions for elastic contact of an axisymmetric indenter into the asso-
ciated viscoelastic solutions via Boltzmann’s hereditary integral. Relations between
the time-dependent indentation load F (t) versus the penetration depth h(t) have been
developed for simple viscoelastic liquids and solids.
A model based on the contact between a rigid indenter and a linear viscoelastic material
was developed in [84] to calculate the creep compliance and stress relaxation modulus
for two glassy polymeric materials, epoxy and polymethyl methacrylate (PMMA),
and two polydimethyl siloxane (PDMS) elastomers. Jäger et al. [41] obtained a solu-
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tion to identify viscoelastic properties from the nanoindentation test data taking the
real tip geometry into account. This analytical solution is specialized for the case of
a trapezoidal load history. Three deviatoric creep models, the single dash-pot, the
Maxwell element, and the three-parameter model were considered. The approach has
been illustrated by the identification of short-term viscoelastic properties of bitumen
from nanoindentation.
In the past decades, modifications or applications of the viscoelastic indentation theory
constructed by Lee and Radok [55] or by Ting [80, 81] to characterize time-dependent
properties of polymers from indentation, have been published in a huge number of
articles. The readers can find some additional literature in paper B. As a short conclu-
sion, since these analytical solutions are obtained based on the classical elastic contact
theory using mathematical transformations, e. g. the correspondence principle or the
Laplace transform, they have limitations. Most of the analytical solutions yield ac-
curate results only for linear viscoelastic models under fixed experimental processes.
The non-linear rate- and temperature-dependent properties are fail to capture. Be-
sides, effects such as friction, adhesion and surface roughness, which may be sensitive
in nanoindentation tests, are not taken into account in the solutions. Therefore, efforts
have to made to construct more general analytical solutions. Very recently, Ding et al.
[23] constructed a viscoelastic solution for the stress and displacement fields by the
analysis of the elasticity-viscoelasticity corresponding theory taking the temperature-
dependency into account. The temperature- and time-dependent viscoelastic recovery
of PMMA, which was measured by AFM nanoindentation experiments, was predicted
by this model in a numerical way based on the Boussinesq elastic theory.

2.4 FEM based inverse method

The inverse method is a general framework that is used to convert observed measure-
ments into information about a physical object or system that we are interested in.
The experimental responses of a physical object or system, which is a prior information
on a mathematically described model about this physical object or system, is treated
as reference source to determine the model parameters in the inverse method. Hence,
it is common in the engineering analysis to involve the determination or prediction of
a new material or a new structure to use the inverse method. It is one simple way to
fit the experimentally determined responses to the theoretical or analytical solutions
in order to determine the material or structure parameters. However, the available
analytical solutions are restricted to physical structures with relatively simple geom-
etry and loading conditions. In this case, the finite element method (FEM) based
inverse method is popular to use because it allows specimens with arbitrary shapes
and physical processes with nonlinear nature and arbitrary loading conditions. This
method is especially powerful when the material or structure properties are complex,
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Figure I.3: Flow-chart of the developed analysis procedure using FE based inverse
method

e. g. nonlinear, heterogeneous and anisotropic. Since the indentation process on poly-
mers involves strongly nonlinear contact mechanics as well as nonlinear time-dependent
material properties, the FE based inverse method is chosen to develop a robust analysis
procedure in this study.
Fig. I.3 represents the flow-chart of the developed analysis procedure using the FEM
based inverse method, which is a mixed experimental and numerical optimization prob-
lem. First of all, the force-displacement data obtained from nanoindentation experi-
ments are used as reference source and are imported into an optimization procedure.
The error contributions such as adhesion effects, surface roughness and other process
associated factors are involved in the experimental data. The optimization proce-
dure is developed combining the FEM code ABAQUS R⃝ with the mathematics tool
MATLAB R⃝. In the optimization procedure, the boundary value problem of nanoin-
dentation is simulated in ABAQUS R⃝ taking into account the real geometry and real
boundary conditions as same as in the experiments. In the numerical model, it is im-
portant to choose a suitable contact model between the tip and the surface, a material
model for the specimen and models predicting other affecting responses. It is the goal
to determine the corresponding parameters of these models by this procedure. The
principle of the method is to compare experimental force-displacement data with the
computed results from the finite element model. Starting with guessed initial values,
the models’ parameters are iteratively updated by an optimization algorithm. The
identification can then be formulated as an optimization problem where the objec-
tive function f(x) to be minimized is an error function of the least squares type that
expresses the difference between experimental measurements and the numerical predic-
tions. The argument represents all model parameters, which have to be determined.
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The choice of the optimization-based method for minimizing an objective function is a
topic of interest. It is generally advised to use globally convergent optimization algo-
rithms whenever possible. These algorithms are simulated annealing [47, 27] or genetic
algorithms [75, 20], such as evolutionary algorithms, or deterministic algorithms like
the Simplex method [53, 50]. The gradient based algorithm is full of troublesome gradi-
ent calculation and the further drawback of local convergence. Genetic or evolutionary
algorithms are globally convergent and are the only useful choice in a multi-objective
optimization.

3 Error contributions affecting nanoindentation

As mentioned at the beginning, nanoindentation has a considerable advantage to de-
termine local properties from continuously measured force-displacement data with high
resolution. Unfortunately, there are various problems that influence the actual material
response during indentation, e. g. friction, adhesion, surface roughness and the inden-
tation process associated factors. These problems result in a systematic error between
the numerical and the experimental results that often leads to even larger errors in the
parameter identification [71, 15, 16, 6, 60, 83]. Therefore, a certain knowledge about
the influence of these factors and basic investigations are indispensable to characterize
the material accurately by the inverse method.

3.1 Thermal drift

The thermal drift in nanoindentation generally refers to a change in dimensions of the
instrument due to thermal expansion or contraction of the apparatus. An other source
of thermal drift is the heat generation of the electronic devices or within the plastic
zone of indentation. This change in depth imposes a thermal drift error onto the real
depth of the displacement readings.
To correct the thermal drift, it is common to measure the displacement increment
during a hold series of the load. A linear regression to the displacement-time curve
within this hold period allows to obtain the thermal drift rate. Then the thermal
drift rate is considered in all the displacement readings according to the testing time.
However, for the most of polymeric materials creep may be prominent when the load
is held constant and the depth readings increase due to the superposition of creep
and thermal drift. The creep response should be as full as possible included in the
force-displacement data in order to characterize accurately the viscoelasticity from
nanoindentation. At the same time the thermal drift effects should be eliminated.
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Therefore, in the nanoindentation of polymers, the thermal drift rate is calculated
during a hold period at the final unload increment because the creep within the material
is less likely to occur at a low value of the load. This thermal drift correction procedure
works fine for short-term indentation. But it is not clear if it is reasonable to apply
such a correction for long-duration testing like creep or relaxation tests since a linear
relation is assumed.

3.2 Initial contact point

In a nanoindentation test, the indentation depth is ideally measured from the level
of the specimen’s free surface. However, in practice, it is necessary that the indenter
makes actual contact with the specimen’s surface to achieve the threshold for the inden-
tation depth measurements. Therefore, in all nanoindentation experiments, a pre-load

elastic plastic

Ft
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h

ht

ht

hi

Fi

Figure I.4: Schematic illustration of the effect of initial indentation depth on the force-
displacement data [26]: the initial contact force Fi results in an initial indentation
depth hi

which is often set to be the smallest obtainable force of the instrument, is usually ap-
plied to detect the initial contact point. The free surface of the specimen is identified
by setting the measured indentation depth and the contact area to zero at this smallest
force. For most commercially available nanoindentation instruments, the theoretical
load resolution is better than 1 nN. Hence, it is theoretically capable to detect the exact
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initial contact point. However, in practice, for the Hysitron TriboIndenterR⃝ used in
this study for example, the achievable load resolution is limited by external influences
to no better than 100 nN. If the indentation with this pre-load is made on the surface
of metals or ceramics, the corresponding penetration beneath the undisturbed speci-
men’s free surface may be negligible. However, due to the high compliance, a small
amount of pre-load can cause a considerable indentation in soft polymers as shown
schematically in Fig. I.4. As a result the initial contact point is uncertain and results
from indentation testing are in error [64, 11, 22]. For instance, for the PDMS material
with a tensile modulus of 1MPa, the difference in the detected surface position leads
to deviations in the resulting modulus which vary as high as 400% [22].
Therefore, as shown in Fig. I.4, the initial indentation depth, hi, has to be calculated
and to be added to all measured displacements, h, to correct for this initial contact
point. Fischer-Cripps [26] supplied a method to calculate the initial indentation depth,
hi, with an assumption that the first few loading points result in purely elastic defor-
mation of the specimen. So it is possible to fit this initial data points using the Hertz
equations predicting that the relationship between the load and displacement for an
elastic response

h + hi ∝ F m, (I.39)

where m = 2/3 for a spherical indenter, m = 1 for a cylindrical flat punch indenter,
and m = 1/2 for a conical indenter. Alternatively,

h = k F m − hi = k F m − k F m
i , (I.40)

where k is a constant whose value depends upon the shape of the indenter. The easiest
way to adjust the variables m and k for a linear response is to plot the logarithm of
both sides of Eq. (I.40) to obtain a slope equal to a unity. Thus,

log h = log k + A log (F m − F m
i ) . (I.41)

A plot of log h versus log (F m − F m
i ) should have a slope A = 1 if m and k are chosen

correctly.
A nonlinear least squares fitting procedure can also be used to fit the initial loading
data point according to a power law relationship

F = (h + hi)
n, (I.42)

where n and hi are the unknowns to be identified, and F and h are the experimental
data. Care must be exercised with the choice of the initial data points of F and h that
these data should be within the pure elastic response. In [82], the initial indentation
depth hi is treated as an additional parameter that is identified by a neural network.
As an advantage, no assumption on the form of the initial loading curve has to be
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made.
Detecting the initial contact point is also required to exclude the influence of the
surface roughness on the force-displacement data in nanoindentation. According to
the numerical calculation in [15], the surface roughness, which contains very sharp
asperities, has an effect resulting in much lower contact stiffness especially at the very
beginning of the indentation. In this case, the surface roughness effect can be removed
if a new initial contact point is re-defined to throw off the contact part in which the
contact stiffness is nearly zero.

3.3 Surface roughness

It is tacitly assumed in the classic contact theory, discussed in section 2, that the sur-
face of contacting bodies are topographically smooth. In consequence contact between
them is continuous within the nominal contact area. However, in reality, such circum-
stances are extremely rare and the real area of contact is a discontinuous small fraction
of the nominal contact area. Since the contact area is measured indirectly from the
indentation depth, the surface roughness is a very important issue in nanoindentation.
The natural roughness of real surfaces causes errors in the determination of the contact
area between the indenter and the specimen.
There is a large variety of literature on experimental as well as numerical investigation
of the surface roughness effects in nanoindentation. It is known by the experiments
and simulations that the surface roughness impacts the Young’s modulus and the hard-
ness measurements [4, 3, 49, 69]. The surface roughness can considerably disturb the
indentation curves [45], and may, at least, be one of the main reasons for the indenta-
tion size effect [46]. The criteria to remove the surface roughness effects are found by
experiments for some special materials. Johnson [43] quantified the surface roughness
by a roughness parameter α:

α =
σs R

a2
0

, (I.43)

where σs is equal to the maximum asperity height, R is the indenter radius and a0

is the contact radius that would be obtained under the same F for smooth surface.
Johnson [43] found that the effects of surface roughness on the validity of the elastic
contact equations were of significance for α > 0.05. The results in [4] reveal that the
surface irregularities or the roughness which are characterized by fractal dimension and
RMS height of asperity, play a role in the scatter in hardness measurements. Later,
Bobji et al. [3] formulated a general framework to deconvolve genuine property vari-
ation by normalizing the measured hardness with the surface roughness effect for the
indentation depth larger than 3 times the RMS roughness. Miller et al. [63] presented a
criterion for the roughness of cement paste surfaces for nanoindentation. The material
properties obtained from nanoindentation converge to a unique set of values when the



3. Error contributions affecting nanoindentation 25

average indentation depth of the first peak is greater than 5 times the RMS roughness,
where the roughness is measured over a scanning size of 200 times the average inden-
tation depth. Donnelly et al. [24] examined the effects of surface roughness and the
maximum nanoindentation load on the measured mechanical properties in two cancel-
lous bones with different surface roughnesses using maximum loads ranging from 250
to 3000µN. The results indicated that the variability in material properties increases
substantially if the ratio of indentation depth to surface roughness decreases below 3:1.
It is difficult to control the roughness of a specimen in the real experiment and to
interpret the measured results. In contrast, the numerical simulation allows to supply
flexible roughness geometry and to display the involved physical process. Finite element
calculations are widely used to investigate and to interpret the surface roughness effects
in nanoindentation. In 2007, Walter et al. [85] incorporated the measured surface to-
pography of CrN thin films into a 2D finite element model. The Oliver&Pharr method
was used to evaluate the Young’s modulus from the simulated load-displacement curves.
The results show that the surface roughness leads to an underestimation of the Young’s
modulus, but the amount of this deviation seems to be independent of the actual value
of the arithmetic roughness Ra. Further simulations indicate that the mean value of
a sufficiently large number of indents can give a good approximation of the Young’s
modulus of the films, even if the surface is rough and the data scatter is high. Two
years later, Walter et al. [86] compared the simulation results from a true 3D model and
from a 2D axisymmetric model [85] of nanoindentation taking the surface roughness
effects into account. The comparison indicated that both models predict a signifi-
cant underestimation of the evaluated Young’s modulus due to the effect of surface
roughness. The axisymmetric setup of the 2D model leads to increasing scatter of the
force-displacement data and on average to a higher stiffness compared to the 3D model
and therefore a 3D simulation seems preferable. The results obtained in [7] show also
that, in order to exclude the roughness effect, an average of an appropriate number of
nanoindentations must be considered, depending on the roughness magnitude. Jiang
et al. [42] pointed out that in order to rule out the influence of the surface morphology,
the indentation depth should be much greater than the characteristic size of the sur-
face roughness. Moreover, an indenter with a sufficiently large diameter could also be
a good choice. A numerical study was conducted in [2] to understand the coupled in-
fluence of friction and surface roughness in the nanoindentation of pure nickel. Results
have shown a strong interaction between these two contributions of surface effects and
their cumulative effects lead to significant variations in the force-displacement curves.

The surface roughness of the bulk sample can be altered by various mechanical or
electrochemical methods of polishing. However, an excessive polishing could influence
the mechanical properties of soft and thin polymer films. Therefore, in practical ex-
periments, the surface roughness of thin films can reach an average height of asperities
about 30-60 nm [49, 25, 78]. Because of that, the surface roughness is comparable to
the imposed indentation depth limited by the thin layer’s thickness and the influence
of the substrate. In this case, some of the criteria using a deeper indentation depth
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compared with the surface roughness documented in literature, cannot longer be used.
A quantified evaluation of the surface roughness effect is still required. Furthermore,
if an inverse optimization method is used, it is essential to decrease the system errors
between the experimental settings and the numerical models. For this reason, more
attention is paid on the numerical model of the realistic surface roughness profile. For
most real surfaces, for example those produced by grinding or molding, the heights
and the wave lengths of the roughness asperities vary in a random way. It is argued in
[43] that most man-made surfaces have a pronounced ”lay”, which may be modeled to
a first approximation by one-dimensional roughness. Therefore, Johnson established
the simplest model of a rough surface in [43], which is a regular wavy surface with a
sinusoidal profile. If an elastic half-space with a flat surface is brought into contact
with an elastic solid having a one-dimensional wave of asperity height H and wave
length λ, the gap between the surfaces can be expressed by

g(x) = H [1 − cos(2πx/λ)] . (I.44)

In the two-dimensional configuration, the gap between a flat surface and one which has
a regular orthogonal waviness can be expressed as

g(x, y) = H1 + H2 − H1 cos(2πx/λ1) − H2 cos(2πx/λ2). (I.45)

The three-dimensional multi-asperity contact of an indenter with a rough simulated
surface was studied in [4]. The rough surface was simulated using a self-affine fractal
function. The asperity height H(x) of an isotropic and homogeneous rough surface in
any arbitrary direction, along a straight line, can be represented by the Weierstrass-
Mandelbrot relationship

H(x) = G(D−1)
∞

∑

n=n1

cos(2πγnx)

γ(2−D)n
; 1 < D < 2; γ > 1, (I.46)

where, G is a scaling constant, D is the fractal dimension of the profile and γ = 1/λ
is the frequency mode corresponding to the reciprocal of the wave length λ of the
rough surface, and n1 is the lower cutoff frequency of the profile which depends on the
length of the sample L through the relation γn1 = 1/L, γ is chosen to be 1.5 for phase
randomization and high spectral density.
The finite element method is often used to simulate the effect of surface roughness.
In [85] the surface roughness of sputter-deposited CrN thin films for the axisymmetric
2D model was taken from experimental AFM scanning data. Line scans of the AFM
surface profile were then interpolated at the top surface node positions of the surface
mesh and these nodes were re-positioned in axial direction according to the measured
surface roughness [85]. However, because the model does not resemble 3D surface
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roughness due to its symmetry, it is necessary to keep the model size within feasible
limits. Latter Walter et al. [86] simulated the surface roughness of sputter-deposited
CrN coatings with a true 3D model. A section of the measured surface profile with
AFM was selected and interpolated at the node positions of the sample mesh and
then introduced as top layer into the FEM model of the sample. The challenge of 3D
modeling is to keep the number of degrees of the freedom (DOF) small and taking
the computational cost into account. Since the size of the elements has to be small
in order to represent the actual roughness profile sufficiently well, the viable overall
dimensions of the model are limited too. Pre-existing straight grooves defects were
introduced on the film surface in 2D FE models in [42] in order to simulate the surface
roughness. The included geometric parameters are the height of the defects, the spacing
between the neighboring defects and the hight of the defects. Berke et al. [2] described
the roughness with a protuberance-on-protuberance profile approximated by a sine
function using axisymetric 2D FE models. The surface roughness was chosen to have
the simplest representation considering only the first level of a sine profile. A more
realistic rough surface was modeled by the sum of four sine functions with different
amplitudes, wave lengths and phase shifts.

3.4 Adhesion effects

In surfaces interaction, as a result of the competing force attraction and repulsion
between individual atoms or molecules in both bodies, two ideally flat solid surfaces
will have an equilibrium separation g0. At a separation less than g0 they will repel each
other and at a separation greater than g0 they will attract. At small scales, such as the
case of tip-sample interaction in nanoindentation, the adhesion arising from attractive
forces is generally not negligible and must be taken into account [43]. Several continuum
mechanic models have been developed to predict the contact force between two elastic
bodies as discussed before. The classic model is due to Hertz and concerns two elastic
spheres in the absence of adhesion. There are three adhesive contact models available,
namely JKR (Johnson-Kendall-Roberts) [44], DMT (Derjaguin-Muller-Toporov) [21]
and MD (Maugis-Dugdale) [61]. JKR considers the contact when the surface forces,
which only act inside the contact area, are short range in comparison to the elastic
deformations during contact (i. e., compliant materials, strong adhesion forces, large
tip radii). DMT which applies well in the case of long-range surface forces acts only
outside the contact area (i. e., stiff materials, weak adhesion forces, small tip radii). The
transition between JKR and DMT models is presented in the MD model, which studies
the periphery of the tip-sample interface modeled as a crack failing at its theoretical
strength. The adhesive force Fad or ”pull-off force”, at which the surfaces separate
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when being pulled apart, are given in the JKR and DMT theories by

Fad(JKR) = 2π γR, (I.47)

Fad(DMT) =
3

2
π γR, (I.48)

where, γ is the interfacial energy and R is the curvature radius of the spherical indenter.
The models also give the functions of the contact radius a and the indentation depth

a(JKR) =

(

R

K

(√

Fad(JKR) +
√

FH + Fad(JKR)

)2
)1/3

, (I.49)

a(DMT) =

(

R

K

(

FH + Fad(JKR)

)

)1/3

, (I.50)

h(JKR) =
a2

(JKR)

R
−

4

3

√

a(JKR) Fad(JKR)

R K
, (I.51)

h(DMT) =
a2

(DMT)

R
, (I.52)

where FH is the contact force evaluated according to the Hertz contact theory i. e.
Eq. (I.9), K is a factor related with the reduced elastic modulus, given by K = 4/3 E⋆.
As illustrated in Fig. I.5, in the Maugis Dugdale case, the adhesion force is assumed
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Figure I.5: Schematics illustration of effect of Lennard-Jones and Dugdale surface force
laws

to have a constant value σ0 until a separation h0 is reached, where it falls to zero.
The value of h0 is chosen in order to match the work of adhesion of a Lennard-Jones
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potential, i. e., γ = σ0 h0. Maugis [61] defined a nondimensional parameter

λ = 2 σ0

(

R

πK2 γ

)1/3

, (I.53)

and suggested that, for λ < 0.1, the DMT model is applied and for λ > 5, the JKR
model is applied. Three equations are needed to evaluate F, a and h:

1 =
λ ā2

2

(

(m2 − 2)tan−1
√

m2 − 1 +
√

m2 − 1
)

+
4λ2 ā

3

(√
m2 − 1tan−1

√
m2 − 1 − m + 1

)

, (I.54)

F̄ = ā3 − λ ā2
(√

m2 − 1 + m2 tan−1
√

m2 − 1
)

, (I.55)

h = ā2 −
4λ ā

3

√
m2 − 1, (I.56)

where, m = c/a, c is the radius of a circular region, over where the constant attractive
force σ0 continues to act. ā, F̄, h̄ are nondimensional parameters defined as

ā = a

(

K

π γR2

)1/3

, (I.57)

F̄ =
F

π γ R
(I.58)

h̄ = h

(

K2

π2 γ2 R

)1/3

. (I.59)

In practice, the MD model is rather troublesome for fitting experimental data because
there is no direct relationship between force and indentation depth. It is necessary to
use a numerical calculation to obtain the value of λ and then values of ā and m can be
further evaluated.
The adhesive behavior discovered in nanoindentation experiments has been reported to
be visible as negative forces in the force-displacement curve [11, 13, 56, 9], residual dis-
placement or non-zero contact area when the load is reduced to zero [29, 9, 14]. These
observations suggest that the adhesion energy at the tip-sample interface is a signif-
icant parameter for soft materials and should be taken into account for a consistent
determination of the mechanical properties by nanoindentation. Including adhesive
forces in the analysis of nanoindentation data can elucidate the difference of the de-
termined modulus and the contact area at different peak loads [91, 29]. The three
adhesive models such as JKR, DMT and MD have been used to evaluate analytically
the adhesion effects on the contact area and, additionally, on the determined hardness
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and modulus. For example, Gupta [29] evaluated analytically the elastic modulus of
soft polydimethylsiloxane (PDMS) from nanoindentation with the JKR model taking
the adhesive pull-off force into account. The difference in elastic modulus evaluated by
the Hertz contact theory at different peak loads could be explained. Liao [56] applied
a hybrid model that combines the Hertzian theory and the JKR model to evaluate
the elastic modulus and the adhesion work by fitting the experimental data. All three
adhesive contact models were compared with the Hertz model by Zhao et al. [91],
who suggested that the MD model was the most suitable theory to deal with adhesive
forces in contact problems at the nano-scale. In order to quantify the adhesion effects
using the inverse method as described above, it is necessary to include an adhesive
contact mechanics into the numerical modeling. Wang [88] incorporated adhesive in-
teractions with FE computations in ABAQUSR⃝ by user-defined elements. A bilinear
force-separation relationship was applied to simulate the adhesive contact behavior be-
tween a tungsten tip and an organic film. A typical contact between a sphere and a
flat substrate was simulated in ANSYSR⃝ [90] with the presence of adhesion forces. The
general FE simulation model of the investigated contact processes was modified and
the interfacial interactions of the Lennard-Johns potential were incorporated into the
contact cells. To quantify the adhesion force and its influence on the characterization in
nanoindentation of polymers, the inverse method combining the FEM calculation and
the numerical optimization is a new but robust method. In this method, the adhesion
force can be expressed with the user defined adhesive models with the corresponding
identified parameters.

3.5 Influence of friction

In the majority of nanoindentation experiments, the surface effects are difficult to con-
trol and to monitor. Only an estimation of the frictional behavior is possible but its
influence on the force-displacement data and the determined properties is unknown.
Furthermore, the friction cannot easily be changed experimentally in a predefined range
with the same material contact pair. This motivates the numerical calculation to eval-
uate the influence of friction and its variation in indentation problems. The main ev-
idence of frictional effects, most commonly considered in indentation simulations, are
the influence on the local variable, e. g. stress or strain distributions and on the global
variables, e. g. the imprint geometry, contact areas, indentation force-displacement
curves. The friction is shown to have a substantial influence on the stress and strain
fields beneath the indenter [62, 51, 12] with possible implication for deformations such
as crack initiation and crack growth. However, some dispersion in the conclusions of
works have been presented in the literature considering the global effect of friction on
the indentation results: some conclude that the global indentation behavior is unaf-
fected by friction on the contact interface [12, 51, 87], while other findings show that
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the friction can be a significant source of scatter [1, 2, 8, 10, 30, 37, 60, 67]. Larsson and
Carlsson [51] performed a detailed study of the role of friction at Brinell and Boussi-
nesq indentation of viscoelastic polymers. The conclusion drawn from the results is
that global properties, such as the contact load, is more or less unaffected by friction.
The results from [12] show that friction has strong influence on the global properties
such as the contact area and the mean contact pressure only if the deformation of the
material is in a perfectly plastic way. Friction has no significant influence on the force-
displacement curve during loading in [87]. However, during loading, friction effects
result in less vertical displacement and deeper residual depth. The dissipation of fric-
tion leads to significant variations in the load-displacement curves [10, 37, 2]. Friction
has a substantial effect on the contact size as a function of indent depth due to pile-up
[62, 60, 8, 1, 30]. The friction has the largest influence on the contact response of solids
exhibiting considerable pile-up effects, whereas material developing moderate pile-up
or sinking-in are less sensitive to friction [60, 79]. The pile-up height can be up to
several times larger in frictional sliding than in normal indentation [1, 6, 60]. The ex-
perimental data indicated that the frictional effects in indentation intrinsically depend
on the interfacial contact conditions, e. g. contact material pair, indenter shape. The
friction was recognized to have the largest influence on the normal force when using
sharp indenters having included angles less or equal to 50◦ and to have a negligible
effect for relatively flat indenters (e. g. Berkovich indenter) [8, 70]. The effect of fric-
tion was reported to be significant when the indentation depths is comparable to or
larger than the radius of curvature of the indenter [10]. The importance of friction also
depends on the choice of the sample’s material model, the indentation of an elastic
perfectly plastic material with a large value of E/σy is rather insensitive to friction
when considering a Coulomb friction model [10, 87].

4 Summaries of the appended papers

In Paper A, the nanoindentation of hyperelastic polymer layers at finite deformation
was investigated theoretically and numerically. Three often used hyperelastic mod-
els i. e. the neo-Hooke, the Mooney-Rivlin and the Yeoh models with the chosen
parameters are applied to simulate the indentation test with the finite element code
ABAQUSR⃝. A parameters re-identification procedure was developed by combining the
MATLABR⃝ optimization toolbox with the nanoindentation boundary value problem
(shorted as BVP). The squared difference between the virtual experimental results and
the numerical data called objective function was minimized with respect to the model
parameters using numerical optimization. An artificial random noise was superimposed
on the virtual experimental data to make it more realistic and to check the stability of
the identification procedure.
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In contrast to the traditional nanoindentation analytical method, in this paper, the
penetration depth was not constrained to avoid the influence of the substrate. A para-
metric investigation was performed to examine the relationship between the behavior
of nanoindentation at finite deformation and the geometric parameters of the BVP.
The results indicated that the ratio of the displacement to the radius of a spherical
indenter u/R and the ratio of the displacement to the layer thickness u/HL were two
key parameters for force-displacement behavior in nanoindentation of polymer layers
on hard substrates. The non-linear elastic behavior of the Yeoh model was strongly
dependent on u/HL, which became obvious when u/HL was larger than 0.2 and was
fully represented if u/HL increased up to 0.4.
The parameter re-identification concept was used to capture material parameters from
nanoindentation based on the evolution strategy. Therefore, it was assumed that the
properties of the substrate were previously known. The single parameter of neo-Hooke
model was perfectly identified whether at small deformation or at finite deformation.
However, for Mooney-Rivlin model, both parameters C10 and C01 of the Mooney-Rivlin
model could not be accurately identified at small deformations independing on the data
noise. The contribution to the force-displacement results from C10 and C01 was not
possible to be divided. Such a phenomenon is called parameters coupling. Its influence
on the parameter identification decreased in this study at finite deformation. For Yeoh
model, the parameters C20 and C30 of the high-order terms could not be identified ac-
curately at small deformations because of the lack of non-linear response. Nevertheless
at finite deformation, all of the three parameters of the Yeoh model were able to be
identified with tolerable errors even though a random noise level was superimposed up
to 5%.
As an advantage, only one parameter had to be determined for the neo-Hooke model
and it was also important that a parameter coupling could be avoided. The indentation
behavior of the relatively complicated hyperelastic models was tried to be represented
with the simple neo-Hooke model. It seemed that the behavior of the Mooney-Rivlin
model under nanoindentation can be approximated with the neo-Hooke model even
though at finite deformation. However, modeling the behavior of the Yeoh model with
the relative simple neo-Hooke model was restrained to the deformation at which the
strong non-linearity of the Yeoh model was inactive.

In Paper B, to characterize the viscoelastic properties of polymer layers from nanoin-
dentation, the inverse method was used combining finite element modeling and nu-
merical optimization. The boundary value problems of nanoindentation of polymer
layers considering real geometry was simulated with the FE code ABAQUSR⃝. A lin-
ear viscoelastic model for small strain, based on a general Maxwell rheological model,
was implemented into the user material subroutine umat of ABAQUSR⃝. The rate-
dependent behavior of the polymer layer under nanoindentation was investigated with
various loading histories: cyclic testing, single step relaxation, monotonic testing and
sinusoidal oscillatory testing. A parameter re-identification strategy offered a deep in-



4. Summaries of the appended papers 33

sight into the relationship between the accuracy of the identification and the loading
history associated with the rate-dependent material model. It allowed us to investi-
gate how accurate the parameters could be identified from the nanoindentation force-
displacement response.
Firstly, a cyclic test containing a loading and an unloading stage was applied with
various loading rates to investigate the rate dependent hysteresis loop in the force-
displacement curve. The obvious creep during the unloading led to a negative con-
tact stiffness according to the Oliver&Pharr method. Therefore, a suitable holding
stage before unloading was necessary to apply the Oliver& Pharr method for a rate-
dependent material. Secondly, a single step of relaxation and creep tests presented the
force relaxation and the deformation creep, respectively. The relaxation or creep pro-
cess was not only related with the maximum load but also with the loading rate and the
holding time. Thirdly, a monotonic test was used to approximate the equilibrium points
of the force-displacement curve. For displacement control, the approximated equilib-
rium points were consistent with the equilibrium curve obtained from the numerical
simulation. However, in force control testing deviations appeared if the displacement is
large. Finally, a sinusoidal oscillatory testing was applied too. In the displacement con-
troled test, the force relaxed sinusoidally towards the equilibrium states. Nevertheless,
the displacement had only a slight response with sinusoidal oscillations of the force.
The parameters’ identification of the chosen viscoelastic model from nanoindentation
was performed with the different described loading histories. The accuracy of parame-
ter identification was dependent on the chosen loading history. It was better to capture
the basic elasticity using monotonic testing first. The viscoelastic parameters of the
Maxwell elements in parallel could be efficiently identified by a suitable long relaxation
testing. A sinusoidal oscillatory testing, performed in the present study, seemed to be
useful to identify the elastic and viscoelastic parameters at one time. However, it was
difficult to identify each parameter exactly for a multi-parameters model, especially if
there were several parameters acting in parallel, e. g. the shear moduli µj

e and the re-
laxation times rj of each Maxwell element. An exact match between the experimental
data and the prediction of the numerical model did not guarantee the accurate iden-
tification of each parameter. In this case, the combination of several loading histories
as well as different tests of various deformation forms might be taken into account.
The choice of the loading history and testing method depended on the experiment and
practical experience. This was the main problem needed to be solved in characteriza-
tion of polymers by nanoindentation with the inverse method.

In Paper C, frictional nanoindentation of hyperelastic polymer layers on hard sub-
strate has been numerically computed with ABAQUSR⃝. Two non-linear elastic models
that are Mooney-Rivlin and Yeoh models, are used to predict the hyperelasticity of the
polymer layers. The formulation of non-penetration is used to impose the contact
constraints in the normal direction. The friction effect between the indenter and the
polymer layer is related with the tangential contact, which is described by the classical
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Coulomb’s law. The influence of friction on the force-displacement data of both consid-
ered models show that the friction results in a larger indentation force if the penetration
depth is deeper than 10% of the layer thickness. If the ratio of displacement to the
layer thickness is 40%, the required force increases about 20% compared to the friction-
less case. In this case, because of the relative tangential slip in the frictional contact,
the contact area increases about 19%. Unlike the indentation test with viscoelastic
or plastic material, in this case, the increment of the contact area is only related to
the friction dissipation. However, if the displacement is restricted to 5% of the layer
thickness, the influence of the friction can be definitely neglected. A series value is
employed which varies the friction coefficient from 0 to 1.0. It seems that the influence
of the frictional effects do not change with a variations of µ if it is larger than 0.4. The
relative dimension of the spherical indenter and the layer thickness R/HL have a rela-
tionship with the friction effect. The indentation forces increase by 19%, 23% and 25%
compared with the frictionless cases with a R/HL of 1.0, 1.5, 2.0, respectively. Hence,
a relatively smaller spherical indenter should be chosen if it is expected to decrease
the influence of friction. As a conclusion, in the case of indentation of soft layers on
hard substrates, it seems that enlarging the indented deformation plays a double-edged
role. On the one hand, the identified results from a large deformation are better than
the results obtained from a small displacement indentation. The parameters coupling
of the Mooney-Rivlin model is reduced largely and all of the three parameters of the
Yeoh model can be accurately identified at large deformation. On the other hand, the
investigation of friction shows that the large deformation also increases the influence
of friction on the measured force-displacement data.

In Paper D, the characterization of two often used soft hyperelastic polymers, PDMS
and silicone rubber, was investigated by nanoindentation taking into account effects
of the surface roughness. The boundary value problems of the nanoindentation of two
polymers were modeled with the FE code ABAQUSR⃝. The model parameters were
re-identified by using an evolution strategy based on the concept of the numerical op-
timization. The influence of the surface roughness was quantified as a function of the
sine parameters as well as of the indentation parameters. Moreover, it was verified
that the real surface topography can be characterized by using multi-level or simple
one-level of protuberance-on-protuberance sinusoidal roughness profiles.
At first, the parametric investigation of the surface roughness effects was performed by
indentation on a regular surface roughness described by a one-level sine function. The
surface roughness effects strongly depended on the roughness shape, namely the wave
length λ and the asperity height H . The indentation on a very sharp asperity with a
low ratio λ/H led to a decreased contact stiffness compared to a flat surface especially
at the initial indentation. The identified values of the parameters C10 and D1 of the
neo-Hooke model were about 60% lower than the chosen values due to the effects of
surface roughness with λ/H of 0.25 (5 nm/20nm). Nevertheless, the surface roughness
effect on the force-displacement curve could be avoided if a new initial indentation
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point was defined by a certain threshold of the resulting contact force. In this case,
the re-identified parameters had only an acceptable deviation from the chosen values.
The surface roughness effect resulted in a higher contact stiffness of an indentation
in the roughness valley and a lower one for an indentation on an asperity top, if the
wave length was larger than 50 nm. If the experimental data was replaced by the
mean value of the indentation results on different positions, C10 and D1 were exactly
identified compared with the chosen values. It was suggested to take the mean data of
a sufficiently large number of indentations to decrease the error contribution of rough-
ness. The surface roughness effect on the force-dependent data also depended on the
ratio H/u. The indentation model with a perfectly flat surface could still be used to
approximate the force-displacement data indented on a rough surface if H/u was below
1:3. The parameter coupling existed if the two parameters C10 and C01 of the Mooney-
Rivlin model were identified using experimental data with surface roughness effects.
In this case, the initial shear modulus µ0 evaluated from the identified parameters C10

and C01 was a suitable choice to quantify the surface roughness effects. In a second
step, a more realistic surface roughness profile was modeled with irregularly various
serrations. It was verified that a multi-level protuberance-on-protuberance sine profile
can be used to simplify this serration surface model. Furthermore, this realistic surface
model was simplified by using a one-level sinusoidal profile model described with the
arithmetic average roughness Ra. The identified parameters of the two models had
large deviations because of the surface roughness effects, which were considered in the
numerical model. Nevertheless, the parameters were accurately identified if a surface
roughness described by a simple one-level sine function was taken into account. In this
case, the statistic parameters of the realistic surface roughness, e. g. the arithmetic
average roughness Ra, should be used to describe the simple roughness profile.

In Paper E, a procedure was developed to identify the viscoelasticity and to quantify
the adhesion effect in nanoindentation experiments of polymers by the inverse method.
A soft polymer, i. e. a silicone rubber, was chosen considering that this material
was isotropic and mainly hyperelastic with only slightly viscous behavior. The surface
roughness of the specimen was characterized by scanning electron microscopy and the in
situ SPM Image mode. The results implied two side-effects that the roughness influence
could be neglected but the adhesion force might be large. Different testing protocols
were used to demonstrate the viscoelasticity and adhesion effects in nanoindentation
experiments. A rate dependent hysteresis loop in the cyclic tests and the relaxation or
creep behavior in the relaxation or creep tests showed an obvious viscous dissipation.
The adhesion effects were observed by the negative force at zero displacement and
the residual displacement after completely withdrawing the load. A viscoelastic con-
stitutive model with a linear evolution equation at finite strain, which is called finite
viscoelasticity, was used to describe the viscoelastic behavior of the silicone rubber.
The finite elastic response of the silicone rubber under nanoindentation was assumed
to be characterized by the neo-Hooke model. Two Maxwell elements were expected to
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represent sufficiently the relaxation spectrum. The real geometry of the Berkovich tip
was considered in order to minimize the systematic errors between the numerical model
and the experiments. In the numerical model, the default contact pressure-clearance
relationship used in ABAQUSR⃝ was modified and a surface-based adhesive behavior
in the traction-separation law was incorporated into the contact pairs. The parame-
ters of the chosen viscoelastic constitutive model and the adhesive contact model were
identified by matching the response of the numerical model with the experimental
data. Good agreement between all experimental curves and corresponding numerical
predictions containing the identified parameters, was obtained. Therefore, the finite
viscoelastic constitutive model and the used adhesion contact model allowed to de-
scribe the viscoelastic behavior containing adhesion effects in nanoindentation. The
computational model containing the surface adhesion with the identified parameters
has been verified to show better reproducible results regarding the experiments than
the analytical solution. Several drawbacks to the used analytical solution were dis-
cussed. The developed procedure is capable to characterize the viscoelasticity of the
polymer and to quantify the adhesion effects. According to our best knowledge, it is
until now the first time to identify simultaneously finite viscoelasticity and adhesion in
nanoindentation experiments of polymers.

In Paper F, it is our goal to investigate the ability to identify the hyperelastic constitu-
tive parameters from load-depth curves obtained from indentation. Firstly, the macro
indentation which uses a spherical indenter with a diameter of 5 mm, was chosen
to eliminate the error contributions in nanoindentation, especially the surface effects.
In order to limit the micro structure and the viscous effects, the considered material
was an unfilled silicone rubber which exhibits a behavior very close to hyperelastic-
ity. Three hyperelastic models that means the neo-Hooke, the Mooney-Rivlin and the
Yeoh model were considered to predict the finite elasticity of the rubber-like elastomer.
The inverse method combining a finite element simulation with an optimization pro-
cedure was applied to identify the constitutive parameters. Secondly, uniaxial tensile
tests were performed to compare with the indentation. The experimental stress-strain
curves were fitted with the analytical solutions corresponding to the three hyperelastic
potentials to obtain the constitutive parameters. Thirdly, the constitutive parameters
obtained from the indentation were used in the numerical prediction of uniaxial tensile
tests and vise versa. Finally, the identified results were validated by the biaxial tensile
tests and the comparing results are discussed.
Summarizing, the differences of the elastic modulus approximated from the macroin-
dentation and the uniaxial test are so small that the maximum deviation is less than
6.5%. Therefore, for the purpose of engineering application, the macroindentation can
be used to get the isotropic elastic modulus of the elastomers in service by the Sned-
don’s solution as well as by the Oliver & Pharr method. The correlation between the
macroindentation and the uniaxial tensile test depends not only on the chosen hypere-
lastic model but also on the strain level. For the one-order polynomial form, e. g. the
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neo-Hooke and Mooney-Rivlin models, the obtained correlation is very good. It is val-
idated that the parameters identified from macroindentation can be relevant to predict
the uniaxial tensile behavior of unfilled silicone rubber and vice versa, even for a wide
range of strain, which can represent the one encountered in most of the industrial ap-
plication. However, it is not the case for higher order polynomial forms, e. g. the Yeoh
model. The parameters identified in macroindentation are not able to simulate the
tensile behavior at large strain B11 ≥ 3. In the biaxial test, both reaction forces of the
horizontal and the vertical axes match the experimental measurements very well using
the neo-Hooke and Mooney-Rivlin models with parameters identified from indentation
and uniaxial tensile tests. However, the one calculated using the Yeoh model presents
deviations at larger deformation, not depending on the parameters identified by inden-
tation or uniaxial tensile tests. It seems that the second invariant in the biaxial test has
only a slight contribution to the force-displacement behavior in this studied case. The
neo-Hooke model with only one parameter or the Mooney-Rivlin model with a small
coefficient associated with the second invariant, which can characterize the indentation
and uniaxial data very well, are still able to describe the force-displacement behavior
in the biaxial test. It is also recognized that the Yeoh model shows larger stiffness
than the neo-Hooke and Mooney- Rivlin models, but they present almost the same
stiffness in the indentation and uniaxial tests. Therefore, it could be assumed that the
deformation in the biaxial test is much larger than the one obtained in the indentation
and uniaxial tests.

5 Conclusion remarks and outlook

In the work of this thesis, an analysis procedure to characterize polymers from
nanoindentation has been developed using the finite element based inverse method.
The hyperelastic as well as viscoelastic properties of polymers have been evaluated
from the obtained force-displacement data taking into account the influence of friction,
surface roughness and adhesion effects.
According to the numerical computation, a geometrical parametric investigation of
nanoindentation of polymer layers on hard substrate has been performed conveniently.
The force-displacement behavior of the three considered hyperelastic layers depends
on geometry-associated factors, i. e. the ratio of displacement to tip radius u/R,
and the ratio of displacement to layer thickness u/HL. Compared with neo-Hooke
and Mooney-Rivlin models, the non-linear behavior of the Yeoh model becomes
obvious when u/HL > 0.2 and it is fully represented if u/HL ≥ 0.4. The parameters
identification is also dependent on the deformation in a way that larger deformation
leads to a more accurate identification. One should note that, if the properties of
the substrate are known, the penetration depth is not necessary to constrain in order
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to avoid the influence of the substrate. It is the most important advantage of this
developed inverse procedure to capture properties of thin layers or coatings from
nanoindentation taking into account the influence of the substrate. The strategy of
a virtual experiment and the parameters re-identification has been further used to
evaluate viscoelasticity of polymer layers from nanoindentation at small deformation.
It is found that the accuracy of parameters identification in this case is dependent on
the used loading history. Considering the viscoelastic model with small deformation, it
is better to split the identification into two steps. The first step is to capture the basic
elasticity using multi-stepwise monotonic testing, containing loading and unloading
cycles. The second step is to identify the parameters of Maxwell elements in parallel by
some single step relaxation tests with a suitable loading time. A sinusoidal oscillatory
testing seems to be useful to identify elastic and viscoelastic parameters at one time.
An exact match between the experimental data and the numerical prediction does
not guarantee the accurate identification of each parameter. Thus the combination of
several loading histories as well as different tests with various deformation forms may
be taken into account.
The friction between the indenter and the polymer layers has been modeled with
the classical Coulomb’s law. The friction leads to a higher indentation force if the
penetration depth becomes deeper. It seems that the influence of the friction does not
change with variations of the friction coefficient if it is larger than 0.4. However, if the
penetration is shallow enough to avoid the influence of the substrate, the friction effect
is negligible. The surface roughness effects have been investigated numerically by
explicitly taking into account the roughness profile in the model. The influence of the
surface roughness is quantified as a function of the sine parameters as well as of the
indentation parameters. The surface roughness profiles are modeled using a one-level
and multi-level protuberance-on-protuberance sine function. It is found that the
roughness effects strongly depend on the surface profile shape, namely the wave length
and the asperity height. The influence on the force-displacement curve can be excluded
if a new initial indentation point is defined by a certain threshold of the resulting
contact force. A more realistic surface roughness profile is modeled with irregularly
various serrations. It is verified that a multi-level protuberance-on-protuberance sine
profile can be used to simplify this serration surface model. Furthermore, this realistic
surface model is simplified by using the one-level sinusoidal profile model described
with the arithmetic average roughness Ra. The adhesion effect has been investigated
with real nanoindentation experiments as well as numerical computation. The
developed FE based inverse analysis procedure has been applied in a real experiment
of silicone rubber to identify the finite viscoelasticity and to quantify simultaneously
the adhesion effects. A surface-based adhesive behavior in the traction-separation law
is incorporated into the contact model. The present model containing the surface
adhesion with the identified parameters is verified by comparing the computational
results and an analytical solution. Therefore, the developed procedure is capable to
characterize the viscoelasticity of the polymer and to quantify the adhesion effects.
Finally, the data from macroindentation tests and uni/biaxial tensile tests, which
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involve different deformation states, have been taken into account. The hyperelasticity
of silicone rubber is firstly characterized by indentation and uniaxial tests. The
results are compared to each other. If this unfilled isotropic polymer is modeled by a
one-order polynomial form, e. g. the neo-Hooke and the Mooney-Rivlin models, the
correlation between the macroindentation and the uniaxial test is very good. However,
for higher order polynomial forms, e. g. the Yeoh model, which is characterized
from macroindentation, it is not able to reproduce the uniaxial data at large strain,
i. e. B11 ≥ 3. The characterization results are further verified by experimental data
from the biaxial tensile test. The neo-Hooke model with only one parameter or the
Mooney-Rivlin model with a small coefficient associated with the second invariant,
which can characterize the indentation and uniaxial data very well, are still able to
describe the force-displacement behavior in the biaxial test. It is also recognized that
the Yeoh model shows a larger stiffness but all three models present almost same
stiffness in the indentation and uniaxial tests.

As for the future work, firstly, it is meaningful to quantify the influence of surface
roughness on the force-displacement data in a more explicit way, which is practical to
apply into the experiment or numerical computation as a calibration source. In the real
experiment, 3D local roughness data of the real surface is possible to obtain through
the in situ scanning probe microscopy (SPM) mode of the nanoindenter. On the one
hand, the surface roughness effect is able to calibrate in the numerical model by using
a so called effective 2D surface profile, which contains smooth multiple sine or cosine
functions obtained from the Fast Fourier transform (FFT). Hence, huge computational
cost of a 3D model of an inhomogeneous roughness profile in this presented inverse
method is avoided. On the other hand, the contribution of roughness to the indentation
force is able to be explicitly expressed as a function of the indentation depth and the
statistical roughness parameters, e. g. Ra, RMS, Rv and Rp etc. This quantified
function provides a way to calibrate the original experimental data. Of course, various
well known samples with various rough surfaces and smooth surface at the measured
scale are required in order to develop the quantified functions.

Secondly, further comparing work has to be done in order to verify the ability to
characterize polymers from nanoindentation. One comparison will be made between
the characterization of polymers from indentation performed on different scales, i. e.
macro- and nanoindentation, leading to a quantification of the effects related to ad-
hesion and surface roughness, which are sensitive in nano-scale but unimportant in
macro-scale. Another comparison between indentation and other macroscopic tests of
different deformation states will be performed in the characterization of polymers with
pronounced viscoelasticity, e. g. EPDM. It is expected to allow deep insight into the
effects of the local rheological behavior on the global rate-dependent response.

Thirdly, it is necessary to take into account not only the time-dependent but also the
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temperature-dependent behavior in order to widely adopt nanoindentation in iden-
tification of polymers’ properties. Determination of nano- or micro-scale thermovis-
coelasticity of polymers is essential to understand the local rheological behavior in
nano-scale with the degradation phenomena affecting moldability, formability, worka-
bility, adhesion and other properties. A high temperature indentation technique has
to be developed that facilitates viscoelastic measurements from room temperature up
to 200◦C in air. In this case, the main question is how we can lower the thermal drift
and load noise floor.

Finally, nanoindentation experiments are typically carried out on multiple spatial
scales, i. e. atomic-scale, nano-scale, micro-scale and continuum scale. Because
the global force-displacement data are measured from the local and inhomogeneous
deformation, which leads to some discontinuities on the force-displacement curves.
It is complicated to interpret the experimental results due to the involved multiple
scales especially for heterogeneous material, e. g, polymer composites with multiple
interphases and polymers with fine-scale (nano- or micro-) structures. The most often
used FEM is able to model macroscopic physics based on continuum theory. But it
fails to predict the material behavior on atomic scale such as crack formation, material
transformation, dislocation emission and atomic adhesive behavior. A fully atomistic
treatment is impossible in the simulation due to its limitations of computational
power and long-range mechanical interaction. In this case, multiscale simulations
combining the greatest advantage of both atomistic and continuum approaches have
to be developed in the field of nanoindentation of polymers.
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Abstract Thin polymer layers on substrates have a wide range of application in important areas. However, it
is impossible to measure the mechanical properties with the traditional testing methods. Recently, nanoinden-
tation became a new but primary testing technique of thin layers. In the present work, based on a finite element
model of contact mechanics and hyperelastic materials, nanoindentation of polymer layers is simulated with
the finite element code ABAQUS®. Three often used hyperelastic models, that is, the neo-Hookean, Moo-
ney–Rivlin and Yeoh models are investigated. The behaviour of these three models is compared to each other
in different boundary value problems of nanoindentation in order to get some feeling of the different behav-
iour of various hyperelastic models under nanoindentation. In contrast to the traditional analytical method,
the penetration depth is not restrained to avoid the influence of the substrate. A parameter re-identification
strategy is employed to extract the parameters of the material models at small and finite deformation based
on the principle of biological evolution. Furthermore, it is investigated how large the penetration depth has to
be chosen in order to distinguish different models in reference to the load–displacement curves. Finally, the
possibility is discussed of describing the data obtained by a non-linear complex model using the relatively
simple approach based on the neo-Hookean model.

Keywords Numerical modelling of nanoindentation · Hyperelastic polymer layer · Finite deformation

1 Introduction

Thin polymer layers such as polymer coatings and thin films have a wide range of application in important
industrial areas, for example, the production of plane, automobile and the equipment of solar power energy.
Usually, the substrates can be metals like aluminium and steel. The polymer can be chosen in a large range,
for example, polyurethane (PU), polyamidoamine (PAMAM), epoxy and so on. The mechanical properties
of these polymer layers cover a greater scope due to omnigenous microchemical structure. However, as these
films are very thin, soft and usually fixed on a substrate, it is impossible to measure the mechanical properties
using the traditional tension, compression or shear testing. A new testing technique is required. In this case,
nanoindentation can be used and increasingly became the primary testing technique of the thin layers. As
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the advantages of this technique, the layers can be tested without removing the substrate and it is suitable to
nanoscale materials yielding a high spatial resolution.

According to the elastic properties, for some polymer layers on metal substrate, linear elastic models cannot
accurately describe the observed behaviour [17]. Non-linear elastic models based on a hyperelastic approach
with particular strain energy provide a means of modelling the stress–strain behaviour of such elastomeric
materials. Most of these approaches are based on a strain energy function for incompressible media proposed
by Mooney, Ogden, Rivlin, and Yeoh [23,25,30,38], such as the neo-Hookean model, the Mooney–Rivlin
model and the Yeoh form, etc. As far as we know, research on the elastic behaviour of a polymer under inden-
tation is still at its first stage, the published results [3–5,7,8,31,32] focus on only some simple model, for
example, neo-Hooke or Mooney–Rivlin, and leave an important dilemma: which hyperelastic model should
be used to extract the elastic behaviour regarding the spherical indentation of a polymer substance by a rigid
sphere of radius R? In the present work, based on a finite element model of contact mechanics and hyperelastic
materials, nanoindentation of polymer layers is simulated by using the finite element code ABAQUS®. Three
often used hyperelastic models, that is, the neo-Hookean, Mooney–Rivlin and Yeoh models are applied.

The behaviour of these three models under different boundary value problems of nanoindentation is com-
pared with each other in order to get some feeling of the different behaviour between various hyperelastic
models under nanoindentation. Furthermore, the obtained information can be used as a reference when we
will come across the dilemma mentioned above. A purely theoretical and numerical treatment rather than
the experimental method are chosen in order to vary the parameters associated with nanoindentation and to
extract the different behaviour purely related to the various hyperelastic models. Therefore, the influence of
the non-linearity and of the different model parameters can be studied in details. It is also important that the
localised stress and strain fields can be perceived directly from the FE model.

The principle goal of most available commercial indentation instruments is to measure the hardness and
elastic modulus directly from the measured force–displacement curves according to the Oliver and Pharr
[26,27] method. Therefore, the influence of the substrate should be eliminated from the force–displacement
measurement in order to get the properties of the pure layer when the layer material fixed on a substrate is
indented. To achieve this, it is common to restrict the maximum depth of penetration to <10% of the film
thickness [14,19,36]. This presents a useful criterion for hard films on soft substrates as obtained by surface
treatment of metals. For polymer coatings which are soft with respect to the substrate, the maximum depth of
penetration less than 5% of the layer thickness is suggested by our previous work. However, if the penetration
depth is restricted to equally whether 5 or 10% of the layer thickness, the finite deformation behaviour of
hyperelastic polymer layers is also very limited. In the present paper, this restriction is rejected and the effects
of a large penetration depth and the influence of the substrate are investigated. In contrast to the traditional
method, in the present study, the penetration depth is not restricted to avoid the influence of the substrate. As
the only assumption, the properties of the substrate need to be known.

On the one hand, the measured hardness and elastic modulus are not enough to represent completely the
properties of the hyperelastic material. On the other hand, a general analytical solution of the geometrically
and materially non-linear indentation problem is missing. Therefore, the inverse method [20,21] became a
new attempt to determine the material parameters. The main approach is using finite element computations
in combination with numerical optimisation techniques [24]. In this method, the squared difference between
experimental and numerical data called objective function is minimised with respect to the model parameters
using numerical optimisation. And the parameters of the constitutive models are identified as the optimal
solution. In contrast to the traditional inverse method, in the present paper, virtual experimental data gener-
ated by numerical simulations with a chosen parameter set replace the real experimental measurements. As
an advantage, the identified parameters can be compared with the chosen values. Such a procedure is called
parameter re-identification. In this case, the finite element code ABAQUS® is used as our virtual laboratory.
An artificial random noise is superimposed on the virtual experimental data to make it more realistic and to
check the stability of the identification procedure.

For rubber-like hyperelastic materials, the research work of parameter identification using homogeneous
and inhomogeneous testing methods is documented in some literatures. The finite element method is applied
to identify the parameters in a series of investigations [2,18,28,29,33]. They use a gradient-based optimisation
method comparing the simulated and experimental data with the least-square method. Parameters identification
of polynomial-type hyperelastic models using gradient-free procedure with tension–torsion test are discussed
in the work of Hartmann et al. [9–13]. Omitting the troublesome gradient calculation for the model and the
further drawback of deterministic methods of distinguishing local and global minima, in the present work, a
stochastic strategy is used based on principles of biological evolution [34], for example, an evolution strategy.
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The ambition of this study is to model the non-linear elastic behaviour of polymer layers based on three
hyperelastic models with the various boundary value problem of nanoindentation. The friction effect between
the rigid indenter and the soft polymer layer on the hard substrate is expected to have some influence on the
measured results. It will be investigated in our later work. In the present research, the friction effect is not
considered just to simplify the parameter identification procedure. It is studied, how large the deformation has
to be chosen in order to stimulate the non-linearity of the different models. Furthermore, it is investigated if
the different models can be distinguished based on the force–displacement curve only. As previously found,
if the penetration depth is restricted to avoid the influence of the substrate, some of the parameters of the
Mooney–Rivlin and the Yeoh model cannot be identified accurately, especially those related with the non-lin-
earity at finite deformation. When the influence of the substrate is included in order to allow for really large
deformations, we have to investigate how accurate these parameters can be identified. According to the best of
our knowledge, such an investigation of nanoindentation of polymer layers is firstly documented in the present
paper.

2 The FEM model

2.1 Geometry and boundary value problem

Spherical indenters show increasing popularity as this type of indenters provides a smooth transition from
elastic to elastic–plastic contact. They are particularly suitable for measuring soft materials and for replicating
contact damage in in-service conditions [6]. The numerical simulation of spherical nanoindentation can be
modelled in an axisymmetric two-dimensional finite element model, for example, in ABAQUS® 6.9-3. The
indenter is assumed to be a rigid body compared to the soft polymer layer. We define the indenter as an analyt-
ical rigid surface, in such a way that the indenter geometry can be modelled exactly with a smooth curve. In
view of the contact problem, quadrilateral elements are used. Assuming linear elastic behaviour of the substrate
and incompressible material behaviour of the polymer layer, the element types CAX4 and CAX4H are used
for the substrate and the layer, respectively. To account for the localised deformation of the layer, it is essential
that the density of nodes close to the contact region is high enough. The nodes at the axis of symmetry are fixed
in the horizontal direction, while those at the bottom are constrained in the vertical direction. The geometry
and boundary conditions of the spherical nanoindentation are illustrated in Fig. 1.

Concerning the numerical treatment of the contact problem, the indenter is defined as master surface,
while the layer is defined as slave surface, both forming a contact pair. A contact formulation of finite-sliding

Fig. 1 Sketch of the geometry and boundary condition and the mesh of the FEM model



1044 Z. Chen, S. Diebels

interaction [1] between a deformable and a rigid body in ABAQUS®/Standard is used to establish the fric-
tionless contact model between indenter and layer. In this case, the formulation of normal contact is used as
a constraint for non-penetration which treats normal contact as a unilateral constraint problem. The normal
contact pressure cannot be calculated from a contact constitutive equation, but is then obtained as a reaction
in the contact area and hence can be deduced from the constraint equations with the often used Lagrange
multiplier method or the Penalty method, for details please see [1,37].

The FEM model is first verified by comparing the numerical force and displacement data with Sneddon’s
analytical solution, in which the indentation force P is given by:

P = 4
3

√
R

E
1 − ν2 h

3
2 . (1)

R radius of spherical indenter, h indentation depth, E Young’s modulus of layer, ν 0.5 for incompressible
material.

The Sneddon’s solution is only valid for small deformation and homogeneous linear elastic material. There-
fore, in the numerical simulation, a homogeneous Hooke’s law material model is used for both the layer and
the substrate. Figure 2 shows the comparison results: the error between the numerical data and the Sneddon’s
solution is within 3% when the ratio u/R of the displacement to the indenter radius is less than 0.05. The
accuracy of the simulation of nanoindentation is guaranteed.

2.2 Hyperelastic constitutive models

For a so-called hyperelastic material, the existence of Helmholtz free-energy function " is postulated, which
is defined per unit reference volume. We now restrict attention to isotropic and incompressible hyperelastic
material models under isothermal regime, that is, so-called perfectly elastic material models, because such
hyperelastic models can well represent the behaviour of the solid polymeric materials, for example, rubber-like
materials [16,22]. For this type of ideal material, " = "(F) is solely a function of the deformation gradient F
or a strain tensor, respectively, so the Helmholtz free-energy function is referred to the strain energy function.
The general format of the constitutive equation can be first derived from the Clausius–Planck form of the
second law of thermodynamics which degenerates to an equality for the class of perfectly elastic materials.

Dint = P :Ḟ − "̇ =
(

P − ∂"(F)

∂F

)
: Ḟ ≥ 0 (2)

where Dint and P are the internal dissipation and the 1st Piola–Kirchhoff stress tensor, respectively. As F
and hence Ḟ can be chosen arbitrarily, the expression in parentheses must be zero. Therefore, the constitutive
equation associated with P can be expressed as

P = ∂"(F)

∂F
(3)

Fig. 2 The comparison of numerical data with Sneddon’s analytical solution: force–displacement curve (left) and the force ratio
as a function of the u/R (right)
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Due to the assumption that the strain energy !(F) generated by the motion x = χ̃(X, t) is objective as well
as the fact that !(F) remains unchanged if a rigid-body motion is superimposed on the isotropic hyperelastic
material, !(F) can also be described as

!(F) = !(C) = !(B) (4)

with the right Cauchy Green deformation tensor C = FT · F and the left Cauchy Green deformation tensor
B = F · FT. If a scalar-valued tensor function is invariant under rotation, it may be expressed in terms of
the principle invariants of its argument, for example, C or B. So the strain energy ! of the incompressible
hyperelastic material (I3C = I3B = 1) can be written as

! = !̂(I1C, I2C) = !̂(I1B, I2B). (5)

Ii(i = 1, 2, 3) are the principle invariants of C and B, that is,

I1C = trC, (6)

I2C = 1
2

[(trC)2 − C : C], (7)

I3C = det C = (det F)2 = 1. (8)

With the relations T = F−1P and T = J−1FTFT and the Lagrange multiplier method associated with incom-
pressible hyperelastic materials, the 2nd Piola–Kirchhoff stress tensor T and the Cauchy stress tensor T can
be derived as (details see e.g. [16] chapter 6)

T = −pC−1 + 2
∂!(C)

∂C
= −pC−1 + 2

∂!

∂I1C
I + 2

∂!

∂I2C
(I1CI − C), (9)

T = −pI + 2 B
∂!(B)

∂B
= −pI + 2

∂!

∂I1B
B + 2

∂!

∂I2B
B−1. (10)

Therefore, the constitutive equations of an isotropic and incompressible hyperelastic material under isothermal
condition are given by Eqs. (9) and (10). They are split into one part governed by the hydrostatic pressure p and
the other part governed by the deformation of the material. There are numerous specific forms of strain energy
functions to describe the hyperelastic properties, whereas we only focus on three isotropic and incompressible
hyperelastic models, namely the neo-Hookean, the Mooney–Rivlin and the Yeoh form:

!NH = C10 (I1C − 3), (11)
!MR = C10 (I1C − 3) + C01 (I2C − 3), (12)

!Y = C10 (I1C − 3) + C20 (I1C − 3)2 + C30 (I1C − 3)3. (13)

These forms are often used in the literature to model elastic properties of polymers. !NH involves only one
single parameter and provides a mathematically simple and reliable constitutive model for the non-linear
deformation behaviour of isotropic rubber-like materials. It is physically founded and includes typical effects
known from non-linear elasticity within the small strain domain [16,22,30]. The free-energy function !MR of
the Mooney–Rivlin model is derived on the basis of mathematical arguments with consideration of symmetry
[23]. It is often employed in the description of the non-linear behaviour of isotropic rubber-like materials at
moderate strain [8,16,22]. Considering a thin sheet of an incompressible hyperelastic material is subjected to
a homogeneous simple deformation in the direction x1. It could be shown that the shear stress

σ12 = µ c, µ = 2
(

∂!

∂I1
+ ∂!

∂I2

)
. (14)

where c is a parameter associated with shear deformation, and µ called the shear modulus is a measure of
the resistance to distortion. According to Eq. (14)2, for neo-Hookean and Mooney–Rivlin models, the shear
modulus is constant. However, concerning a simple shear deformation of a filler-loaded rubber, for example,
carbon-black filled rubber vulcanisates, physical observations show that the shear modulus µ varies strongly
with the deformation. Therefore, the neo-Hookean and Mooney–Rivlin models are too simple to characterise
the elastic properties. Yeoh made the simplifying assumption that ∂!/∂I2 is zero and proposed a function !Y
depending only on the first principle invariant. This phenomenological material model is motivated in order
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to simulate the mechanical behaviour of carbon-black filled rubber showing a typical stiffening effect in the
large strain domain [16,38]. With the strain energy according to Eq. (13), we calculate from Eq. (14)2 that
µ = 2C10 + 4C20 (I1 − 3) + 6C30 (I1 − 3)2. The effective shear modulus µ involves first- and second-order
terms of (I1−3). It is to be mentioned that µ depends on the deformation in a significant way, and the associated
relation for the shear stress is clearly non-linear.

3 Behaviour under uniaxial tension test

Comparing with nanoindentation, the uniaxial tension test is a simple test with homogeneous deformation
and with simple kinematics allowing an easy interpretation of the results in the frame work of continuum
mechanics. Therefore, before discussing the nanoindentation results, the behaviour of the three hyperelastic
models with the parameters on the left side of Table 3 is investigated. The 1st Piola–Kirchhoff component P11
over the stretch in the tension direction of the three chosen models is shown in Fig. 3. As can be seen from the
curves, the elastic behaviour of the Yeoh model displays the strongest non-linearity, while the neo-Hookean
model exhibits slight non-linear elasticity within the small strain domain. As expected in the parameter setting,
the uniaxial tension tests of the three different hyperelastic models yield the same tangent to the stress–strain
curve close to the origin 0.9 ≤ λ1 ≤ 1.1. Otherwise, the behaviour of those models can be explicitly separated
in the stretch range. The difference between the behaviour of the Yeoh model and of the other two models is
huge in the large strain domain. Therefore, the behaviour of the three models under nanoindentation can be
expected to be separated, too.

In order to gain confidence that the parameters can be identified from nanoindentation test, it is firstly to
identify the parameters by using a simple deformation state under uniaxial tension test. The parameter iden-
tification is treated by using the procedure described in Sect. 4 with the stretch λ1 as large as 1.5. Figure 4
shows the evolution process of the objective function f (κ) and the guessed material parameters. The objective
function f (κ) decreases to zero as C10 and C01 approach the chosen values. The parameters are accurately
identified and the values are listed in Table 1. Therefore, it is expected that the behaviour of the three hyper-
elastic models can be separated as well as that the parameters can be accurately identified if the deformation
is large enough.

4 Nanoindentation at finite deformation

There are numerous parameters related with the nanoindentation process, such as parameters associated with
the indentation instrument, temperature control, load history and indented sample, etc. Some of the parameters
are proven to have strong influence on the indentation force–displacement results, theoretically and experi-
mentally. Because the non-linear elastic behaviour of a hyperelastic material under nanoindentation at finite
strain is of huge interest, we only focus on the parameters related to the geometry and to the sample’s material

Fig. 3 The 1st Piola–Kirchhoff component over the stretch in the tension direction under uniaxial tension test: on the left side,
the behaviour of the neo-Hookean and Mooney–Rivlin models is shown and three models are compared; on the right side, the
behaviour of the Yeoh model is shown in the whole stretch range 0.5 ≤ λ1 ≤ 3
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Fig. 4 The evolution process of the objective function f (κ) (left side) and material parameters of the Mooney–Rivlin model
(right side)

Table 1 The parameters are re-identified by using uniaxial tension test

Noise % neo-Hookean Mooney–Rivlin Yeoh form
C10 C10 C01 C10 + C01 C10 C20 C30

Chosen value 0.6513 0.1640 0.4873 0.6513 0.6513 2.5870 5.0
Bounds (0.01; 5) (0.01; 1) (0.01; 1) – (0.1; 5) (0.1; 20) (0.1; 20)
0.0 0.6513 0.1655 0.4853 0.6508 0.6486 2.5987 4.9864

Table 2 Five cases with various geometry parameters

Cases R/HL R (µm) HL (µm) u/R u/HL

Case 1 0.2 100 500 0–0.4 0–0.08
Case 2 0.5 100 200 0–0.4 0–0.2
Case 3 1.0 100 100 0–0.4 0–0.4
Case 4 1.5 150 100 0–0.3 0–0.4
Case 5 2.0 200 100 0–0.2 0–0.4

keeping other parameters unchanged. Thanks to the numerical treatment in ABAQUS®, the conditions of the
virtual experiments can be easily handled.

As we have shown in Fig. 1, there are four parameters related to the indentation geometry, that is, the thick-
ness of the substrate HS and of the layer HL, respectively, the radius of the spherical indenter R and the
indentation depth u. HS is actually a parameter concerning about how far the stiff substrate can prevent the
elastic fields from reaching the boundary condition on the bottom. So, the difference of the force–displace-
ment data is investigated by varying HS from 200, 400 to 1,000 µm if the layer thickness is 100 and 500 µm.
No difference could be seen between the results if HS is 400 and 1,000 µm, respectively, when the material
parameters in Table 3 are used. The deviation is less than 2% comparing the results of HS 200 µm to the results
of HS 1,000 µm. This causes in the fact that the substrate is very hard compared to the soft polymer layer. It
is not the same case if the substrate is softer than the polymer layer. Therefore, in this paper, HS is just fixed
to 400 µm to reduce the computational cost during parameters identification. The indentation depth u remains
to 40 µm, while the other two parameters are varied according to five cases listed in Table 2.

The parameters of the neo-Hookean, the Mooney–Rivlin and the Yeoh models listed in Table 3 are chosen
in such a way that the shear moduli in Eq. (14) at the reference configuration are the same for all methods. It
should be noted that the linearisation of the three models at the small strain region yields the same Young’s
modulus E = 2µ (1 + ν) (ν = 0.5 is chosen for incompressible material) if Hooke’s law is applied, that
is, the finite elasticity laws are set-up in such a way that a uniaxial tension test yields the same tangent to
the stress–strain curve in the origin. Two different stiffness values E1 and E2 are chosen in order to get the
information of various stiff materials. C20 and C30 in both cases are set to be nearly the same with the intention
that if the non-linear elastic behaviour of the Yeoh model is fully developed, then the force–displacement
relations of the two Yeoh models will be expected to be similar. Because the non-linear elastic behaviour at
finite strain of the Yeoh model is strongly dependent on the last two terms of Eq. (13), the substrate used here is
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a simple elastic metal, for example, aluminium or steel. It is assumed that the substrate is without any inelastic
property just in order to simplify the model. The stiffness of the substrate is varied as 10, 100 and 1,000 times
as the layer stiffness to investigate its influence. It is found that if the ratio of the stiffness of the substrate to
the stiffness of the layer is larger than 100, no matter how stiff the substrate is, the force–displacement data
will not change. Therefore, an arbitrary stiffness about 100 times greater than the layer stiffness is chosen for
the substrate.

The friction between the indenter and the polymer layer is not taken into account in this work. Therefore,
the global force–displacement data contain only the response of the material mechanical behaviour under
indentation with a rigid indenter. Figures 5, 6, 7, 8 and 9 show the results of a nanoindentation test with
various geometry parameters listed as case 1 to case 5 in Table 2. The diagrams on the left-hand side are the
force–displacement data of the neo-Hookean, Mooney–Rivlin and Yeoh models with the material parameters
listed in Table 3. The figures on the right-hand side show the difference of the behaviour between the three
models with stiffness E1. F/F_neo_E1 represents the ratio of the force obtained from nanoindentation with
the Mooney–Rivlin and the Yeoh models, respectively, to the force of the neo-Hookean model. F/F_neo_E1
is plotted as function of the displacement as well as the values of u/R and u/HL.

Firstly, the focus is laid on Figs. 5, 6 and 7, by which the results in case 1, case 2 and case 3 can be compared.
As listed in Table 2, the value u/R is the same in case 1, case 2 and case 3. Varying HL yields the maximum
value u/HL equals to 0.08 in case 1, 0.2 in case 2 and 0.4 in case 3, respectively. Therefore, the different
behaviour of the same material in these three cases is governed by the response to different values u/HL,
that is, the distance of the indenter tip to the substrate. The non-linearity of the force–displacement curves of

Fig. 5 The nanoindentation results of the three models with geometry parameters listed in case 1: the force–displacement data(left),
comparison of the behaviour of the three models (right)

Fig. 6 The nanoindentation results of the three models with geometry parameters listed in case 2: the force–displacement data(left),
comparison of the behaviour of the three models (right)
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Fig. 7 The nanoindentation results of the three models with geometry parameters listed in case 3: the force–displacement data(left),
comparison of the behaviour of the three models (right)

Fig. 8 The nanoindentation results of the three models with geometry parameters listed in case 4: the force–displacement data(left),
comparison of the behaviour of the three models (right)

Fig. 9 The nanoindentation results of the three models with geometry parameters listed in case 5: the force–displacement data(left),
comparison of the behaviour of the three models (right)

the Yeoh model with the material parameters Yeoh_E1 and Yeoh_E2 becomes stronger with increasing u/HL
from case 1 to case 3. At the same time, the gap between these two curves in each case becomes smaller, and
finally, in case 3 they overlap each other. The potential reason stems from the constitutive equation Eq. (13) of
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Table 3 Material parameters

Layers
Hook_E1 E1 ν Hook_E2 E2 ν

3.9078 MPa 0.5 6.0 MPa 0.5
neo_E1 C10 neo_E2 C10

0.6513 MPa 1.0 MPa
Moon_E1 C10 C01 Moon_E2 C10 C01

0.1640 MPa 0.4873 MPa 0.2560 MPa 0.7440 MPa
Yeoh_E1 C10 C20 C30 Yeoh_E2 C10 C20 C30

0.6513 MPa 2.5870 MPa 5.0 MPa 1.0 MPa 2.0 MPa 5.0 MPa
Substrate E = 450(MPa) ν = 0.3

the Yeoh model. As discussed above, the non-linear elastic behaviour is strongly dependent on C20 and C30,
while C10 controls the initial linear behaviour. In the parameters sets Yeoh_E1 and Yeoh_E2, the value C10 is
different and the values C20 and C30 are almost the same. That is the reason why, in case 1 and case 2, the linear
elastic behaviour is of most importance, so the gap exists. In case 3, the gap disappears when the non-linear
behaviour is prominent. The interesting result is that the non-linearity of the force–displacement curve in case
3 is in the same tendency with the non-linearity of the stress–stretch curve in Fig. 3 (right). Therefore, the
non-linear elastic behaviour of the Yeoh model in nanoindentation with u/HL is as big as 0.4 can be compared
with the non-linear elastic response in uniaxial tension test with large stretch. The influence of the substrate is
very strong if the indenter tip comes close to the substrate, for example, u/HL is as big as 0.4. This influence
does not only increase the required force to reach the predetermined maximum displacement but also yields
strong non-linear elastic behaviour at finite deformation. For the neo-Hookean and the Mooney–Rivlin models
with the material parameters neo_E1, neo_E2, Moon_E1 and Moon_E2, respectively, the differences in case
1 to case 3 only originate from the increased force due to the influence of the substrate.

Secondly, in case 3 to case 5, u/HL is fixed to 0.4, while the range of u/R is 0–0.4 in case 3, 0–0.3 in case
4 and 0–0.2 in case 5. So the difference of the force–displacement data of the same materials in Figs. 7, 8 and
9 is due to the various scale of u/R. The status of the corresponding force–displacement curves in the three
cases is more or less the same, just the required force increases with increasing R. These results are consistent
with the conclusion that F ∝

√
R in the classical contact theories [15,35].

The separability of the elastic behaviour of the three models with the same constant stiffness E1 in case 1 to
case 5 can be quantified from the right side of Fig. 5, 6, 7, 8, 9. The values of F/F_neo_E1 of Mooney–Rivlin
and Yeoh models in the five cases are close to 1.0 if the displacement is smaller than 5 µm. In other words, the
behaviour of the three models cannot be explicitly separated if the indentation depth is small compared with
the layer thickness and the indenter size. This result is equivalent to the result of uniaxial tension test with
small stretch shown in Fig. 3 (left). With the increment of the scale of u/HL, shown on the right side of Figs.
5, 6 and 7, the separability of the Yeoh model from the neo-Hookean and the Mooney–Rivlin models increases
strongly. The F/F_neo_E1 curve of the Yeoh model has a non-linear relationship with the displacement, and
this non-linearity becomes stronger with an increasing ratio of u/HL. The separability of the different models
changes slightly with the variation of the scale of u/R in case 3 to case 5, shown on the right side of Figs. 7,
8 and 9. In relative terms, the F/F_neo_E1 of Mooney–Rivlin model remains <1.2, and it is a linear function
of the indentation depth u.

In few words, as two important geometry-associated factors u/R and u/HL, for nanoindentation of soft
polymer layers on hard substrate, the variation of u/HL has stronger influence on the force–displacement
curves, especially if the indented material has a strong non-linear behaviour at finite strain. It is suggested to
take the parameter u/HL into account if we quantify the representative strain of indentation of thin polymer
film, as that the classical representative strain is only a function of the contact radius and the indenter size [6].
Conclusively, if u/HL is smaller than 0.05, the difference of the force–displacement data of the considered
three models is not more than 10%.

5 Parameters re-identification

The parameter re-identification strategy is performed based on the concept of numerical optimisation. There-
fore, the MATLAB® optimisation toolbox is used in combination with the nanoindentation boundary value
problem solved by the finite element analysis with ABAQUS®. The principle behind can be explained with the
following mathematical description, details are described in, for example [24]: Find the vector κ of involved
parameters so that



Nanoindentation of hyperelastic polymer layers 1051

f (κ) := ∥Fnum − Fexp∥
∥Fexp∥ −→ min f (κ). (15)

The vector of material parameters κ := {Ci j , i = 0, 1, 2, 3; j = 0, 1} has to be modified until a good match
between the virtual experimental data and the prediction of the numerical model is achieved. For that reason,
the distance function f (κ) has to be minimised. f (κ) is called objective function of the least squares type. The
function represents the quality of the approximation between the model’s response governed by the parameter
vector κ and the virtual experimental data. In Eq. (15)

Fexp = [Fexp
d1 , Fexp

d2 , Fexp
d3 , . . .]T (16)

is the virtual experimental data superimposed with random noise, and for a displacement-controlled indenta-
tion, it is the vector of the reaction force obtained at each displacement increment with a chosen set of material
parameters. The force vectors obtained for the models with an arbitrary set of material parameters are called

Fnum = [Fnum
d1 , Fnum

d2 , Fnum
d3 , . . .]T. (17)

The applied evolution strategy is based on the principle of biological evolution in order to find the best parame-
ters minimising the objective function. It performs with a Genetic Algorithm which selects different parameter
vectors based on a starting vector κ0 as population individuals κ

(g)
λ at generation g = 0. The selection operator

produces the parent population κ
(g)
µ of the next generation g = g + 1 through a deterministic procedure. The

procedure chooses the best individuals from the set of λ individuals (κ1, . . . , κλ) according to their objective
function value f (κ).

(κ1;λ, κ2;λ, . . . , κµ;λ) := Selection f (µ)(κ1, . . . , κλ), λ ≥ µ (18)
f1;λ ≤ f2;λ ≤ · · · ≤ fm;λ ≤ · · · ≤ fλ;λ (19)

The symbol (.)m;λ stands for the individual with the mth smallest objective function values. The descendants
κ

(g)
λ are generated by recombination and by random mutations of selected parents.

5.1 Identification at small and finite deformations

The parameters of the three material models with the stiffness E1 are re-identified from the nanoindentation
boundary value problem of case 3 in Table 2. Two maximum displacements, 5 and 40 µm, are chosen to inves-
tigate whether the accuracy of the identified parameters of the non-linear elastic models is dependent on the
magnitude of the deformation under indentation. According to our former work, the influence of the substrate
is excluded if the maximum displacement is set to 5 µm, that is, u/HL is smaller than 5%. In Table 3, the
parameters of the three non-linear models are chosen in such a way that the linearisation of the three models at
small strain regime yields the same Young’s modulus E. Therefore, as shown in Fig. 7 case 3, the relations of
the force–displacement of the three models are more or less the same if the maximum displacement is restricted
to 5 µm. This case can be considered as small deformation. If the maximum displacement is increased to 40
µm, that is, u/HL = 40% , the non-linear behaviour of the hyperelastic models especially of the Yeoh form is
fully developed under such finite deformation without excluding the influence of the substrate. The parameter
identification is performed assuming that the properties of the substrate are known.

The algorithm requires bounds for each parameters. The computational cost can be reduced if narrow
bounds are chosen. In general, the choice of the bounds depends on the problem and the experience of the user.
Also the choice of the starting vector κ0 has influence on the convergent speed to the optimal results. Figure 10
shows the evolution process of the material parameters of the Yeoh model with different starting vectors κ0.
We can see that the identified parameters with two different sets of κ0, that is, [0.1, 0.5, 1] and [0.1, 1, 1], are
more or less the same. But the number of the generations used in the first case ([0.1, 0.5, 1]) is much fewer
than the number used in the second case ([0.1, 1, 1]). In this work, the starting vector [0.1, 0.5, 1] is used.

The re-identified parameters are listed in Table 4. Compared to the chosen values, the parameter C10 of
the neo-Hookean model is identified perfectly at the maximum displacement equally, whether of 5 µm or of
40 µm even if the noise level is raised up to 5%. For the Mooney–Rivlin model, a difference of the identified
results at a maximum displacement of 5 and of 40 µm appears. Except if the virtual experimental data are
free of noise, C10 and C01 cannot be identified accurately at small deformations, but the sum C10 + C01 is
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Fig. 10 The evolution process of the material parameters of Yeoh model with different starting vector κ0: κ0 is set to [0.1, 0.5,
1] in the case of the left side, κ0 is set to [0.1, 1, 1] in the case of the right side

Table 4 The re-identified parameters with maximum displacement 5 and 40 µm

Noise % neo-Hookean Mooney–Rivlin Yeoh form
C10 C10 C01 C10+C01 C10 C20 C30

Chosen value 0.6513 0.1640 0.4873 0.6513 0.6513 2.5870 5.0
Bounds (0.01;5) (0.01;1) (0.01;1) — (0.1;5) (0.1;20) (0.1;20)
Maximum displacement 5 µm
0.0 0.6513 0.2060 0.4483 0.6509 0.6517 2.4920 7.7901
0.5 0.6533 0.2243 0.4316 0.6559 0.6733 0.9107 8.8551
2.0 0.6581 0.4375 0.2323 0.6698 0.6801 1.1695 1.4284
5.0 0.6640 0.5814 0.1097 0.6911 0.7096 0.1001 0.1022
Sensitivity 3.045e4 3.048e4 3.157e4 — 3.052e4 3.377e2 7.290
Maximum displacement 40 µm
0.0 0.6513 0.1602 0.4903 0.6505 0.6515 2.5852 5.0026
0.5 0.6528 0.1845 0.4728 0.6573 0.6557 2.6019 4.9607
2.0 0.6578 0.2125 0.4547 0.6672 0.6721 2.6498 4.9230
5.0 0.6640 0.4722 0.2692 0.7414 0.7716 2.7291 4.5014
Sensitivity 1.099e6 1.100e6 1.362e6 — 1.054e6 2.989e5 1.305e5

always identified exactly. The reason is associated with the parameters’ coupling. These findings also agree
well with the theoretical analysis and experimental results reported in [7,8,29]. The effect of parameters’
coupling decreases if the maximum displacement increases to 40 µm. In the second case, C10 and C01 are
identified accurately in the case that the superimposed noise is <5%. For higher noise levels, the quality of the
identification decreases.

Now, the focus lies on the identified results of the Yeoh model. For this model, huge differences arise at
small and finite deformation. At small deformation, except the first two parameters C10, C20 are identified
exactly when the virtual experimental data are free of noise. The identification of C30 is worse. If some noise
is superimposed, C20 and C30 are worse to identify and finally they tend to the lower bounds. However, C10
can always be identified accurately. Attention should be paid to the results at large deformation, where all of
the three parameters are identified exactly when the virtual experimental data are free of noise. In spite of the
noise level is increased up to 5%, the biggest deviation of the identified parameters from the chosen parameters
is <20%, which is still tolerable.

The reason for this behaviour is related to the sensitivity of the indentation reaction force F with respect
to the parameters [21]. The sensitivity ∂F/∂κi can be identified mathematically as follows:

F := F(ℜ, κ1, . . . , κi , . . . , κn) (20)
∂F
∂κi

≈ ∥F(ℜ, κ1, . . . , κi + δµ, . . . , κn) − F(ℜ, κ1, . . . , κi , . . . , κn)∥
|δµ| (21)

Herein, ℜ is the model of interest, δµ is the mutation step size or an increment of the parameter κi . Here,
we choose δµ as a relative value that is 10% of κi . The sensitivities with respect to κi are listed in Table 4:
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Fig. 11 Comparison of virtual experimental data with 0.5% noise and numerical data with identified parameters: at small defor-
mation (left), at finite deformation (right)

It shows that the more exactly re-identified parameters have a higher sensitivity than the parameters that are
worse to identify. Although some parameters are not identified accurately, Fig. 11 shows good consistency of
the virtual experimental data with 0.5% noise and the numerical data obtained with the re-identified parameters
of Mooney–Rivlin and Yeoh models at both small and finite deformation. It should be pointed out that, even
though the objective function is convergent to a minimum, the accuracy of each identified parameters of the
polynomial-type hyperelastic models is not guaranteed. Similar findings are also included in the literature, for
example, [11,12], that even the objective function is convergent, the material parameters are changing. In the
present work, for Mooney–Rivlin model at small deformation, the contributions from C10 and C01 to the force–
displacement relation cannot be divided. Because of this fact, the force–displacement curve overlaps with the
virtual experimental even though parameters coupling exists. For Yeoh model at small deformation, C20 and
C30 are not identified successfully, but the reaction force is not sensitive to them as shown in Table 4. That is
to say, their contributions to the force–displacement results are much less than the contribution from C10.

5.2 Possibility of modelling by simpler models

On the one hand, as shown in Figs. 5, 6, 7, 8 and 9, the force–displacement curves of the three models are almost
the same in some special deformation range especially before the non-linear behaviour of the Mooney–Rivlin
and Yeoh model is fully developed under large deformations. On the other hand, C10 and C01 of Mooney–Rivlin
and C20 and C30 of Yeoh model cannot be identified accurately at small deformations. Therefore, the question
arises if it would be possible to model the indentation behaviour of the relatively complicated hyperelastic
models with the simple neo-Hookean model. As an advantage, only one parameter has to be determined and it
is also important that parameter coupling can be avoided. As discussed in Sect. 4, the deviation of the different
force–displacement curves is strongly dependent on the geometry of the investigated problem; especially, the
ratio of the penetration depth to the layer thickness u/HL plays an important role. Therefore, a further question
needs to be investigated: Is the possibility of approximating the Mooney–Rivlin and Yeoh results by the neo-
Hookean approach related by the value of u/HL? To solve these problems, the parameter of the neo-Hookean
model is identified with respect to the virtual experimental data without noise obtained by the Mooney–Rivlin
and by the Yeoh form, respectively, with various values of u/HL of geometry case 3.

The re-identified parameters and the corresponding objective function values are listed in Table 5. In order
to perceive directly, the global force–displacement curves as well as the local stress–strain curves are plotted
in Figs. 12, 13 and 14. The data are obtained from the neo-Hookean model with the identified parameters in
Table 5 and obtained from the corresponding Mooney–Rivlin and Yeoh models with the chosen parameters at
maximum indentation depth 5, 15 and 40 µm, respectively. It should be noted that the stress–strain distribution
in nanoindentation is highly inhomogeneous. Therefore, the local stress–strain data on the same integration
point obtained from numerical treatment are plotted here. T22 is the Cauchy stress component, and L E22 is a
logarithmic strain component in vertical direction. In ABAQUS®, the strain LE is a logarithmic function of
the left stretch tensor V.

Figure 12 shows that if the scale of u/HL is within 0.05, the behaviour under nanoindentation of both
Mooney–Rivlin and Yeoh models can be described with a simpler hyperelastic model, for example, the neo-
Hookean model.
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Fig. 12 The force–displacement data (left) and the stress–strain curves (right) of the neo-Hookean model with the identified
parameters in Table 5 and of the corresponding Mooney–Rivlin and Yeoh models with the chosen parameters at maximum
indentation depth 5

Fig. 13 It is the same like Fig. 12 but with maximum indentation depth 15

Table 5 Re-identified parameters of neo-Hookean model with respect to experimental data obtained from Mooney–Rivlin and
Yeoh models with various displacement

Maximum displacement (µm)u/HL Mooney–Rivlin Yeoh form
C10 f (κ) C10 f (κ)

5 0.05 0.6706 0.0047 0.6862 0.0138
10 0.10 0.6842 0.0084 0.7432 0.0377
15 0.15 0.6964 0.0125 0.8244 0.0726
20 0.20 0.7047 0.0182 0.9480 0.1179
30 0.30 0.7455 0.0268 1.374 0.2349
40 0.40 0.7762 0.0394 2.196 0.3411

In Fig. 13, if the indentation depth increases to 15 µm, the deviation between the neo-Hookean model with
the parameters in Table 5 and the Yeoh model is obvious. Especially, the deviation is very large in the stress–
strain curves. Only the results of the Mooney–Rivlin model are compared with the neo-Hookean model if the
indentation depth increases to 40 µm. As shown in Fig. 14, the force–displacement response of Mooney–Rivlin
model can be approximated with the neo-Hookean model. However, there is a distinctive difference between
the stress–strain curves of these two models. The reason may be related to the inhomogeneous deformation in
the indentation test; therefore, only the local stress-strain data on each integration point can be obtained.

It seems that the behaviour of the Mooney–Rivlin model under nanoindentation can be approximated with
the neo-Hookean model even though at finite deformation. Of course, the errors between the results obtained
with the neo-Hookean and the Mooney–Rivlin models are smaller if the penetration depth is less deep. How-
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Fig. 14 The force–displacement data (left) and the stress–strain curves (right) of the neo-Hookean model with the identified
parameters in Table 5 and of the corresponding Mooney–Rivlin models with the chosen parameters at maximum indentation
depth 5

ever, modelling the behaviour of the Yeoh model with the relative simple neo-Hookean model is restrained
to the deformation at which the strong non-linearity of the Yeoh model is inactive. In the present work for
instance, the error between the nanoindentation results obtained with neo-Hookean and Yeoh models can be
neglected if the value of u/HL is not larger than 0.1.

6 Conclusions

In the present paper, based on a finite element model of contact mechanics and hyperelastic materials, the nan-
oindentation of polymer layers is studied. Three often used hyperelastic models, that is, the neo-Hookean, the
Mooney–Rivlin and the Yeoh models, are applied to simulate the indentation test with the finite element code
ABAQUS®. In contrast to the traditional analytical method, the penetration depth is not constrained to avoid
the influence of the substrate. The behaviour of nanoindentation at finite deformation is investigated in five
cases with various geometry parameters. The results show that for nanoindentation of polymer layers on hard
substrates, the force–displacement behaviour of the three investigated hyperelastic models is dependent on the
geometry-associated factors u/R and u/HL. The non-linear elastic behaviour of the Yeoh model is strongly
dependent on u/HL. The non-linear behaviour becomes obvious when u/HL is larger than 0.2 and it is fully
represented if u/HL increases up to 0.4. The parameter re-identification concept is used to capture material
parameters from nanoindentation based on the evolution strategy. Therefore, it is assumed that the properties
of the substrate are known. The parameter of neo-Hookean model can be perfectly identified whether at small
deformation or at finite deformation. However, C10 and C01 of the Mooney–Rivlin model and C20 and C30
of the Yeoh model cannot be identified accurately at small deformations. The reason of the former is that the
contribution to the force–displacement results from C10 and C01 which cannot be divided. Such phenomenon
is called parameters coupling, and its influence on the parameter identification decreases in the present case at
finite deformation. The latter is due to the lack of non-linearity at small deformations which depends heavily
on the values of C20 and C30. All of the parameters of the Yeoh model can be identified with tolerable errors
at finite deformations even though a random noise level is superimposed up to 5%. Finally, the behaviour of
the Mooney–Rivlin model under nanoindentation can be well approximated by the neo-Hookean model even
though at finite deformation. However, approximating the behaviour of Yeoh model with the neo-Hookean
model is restrained to the deformation at which the strong non-linearity of the Yeoh model is inactive.
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Recently, nanoindentation became a new but all the same a primary testing technique of thin layers. A wide application
of nanoindentation in polymeric layers is obstructed by the analysis method, which is used to extract the rate-dependent
properties. In the present paper, the inverse method based on the finite element simulation and numerical optimisation is
used to characterise the viscoelastic properties of polymers from nanoindentation. First of all, the boundary value problems
using nanoindentation of polymer layers considering real geometry, is simulated with the FE code ABAQUS R⃝. A linear
viscoelastic model for small strain, based on a general Maxwell rheological model is currently applied to describe the rate-
dependent material behaviour. The rate-dependent properties of the polymer layer under nanoindentation is investigated
with various loading histories: cyclic testing, single step relaxation, monotonic testing, and sinusoidal oscillatory testing.
A parameter re-identification strategy offers a deep insight into the relationship between the accuracy of identification and
the loading history associated with the rate-dependent material model. A method to choose a suitable loading history to
identify the parameters more accurately is recommended.

c⃝ 2013 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Nanoindentation is a popular technique to determine the mechanical properties such as elastic modulus and hardness.
This technique, also known as depth-sensing indentation (DSI), is widely used to investigate the behaviour of metallic or
ceramic engineering material. This technique can test the materials at the micro- and nanometer scale without removing
the substrate, and it offers favourable means to study the mechanical behaviour of thin films and coatings. Polymeric thin
films are of increasing importance for their application in considerable industrial areas, e. g. in the production of plane and
automobile, as well as in electronic, optical, medical and chemical devices. However, because these films are very thin,
soft and usually fixed on a substrate, it is impossible to measure the mechanical properties using the traditional tension or
bending testing. A new testing technique is required. In this case nanoindentation can be used and it increasingly became a
primary testing technique of thin layers.

Usually, the substrates could be metals like aluminium and steel. The polymer can be chosen from a wide range, e. g.
polyurethane (PU), polyamidoamine (PAMAM), epoxy and many more. Many polymeric materials simultaneously show
elastic and viscous material behaviour. In the past decades, the investigations of viscoelastic or rate-dependent effects of
polymeric materials using experimental testing, constitutive modelling and numerical computation have been published in
e. g. [21, 25, 27, 30, 36, 41, 42, 45, 54, 55, 61]. Incorporating the phenomenological method in the framework of continuum
mechanics one can describe the viscous behaviour with strain-like internal variables. The internal variables can be obtained
by solving a series of differential evolution equations. Based on the theory of hyperelasticity, the free energy of a viscoelas-
tic solid is split into two parts: one part describes the rate-independent material behaviour and the other part incorporates the
rate-dependent effects. Concerning large strain viscoelasticity, a multiplicative decomposition of the deformation gradient
into elastic and inelastic parts is further assumed [45]. In this present work, in order to get some experience about param-
eter identification from the force-displacement response of nanoindentation, a linear viscoelastic model for small strain is
considered based on the work of Schwarzl [56], Ferry [15], Tobolsky [61], and Kaliske [36].

The analysis procedure, which is designed in most available commercial indentation instruments, is used to measure the
hardness and the elastic modulus according to the Oliver & Pharr (O & P) method [47, 48]. This procedure has two limita-
tions: On the one hand, it is designed for hard and stiff materials, so the usage of nanoindentation on soft materials makes it
extremely difficult to obtain accurate results and yields questions which still need to be answered like in [3,5,9,11,13,62,63].
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On the other hand, the measured hardness and elastic modulus are rare to represent the rate-dependent properties. Therefore,
two main ways of characterisation of viscoelastic materials by nanoindentation have been documented in the publications.
One main way, the termed inverse method, is performed by combining finite element modelling and numerical optimisa-
tion. In this method, the difference between experimental and numerical data, called objective function, is minimised with
respect to the model parameters using numerical optimisation and the parameters of the constitutive models are identified
as the optimised solution. This inverse method was firstly applied in indentation by Huber et al. [29, 31, 37, 64]. They used
neural networks to identify material parameters from indentation of metals. But it is still a new topic to determine model pa-
rameters of polymer materials using the inverse method in nanoindentation tests. Hartmann [22] identified the viscoplastic
model parameters with uniaxial tests and validated them using indentation tests. Rauchs [52,53] employed a gradient-based
numerical optimisation method to identify viscous hyperelastic and elasto-viscoplastic material parameters. Guessasma [20]
determined viscoelastic properties of biopolymer composite materials using finite element calculation and nanoindentation.
The other method is based on analytical or semi-analytical solutions. The parameters for a specific viscoelastic model are
obtained by fitting the experimental force-displacement data with the analytical expressions for the respective viscoelastic
model. The basic theory of linear viscoelastic contact problems was developed by Lee and Radok [39] in 1960. The method
is called correspondence principle which extends the elastic contact theory to linear viscoelastic models by using some
mathematical transformation, e. g. Laplace transformation. This method is restricted to a monotonically increasing contact
area. Later Ting [59, 60] and Graham [18, 19] proposed a more general solution. In 1985, Johnson [35] summarised the
correspondence analysis of spherical indentation replacing the elastic constants by the Boltzmann viscoelastic hereditary
integral operators. Based on these approaches, in several contributions [2, 6, 10, 12, 17, 28, 32, 33, 38, 43, 44, 49, 50, 65] the
viscoelastic analytical solutions of nanoindentation with different indenter tips were presented. The method is restricted
by yielding accurate identification only for specific linear viscoelastic models under fixed experimental processes. Further-
more, the affecting factors in the nanoindentation experiment, like non-linearity friction, adhesion and surface roughness are
not taken into account in the analytical solutions. However, the inverse method permits us to treat any material models with
non-linear properties and to include further affecting factors in the numerical model. As a conclusion, the rate-dependent
properties of polymers can be more accurately identified using the inverse method. Identifying viscoelastic properties of
polymers with nanoindentation testing using the inverse method remains a large research field.

In the present study, it is our goal to offer a deep insight into the identification of the viscoelastic model parameters
from nanoindentation of polymer layers with various loading histories. A 3D linear viscoelastic model for small strain is
taken into account. The constitutive formulation is restricted to small perturbations away from thermodynamic equilib-
rium. In this present study, it is investigated how accurate the material parameters can be determined from the numerical
optimisation routine. In contrast to the traditional inverse method, virtual experimental data calculated by numerical simu-
lations with chosen parameters, replace the real experimental measurements. Such a procedure, which is called parameter
re-identification was used in [51, 52] to validate the gradient-based material parameter identification routine. In this sense,
the finite element code ABAQUS R⃝ is used as our virtual laboratory. An artificial random noise is superimposed on the
virtual experimental data to make it more realistic and to check the stability of the identification procedure. Considering
the troublesome gradient calculation for the model and the further drawback of deterministic methods of distinguishing
local and global minima, the stochastic strategy is used, based on principles of biological evolution, e. g. an evolution
strategy [57].

This paper contains the following: firstly, the numerical model of nanoindentation of polymer layers, considering the
real geometry, is described. Secondly, the constitutive model of linear viscoelasticity is recalled and the numerical imple-
mentation into ABAQUS R⃝ is explained. Thirdly, different loading histories are considered in a virtual experiment. Finally,
the procedure of parameters identification is illustrated and the results under various loading histories are discussed.

2 Simulation of nanoindentation

2.1 Numerical model of nanoindentation

The spherical indentation differs from conical or pyramidal indentation because there is no elastic singularity at the tip of the
indenter to produce large stresses [48]. The contact between the indenter and the specimen at small loads and displacements
is entirely elastic and then the transition to inelastic effect is continuous as the indenter is driven further into the material. As
a consequent, spherical indenters have an increasing application. They are particularly suitable to measure soft materials
and to replicate contact damage in in-service conditions [16]. The numerical simulation of spherical nanoindentation of
polymer layers on substrate, taking into account the real geometry, can be modelled by an axisymmetric two-dimensional
model with a finite element code, e. g. ABAQUS R⃝ 6.10. The indenter is assumed to be a rigid body compared to the
soft polymer layer. We define the indenter as an analytical rigid surface, in such a way that the indenter geometry can
be modelled exactly with a smooth curve. In view of the contact problem, quadrilateral elements are used. Assuming a
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Fig. 1 (online colour at: www.zamm-journal.org) Sketch of FEM
model of spherical nanoindentation.

linear elastic behaviour of the substrate and an incompressible material behaviour of the polymer layer, the element types
CAX4 and CAX4H are used for the substrate and the layer, respectively. It is essential that the density of nodes close to the
indenter tip is high enough to consider the localised deformation of the layer. The nodes at the axis of symmetry are fixed in
the horizontal direction, while those nodes at the bottom cannot move in the vertical direction. The geometry and boundary
conditions of the spherical nanoindentation are illustrated in Fig. 1. In the present work, the gradient of deformation under
nanoindentation is especially restricted to the small deformation regime: the maximum displacement is only 5% of the layer
thickness. The main difficulty encountered in nanoindentation of thin films is to avoid unintentional probing of properties
of the substrate. To achieve this, it is common to restrict the maximum depth of penetration to less than 10% of the film
thickness, e. g. [40, 66]. To determine these effects of the substrate, the contact radius is taken into account like in [6, 24].
However, in the experiment it is difficult to obtain the accurate contact radius, which depends on the penetration depth, the
indenter geometry and the material properties. In this case, the effects of the substrate on the force-displacement data are
determined by both the radio of the penetration depth to the indenter radius, as well as the ratio of the penetration depth to
the film thickness as shown in our previous work [7]. It is found that the latter plays a more important role in determining
the effects of substrate. According to [7,8], the influence of the substrate and the friction between the indenter and the layer
can be neglected.

Concerning the numerical treatment of the contact problem, the indenter is defined as master surface while the layer
is defined as slave surface, both form a contact pair. A contact formulation of finite-sliding interaction [1] between a
deformable and a rigid body in ABAQUS R⃝/Standard is used to establish the frictionless contact model between indenter
and layer. In this case, the formulation of the normal contact is used as a constraint for non-penetration which treats
the normal contact as a unilateral constraint problem. The normal contact pressure cannot be calculated from a contact
constitutive equation, but is then obtained as a reaction in the contact area, and hence can be deduced from the constraint
equations with the often used Lagrange multiplier method or the Penalty method, for details please see [1, 67].

2.2 3D viscoelastic model and numerical implementation

In order to construct a phenomenological 3D viscoelastic model, a one-dimensional rheological model is introduced, as
illustrated in Fig. 2. An extra spring is connected in parallel with n Maxwell elements. It is a useful model to represent
quantitatively the mechanical behaviour of real viscoelastic materials. As the extra spring represents the elasticity in the
relaxed state, the Maxwell elements display the viscoelastic material response considering a number of discrete relaxation
times.

In this paper, we restrict ourselves to an isotropic and incompressible linear viscoelastic model for small deformation
under isothermal conditions. The incompressibility is expressed by splitting the deformation of the material into a deviatoric
part and a volumetric part. Experimental investigations have shown that in many cases viscoelastic behaviour is mainly
related to the deviatoric part of the deformation [36]. Thus, the volume dilatation is considered as being purely elastic. The
modulus of compression is assumed to be much larger than the shear modulus. Therefore, the free energy density function
Ψ is split into a purely elastic part, also termed as equilibrium part, and a viscoelastic part, the so called non-equilibrium
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part [45]

ρ0Ψ = ρ0Ψeq(ε) + ρ0
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Ψj
neq(ε

j
i ) = K(ε : I)2 + µε

D : ε
D +
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e : ε
jD

e (1)

with εjD

e = εD − ε
jD

i . εD is the deviatoric strain tensor. ε
jD

i is the so called deviatoric internal variable, which represents
the viscous strain of the dashpot in the jth Maxwell element. The derivation of the stress-strain relation follows according
to the evaluation of the entropy principle in the form of the Clausius-Planck-inequality for the isothermal case [23]

σ : ε̇ − ρ0Ψ̇ ≥ 0. (2)

After some calculations one obtains the Clausius-Planck-inequality in the form
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{
σ
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e ε
jD
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jD

i ≥ 0. (3)

Herein, σV and εV are the volumetric stress and strain tensors, respectively, with the relations σ = σV + σD and
ε = ε

V + ε
D. Furthermore according to the classical argumentation of Coleman and Noll [14], one gets the Cauchy stress

tensor σ

σ = σeq + σneq = K(trε)I + 2µε
D +

n∑

j=1

2µj
eε

jD

e . (4)

In order to satisfy the Clausius-Planck-inequality (3), the internal dissipation is set in the form

n∑

j=1

σ
j
neq : ε̇

jD

i ≥ 0. (5)

Since the viscosity parameters satisfy ηj ≥ 0, the model is compatible with equation (5) and a linear evolution equation
can be derived

ε̇
jD

i =
1
rj

(εD − ε
jD

i ) (6)

with the relaxation time of each Maxwell element rj = ηj/2µj
e.
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The constitutive equation (4) and the linear evolution equations (6) are implemented into ABAQUS R⃝’s user interface
umat [1]. Even if ABAQUS possesses a standard implementation of a linear viscoelastic model the presented equations
are implemented on the level of the user interface because further work will require the extension to the finite strain case
based on the multiplicative split of the deformation gradient. In the numerical framework, the linear evolution equations
(6) can be solved by an implicit Euler-backward integration scheme. Considering the time interval [tn, tn+1] we define the
time step ∆t := tn+1 − tn. By using the basic approach for a time-dependent variable one obtains the equations for each
Maxwell element

ε
jD

i (tn+1) =
∆t

∆t + rj
ε

D(tn+1) +
rj

∆t + rj
ε

jD

i (tn). (7)

These equations have to be solved for each time step ∆t at each integration point of the finite elements.
In umat the stress is calculated by the Jacobian matrix of the constitutive model DDSDDE, ∂∆σ/∂∆ε, where ∂∆σ

are the stress increments and ∂∆ε are the strain increments. DDSDDE(I, J) defines the change in the Ith stress component
at the end of the time increment caused by an infinitesimal perturbation of the Jth component of the strain increment array.
The current stress is expressed as a function of the total strain and the internal variables

σ(tn+1) = K(trε(tn+1))I +

{
2(µ +

n∑
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µj
e)−

n∑

j=1

2µj
e
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}
ε
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e
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ε

j
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The constitutive Jacobian can be derived as the tangent matrix of the current stress with respect to the current strain

C =
∂σ(tn+1)
∂ε(tn+1)

= KI⊗ I +

{
2(µ +

n∑
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µj
e) −

n∑

j=1

2µj
e

∆t

∆t + rj

}(
I − 1

3
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)
. (9)

The constitutive Jacobian C is a tensor of fourth order. I is identified as the fourth-order unit tensor. The determination of
the current variables ε

j
i (tn+1) and σ(tn+1) requires the quantities ε

j
i (tn) of the proceeding time step and, therefore, they

have to be stored in a data base.

3 Parameter re-identification

Firstly, it is our goal to develop a method to identify the material behaviour from nanoindentation based on the inverse
method. The virtual experimental data and the parameters re-identification concept permit us to investigate how accurate
the chosen model parameters can be identified from our developed procedure; Secondly, the real experimental data in the
literature contains too much unknown details due to the complexity of nanoindentation. These unknown details can not
be contained in the numerical model which may increase the system error between the numerical data and experimental
results. Therefore in this part, a parameter identification routine based on the re-identification strategy is used. In this case,
the boundary value problem of the FEM model of nanoindentation is calculated with the chosen material parameters. The
resulting force-displacement curve is considered as virtual experimental data, which is used instead of real experimental
measurements to identify the chosen parameters again.

3.1 Virtual experiment with different loading history

Usually, the substrates of polymer coatings and thin films can be metals like aluminium and steel. The polymer can be
chosen in a large range, e. g. polyurethane (PU), polyamidoamine (PAMAM), epoxy and so on. The stiffness modulus of
these polymer layers exhibits a greater range from several MPa to several GPa due to the micro chemical structure. In the
framework of this paper, we choose a linear viscoelastic model with 3 Maxwell elements. The bulk modulus K of the extra
spring should be high enough, compared with the shear modulus µ, to make sure that the material is incompressible. Hence,
in this paper, it is assumed that K is a known parameter as high as 1000 times of µ. The parameters of the linear viscoelastic
model are chosen according to the identified parameters of polyurethane in the work of Johlitz et al. [34]. The substrate
is aluminium and it is assumed to be purely elastic. The model parameters are listed in Table 1. Because the deformation
of the polymer layer is restricted to a small range, the influence of the substrate as well as the surface interactions, e. g.
friction, can be neglected. Therefore, the force-displacement data, obtained from the virtual nanoindentation testing, is
only the mechanical response of the indented polymer layer. The virtual experiments are performed with four kinds of
loading histories with both displacement and force control. The response of the chosen model from nanoindentation BVP
is investigated.
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Table 1 Chosen material parameters of the used viscoelastic model.

Material Chosen values
Polymer µ µ1

e r1 µ2
e r2 µ3

e r3

layer 1.3 MPa 0.8 MPa 0.2 s 0.4 MPa 3 s 0.1 MPa 100 s
Substrate E = 69GPs ν = 0.3

Fig. 3 (online colour at: www.zamm-journal.org) Viscous dissipation of force-displacement response obtained by a cyclic test: Dis-
placement control (left), Force control (right).

Fig. 4 (online colour at: www.zamm-journal.org) The relaxation and creep response from a single step relaxing or creeping test:
Displacement control (left), Force control (right).

Firstly, a cyclic test containing a loading and an unloading stage is applied with constant loading rates. The viscoelastic
properties are investigated by the rate dependent viscous dissipation, the so called hysteresis loop. A spectrum of process
times results in a series of constant loading rates varying from very fast to very slow during the loading and unloading
stages. Fig. 3 shows that the hysteresis loop has a maximum value for the displacement control and for the force control if
the procedure time T is 2 s. It is proven in [58] that the maximum hysteresis loop depends on the radio of the process time T
to the relaxation time r. The hysteresis loops disappear if the loading rate is sufficiently fast or slow and if the process time is
less than 0.02 s or greater than 2000 s, as shown in Fig. 3. These two cases are the instantaneous and the equilibrium elastic
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Fig. 5 (online colour at: www.zamm-journal.org) The force-displacement data obtained from a monotonic test: Displacement control
(left), Force control (right).

Fig. 6 (online colour at: www.zamm-journal.org) The force or displacement response obtained from a sinusoidal oscillatory test:
Displacement control (left), Force control (right).

states, respectively. From the physical point of view, this phenomenon can be well explained with the rheological model
shown in Fig. 2: if the loading rate is sufficient fast then the dashpots in the Maxwell elements have no time to dissipate
energy, the total energy contains the maximum elastic contributions not only from springs in the Maxwell elements but also
from the extra spring. Otherwise, the dashpot could dissipate the whole energy in the Maxwell elements. The total energy
in the system contains only the contribution from the extra spring. For details please see [23, 26]. Attention should be paid
to the obvious creep during the unloading, cf. Fig. 3, right. Similar results were observed in real experiments documented
in e. g. [5, 11, 13]. In this case, the stiffness calculated according to the Oliver & Pharr method is negative. Therefore,
a suitable holding stage before unloading is necessary to apply the Oliver & Pharr method for rate-dependent material.
Consequently, only equilibrium properties can be determined. Secondly, a single step of relaxation and creep tests show the
force relaxation and the deformation creep, respectively. The left-hand diagram in Fig. 4 shows that the equilibrium state is
associated only with the maximum deformation. Nevertheless, the relaxation process is not only related with the maximum
displacement but also with the loading rate and the holding time.

Thirdly, a monotonic test is used to approximate the equilibrium points of the force-displacement curve. As shown in
Fig. 5, left, if the displacement is hold, the force relaxes during the loading stage but increases during the unloading stage.
Similar results are also obtained from force control testing. If the holding stage is sufficiently long, the two points will
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overlap each other. The cross point can be considered as the equilibrium point. However, it is impossible in a real experiment
to wait several months to get the equilibrium points. Usually the average values of the static states after relaxation of loading
and unloading stages could be considered as approximated equilibrium points. For both displacement and force control, the
approximated equilibrium points are consistent with the equilibrium curve obtained from numerical simulation. However,
because the holding time is not long enough, the deviation slightly increases with increasing penetration depth. Finally,
a sinusoidal oscillatory testing is performed in this way: the displacement or force is ramped quickly then it oscillates
sinusoidally with fix amplitude; such a procedure repeats with a monotonic increasing displacement or force. The loading
history and the corresponding force or displacement response are shown in Fig. 6. It can be seen that, in displacement
control testing, the force relaxes sinusoidally towards to the equilibrium states. Nevertheless, the displacement has only a
slight response with sinusoidal oscillations of the force.

3.2 Procedure of parameter identification

The parameter re-identification strategy is performed in the MATLAB R⃝ optimisation toolbox combined with a spherical
nanoindentation boundary value problem which is solved using the finite element analysis with ABAQUS R⃝. From the
mathematical point of view such a process represents a numerical optimisation problem, details are described in e. g. [46].
In the present study the vector of material parameters κ := {µ, µj

e, r
j , j = 1, 2, 3} has to be modified until a close match

between the virtual experimental data and the prediction of the numerical model is achieved. For that reason the distance
function f(κ) has to be minimised. f(κ) is called objective function of the least squares type, which represents the quality
of the approximation between the model response governed by the parameter vector κ and the virtual experimental data.
Mathematically this can be formulated as follows: Find κ so that

f(κ) :=
∥Fnum − Fexp∥

∥Fexp∥ −→ Minf(κ). (10)

Herein

Fexp = [F exp
t1 , F exp

t2 , F exp
t3 , . . .]T , (11)

is the virtual experimental data. That is the vector of reaction force obtained at each time increment. In the present study,
the indenter penetrates into the layer, and the displacement acts as the independent variable and is assumed to be noise free.
The reaction force vector is superimposed with a random noise multiplied by a fixed percentage representing the levels of
noise. The random noise is a vector containing normally distributed pseudorandom numbers, its average value is the same
as the corresponding reaction force vector. These values represent the data which are usually obtained by experiments. The
force vectors obtained for the models with an arbitrary set of material parameters are called

Fnum = [F num
t1 , F num

t2 , F num
t3 , . . .]T . (12)

The choice of the optimisation-based method for minimising an objective function is a topic of interest. It is generally
advised to use globally convergent optimisation algorithms whenever possible. These algorithms are simulated annealing
or genetic algorithms, such as evolutionary algorithms, or deterministic algorithms like the Simplex method. The gradient-
based algorithm is full of troublesome gradient calculation and the further drawback of local convergence. Genetic or
evolutionary algorithms are globally convergent and are the only useful choice in a multi-objective optimisation. Therefore,
to update the initial guessed material parameter vector κ the evolution strategy is employed. It works with a Genetic Algo-
rithm which selects different parameter vectors based on a starting vector κ0 as population individuals κ

(g)
λ at generation

g = 0. The selection operator produces the parent population κ
(g)
µ of the next generation g = g + 1 through a determin-

istic procedure, which chooses the best individuals from the set of λ individuals (κ1, . . . , κλ) according to their objective
function value f(κ).

(κ1;λ, κ2;λ, . . . , κµ;λ) := Selectionf(µ)(κ1, . . . , κλ), λ ≥ µ (13)

f1;λ ≤ f2;λ ≤ . . . ≤ fm;λ ≤ . . . ≤ fλ;λ (14)

The symbol (.)m;λ stands in this context for the individual with the mth best objective function values. The descendants κ
(g)
λ

are generated by recombination and by random mutations of selected parents. In details, a crossover recombination operator
randomly selects genetic information from two parents as the vector entry of the descendant. Single parents generate
descendants by mutation, in which a stochastic vector ∆σ is added to them. Mutation is the most important ingredient for
the evolution strategy [4], the choice of ∆σ closely links to the convergence behaviour of the method. In order to make
the algorithm efficient, it is suggested that ∆σ should be modified during the minimum search [57]. Besides mutation and
recombination procedures, the parents with the best fitness are guaranteed to survive in the generation g = g + 1 as elite
individuals.
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3.3 Results and discussion

On the one hand, most of the nanoindentation instruments can be performed with both displacement and force control.
On the other hand, the results in Sect. 3.1 show that the force response is more sensitive with respect to the various
loading histories than the displacement response. Therefore, the displacement controlled nanoindentation with three kinds
of loading history is chosen to identify the model parameters, as shown in Figs. 7 and 8. It is aimed to investigate whether
the multi-parameters identification of the considered viscoelastic model depends on the loading history in nanoindentation
testing. A suitable bound set is useful to reduce the computational cost during the parameters identification. If smaller
bounds containing the real parameter values are used, the computational cost can be strongly reduced to find the optimal
parameters. However, the judgement of suitable bounds is experience dependent. Here, larger bounds which are not strongly
dependent on experience are used. The lower and upper bounds are listed in Table 2.

Fig. 7 (online colour at: www.zamm-journal.org) The loading history chosen for parameters identification and the corresponding force
plotted at each time increment: single step relaxation with a loading time of 0.1 s (left) and with a loading time of 1 s (right).

Fig. 8 (online colour at: www.zamm-journal.org) The loading history chosen for parameters identification and the corresponding force
plotted at each time increment: monotonic (left) and sinusoidal oscillatory (right) testing.

First of all, we focus on the identified results with single step relaxation loading history. Two cases of a single step
relaxation with the same maximum displacement are selected as shown in Fig. 7: one case with a loading time of 0.1 s and
the other case with a loading time of 1 s. These two loading times are in the same decade with the relaxation time r1 and
r2, respectively. The holding times of the two loading cases are kept the same as 30 s. Since the real model parameters are
unknown in the traditional inverse method, a close match between the experimental data and the prediction of the numerical
model is the only way to judge the accuracy of the parameters identification. Therefore, the comparison of the virtual
experimental data and the numerical simulation results will be investigated firstly. The relative errors listed in Table 2 of the
re-identified parameters with respect to the chosen values allow us to verify the most often used way of judgement. Fig. 9,
left, shows the results of the single step relaxation with a loading time of 0.1 s. A close match between the experimental data
and the numerical results can be seen. Indeed, the match of the numerical data obtained with the parameters identified from
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Fig. 9 (online colour at: www.zamm-journal.org) Comparison of the experimental data with numerical simulation of a single step
relaxation test: with a loading time of 0.1 s (left); with a loading time of 1 s (right). Remark: herein, Numerical data 0.1s 30s and
Numerical data 1s 30s are the numerical simulation results with the parameters identified from the single step relaxation test with a
loading time of 0.1 s and 30 s, respectively.

the relaxation test with a loading time of 1 s is preferred except the force at the maximum displacement. A deviation of 17%
at this point can be seen from Fig. 9. Fig. 9, right, shows the comparable results of the relaxation test with a loading time of
1 s. The matches between the virtual experimental data and the numerical data obtained with both loading cases in Fig. 7
are great. According to the traditional way of judgement, we are confident to point out that the parameters identified from
the two relaxation test should be accurate. However, the relative errors of the re-identified parameters listed in Table 2 yield
a contrary conclusion. In the relaxation test with a loading time of 0.1 s, the shear moduli µ, µ1

e, and µ2
e and the relaxation

time r1 are perfectly identified. But the other three parameters are worse identified especially that the deviation of µ3
e is

as high as 121.60%. In the relaxation test with a loading time of 1 s, three parameters are accurately identified: the shear
moduli µ, µ2

e , and the relaxation time r2. The worst identified parameter is µ1
e in this case the re-identified value is 147.04%

greater than the chosen value. Similar points can be concluded from the identified results of these two relaxation tests: a)
the shear modulus µ is perfectly identified using both tests; b) the parameters of the Maxwell elements with the relaxation
time in the same scale of the loading time are accurately identified, e. g. µ1

e and r1 in the case with a loading time of 0.1 s,
µ2

e, and r2 in the case with a loading time of 1 s; c) the parameters in the third Maxwell element can not be accurately
identified due to the large relaxation time compared with the loading time. Therefore, it seems that the identification of
the shear moduli µj

e and the relaxation times rj of the Maxwell elements are strongly dependent on the loading part of the
relaxation tests. The shear modulus µ of the extra spring is closely connected to the degree of the relaxation at the end of
the test. It is still necessary to answer the following question: Why can the match between the virtual experimental results
and the numerical data shown in Fig. 9 be so good even if the identified material parameters differ. The reason may be
the sensitivity of the reaction force of nanoindentation with respect to the model parameters which are different in various
loading histories [7]. These worse identified parameters have only a slight contribution to the reaction force due to a small
sensitivity. Therefore, the error contribution can be neglected. In Table 2, the sum of the shear moduli in the relaxation test
with a loading time of 0.1 s is nearly 40% smaller than the sum in the test with a loading time of 1 s. This should be the
reason of the deviation of 17% in the left diagram of Fig. 9.

The monotonic loading history contains seven single step relaxations with a loading time of 1 s and a 20 s holding stage
as shown in Fig. 8, left. Fig. 10, left shows an extremely good match between the experimental data and the numerical
simulation using the same monotonic loading history. Indeed, if the simulation is performed with the parameters identified
from both single step relaxation tests, the deviation is still acceptable. In contrast to that, the relative errors of the parameters
identified from monotonic testing in Table 2 show absolutely not an optimistic result for all of the seven parameters com-
pared with the chosen values. The basic elasticity is accurately captured by the monotonic testing. Although the monotonic
test is composed with several single step relaxations, the identification results of monotonic testing is really different from
the results of the single step relaxation. Fig. 10, left shows that the last two single step relaxation processes are strongly
dependent on the basic elastic parameter µ.

The sinusoidal oscillatory test is performed with a 10 s ramping stage up to the maximum displacement 5 µm followed
with a 20 s sinusoidal oscillatory loading. The sine function is designed with a frequency of 2 Hz and with an amplitude of
0.1 µm. The comparison between the experimental data and the numerical results is presented by the diagram in Fig. 10,
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Table 2 Re-identified parameters and their deviations compared with the chosen values for viscoelastic model being
used. Remark: numbers in bold and italic font are those, whose absolute value is smaller than 20%.

Parameters µ µ1
e µ2

e µ3
e r1 r2 r3

Chosen 1.3 MPa 0.8 MPa 0.4 MPa 0.1 MPa 0.2s 3s 100s
Bounds [0.01;10] [0.01;10] [0.01;10] [0.01;10] [0.01;50] [0.01;50] [0.01;200]

Relax (Tload = 0.1s)
1.2325 0.7435 0.4030 0.2216 0.1869 2.0467 49.2780

-5.19% -7.06% +0.75% +121.60% -6.55% -31.78% -50.72%

Relax (Tload = 1s)
1.2596 1.9763 0.4764 0.1732 0.0461 2.7307 58.9804

-3.11% +147.04% +19.10% +73.20% -76.95% -8.98% -41.02%

Monotonic
1.3238 0.3582 0.5762 0.1066 0.1857 1.6686 42.8211

+1.83% -55.23% +44.05% +6.60% -7.15% -44.38% -57.18%

Oscillatory
1.2397 0.5914 0.4971 0.1536 0.2038 1.3184 64.0938

-4.64% -26.08% +24.28% +53.60% +1.90% -56.05% -35.91%

Fig. 10 (online colour at: www.zamm-journal.org) Comparison of the experimental data with numerical simulation: monotonic testing
(left); sinusoidal oscillatory testing (right). Remark: herein, Numerical mono and Numerical sinu are numerical data obtained with the
parameters identified from monotonic and sinusoidal oscillatory testing, respectively.

right. These two curves overlap each other. A similar good result can also be seen in Table 2 except the identified value
of µ3

e and r2. Compared with the single step relaxation and the monotonic testing, the identified parameters by using the
sinusoidal oscillatory loading history yields more harmonious results. The identified value of the longest relaxation time r3

is much better than the results in other loading histories.
A brief summary can be made for this subsection: The parameters to be identified of the used viscoelastic model can be

split into two sets. One set contain the shear modulus µ of the extra spring governed by the basic elasticity. The other part
contains the shear moduli µj

e and the relaxation times rj of the Maxwell elements governed by the viscoelastic behaviour.
Usually, the basic elasticity can be captured with a single step relaxation test with a sufficient long holding time. However,
for the real polymers with a relaxation time of several months, it is effective to use the monotonic testing to approximate
the basic elasticity. To identify the parameters of the Maxwell elements, a relaxation procedure with a suitable loading time
can be chosen.

4 Conclusions

In review of the literature, nanoindentation is a powerful potential testing technique for thin films. However, its compre-
hensive application in viscoelastic polymer layers is restricted due to the lack of a reliable analysis method to get the
rate-dependent properties. In this paper, to capture the viscoelastic properties from nanoindentation, the inverse method is
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used combining finite element modelling and numerical optimisation. The concept of parameter re-identification allows us
to investigate how accurate the parameters can be identified from the nanoindentation force-displacement response.

Firstly, the rate-dependent viscous dissipation is investigated by displacement and force control with various loading
rates. The relaxation or creep behaviour is presented by different loading histories: single step relaxation or creep, mono-
tonic and oscillatory testing. It is found that in the same displacement range the response of the force under displacement
control is more sensitive with respect to the various loading histories. Secondly, the parameters’ identification of the chosen
viscoelastic model from nanoindentation is performed with various loading histories. The accuracy of parameter identifi-
cation is dependent on the loading history used in the experiment and numerical modelling. Considering the viscoelastic
model used here, it is better to capture the basic elasticity using monotonic testing first. The viscoelastic parameters of the
Maxwell elements in parallel can be efficiently identified by some single step relaxation test with a suitable loading time.
A sinusoidal oscillatory testing, performed in the present study, seems to be useful to identify the elastic and viscoelastic
parameters at one time. Some questions about identification are still to be answered. It is difficult to identify each parameter
exactly for a multi-parameters model, especially if there are several parameters acting in parallel, e. g. the shear moduli µj

e

and the relaxation times rj of each Maxwell element. An exact match between the experimental data and the prediction
of the numerical model does not guarantee the accurate identification of each parameter. In this case, the combination of
several loading histories as well as different tests of various deformation forms may be taken into account. The choice of the
loading history and testing method depends on the experimental data and practical experience. This is the main task in our
future work in nanoindentation of polymers. The parameters identification in the nanoindentation problem of polymer lay-
ers with viscoelastic model for finite deformation will be documented in an upcoming paper. The surface interactions e. g.
friction and adhesion will be considered. Based on the real experimental and numerical investigation of nanoindentation,
the questions which remain in this paper are expected to be answered in the upcoming paper.
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a b s t r a c t

In this paper the characterisation of polymers by nanoindentation is investigated
numerically by the use of the inversemethod. Effects of the surface roughness are explicitly
considered. The boundary value problems of the nanoindentation of two polymers, PDMS
and silicone rubber, are modelled with the FE code ABAQUS R�. The model parameters
are re-identified by using an evolution strategy based on the concept of the numerical
optimisation. The surface roughness effects are investigated numerically by explicitly
taking into account the roughness profile in the model. At first the surface roughness is
chosen to have a simple representation considering only one-level of asperities described
by a sine function. The influence of the surface roughness is quantified as a function of the
sine parameters as well as of the indentation parameters. Moreover, it is verified that the
real surface topography can be characterised by using multi-level or simple one-level of
protuberance-on-protuberance sinusoidal roughness strain-energy function. profiles. The
effects of the surface roughness are investigated with respect to the force–displacement
data and the identified model parameters. These numerical results are expected to offer a
deep insight into the influence of the real surface roughness at the results of indentation
tests.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Over the last decades, the nanoindentation testing technique has continuously been improved. Now it is widely applied
in metallic and ceramic engineering materials to determine the mechanical properties such as hardness andmodulus. Since
this technique is able to measure the properties of extremely small volumes with sub-µm and with sub-µN resolution,
it also became one of the primary testing techniques for the mechanical characterisation of polymeric materials and
biological tissues. The analysis of individual indentation tests by using the conventionally applied Oliver and Pharr method
(abbreviated as O&P method) [1,2] is limited with regard to capture the hyperelastic and the rate-dependent properties of
polymers and some metals. Therefore, numerical approaches in combination with the experimental testing, i.e. the finite
element simulations and numerical optimisation have been used and evolved [3–13]. In thismethod, the difference between
the experimental data and the numerical prediction is minimised with respect to the material model parameters by using
numerical optimisation. The parameters are identified as the optimised solution.

Nanoindentation has the considerable advantage to measure the local properties of small volume materials from the
continuously sensed force–displacement curve. However, it includes various error contributions, e.g. friction, adhesion,
surface roughness and indentation process associated factors. These contributions generate the systematic errors between
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the numerical model and the experiments, and this often leads to large errors in the parameter identification [9,14–16].
Therefore, basic investigations and the certain knowledge about the influence of these factors are indispensable to
characterise the materials accurately from nanoindentation based on the inverse method.

It is recognised by the use of the experimental and the numerical approaches that the surface roughness has a significant
influence on the force–displacement data at a small or a moderate indentation depth, which is comparable to the height of
the surface asperities [17–29]. It is known by the experimental investigation that the surface roughness impacts the Young’s
modulus and the hardness measurements [17,18,21,24]. The surface roughness can considerably disturb the indentation
curves [22], and may, at least, be one of the main reasons for the indentation size effect [23]. The criteria to remove the
surface roughness effects are found by experiments for some special materials. Miller et al. [28] found that it is possible
to get a unique set of material properties if the average indentation depth is 5 times greater than the RMS roughness. For
cancellous bone Donnelly et al. [29] pointed out that the variability in material properties increases substantially if the
ratio of indentation depth to surface roughness decreases below 3:1. The surface roughness effects are difficult to control
in an experiment, and moreover the measuring results are not easily to interpret. Nevertheless, the numerical simulation
tools may help to understand the physics involved in this complex experiment. Therefore, FE simulations are widely used
to interpret the experimental results if surface roughness effects are included [26,27,30,20]. The results in [26,27,30] have
shown that an increasing roughness causes an increasing scatter of the data, but themean value of a sufficiently large number
of indents can still give a good approximation of the Young’s modulus. Jiang et al. [20] pointed out that in order to rule out
the influence of the surface morphology, the indentation depth should be much greater than the characteristic size of the
surface roughness. Moreover, an indenter with a sufficiently large diameter could also be a good choice. A numerical study
was conducted in [19] to understand the coupled influence of friction and surface roughness in the nanoindentation of pure
nickel. Results have shown a strong interaction between these two contributions of surface effects, and their cumulative
effects leads to significant variations in the force–displacement curves. The surface roughness of the bulk sample can be
altered by various mechanical or electrochemical methods of polishing. However, an excessive polishing could influence
the mechanical properties of soft and thin polymer films. Therefore, in practical experiments, the surface roughness of
thin films can reach an average height of asperities about 30–60 nm [21,31,32]. Because of that, the surface roughness
is comparable to the imposed indentation depth limited by the thin layer’s thickness and the influence of the substrate. In
this case, some of the criteria documented in the literature cannot be used longer. A quantified evaluation of the surface
roughness effect is still required. Furthermore, it is essential to decrease the errors between the experimental settings and
the numerical simulations if the inversemethod is used. For this reason,more attention is paid on the numericalmodel of the
realistic surface roughness profile. The surface roughness for the finite element models is taken from AFM data of sputter-
deposited CrN within 2D and 3D in [26,27]. Pre-existing straight grooves defects are introduced on the film surface in 2D FE
models in [20]. Berke et al. [19] describes the roughness with a protuberance-on-protuberance profile approximated by a
sine function using axisymmetric 2D FE models.

In this present article, the behaviour of twohyperelastic soft polymers under nanoindentation is investigated numerically
taking into account the effects of the surface roughness. The characterisation of thematerials’ properties is performed based
on parameter re-identification procedure by using the inverse method. In this procedure, the virtual experimental data,
which are obtained from numerical simulations with the chosen parameters, replace the real experimental measurements.
In this sense, the finite element code ABAQUS R� is used as a virtual laboratory. The parameter re-identification concept was
used in [9,33] to validate the gradient-based material parameter identification routine. The surface roughness effects are
investigated numerically based on the approach, which is mainly influenced by the work of Kumar et al. [21] and Berke
et al. [19]. The surface roughness is chosen to have a simple representation considering a one-level roughness profile
described in a first step by a sine function. The influence of the surface roughness is quantified phenomenological as a
function of the sine curve parameters as well as of the indentation parameters. Moreover, it is verified that a real surface
topography can be characterised by using a multi-level or a simple one-level of protuberance-on-protuberance sinusoidal
profiles. The effects of this surface roughness are investigated with respect to the identified model parameters. The whole
force–displacement curve is taken into account. The results are expected to offer a deep insight into the effects of the real
surface roughness by a numerical modelling of nanoindentation.

2. FEM simulation of nanoindentation

2.1. Hyperelastic material model

In the present work we consider the nanoindentation of two nearly incompressible soft polymers by numerical
simulation: polydimethylsiloxane (PDMS) 1:10 used in [34] and silicone rubber ELASTOSIL R� RT 265 used in [35]. Both of the
two polymers were assumed to be isotropic hyperelastic materials under isothermal conditions. Firstly in the framework of
finite strain continuummechanics, constitutive models of a nearly incompressible hyperelastic material will be recalled.

The existence of the Helmholtz free-energy function  is postulated for a so-called hyperelastic material. Concerning
the isotropic material under isothermal conditions,  =  (F) is solely a function of the deformation gradient F or a strain
tensor, respectively. So the Helmholtz free-energy function is referred to the strain-energy function. The general format
of the constitutive equation can be derived from the second law of thermodynamics in the form of the Clausius–Planck
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inequality

Dint = P : Ḟ �  ̇ =
✓
P � @ (F)

@F

◆
: Ḟ � 0, (1)

where Dint and P are the internal dissipation and the 1st Piola–Kirchhoff stress tensor, respectively. Only if F is chosen as a
process variable influencing the free energy, F andhence Ḟ can be chosen arbitrarily. Therefore, the expression in parentheses
must be zero and the constitutive equation associated with P can be expressed as

P = @ (F)

@F
. (2)

With the relations T = F

�1
P and T = J�1

FTF

T , the 2nd Piola–Kirchhoff stress tensor T and the Cauchy stress tensor T can
be derived (details see e.g. [36, Chapter 6]). Due to the assumption that the strain-energy  (F) generated by the motion
x = e�(X, t) is objective as well as the fact that  (F) remains unchanged if a rigid-body motion is superimposed on the
isotropic hyperelastic material,  (F) can also be described as

 (F) =  (C) =  (B) (3)

with the right Cauchy–Green deformation tensor C = F

T · F and the left Cauchy–Green deformation tensor B = F · FT .
Since compressible materials behave quite differently in the bulk and the shear deformation, it is most useful to split

the deformation locally into a so-called volumetric part and an isochoric part. In particular, we consider the multiplicative
decomposition of F, C and B into volumetric parts and isochoric parts

F = (J1/3I)F̄ = (J1/3)F̄, C = (J2/3I)C̄ = (J2/3)C̄, B = (J2/3I)B̄ = (J2/3)B̄. (4)

The terms J1/3I and J2/3I are related to volume-changing deformation, while F̄, C̄ = F̄

T
F̄ and B̄ = F̄F̄

T are associated with
volume-preserving deformations, with the rules

det F̄ = 1, det C̄ = det B̄ = (det F̄)2 = 1. (5)

Based on the kinematic assumption above, the extension to the nearly incompressible hyperelastic behaviour is by additively
decomposing the Helmholtz free-energy function  into the volumetric elastic part  vol and the isochoric elastic part
 iso. For isotropic materials, it is further assumed that  is expressed in terms of the principle invariants of the modified
Cauchy–Green tensors C̄ or B̄.

 =  vol(J) +  iso[Ī1(C̄), Ī2(C̄)] =  vol(J) +  iso[Ī1(B̄), Ī2(B̄)] (6)

The strain invariants Īa(a = 1, 2, 3) are the three modified principle invariants of C̄ and B̄, i.e.

Ī1 = trC̄ = trB̄, (7)

Ī2 = 1
2

[(trC̄)2 � tr(C̄2)] = 1
2

[(trB̄)2 � tr(B̄2)], (8)

Ī3 = det C̄ = det B̄ = 1, (9)

with the relationships to the principle invariants

Ī1 = J�2/3I1, Ī2 = J�4/3I2, Ī3 = 1. (10)

Finally, we formulate the constitutive equation of T in terms of the Jacobian J and the modified invariants Ī1, Ī2 (details see
e.g. [36, Chapter 6])

T = 2
@ (C)

@C
= Tvol + Tiso (11)

= J
@ vol(J)
@ J

C

�1 + 2
@ iso(Ī1, Ī2)

@ Ī1
: @ Ī1
@C

+ 2
@ iso(Ī1, Ī2)

@ Ī2
: @ Ī2
@C

. (12)

In the framework of finite strain continuum mechanics, such formulations became popular where an additive split of the
strain-energy function into isochoric parts and volumetric parts is used [37]. This type of formulation is very often used
if large elastic deformations of rubber or rubber-like materials are concerned, because of the advantages in the numerical
treatment of either incompressible or nearly incompressible properties. However, this formulationmay lead to non-physical
results if it is used without restriction to nearly incompressible materials with large volumetric deformation [37–39]. In
the present study, it is reasonable to use this formulation because the investigated PDMS and silicone rubber are nearly
incompressible.
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Table 1

Chosen material models and parameters of the indented polymers.

Materials Chosen models Parameters Shear modulus

PDMS Neo-Hookean C10 D1 µ0
0.662 MPa 0.255 MPa 1.324 MPa

Silicone Mooney–Rivlin C10 C01 D1 µ0
Rubber 0.111 MPa 0.039 MPa 0.001 MPa 0.300 MPa

There are numerous specific forms of strain-energy functions to describe the hyperelastic properties, whereas according
to [34,35], the considered PDMS 1:10 and the silicone rubber can bemodelled by a neo-Hookeanmodel and aMooney–Rivlin
model [40] respectively:

 NH =  iso(Ī1) +  vol(J) = C10 (Ī1 � 3) + 1
D1

[(J � 1)2 + (ln J)2]/2, (13)

 MR =  iso(Ī1, Ī2) +  vol(J) (14)

= C10 (Ī1 � 3) + C01 (Ī2 � 3) + 1
D1

[(J � 1)2 + (ln J)2]/2. (15)

The strain-energy function has to satisfy some physical limit conditions [41]. If the continuum is compressed to a single
point, i.e. J ! +0, the strain energy tends to plus infinity and the volumetric stress towards to minus infinity. In the limit
case if the continuum is stretched infinitely, one can obtain a plus infinite strain energy as well as a plus infinite volumetric
stress. In the strainless initial state, i.e. Īa ! 1 and J ! 1, it is a stress-free condition and no strain energy is stored. The
initial shear modulus µ0 and the initial compression modulus K0 are related to the coefficients in the following way:

µ0 = 2
@ iso

@ Īa

����
Īa!1

= 2(C10 + C01), (16)

K0 = @2 vol

@ J2

����
J!1

= 2
D1

. (17)

The compressibility parameter D1 can be interpreted as a penalty parameter that enforces incompressibility if small values
are chosen. The chosen parameters are listed in Table 1. In this study, D1 of the silicone rubber is very small and hence it is
not taken into account during the procedure of the parameter identification.

2.2. FEM model with rough surface geometry

It is our goal in this study to quantify the surface roughness effects influencing the force–displacement curve obtained
from nanoindentation simulations. Hence, a numerical model of a potential real experimental setup, in which such effects
play a significant role, is considered. The modelled situation is the nanoindentation with a Berkovich indenter of two soft
polymer films: PDMS and silicone rubber. The indentation depth is limited to 50 nm in order to remove the influence of
the hard substrates. It is found by the AFM scanning that the most commonly used three-sided Berkovich indenters are not
perfectly sharp but have a tip radius in the order of 100 nm. Therefore, a spherical indenter with a radius of 100 nm is chosen
to take the realistic geometry of the indenter tip into account. As explained in Section 2.1, the indented polymers PDMS and
silicone rubber are assumed to be isotropic and hyperelastic. Generally speaking, a three dimensional model is necessary to
represent the inhomogeneous property of the realistic surface topography. However, the computing time occupies a large
part in the inverse method and is, as a consequence, a key problem of the method. This often results in a trade-off between
the computing cost and the quality of the numerical model. For instance, a 2D plane model or an axisymmetric model is
used most commonly to save the computing cost. In this study, the numerical nanoindentation simulation is modelled by
using the finite element code, e.g. ABAQUS R� 6.10. A plane strain modelling assumption is preferred, because the commonly
real surface topography has a lack of axisymmetry and the position of the indenter can be set randomly on the rough surface
in the plane strain model. The indenter can be assumed to be a rigid body compared to the soft polymers. We define the
indenter as an analytical rigid surface in such away that the indenter geometry can bemodelled exactlywith a smooth curve.
The geometrical size of the polymer sample is 2 µm ⇥ 2 µm, which is sufficiently large to obtain a homogeneous stress
distribution at the bottom and on the side boundaries of the model. The modelling of the surface roughness is explained
in details in Section 4. Concerning the irregular geometry of the rough surface topography, 2D finite element meshes of 6
nodes triangular elements with quadratic shape function are used. For each studied configuration, the mesh convergence is
checked by using more than 150,000 degrees of freedom. It shows that a refined mesh, consisting at least of 30,000 degrees
of freedom, can give converged results. To account for the localised deformation of the layer, it is essential that the density of
nodes under the indenter tip is high enough. The rigid indenter is fixed in the horizontal direction and a vertical displacement
is applied on to its reference point. The bottom nodes of the mesh are fixed. In the present work, the deformation of the
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specimen during the nanoindentation is restricted to a small deformation regime. The maximum displacement is limited
to only 2.5% of the layer thickness. Therefore, the influence of the substrate and the friction between the indenter and the
layer can be neglected according to [13].

3. Parameter identification

In the present study, the virtual experiments which are performed by using the FEM simulationwith the chosenmaterial
models replace the real nanoindentation test for the following reasons: On the one hand, it is difficult to generate different
types of surface roughness and to separate its effects from other error contributions in real-world experiments. On the other
hand, in the case of virtual experiments, it is possible to investigate how accurate the model parameters can be determined
from the parameter re-identification routine. In this process, the resulting force–displacement curve is considered as virtual
experimental data, which is used instead of real experimental measurements to identify the chosen parameters again.
The parameter re-identification strategy is performed in MATLAB R� combined with the nanoindentation boundary value
problem which is solved by using the finite element analysis with ABAQUS R�. From the mathematical point of view such a
process represents a numerical optimisation problem minimising the error between the experimental and the computed
force–displacement curve with respect to the model parameters, details are described in e.g. [42]. In general, the vector
of material parameters  has to be modified to minimise the distance f () between the virtual experimental data and the
prediction of the numerical model. f () is the so-called objective function of the least squares type. Mathematically this can
be formulated as follows: Find  so that

f () := kFnum � F

expk
kFexpk �! min f (). (18)

Herein

F

exp = [F exp
d1 , F exp

d2 , F exp
d3 , . . .]T , (19)

is the virtual experimental data, i.e. the vector of reaction force obtained at each displacement increment. The force vectors
obtained for the models with an arbitrary set of material parameters are called

F

num = [Fnum
d1 , Fnum

d2 , Fnum
d3 , . . .]T . (20)

The choice of the optimisation-basedmethod forminimising an objective function is a topic of interest. It is generally advised
to use globally convergent optimisation algorithmswhenever possible. These algorithms are simulated annealing or genetic
algorithms, such as evolutionary algorithms, or deterministic algorithms like the Simplex method. The gradient-based
algorithm is full of troublesome gradient calculation and the further drawback of local convergence. Genetic or evolutionary
algorithms are globally convergent and are the only useful choice in multi-objective optimisation. Therefore, the evolution
strategy is applied in order to find the optimal vector of the material parameters and in order to minimise the objective
function. This strategy is based on the principle of the biological evolution and can work with a Genetic Algorithm, which
has been implemented in MATLAB R� optimisation tool box, for details please see [43,44]. At the beginning, a number � of
different parameter vectors are selected as population individuals 

(g)
� at generation g = 0 in a physically sound range based

on a starting vector 0. The selection operator then produces the parent population (g)
µ of the next generation g = g + 1

through a deterministic procedure, which chooses theµ best individuals from the set of� individuals (1, . . . , �) according
to their objective function value f ().

(1;�, 2;�, . . . , µ;�) := Selectionf (µ)(1, . . . , �), � � µ (21)

f1;�  f2;�  · · ·  fm;�  · · ·  f�;� (22)

The symbol (·)m;� here stands for the individual with the mth best objective function values. The descendants 
(g)
� are

generated by recombination and by randommutations of the selected parents. In details, a crossover recombination operator
randomly selects genetic information from two parents as the vector entry of the descendant. Single parents generate
descendants by mutation, in which a stochastic vector 1� is added to them. Mutation is the most important ingredient
for the evolution strategy, the choice of 1� closely links to the convergence behaviour of the method. In order to make the
algorithm efficient, it is suggested that 1� should be modified during the minimum search. Besides the mutation and the
recombination procedures, the parents with the best fitness are guaranteed to survive in the generation g = g + 1 as elite
individuals.

4. Results of simulation and parameter identification

To the best knowledge of the authors, in most of the papers, the O&P method is used as the post-treatment method
of nanoindentation with surface roughness effects. In this method, the hardness and the elastic modulus can be computed
based on the unloading segment of the load–displacement curve and the contact area. However, this method has limitations
with regard to quantify the surface roughness effects. Firstly, the influence of the surface roughness is evaluated only
on the obtained hardness and elastic modulus. Besides, for some shallow indentations, the loading segment of the
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Table 2

The identified parameters and the deviation in % compared with the chosen values.

Materials Chosen models Identified parameters Evaluated
C10 D1/C01 µ0

PDMS Neo-Hookean Values 0.6614 MPa 0.2543 MPa 1.3228 MPa
Deviation 0.06% 0.27% 0.09%

Silicone Mooney–Rivlin Values 0.1001 MPa 0.0495 MPa 0.2992 MPa
Rubber Deviation 9.82% 26.92% 0.27%

Fig. 1. The mesh configuration of the one-level protuberance-on-protuberance profile.

load–displacement curve, containing a significant influence of the surface roughness, is not used in the O&P method.
Furthermore, the contact area is evaluated in this method by using the contact depth and the geometry of the indenter.
A polynomial contact area function of contact depth is given by Oliver and Pharr based on the assumption of a perfectly
smooth contact interface. Except the pile-up and sink-in phenomena, the surface roughness has a strong influence on the
real contact area. However, it is difficult to evaluate accurately the real contact area of a rough contact interface in a real life
experiment. In a numerical simulation the contact area can be obtained explicitly, but it is strongly dependent on the mesh
size close to the indenter. Therefore, in the present study, the inverse method is used to quantify the influence of the surface
roughness. On the one side, it is possible to evaluate the influence of the surface roughness on the identification of all model
parameters not only on the hardness and the elastic modulus. On the other side, all segments of the load–displacement
curve can be taken into account and the troublesome evaluation of the real contact area can be avoided.

4.1. Indentation of a flat surface

First of all, the nanoindentation of a perfectly flat surface is consideredwith special focus on the accuracy of the parameter
identification. Moreover, the results can be used as a reference in the following discussion about the influence of the
surface roughness. The identified parameters and the deviation compared with the chosen values are listed in Table 2. The
parameters C10 and D1 of the neo-Hookean model are exactly identified as can be seen in Table 2. This is not the case for
the identified parameters C10 and C01 of the Mooney–Rivlin model. The identified C01 differs from the chosen value about
27%. As it is explained in [8,11], the contribution to the force–displacement results from C10 and C01 cannot be divided.
Such phenomenon is called parameter coupling. It has strong influence on the parameter identification of the polynomial-
type hyperelastic model. Concerned with the neo-Hookean model, D1, not similar to C10, is a compressibility parameter.
Therefore, the neo-Hookean model is free of parameter coupling during the identifying procedure. Nevertheless, using the
identified parameters according to Eq. (16), the evaluated shear modulus µ0 is approximately the same as the value chosen
in Table 1, i.e. the sum C10 + C01 is identified correctly.

4.2. Indentation of a surface with regular roughness

The surface roughness effects are investigated numerically based on a phenomenological approach. Firstly a simple
representation of the surface is chosen considering only a one-level of protuberance-on-protuberance profile described
by a sine function f (x) = H sin 2⇡

�
x, although this simplest model is only a regular wavy surface. It is the preferred model

for us to perform the parametric investigation of the surface roughness effects. Moreover, most man-made surfaces such as
those produced by grinding or machining, have a pronounced ‘‘lay’’, whichmay bemodelled to a first approximation by this
sinusoidal profile [45]. The parameters of the sinusoidal surface profile as well as the indentation geometric parameters are
illustrated in Fig. 1: the wave length �, the roughness asperity height H , the spherical radius R and the indentation depth u.
The whole indented sample surface, not only the part just under the indenter, is represented by the sinusoidal profile. This
means that the influence of the interaction between the neighbouring asperities of the real surface roughness is also taken
into account. It has been shown experimentally that the influence of the surface roughness is dependent on the asperity
shape [19]. A large range of roughness asperity shapes from relatively sharp to smooth geometries is obtained by varying
the asperity height H = [5 nm · · · 50 nm] and by varying the wave length � = [5 nm · · · 200 nm].
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a b

Fig. 2. The force–displacement data obtained from indentation on flat surface and regular rough surface of PDMS,with a varyingwave length: (a)� = 5nm;
(b) � = 10 nm. Remark: The new initial point of the force–displacement data is defined by a threshold of the measured reaction force. This is the usual
way to define the initial contact of indents and surface in real experiments.

Table 3

The identified parameters and their deviation compared with the chosen values listed in parentheses:
indentation on a regular surface roughness.

Experimental data Identified parameters Evaluated
C10 D1/C01 µ0

PDMS
Wave length � = 5 0.2941 (�55.57%) 0.1001 (�60.78%) 0.5882 (�55.57%)
Initial point varied � = 5 0.6288 (�5.02%) 0.2182 (�14.43%) 1.258 (�5.02%)
� = 100_P1 0.6908 (+4.35%) 0.9818 (+285.02%) 1.382 (+4.35%)
Average_P2+P3 � = 100 0.6740 (+1.81%) 0.2476 (�2.90%) 1.348 (+1.81%)

Silicone Rubber
H = 5_P2 0.1017 (�8.38%) 0.0429 (+10.00%) 0.2889 (�3.60%)
H = 20_P2 0.0605 (�45.50%) 0.0769 (+97.18%) 0.2748 (�8.40%)
H = 50_P2 0.0318 (�71.32%) 0.0265 (�32.05%) 0.1167 (�61.11%)

At first, it is focused on varying thewave length � from 5 nm to 200 nm and keeping the asperity height fixed at 20 nm for
each roughness configuration. The results show that the influence of the surface roughness depends strongly on the wave
length. This dependence is the same for the PDMS and for the silicone rubber. However, the surface roughness can have a
twofold effect resulting in either higher or lower contact stiffness. This twofold effect depends on the indentation position
once the wave length increases to be comparable to the indenter radius. As shown in Fig. 1, the three indentation positions
are noted as P1, P2 and P3, denoting the indentation performed on the top, in a roughness valley and between the valley and
the top respectively. The force–displacement data of the PDMSwith a very narrowwave length of 5 nm to10nmare shown in
Fig. 2. In the two cases, the low ratio �/H leads to a very sharp asperity. The surface roughness has an effect resulting inmuch
lower contact stiffness especially at the very beginning of the indentation. A physically sound reason can be the response
of the extremely sharp asperity, which decreases the material stiffness. The criteria to remove the surface roughness effect
suggested in [20] by using a sufficiently large spherical indenter, has no use in this case. Nevertheless, the surface roughness
effect on the force–displacement curve can be removed if a new initial indentation point is defined as shown in Fig. 2. The
initial contact point between indenter and surface can be re-defined to throw off the contact part in which the contact
stiffness is nearly zero. In practice, there are several points nearly zero. In this case, the chosen of the new initial contact
point is experience dependent or a method like zero point correction [10] can be applied. The identified parameters are
listed in Table 3, it can be seen that this criterion is useful to remove the surface roughness effects if the inverse method is
applied based on the force–displacement data only. The surface roughness effect decreases with an increasing wave length
up to 50 nm. The roughness effect depends on the indentation position if the wave length is larger than 50 nm as shown in
Fig. 3. It can be seen explicitly that the surface roughness results in higher contact stiffness if the indentation is placed in a
roughness valley and a decreasing stiffness if an asperity top is indented. This discovery has the same results as documented
in [19]. In the real life experiments it is difficult to choose the indentation position neither in the valley or on the top.
Therefore, it is reasonable to perform a sufficiently large number of indentations with arbitrary positions from the point of
view of statistics. It is a good choice to take the mean value of the data with a reasonable discreteness in order to decrease
the surface roughness effect. For instance, we can take the mean values ‘‘� = 100_P2 & P3ïn Fig. 3(a) and ‘‘� = 200_P1
& P3ïn Fig. 3(b) as the measured force–displacement data. We can also find similar conclusions in experimental as well as
numerical investigations on hard metals in [26,27,30].

The dependence of the surface roughness effect on the asperity height is investigated in the second step. In this case,
the wave length is firstly fixed to 50 nm while the asperity height varies in a physically sound range from 5 nm to 50 nm.
As the surface roughness has the same influence for the two investigated materials, only the results of the silicone are
shown in Fig. 4 in this time. The surface roughness has an effect on the force–displacement data depending on the ratio
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a b

Fig. 3. The force–displacement data obtained from indentation on flat surface and regular rough surface of PDMS, with a varying wave length:
(a) � = 100 nm; (b) � = 200 nm.

a b c

Fig. 4. The force–displacement data obtained from an indentation on a flat surface and a regular rough surface of silicone rubber with varying asperity
height: (a) H = 5 nm; (b) H = 20 nm; (c) H = 50 nm.

of the asperity height to the indentation depth H/u. An error contribution of the surface roughness in the inverse method
cannot be perceived if H/u is sufficiently small, e. g. 1:10. The indentation result on a perfectly flat surface can still be
used to approximate the measuring data indented on rough surface while the ratio H/u is below 1:3. A similar finding was
also obtained by Donnelly et al. [29] in an experimental investigation of the indentation on cancellous bone. Nevertheless,
the surface roughness effect results in decreasing contact stiffness of approximately 50% lower if the indentation depth is
identical to the asperity height.

Finally, the surface roughness effects are quantified by the parameter identification. The virtual experimental data,
namely the force–displacement data shown in Figs. 2–4, represent the indentation results obtained with the regular surface
roughnessmodel andwith the chosenmaterial parameters. The numerical data are the simulation results of the indentation
on a perfectly flat surface with an arbitrary set of material parameters. All of the other geometrical parameters and of the
boundary value problems of the virtual experimental setup and the numerical model are identical. The comparison of the
identified parameterswith the chosen values canbeused to quantify the surface roughness effects. The identified parameters
and the corresponding deviation are compared with the chosen values as shown in Table 3. The identified parameters C10
and D1 of the neo-Hookean model are about 60% lower than the chosen values due to the effects of surface roughness with
a wave length of 5 nm. It is worth to note that C10 and D1 are accurately identified if a new initial point is defined to remove
the surface roughness effects. The effects result in a much larger identified D1 if the experiments are performed on the top
of the asperity with a wave length of 100 nm. Nevertheless, if the experimental data is replaced by the mean value of the
indentation results on different positions, C10 and D1 are exactly identified for the neo-Hookeanmodel. The two parameters
C10 and C01 of the Mooney–Rivlin model are accurately identified if the surface roughness possesses a low asperity height
of 5 nm. The surface roughness with the asperity height of 20 nm leads to deviations of �45.50% and +97.18% for C10 and
C01 respectively. But the evaluated initial shear modulus µ0 using the identified parameters has an acceptable deviation
from the reference value. The surface roughness effects can be neglected with respect to the results shown in Fig. 4(b) and
w. r. t. to the evaluated shear modulus µ0. The existing parameter coupling is the main reason to cause a big deviation to
the identified C10 and C01. The surface roughness has an effect on the evaluated µ0 resulting in a 61.11% lower value.

4.3. Indentation on a realistic surface roughness model

In general the real surface has a roughness containing various wave lengths and asperity heights distributed irregularly
if it is scanned by the AFM technique in a nano-scale. The use of a simple regular model like in Section 4.2 may has a
limited domain of validity of the numerical simulation and the obtained quantified results. Moreover, in order to minimise
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a

b

c

Fig. 5. The surface profile of a more realistic roughness model: (a) FEM geometry model of the realistic rough surface; (b) Measuring the random asperity;
(c) Simplifying (a) with a multi-level sinusoidal curve in FEM model.

Fig. 6. Direct comparison of the force–displacement data of indentation with different positions on realistic surface roughness, multi-level sinusoidal
profile model and one-level simple surface model.

the system errors due to the surface roughness effects, it is also necessary to take a realistic surface roughness model
into account. A more realistic surface profile, depicted in Fig. 5(a), is modelled with irregularly various serration. Three
typical indentation positions on this topography are considered with an indentation depth of 50 nm after an initial
contact. A multi-level protuberance-on-protuberance sine profile is considered to simplify this serration surface model. It is
measured the asperity height and the wave length of the realistic roughness by dividing the serration form into several
continuous pieces, as shown in Fig. 5(b). The transformation can be performed with a CAD program and is then input
into ABAQUS R�. A simplified realistic surface model is plotted in Fig. 5(c). It is described by using multi-level sinusoidal
functions fi(x) = Hi sin

⇣
2⇡
�i

x + ✓i

⌘
, with different wave length �i, amplitudes Hi and phase shifts ✓i. These parameters can

be obtained by a Fourier transformation. Three indentations with different positions, the same as shown in Fig. 5(a), are
made on this surface. The force–displacement results of the two realistic models are at first compared directly in Fig. 6.
Firstly, the force–displacement data of the realistic model and the multi-level sinusoidal profile model depends strongly
on the indentation position. The response to the deformation of the stochastic local topography plays an important role in
the whole indentation results. Secondly, comparing the data of the same indentation position, it is found that the multi-
level sinusoidal model can be used to predict the realistic surface roughness effects. The deformed configurations at the
maximum displacement indented on positions P1, P2, P3 are shown in Fig. 7. They are obtained from the realistic surface
roughness model as shown in Fig. 5(a) and the multi-level sinusoidal profile model as shown Fig. 5(b), respectively. These
deformed configurations are able to illustrate the force–displacement results explained above. The indentation data of the
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Fig. 7. The deformed configurations at the maximum displacement indented on positions P1, P2, P3 obtained from the realistic surface roughness model
as shown in Fig. 5(a) (above) and the multi-level sinusoidal profile model as shown Fig. 5(b) (below).

Table 4

The identified parameters and its deviation compared with the chosen values listed in parentheses:
indentation on a realistic surface roughness model.

Numerical model Identified parameters Evaluated
C10 D1/C01 µ0

PDMS
Flat surface model 0.4946 (�25.29%) 0.7494 (+193.88%) 0.9892 (�25.29%)
One-level sine profile 0.7031 (+6.21%) 0.4366 (+71.72%) 1.4062 (+6.21%)

Silicone Rubber
Flat surface model 0.0538 (�51.53%) 0.0279 (�28.46%) 0.1634 (�45.53%)
One-level sine profile 0.0944 (�14.95%) 0.0489 (+25.38%) 0.2866 (�4.47%)

perfectly flat surface is also plotted in Fig. 6. It is worth to mention that the response of indentation on the position P3
is able to predict well the indentation behaviour of the perfectly flat surface. The local topography of the position P3 is
distributed with a large wave length as well as low asperities of either a negative or a positive skew. This type of position is
a good choice to decrease the error contribution due to surface roughness in a realistic experimental setup. There are many
different roughness parameters in use, but Ra, called arithmetic average roughness, is the most commonly used parameter.
The Ra of the realistic surface roughness model in Fig. 5 can be estimated from Ra = 1/n

Pn
i=1 |yi|, yi denote the wave

length �i, the asperity height Hi and the phase shifts ✓i, respectively. A numerical model with the roughness of a one-level
sine function of Ra is applied to predict the statistics indentation force–displacement data with effects of realistic surface
roughness. It can be seen in Fig. 6 that the numerical simulation with this one-level roughness model is able to predict the
statistical mean value of the force–displacement data of indentation with the effects of a realistic surface roughness.

In the second step, the model parameters of the two polymers are identified. The statistics mean force–displacement
data, obtained from the realistic model Fig. 5(a) with the chosen parameters, serves as the experimental data. The FEM
models with a perfectly flat surface and a one-level sine curve surface profile are used to predict the numerical data with
the arbitrary set of material parameters. The identified parameters and the corresponding deviations are listed in Table 4. It
shows explicitly that the identified parameters have large deviations comparedwith the chosen values if a numerical model
with flat surface is used. The surface roughness effects which are not taken into account in the numerical model yield much
big deviations of the identified parameters. Nevertheless, the parameters are accurately identified if the surface roughness
described by a simple one-level sine function of the arithmetic average roughness Ra is taken into account. From this point of
view, the realistic surface roughness can be modelled by using a simple one-level sine function in the process of parameter
identification.

5. Conclusions and discussion

In this paper, the characterisation of two often used soft hyperelastic polymers, PDMS and silicone rubber, is investigated
by nanoindentation taking into account effects of the surface roughness. The inverse method is applied to quantify the
influence of the variable topography on the identified values of the model parameters.

At first, the parametric investigation of the surface roughness effects is performed by indentation on a regular surface
roughness described by a one-level sine function. The surface roughness effects strongly depend on the roughness shape,
namely the wave length � and the asperity height H . The indentation on a very sharp asperity with a low ratio �/H leads
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to a decreased contact stiffness compared to a flat surface especially at the initial indentation. The identified values of the
parameters C10 and D1 of the neo-Hookean model are about 60% lower than the chosen values due to the effects of surface
roughness with a wave length of 5 nm. Nevertheless, the surface roughness effect on the force–displacement curve can
be avoided if a new initial indentation point is defined by a certain threshold of the resulting contact force. In this case,
the re-identified parameters have an acceptable deviation from the chosen values. The surface roughness effect results in
higher contact stiffness with an indentation in the roughness valley and a lower one with the indentation on an asperity
top, if the wave length is larger than 50 nm. If the experimental data is replaced by the mean value of the indentation
results on different positions, C10 and D1 are exactly identified compared with the chosen values. To take the mean data
of the sufficiently large number of indentations is a good choice to decrease the error contribution of surface roughness
to the identification process. The surface roughness effect on the force-dependent data also depends on the ratio H/u. The
indentation model with a perfectly flat surface can still be used to approximate the force–displacement data indented on a
rough surface if H/u is below 1:3. The parameter coupling exists if the two parameters C10 and C01 of the Mooney–Rivlin
model are identified using experimental data with surface roughness effects. In this case, the initial shear modulus µ0
evaluated from the identified parameters C10 and C01 is a suitable choice to quantify the surface roughness effects.

In a second step, a more realistic surface roughness profile is modelled with irregularly various serrations. It is
verified that a multi-level protuberance-on-protuberance sine profile can be used to simplify this serration surface model.
Furthermore, this realistic surface model is simplified by using a one-level sinusoidal profile model described with the
arithmetic average roughness Ra. The identified parameters of the two models have large deviations compared with the
chosen values because of the surface roughness effects, which are considered in the numerical model. Nevertheless, the
parameters are accurately identified if a surface roughness described by a simple one-level sine function is taken into
account. In this case, the statistic parameters of the realistic surface roughness, e. g. the arithmetic average roughness Ra,
should be used to describe the simple roughness profile.

The investigated results and findings in this study can be used in the polishing of the sample in real experiments and in
the numerical simulation if the inverse method is applied to quantify the model parameters. It is one choice to model the
realistic surface roughness in order to minimise the systematic error due to surface roughness between experimental setup
and the numerical model. The surface scanning from AFM may help us to get the true local roughness shape of the sample
surface. Like we did in this study, a multi-level or a one-level sinusoidal profile model described with statistics roughness
parameters can be used in the numerical simulation. Moreover, the often used fast Fourier transform (FFT) in the treatment
of signals can be considered to deal with the random realistic roughness. Concerned with the inhomogeneous property of
the realistic surface topography, a 3D model is necessary to represent the real shape in the numerical simulation. However,
the huge computational cost often results in a trade-off between the computing cost and the quality of the numerical model.
In this case, a second choice can be considered to solve this problem. The idea is based on quantifying the surface roughness
effects on the force–displacement data. The realistic surface roughness can be characterised by some statistics parameters:
the arithmetic average roughness Ra, root mean squared roughness RMS, maximum valley depth Rv , and maximum peak
height Rp. The contributions from the surface roughness to the force–displacement data can be quantified as a function of
the roughness parameters based onmathematical statisticalmethods. The calibrated experimental force–displacement data,
using these quantified functions, could be considered as experimental datawithout the surface roughness effects. Therefore,
it is reasonable to use a 2D numerical model with flat surface if the inverse method is applied. A further investigation on
the topic of surface roughness effects in nanoindentation based on this idea is the work in hand and the results will be
documented in an upcoming paper.
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a b s t r a c t

In the present study a procedure to characterize the finite viscoelasticity and to simultaneously identify
the influence of adhesion in nanoindentation experiments of soft polymers is developed. Silicone rubber,
which is assumed to be an isotropic elastomer, is chosen to be examined. Different nanoindentation test-
ing protocols are used to visualize and proof the viscoelastic properties and the adhesion behavior of a
soft silicone rubber in contact with a Berkovich tip. It could be shown that the analytical solution of linear
viscoelastic indentation has some limitations in order to predict the experimental data that contains
finite viscoelasticity as well as adhesion effects. The inverse method is applied by using the finite element
computation combined with a numerical optimization subroutine. A viscoelastic model at finite strain is
chosen to represent the silicone rubber’s behavior. The default contact pressure–clearance relationship
used in ABAQUS! is modified; a surface-based adhesive behavior in traction–separation law is incorpo-
rated into the contact pairs. The real geometry of the Berkovich tip is considered in order to minimize the
systematic errors between the numerical model and the experiments. Finally, the parameters of the cho-
sen viscoelastic constitutive model and the adhesive contact model are identified by matching the
response of the numerical model with the experimental force–displacement curves. The present model
contains the surface adhesion and is verified to show better reproducibility regarding the experiments
than the analytical solution. There are several drawbacks of the analytical solution that are also presented
in this work.

" 2013 Elsevier B.V. All rights reserved.

1. Introduction

Nowadays, nanoindentation is widely applied in metallic and
ceramic engineering materials to determine the mechanical prop-
erties such as hardness and modulus at the nano- and micro-scale.
Since this technique has the considerable advantage to measure
the local properties of extremely small volumes with sub-lm
and sub-lN resolution, it also became one of the primary testing
techniques for the mechanical characterization of polymeric mate-
rials and biological tissues. However, a lot of questions still need to
be answered about the characterization of soft rubber-like materi-
als by nanoindentation.

First of all, most of the rubber-like polymeric materials show
high elastic and viscous material behavior at the same time, called
finite viscoelasticity. In the past decades, investigations of visco-
elastic effects of polymeric materials using experimental testing,
constitutive modeling and numerical computation have been pub-

lished in e.g. [1–11]. Incorporating the phenomenological method
in the framework of continuum mechanics, the viscous behavior
can be described with strain-like or stress-like internal variables
that can be obtained by solving a series of differential evolution
equations. Hence, in order to characterize the rubber-like materi-
als, an appropriate finite viscoelastic constitutive model is neces-
sary and the model parameters have to be identified.

The analysis procedure, which is used in most indentation
instruments to determine hardness and elastic modulus, is based
on the Oliver & Pharr method [12,13]. This analysis method as-
sumes that the material behaves in an elastic–plastic manner
and does not exhibit any time-dependent behavior or load rate
dependence. In order to identify the viscoelastic behavior of poly-
mers by nanoindentation, two ways have been documented in lit-
erature instead of the Oliver & Pharr method. The first method is
based on analytical or semi-analytical solutions. These solutions
are based on parameters of the respective viscoelastic model and
represent the relationship between indentation force and displace-
ment. The model parameters are then obtained by fitting the
experimental force–displacement data with the analytical func-
tions. The viscoelastic analytical solutions with respect to different
indenter tips can be found e.g. in [14–20]. They are mainly based
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on the linear viscoelastic contact theory at small strain developed
by Lee and Radok [21], Ting and Graham [22,23] and Johnson [24].
Since the linear viscoelastic contact solutions are derived from the
Hertz elastic contact theory by the correspondence principle, this
method is restricted by yielding accurate identification only for
specific linear viscoelastic models under fixed experimental pro-
cesses. Furthermore, effects like non-linear friction, adhesion and
surface roughness in nanoindentation experiments are not taken
into account in the analytical solutions. The second method, the
so called inverse method, is performed by combining finite ele-
ment (FE) modeling and numerical optimization. In this method,
the objective function, which is the difference between experimen-
tal and numerical data, is minimized with respect to the model
parameters using numerical optimization. The parameters of the
constitutive models are identified as the optimized solution. Huber
et al. [25–28] have been the first to apply this method in indenta-
tion. They used neural networks to identify the material parame-
ters from indentation experiments on metals. However, the
inverse method is still a new topic regarding nanoindentation
problems of polymeric materials. Hartmann et al. [29] identified
the viscoplastic model parameters with uniaxial tests and vali-
dated them using indentation tests. Rauchs et al. [30,31] employed
a gradient-based numerical optimization method to identify vis-
cous hyperelastic and elasto-viscoplastic material parameters.
Guessasma et al. [32] determined viscoelastic properties of bio-
polymer composite materials using the finite element calculation
and nanoindentation experiments. Le Saux et al. [33] identified
the constitutive model for rubber-like elasticity from micro-inden-
tation tests. In our previous work [34–38], the inverse method is
applied to identify the hyperelastic or linear viscoelastic properties
of polymers and to quantify the friction and surface roughness ef-
fects during nanoindentation in a numerical way. As the inverse
method permits us to handle any material model with non-linear
properties and to include additional effects in the numerical model,
it is an useful new method to deal with the problems of identifying
rate-dependent material properties from nanoindentation.

As mentioned at the beginning, nanoindentation has a consider-
able advantage to determine local properties from continuously
measured force–displacement data with high resolution. Unfortu-
nately, there are various problems that influence the actual mate-
rial response during indentation, e.g. friction, adhesion, surface
roughness, and the indentation process associated factors. These
problems result in a systematic error between the numerical and
the experimental results that often leads to even larger errors in
the parameter identification [31,36,37,39–41]. Therefore, a certain
knowledge about the influence of these factors and basic investiga-
tions are indispensable to characterize the material accurately by
the inverse method. This work focuses on the viscoelastic proper-
ties of a silicone rubber and the adhesion between the indenter
and the polymer surface. The influence of friction and surface
roughness has already been investigated in our recent work
[36,37].

Adhesion, as interaction between two surfaces, is size depen-
dent and is strongly influencing nanoindentation experiments on
soft materials [24]. The adhesive behavior discovered in experi-
mental studies has been reported to be visible as negative forces
in the force–displacement curve [42–45], residual displacement
or non-zero contact area when the load is reduced to zero
[46,45,47]. These observations suggest that the adhesion energy
at the tip-sample interface is a significant parameter for soft mate-
rials and should be taken into account for a consistent determina-
tion of the mechanical properties by nanoindentation. There are
three adhesive contact models available, namely JKR (Johnson–
Kendall–Roberts) [48], DMT (Derjaguin–Muller–Toporov) [49]
and MD (Maugis–Dugdale) [50]. JKR considers the short-range sur-
face forces, which only act inside the contact area. DMT assumes

long-range surface forces acting only outside the contact area.
MD studies the periphery of the tip-sample interface modeled as
a crack failing at its theoretical strength. These models have been
used to evaluate analytically the adhesion effects on the contact
area and, additionally, on the determined hardness and modulus.
For example, Gupta et al. [46] found that if the adhesive interaction
between a conospherical tip and polydimethylsiloxane (PDMS) is
analyzed with the JKR model, the difference in elastic modulus at
different peak loads could be explained. Liao et al. [44] applied a
hybrid model that combines Hertzian theory and the JKR model
to evaluate the elastic modulus and adhesion work by fitting the
experimental data. All three adhesive contact models were com-
pared with the Hertz model by Zhao et al. [51], who suggested that
the MD model was the most suitable theory to deal with adhesive
forces in contact problems at the nano-scale. In order to quantify
the adhesion effects using the inverse method as described above,
it is necessary to include an adhesive contact mechanics into the
numerical modeling. Wang et al. [52] incorporated adhesive inter-
actions with FE computations in ABAQUS! by user-defined ele-
ments. A bilinear force–separation relationship was applied to
simulate the adhesive contact behavior between a tungsten tip
and an organic film. A typical contact between a sphere and a flat
substrate was simulated in ANSYS! [53] with the presence of adhe-
sion forces. The general FE simulation model of the investigated
contact processes was modified, and the interfacial interactions
of the Lennard–Johns potential were incorporated into the contact
cells. Zhang and Zhao [54] modeled a nanowire indentation exper-
iment by a non-linear softening spring at the adhesive contact.

In the present study it is our goal to develop a procedure to
characterize the finite viscoelasticity and to identify simulta-
neously the influence of adhesion in nanoindentation experiments
of soft polymers. Silicone rubber, which can be assumed to be an
isotropic elastomer, is chosen to be investigated. The inverse meth-
od is applied using FE computation in ABAQUS! in combination
with a numerical optimization subroutine. The parameters of the
chosen viscoelastic constitutive model and of the adhesive contact
model can then be identified by matching the response of the
numerical model with the experimental force–displacement
curves. The real geometry of the Berkovich tip is taken into account
to minimize the systematic error between the numerical model
and the experiments. This article is organized as the following:
the nanoindentation experiments, the sample preparation as well
as the sample surface characterization are described in Section 2.
The numerical implementation and the optimization procedure
are presented in Section 3, while Section 4 explains the results of
the identified model parameters and the adhesion effects. Finally,
the conclusions and the discussion are given in Section 5.

2. Nanoindentation experiments

2.1. Experimental device

The experiments1 have been performed on a TI 900 TriboInden-
ter! of Hysitron Inc., MN, USA. The Hysitron TriboIndenter! provides
quantitative testing capabilities with both normal and lateral force
loading configurations. The transducer used in the TriboIndenter!

is based on three-plate capacitor technology providing simultaneous
actuation and measurement of force and displacement with a sub-
nN and sub-nm resolution, respectively. The device uses a drift cor-
rection procedure that is very important for precise measurements
at the nanoscale. In the quasi-static mode, the TriboIndenter! has

1 The nanoindentation experiments were performed using the device of the chair of
material science and methodology at Saarland University under the direction of Prof.
H. Vehoff.
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a force noise floor better than 100 nN and a displacement noise floor
less than 0.2 nm. A three-sided pyramidal diamond tip, known as
Berkovich geometry, is used in all experiments.

2.2. Sample preparation and surface characterization

The investigated material is the silicone rubber ELASTOSIL! RT
625, produced by WACKER Chemie GmbH in Germany. It consists
of pourable, addition-curing two components and vulcanizes at
room temperature. The two transparent and colorless components
ELASTOSIL A and ELASTOSIL B are mixed together with a weight ra-
tio of 9:1 by stirring. After degassing, the mixture is poured in a
cylindrical mold and cured at room temperature for 24 h. This mix-
ture is characterized by its high elasticity and low viscosity allow-
ing strains up to 600%. Theoretically, the silicone rubber can be
assumed to be isotropic with an experimentally determined
strength of 6.5 MPa [55].

The final specimen for the testing is of cylindrical shape with a
diameter of 10 mm and a thickness about 2.02 mm. It is well
known from literature that a surface roughness in the range of
the indentation depth or even higher has a significant influence
on the force–displacement data of nanoindentation experiments
[37,56,57]. Therefore, a characterization of the present roughness
is necessary and was performed by scanning electron microscopy
(SEM) and the in situ SPM Imaging mode of the Hysitron!

indenter.2 A FEI™ Versa 3D electron microscope is used in low vac-
uum mode to prevent the deposition of a conductive layer that might
change the surface topography and to avoid charging effects that
limit the resolution of the electron microscope. To capture the image
in Fig. 1(left) at a magnification of 1500, the sample is tilted to 52"
and a voltage of 10 kV is applied with a chamber pressure of
0.5 mbar. The two-dimensional optical analysis clearly shows a per-
fectly smooth surface in the micron range. The in situ SPM imaging
mode is then used to precisely quantify the local roughness of the
used sample by applying 2 lN normal force with the Berkovich tip
to be sure that the tip is in contact with the surface. This force is hold
constant during the imaging and the displacement is recorded in
three dimensions. The local surface roughness is illustrated in
Fig. 1(right) and resulted in a RMS value of around 12 nm, which
is not comparable to a maximum displacement of 3 lm during
indentation. The characterized smooth surface implies two side-ef-
fects: on the one hand, it guarantees that the influence of the surface
roughness is negligible according to [37]; on the other hand, adhe-

sion forces are very likely to be present, as there is a contact between
two very smooth surfaces. Hence, the adhesion effects may have a
potential influence on the measured force–displacement data.

2.3. Nanoindentation testing protocol and results

In the present study, all experiments have been performed in a
quasi-static process by either closed-loop force or displacement
controlled mode with peak values of 50 lN or 3000 nm,
respectively.

The first experiment is performed with a cyclic testing protocol
that contains both a loading and an unloading step of the same
constant loading rates. The viscoelastic properties of the silicone
rubber are characterized by the rate dependent viscous dissipation,
the so called hysteresis loop. Fig. 2(right) shows that the hysteresis
loop is differently pronounced for the chosen rates in the load con-
trolled mode. In contrast, the hysteresis loops obtained by the dis-
placement controlled mode, only show slight differences. It is
proven in [58] that the hysteresis loop depends on the ratio of
the process time to the relaxation time r. The hysteresis loops tend
to disappear if the loading rate is sufficiently ‘‘fast’’ or ‘‘slow’’. In
these cases, the instantaneous elasticity and equilibrium elasticity
are represented, respectively. Therefore, it can be supposed that
the chosen loading rates in Fig. 2(left) are in the range of suffi-
ciently fast or slow. If this would not be the case, the viscosity of
the investigated material would have to be barely noticeable. The
adhesion effects can be observed by the negative force at zero dis-
placement and residual displacement after withdrawing the load,
as shown in Fig. 2.

For the second type of protocol, a holding step of constant force
or displacement is added between the loading and unloading step
of the load function used in the the cyclic testing protocol. The
relaxation of the applied force as well as the deformation creep
can be observed from the holding stage. The resulting observations
are distinctive evidences for the viscoelastic behavior of the inves-
tigated material. The relaxation protocol uses the described load
function in displacement controlled mode with a holding step last-
ing for 60 s at the peak displacement of 3000 nm. The loading and
unloading steps were performed in 20 s, respectively. At the end of
the experiment, similar to Fig. 2(left), a negative force value is ob-
served even for zero displacement. This phenomenon is an evi-
dence that adhesion is present during the indentation process
[42–45]. Fig. 3(right) only presents the relaxation behavior of the
experiment. The force relaxes 6% with respect to the maximum
force within 60 s towards the equilibrium state. Fig. 4 demon-
strates the creep behavior of the material. The force is ramped to

Fig. 1. The surface topography of the tested silicone rubber: 2D surface by scanning electron microscopy (left), 3D topography from in situ SPM imaging mode using a
Berkovich indentation tip (right).

2 The surface scanning was performed using the device in Leibniz Institute for New
Materials, Saarbrücken, Germany
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the peak force of 50 lN in 20 s. Subsequently it is reduced to zero
with the same rate after holding the peak force for 100 s. In the
force–displacement curve, it is obvious that the residual displace-
ment is comparably large. The reasons may be viscous dissipation
as well as adhesion effects [46,45,47]. The displacement increases
about 5% during the holding step and could reach the equilibrium
state if the holding time would be long enough. Consequently, the
viscoelastic behavior and the adhesion effect could be identified in
the force–displacement data of the experiments.

The third type of experiments follows the monotonic testing
protocol, in which a stepwise ramping to the peak load or displace-
ment is created by alternating loading and holding steps. It is fol-
lowed by a stepwise decrease back to zero using the same steps.
Displacement control mode uses a loading and unloading rate of
200 nm/s and shows holding steps at 1000 nm, 2000 nm and
3000 nm, while in force control mode the steps are performed at
20 N, 30 N, 40 N and 50 N with rates of 2 N/s. All holding steps last
for 20 s. As shown in Fig. 5(left), if the displacement is held
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constant, the force relaxes during the loading stage but increases
during the unloading stage. Similar results are also obtained from
the force controlled testing that is presented in Fig. 5(right). If
the holding stage is sufficiently long, the two points should overlap
each other. The cross point can be considered as the equilibrium
point. Usually, if the relaxation time is extra long, the average val-
ues of the static states after the relaxation of loading and unloading
stages could be considered as approximated equilibrium points.
The adhesion effects are shown clearly in both the displacement
and the force controlled monotonic force–displacement curves.

3. Finite viscoelasticity, FE model and inverse method

3.1. Constitutive models for viscoelasticity at finite strain of polymers

In order to construct a phenomenological 3D viscoelastic model,
a one-dimensional rheological model is introduced, as illustrated
in Fig. 6. An extra spring is connected in parallel with n Maxwell
elements. It is a useful model to represent quantitatively the
mechanical behavior of real viscoelastic materials. As the extra
spring represents the elasticity in the relaxed state, the Maxwell
elements display the viscous material response considering a num-
ber of discrete relaxation times rj 2 (0,1), j = 1, . . . ,n. The finite vis-
coelasticity is characterized explicitly by means of an internal
variable model following the concept of Simo [59] and Holzapfel
and Simo [3]. These internal variables can be assumed to be the
strains or stresses of the Maxwell elements, like the stresses Qj

as shown in Fig. 6. A three-dimensional viscoelastic model suitable
for finite strains and small perturbations away from the equilib-
rium state is postulated on the theory of compressible hyperelas-

ticity within the isothermal regime. The Helmholtz free-energy
function W uses the multiplicative decomposition of the deforma-
tion gradient into a so-called volumetric part and an isochoric part.
Such a type of formulation is preferred for numerical realization
using the finite element method considering the nearly incom-
pressibility of the rubber-like materials. ABAQUS! modified the
viscoelastic damage model created by Simo [59] to describe
three-dimensional finite-strain viscoelasticity. The model imple-
mented in ABAQUS! is a time domain generalization of either
hyperelastic or hyperfoam constitutive model using the volumet-
ric/deviatoric-split hereditary integral in the reference configura-
tion for large strain materials and a standard push-forward
operator [59,60].

At the beginning, the terms of finite strain continuum mechan-
ics are briefly reviewed which are widely known. First, we consider
the multiplicative decomposition of deformation gradient F, the
right Cauchy Green deformation tensor C = FT ! F and the left Cau-
chy Green deformation tensor B = F ! FT into volumetric parts
and isochoric parts

F ¼ ðJ1=3IÞF ¼ ðJ1=3ÞF; C ¼ ðJ2=3IÞC ¼ ðJ2=3ÞC; B ¼ ðJ2=3IÞB

¼ ðJ2=3ÞB: ð1Þ

The terms J1/3I and J2/3I are related to the volume-changing
deformation, J = detF, while F;C ¼ FTF and B ¼ FFT are associated
with volume-preserving deformations leading to

detF ¼ 1; detC ¼ detB ¼ ðdetFÞ2 ¼ 1: ð2Þ

The strain invariants Iaða ¼ 1;2;3Þ are the three modified prin-
ciple invariants of C and B, i.e.

I1 ¼ trC ¼ trB; ð3Þ

I2 ¼
1
2
½ðtrCÞ2 & trðC2Þ' ¼ 1

2
½ðtrBÞ2 & trðB2Þ'; ð4Þ

I3 ¼ det C ¼ det B ¼ 1; ð5Þ

with the relationships to the principle invariants

I1 ¼ J&2=3I1; I2 ¼ J&4=3I2; I3 ¼ 1: ð6Þ

The change of the free energy W within an isothermal viscoelas-
tic process from the reference to the current configuration is given
as

WðC;C1 . . . CnÞ ¼ W1volðJÞ þW1isoðCÞ þ
Xn

j¼1

! jðC;CjÞ: ð7Þ

It is assumed that each contribution to the free energy must sat-
isfy the normalization condition, i.e.
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Fig. 6. Rheological model of the viscoelasticity with j = 1, . . . ,n Maxwell elements.
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W1volð1Þ ¼ 0; W1isoðIÞ ¼ 0; ! jðI; IÞ ¼ 0; j ¼ 1; . . . ; n: ð8Þ

The first two terms in Eq. (7) are strain-energy per unit refer-
ence volume stalled in the extra spring in Fig. 6. They characterize
the equilibrium state of the viscoelastic solid and they can be used
to describe the volumetric elastic response and the isochoric elastic
response of sufficiently slow processes, i.e. t ?1, respectively. The
additional third term in Eq. (7) is responsible for the viscoelastic
contribution. The scalar-valued functions !j, j = 1, . . . ,n represent
the configurational free energy stalled in the springs of the parallel
Maxwell elements in Fig. 6 and define the non-equilibrium state,
i.e. the behavior of creep and relaxation. Experimental investiga-
tions have shown that in many cases the viscoelastic behavior is
mainly related to the isochoric part of the deformation [5]. Thus,
the volumetric response remains purely elastic and the free ener-
gies !j are functions of the isochoric part of C and a set of strain-
like internal variables Cj, j = 1, . . . ,n. They are identified to be
inelastic strains similar to the modified right Cauchy–Green tensor
C. Cj describes the relaxation and creep behavior of the material in
j = 1, . . . ,n viscoelastic processes. The corresponding constitutive
equations describing the viscoelastic behavior at finite strains
can be obtained by using the second law of the thermodynamics
in the form of the Clausius–Planck inequality. The physical expres-
sion for the second Piola–Kirchhoff stress S is in the form

S ¼ 2
@WðC;C1 . . . CnÞ

@C
¼ S1vol þ S1iso þ

Xn

j¼1

Q j; ð9Þ

and the non-negative internal dissipation Dint is

Dint ¼ %
Xn

j¼1

2
@! jðC;CjÞ

@Cj
:

1
2

_Cj P 0: ð10Þ

The stress is split into the volumetric part S1vol, isochoric pure
elastic part S1iso and the viscoelastic part

Pn
j¼1Q j, with the

definitions

S1vol ¼ J
dWðJÞ

dJ
C%1; S1iso ¼ J%2=3P : 2

dWðCÞ
dC

; ð11Þ

herein, the fourth-order projection tensor P ¼ I% 1
3 C%1 & C is the

deviatoric operator in the reference configuration. In Eq. (9), the
additional internal tensor variables Qj, j = 1, . . . ,n are introduced,
which may be interpreted as non-equilibrium stresses characterized
by the viscoelastic response. By the analogy with the second term of
Eq. (11) and with the linear viscoelasticity, one can define the inter-
nal constitutive equations (for details, please see [61], capital 6)

Q j ¼ J%2=3P : 2
@! jðC;CjÞ

@C
¼ %2

@! jðC;CjÞ
@Cj

; j ¼ 1; . . . ; n: ð12Þ

Hence, the internal dissipation Dint in Eq. (10) can be equiva-
lently expressed as Q j : _Cj=2 P 0; j ¼ 1; . . . ; n. In the condition of
thermodynamic equilibrium, i.e. for t ?1, the internal stresses
Qj disappear and consequently, the dissipation Dint at equilibrium
is zero. In other words, general finite elasticity is recovered at
the thermodynamic equilibrium state.

The evolution equations which govern the internal variables Qj,
j = 1, . . . ,n should be specified in a suitable way so that the viscous
dissipation Dint , i.e. the inequality Eq. (10), is satisfied. Considering
the efficient time integration algorithms that are suitable for the fi-
nite element procedure, we choose linear evolution equations for
each of the internal variables according to [59,3]

_Q j þ
Q j

rj
¼ _Sisoj; j ¼ 1; . . . ; n; ð13Þ

herein, the tensors Sisoj characterize the isochoric second Piola–Kir-
chhoff stresses corresponding to the strain energy WisojðCÞ which is

responsible for the j-relaxation process with the relaxation time rj,
j = 1, . . . ,n. According to Govindjee and Simo [62]: if a viscoelastic
medium such as a thermoplastic elastomer, is composed of identical
polymer chains, e.g. silicone rubber, we can assume that Wisoj is
replaceable by W1iso

WisojðCÞ ¼ b1j W1isoðCÞ; j ¼ 1; . . . ; n; ð14Þ

where b1j 2 ½0;1Þ are given as non-dimensional strain-energy fac-
tors associated with the relaxation time rj, j = 1, . . . ,n. Finally, the
stresses Sisoj can be replaced by S1iso as

Sisoj ¼ J%2=3P : 2b1j
@WðCÞ
@C

¼ b1j S1isoðCÞ; j ¼ 1; . . . ; n: ð15Þ

The free energy of the Neo-Hookean form involves only two
parameters and provides a mathematically simple and reliable
constitutive model for the non-linear deformation behavior of iso-
tropic rubber-like materials. It is physically-founded and includes
typical effects known from non-linear elasticity at slightly finite
strain [63,64]. Therefore, the finite elastic response of the consid-
ered silicone rubber under nanoindentation is assumed to be char-
acterized by using the Neo-Hookean model. In particular, the free
energy of the extra spring in Fig. 6, which is responsible for the
equilibrium elastic behavior, can be expressed as

WðCÞ ¼ W1volðJÞ þW1isoðCÞ ¼
1

D1
ðJ % 1Þ2 þ C10ðI1 % 3Þ: ð16Þ

The initial shear modulus l0 and the initial compression modu-
lus K0 are related to the coefficients in the following way:

l0 ¼ 2
@Wiso

@Ia
jIa!1 ¼ 2C10; K0 ¼

@2Wvol

@J2 jJ!1 ¼
2

D1
: ð17Þ

The compressibility parameter D1 can be interpreted as a pen-
alty parameter that enforces incompressibility if small values are
chosen. The strain energy Wisoj can be defined according to Eq. (14)

WisojðCÞ ¼ b1j C10ðI1 % 3Þ; j ¼ 1; . . . ; n; ð18Þ

The second Piola–Kirchhoff stress tensor S can be calculated di-
rectly with the free energy function Eq. (16). With the relations
s = F ( S ( FT and T ¼ 1

J s the Kiochhoff stress s and the Cauchy stress
T can be derived as

s ¼ F ( S1vol ( F
T þ F ( S1iso ( F

T þ F (
Xn

j¼1

Q j ( F
T; ð19Þ

T ¼ 2
D1
ðJ % 1ÞJ þ 1

J
2C10B% 2

3
C10I1I

! "
þ 1

J
F (
Xn

j¼1

Q j ( F
T: ð20Þ

The evolution equations in the linear differential form Eq. (13)
can be solved by an implicit Euler-backward integration scheme.
Considering the time interval [tn, tn+1] we define the time step
Dt:¼tn+1 % tn. By using the basic approach for a time-dependent
variable one obtains the equations for each Maxwell element

Q jðtnþ1Þ ¼ b1j njS
1
isoðtnþ1Þ þHjðtnÞ; j ¼ 1; . . . ; n; ð21Þ

with the definition

nj ¼
rj

rj þ Dt
; HjðtnÞ ¼ nj Q jðtnÞ % b1j S1isoðtnÞ

n o
; j ¼ 1; . . . ; n:

ð22Þ

3.2. Finite element model with adhesive contact

Generally speaking, a three dimensional model is necessary to
represent a potential real experimental setup. However, the com-
puting time occupies a large part in the inverse method and is,
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as a consequence, a key problem of the method. This often results
in a trade-off between the computing cost and the quality of the
numerical model. For instance, a 2D plane model or an axisymmet-
ric model is used most commonly to save the computing cost. In
this study, an axisymmetric 2D modeling assumption is preferred,
because the silicone rubber is isotropic and the Berkovich indenta-
tion tip can be represented by an effective conical indenter with a
half angle of 70.3!. The boundary value problem of the nanoinden-
tation is modeled by using the finite element code, e.g. ABAQUS"

6.11.
It is hard to imagine the three pyramidal sides to end in a sharp

point at the nanoscale and, additionally, the tip could have been
attrited during previous experiments. Therefore, it is necessary to
capture the real tip geometry in order to minimize the systematic
error in the force–displacement curves. As a first step, the shape of
the Berkovich tip is scanned in 3D by the in situ SPM imaging mode
stalled in the TriboIndenter". The matrix data of the 3D scanning is
compiled into CATIA" to calculate the radius of the blunt tip as
shown in Fig. 7(left). The effective conical edge is combined with
the tip curvature by the smooth transition technique as illustrated
in Fig. 7(right). The real tip geometry can then be imported into
ABAQUS to create the indenter part. For the FE model, the tip can
be assumed to be a rigid body compared to the soft polymer. The
geometrical size of the polymer sample is 2 lm ! 2 lm, which is
sufficiently large to obtain a homogeneous stress distribution at
the bottom and on the side boundaries of the model. For each stud-
ied configuration, the mesh convergence is checked by more than
100,000 degrees of freedom. It shows that a coarser mesh, consist-
ing of at least 10,000 degrees of freedom, can give converged re-
sults. To account for the large localized deformation in contact, it
is essential that the density of nodes under the indentation tip is
high enough. The rigid tip is fixed in the horizontal direction and
a vertical displacement is applied to its reference point. The bottom
nodes of the mesh are fixed.

Concerning the numerical treatment of the contact problem, a
contact pair is formed with the tip as the master surface and the

layer as the slave surface. Friction is negligible if the indentation
depth is small compared to the layer thickness according to
numerical results of our previous work [36]. Hence, here we only
focus on the normal contact and neglect the tangential behavior.
The default contact pressure-clearance relationship used in ABA-
QUS"/Standard 6.11 is referred as the ‘‘hard’’ contact model. In this
case, the formulation of the normal contact is used as a constraint
for non-penetration, which treats the normal contact as an unilat-
eral constraint problem. It only transmits pressure once the sur-
faces are in contact within a contact zone c, as shown in
Fig. 8(left). However, this interaction model is not sufficient to sim-
ulate the real experimental behavior as adhesion is not taken into
account. As a result, an adhesion zone is added to the contact zone
forming an interaction area of radius c + a. The adhesive behavior is
implemented as an interaction of the contact pair. It is defined as a
surface-based cohesive behavior in ABAQUS" with a traction–sep-
aration relationship as shown in Fig. 8(right), which assumes ini-
tially linear elastic behavior followed by the initiation and the
evolution of damage. The elastic behavior is written in terms of
an adhesive stiffness K = [Knn, Kss, Ktt]T that relates the stresses to
the separation at the damage initiation d0 ¼ d0

nn; d
0
ss; d

0
tt

! "T
across

the interface. The process of degradation begins when the contact
separation satisfies a certain damage initiation criteria related to
d0. A linear or exponential damage evolution law describes the rate
at which the adhesive stiffness K is degraded once the correspond-
ing initiation criterion is reached. The evolution laws are defined
with a separation at the complete failure dt

nn and the non-dimen-
sional exponential parameter aE.

3.3. Optimization procedure

At the optimization procedure, the vector of containing param-
eters of material and adhesive contact model
j :¼ C10;D1; b

1
j ; r

j;Knn;Kss;Ktt; d
0
nn; d

t
nn; and=or aE; j ¼ 1; . . . ; n

n o
has

to be modified until a close match between the experimental data
and the prediction of the numerical model is achieved. For that rea-

Fig. 7. 3D scanning image of the tip shape geometry (left) and the 2D effective conical indenter with a spherical tip that originated from the 3D scanning data (right).

Fig. 8. Adhesive contact geometry (left), traction–separation relationship with a linear or exponential damage evolution law in adhesive contacts (right).
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son the distance function f(j), which is called objective function of
the least squares type has to be minimized to find the optimal set j

f ðjÞ :¼ kB
num $ bBexpk
kbBexpk

!Minf ðjÞ: ð23Þ

Herein

bBexp ¼ PðBexpÞ ¼ Bexp
t1 ; Bexp

t2 ;Bexp
t3 ; . . .

! "T
; ð24Þ

is the vector of the experimental force or displacement data Bexp at
each time increment. It is an interpolation of the experimental re-
sults by using the introduced projection operator P, for details
please see [65]. The force or displacement vectors, obtained from
the models at the same time increments as the interpolated data
bBexp with an arbitrary set of material parameters, are called

Bnum ¼ Bnum
t1 ;Bnum

t2 ; Bnum
t3 ; . . .

! "T
: ð25Þ

The choice of the optimization-based method for minimizing an
objective function is a topic of interest. It is generally advised to
use globally convergent optimization algorithms whenever possi-
ble. These algorithms are simulated annealing or genetic algo-
rithms, such as evolutionary algorithms or deterministic
algorithms like the Simplex method. The gradient-based algorithm
is full of the troublesome gradient calculation and the further
drawback of local convergence. Genetic or evolutionary algorithms
are globally convergent and are the only useful choice in a multi-
objective optimization. Therefore, to update the initially guessed
material parameter vector j, the evolution strategy based on prin-
ciples of biological evolution, is employed. It works with a Genetic
Algorithm, more details have been explained in [34].

4. Identified model parameters and adhesion effects

The experimental results in Section 2.3 only show slight visco-
elastic behavior in both the relaxation and the creep tests. There-
fore, two Maxwell-elements are expected to sufficiently
represent the relaxation spectrum. It is assumed that the separa-

tion is the same for all three directions at the initial damage, in or-
der to simplify the identification of the adhesive model. Not only
the linear, but also the exponential evolution laws of damage are
taken into account in the model. The force–displacement data of
the relaxation and creep experiments in load and displacement
controlled mode, respectively, are used as the experimental data
Bexp in the identification.

Several identification procedures with different initial parame-
ter sets lead to almost the same final optimized values. Therefore,
a valid minimum is obtained according to the objective function.
The reproducibility of the nanoindentation experimental data in
this study are good and the maximum deviation between the three
repeated experiments is less than 4.5%. It is recognized that if the
noise is less than 5% of the data, the identified results are not sen-
sitive to the data errors [34]. Table 1 shows the identified model
parameters obtained by the adhesive contact model with a linear
damage evolution law, while the identified parameters for the
exponential evolution law are listed in Table 2. C10 is responsible
for the equilibrium isochoric hyperelastic behavior and results in
approximately the same value, regardless if the liner (Table 1) or
the exponential evolution law (Table 2) is considered in both load
or displacement controlled mode, respectively. The compressibility
parameter D1 is found to be about 0.005, which demonstrates that
the silicone rubber is nearly incompressible. The small relaxation
times r1 and r2 for the two Maxwell elements represent the slight
rate-dependent behavior of the silicone rubber in nanoindentation
experiments. The identified adhesive stiffness K as illustrated in
Fig. 8(right) is the same for the linear evolution law and the expo-
nential law. At the point of damage initiation, the separation is
around 300 nm or 400 nm for the linear or the exponential evolu-
tion law, respectively, while the distance at complete failure is in
the range of 10 lm in both adhesive models. As expected, the
parameters of both material model and adhesive contact model
are reproducible identified using the load controlled and displace-
ment controlled, respectively. The identified material parameters
are independent on the used evolution law in the adhesive contact
model.

Table 1
The identified model parameters with a linear evolution law.

Linear evolution law for adhesive damage

Load control C10 (MPa) D1 b11 r1 (s) b12 r2 (s)
0.16493 0.00493 0.11293 0.47742 0.05024 9.19694

Knn
lN
lm3

# $
Kss

lN
lm3

# $
Ktt

lN
lm3

# $
d0

nnðlmÞ dt
nnðlmÞ

0.01043 0.12624 0.080119 0.28962 9.63934

Displacement control C10 (MPa) D1 b11 r1 (s) b12 r2 (s)
0.16714 0.00486 0.11465 0.10176 0.05098 8.06892

Knn
lN
lm3

# $
Kss

lN
lm3

# $
Ktt

lN
lm3

# $
d0

nnðlmÞ dt
nnðlmÞ

0.01021 0.17722 0.03147 0.31996 10.44223

Table 2
The identified model parameters with an exponential evolution law.

Exponential evolution law for adhesive damage

Load control C10 (MPa) D1 b11 r1 (s) b12 r2 (s)
0.16411 0.00529 0.10513 0.12351 0.04863 8.20587

Knn
lN
lm3

# $
Kss

lN
lm3

# $
Ktt

lN
lm3

# $
d0

nnðlmÞ dt
nnðlmÞ aE

0.01006 0.15258 0.07408 0.55255 9.69328 5.06408

Displacement control C10 (MPa) D1 b11 r1 (s) b12 r2 (s)
0.16770 0.00533 0.10286 0.11330 0.04822 6.21961

Knn
lN
lm3

# $
Kss

lN
lm3

# $
Ktt

lN
lm3

# $
d0

nnðlmÞ dt
nnðlmÞ aE

0.010531 0.17054 0.08865 0.41149 9.65793 7.25348
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Figs. 9–12 present the comparisons between the experimental
data and numerical prediction using the parameters that are iden-
tified by the indentation response. In Figs. 9 and 10, numerical sim-
ulations are performed using the linear evolution law of the
adhesive contact model in combination with the identified param-
eters listed in Table 1. In contrast, Figs. 11 and 12 use the exponen-
tial evolution law of the adhesive contact in the numerical
prediction with the identified model parameters from Table 2. All
comparisons indicate that there is a good agreement between the
experimental measurements and the numerical simulation. The
relaxation and creep processes in the cyclic or monotonic holding
stages are accurately predicted by the numerical simulations for
nanoindentation experiments. Therefore, it can be argumented

that the viscoelastic behavior of the silicone rubber can be charac-
terized by the chosen constitutive model together with the identi-
fied parameters from nanoindentation experiments. Adhesion
effects, namely a negative force at zero displacement as well as a
residual displacement after withdrawing the indenter, are also
accurately calculated by the numerical simulation. Hence, the
adhesive contact model illustrated in Fig. 8 can be used to quantify
these adhesion effects in nanoindentation experiments. The simu-
lation results using either a linear or exponential evolution law for
the adhesive contact show no significant difference. Comparing the
matches between experiments and numerical predictions on the
left side and the right side, it seems that results of load controlled
experiments are always better than displacement controlled
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Fig. 9. Linear evolution law for adhesive damage: relaxation (left), creep (right).
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experiments. Additionally, the numerical simulation results are
closer to the experimental data in the unloading part than those
in the loading and holding parts in both relaxation and creep tests.

5. Theoretical analysis with linear viscoelastic solutions

In recent years, much effort has been devoted to determine the
viscoelastic properties e.g. relaxation and creep functions of time-
dependent materials, from indentation using the linear viscoelastic
analytical solutions. However, since the linear viscoelastic contact
solutions are derived based on the Hertz contact theory or Sned-
don’s solution using different mathematical transformations, they
may have some limitations if adhesion effects or finite strains
influence nanoindentation experiments. Therefore, it is interesting
to predict the experimental results in the present study by the lin-
ear viscoelastic solutions to verify the used computational model.

5.1. Analytical solution for linear viscoelastic indentation

The Berkovich indenter is treated as an effective conical inden-
ter with a half angle of 70.3!. Sneddon [66] derived an analytical
solution of the axisymmetric Boussinesq problem of an indenter
with arbitrary profile. The deduced simple formula for the relation-
ship of the total load P versus penetration depth h of the rigid con-
ical indenter is

P ¼ 2Eh2

pð1# m2Þ cot a : ð26Þ

In this formula, E and m are Young’s modulus and Poisson’s ratio
of the indented material, while a is the half angle of the cone. The
basic integral or differential constitutive equations for linear visco-
elastic materials can always be derived from the corresponding
elastic constitutive equations via mathematical transformation,
e.g. Laplace transformation. The relaxation function E(t) and the
creep compliance function J(t) replace the Young’s modulus E
and the elastic compliance 1/E, respectively, assuming that the
Poisson’s ratio is constant. The integral-type constitutive equation
[21] for the time-dependent load P(t) versus prediscribed h in
terms of the Boltzmann hereditary integral is given by

P ¼ 2
pð1# m2Þ cot a

Z t

0
Eðt # sÞ d½hðsÞ&2

ds

( )
ds; ð27Þ

with respect to the past time s from s = 0 to the present time s = t.
Alternatively, the solution for the time-dependent penetration
depth h(t) resulting from any prescribed load history P is expressed
as

h2ðtÞ ¼ 1
2
pð1# m2Þ cot a

Z t

0
Jðt # sÞdPðsÞ

ds : ð28Þ

According to the one-dimensional rheological model, presented
in Fig. 6, the relaxation function of the viscoelastic model has in
this case the following form:

EðtÞ ¼ Ee þ
Xn

i¼1

Eie#t=ri : ð29Þ

The corresponding creep compliance function is given by

JðtÞ ¼ Je þ
Xn

i¼1

Jið1# e#t=ri Þ: ð30Þ

Here Ee and Je are the elastic modulus and compliance of the ex-
tra spring, while Ei and Ji are the elastic constants of the n springs in
the parallel Maxwell elements. ri is the relaxation or retardation
time of the dashpots. The solutions given by Eqs. (27) and (28) re-
strict the contact area to be a monotonically increasing function of
time. Two prescribed histories for the penetration depth are used,
i.e. the loading state with constant loading rate h(t) = v0 t and a
relaxation stage described with a Heaviside step function [67,68]

hðtÞ ¼
h0 ðt P 0Þ;
0 ðt < 0Þ:

!
ð31Þ

Inserting h(t) = v0 t and Eq. (29) into Eq. (27) gives

PðtÞ ¼ 4v2
0

pð1# m2Þ cota
Ee

2
t2 þ

Xn

i¼1

Eisiðt # siÞ þ Eie#t=sis2
i

 !
: ð32Þ

For a relaxation test, while Eq. (31) should be inserted into Eq.
(27). The analytical solution is then given by

PðtÞ ¼ 2
pð1# m2Þ cota Ee þ

Xn

i¼1

Eie#t=si

 !
: ð33Þ

Similarly, the analytical solution of the displacement for the
loading stage with a constant loading rate v0 becomes

h2ðtÞ ¼ pð1# m2Þv0 cota
2

Je þ
Xn

i¼1

Ji

 !
t #

Xn

i¼1

Jisið1# e#t=si Þ
" #

:

ð34Þ

The displacement during the creep procedure with a constant
force P0 can be expressed as

h2ðtÞ ¼ pð1# m2Þv0 cota
2

P0 Je þ
Xn

i¼1

Ji 1# e#t=ri
" #

" #
: ð35Þ

5.2. Analysis results

The relaxation and creep experimental data are fitted using the
analytical solutions, i.e. Eqs. (32)–(35). The fitting curves together
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Fig. 12. Exponential evolution law for adhesive damage: monotonic with DC (left) and LC (right).
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Table 3
The identified moduli in MPa and the relaxation or retardation time in seconds using linear viscoelastic analytical solutions: Eqs. (32) and (35).

Loading stage Holding stage

Three parameters Three parameters Five parameters

Ee/Je E1/J1 r1 Ee/Je E1/J1 r1 Ee/Je E1/J1 r1 E2/J2 r2

Relaxation 0.57 1130.51 0.02 2.37 0.11 21.73 2.35 0.04 2.71 0.11 33.53
Creep 0.00 0.80 12.76 0.40 0.03 39.17 0.40 0.01 4.78 0.03 66.85
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with the experimental data are presented in Figs. 13 and 14, while
the corresponding identified parameters of the linear viscoelastic
models are listed in Table 3.

It is recognized that the loading behavior in both displacement
and force controlled experiments can be well described with only
one Maxwell element. However, this three element model is not en-
ough to predict the relaxation and creep response; a model contain-
ing two Maxwell elements is required. To compare the
experimental data with the computational results that contain
the already described adhesion model, the two Maxwell elements
model with the fitted parameters are used in the analytical solu-
tions, e.g. Eqs. (32)–(35). The comparison is presented in Fig. 15.
It can be seen that the computational results are closer to the exper-
imental response than the analytical solution. This study could ver-
ify that the used computational model is able to reproduce the
viscoelastic behavior of the investigated silicone rubber in nanoin-
dentation experiments including adhesion effects. In contrast, sev-
eral drawbacks of the analytical solution are revealed. On the one
hand, the hereditary integral approach requires a functional form
of both the relaxation modulus and the creep compliance. They
have to be selected in advance and are then fitted stepwise accord-
ing to the loading histories. This procedure finally leads to different
functions and parameters for the loading and holding stages,
respectively, as listed in Table 3. A direct comparison of the analyt-
ical solution and the FE model is obviously not possible as com-
pletely different parameters are obtained according to Tables 1–3.
On the other hand, the adhesion effect and the real geometry of
the indenter could not be included in the analytical solution, which
results in the slight mismatch during the loading stage.

6. Discussions and conclusions

The present work aims at developing a procedure to identify the
viscoelasticity and to quantify the adhesion effect in nanoindenta-
tion experiments of polymers by the inverse method. A soft poly-
mer, i.e. a silicone rubber, is chosen considering that this
material is isotropic and mainly hyperelastic with only slightly vis-
cous behavior. Different testing protocols are used to demonstrate
the viscoelasticity and adhesion effects in nanoindentation exper-
iments. A viscous hyperelastic constitutive model with a linear
evolution equation at finite strain, which is called finite viscoelas-
ticity, is used to describe the viscoelastic behavior of the silicone
rubber. The inverse method is applied using FE computation in
combination with a numerical optimization subroutine. A sur-
face-based adhesive behavior in the traction–separation law is
incorporated into the default contact model in ABAQUS! to quan-
tify adhesion. The parameters of the chosen viscoelastic constitu-
tive model and the adhesive contact model are identified by
matching the response of the numerical model with the experi-
mental force–displacement data. The comparisons between the
experimental data and the numerical predictions containing the
identified parameters show a good agreement. Therefore, the finite
viscoelastic constitutive model and the used adhesion contact
model can be used to describe the viscoelastic behavior and occur-
ing adhesion effects in nanoindentation. The present model con-
taining the surface adhesion with the identified parameters is
verified by comparing the computational results and an analytical
solution. Several drawbacks to the used analytical solution are pre-
sented. The developed procedure is capable to characterize the vis-
coelasticity of the polymer and to quantify the adhesion effects.
According to our best knowledge, it is until now the first time to
identify simultaneously finite viscoelasticity and adhesion in nan-
oindentation experiments of polymers.

Considering the identification of viscoelasticity and adhesion ef-
fects in polymers, there are still some questions remaining, which

will be faced in the proceeding work. First, the chosen silicone rub-
ber shows no pronounced viscoelasticity resulting in only two
Maxwell elements with short relaxation times that can sufficiently
describe the viscous material behavior. Hence, a quasi-static mode
can be used and there are neither coupling nor convergence prob-
lems during the parameter identification process. However, most
other polymers show very strong viscosity and the relaxation times
may be as long as months or even years. In this case, a complex vis-
coelastic model with nonlinear evolution equations should be
used. More Maxwell elements may be necessary to describe the
material’s relaxation. In nanoindentation experiments, a dynamic
testing mode may be required for this case. Therefore, the devel-
oped inverse procedure has to be improved to identify more
parameters for dynamic conditions in nanoindentation experi-
ments. Second, the agreement between the experimental data
and the numerical simulation in load controlled mode is better
than in displacement controlled mode. The reason for this observa-
tion has to be studied and it has to be investigated if this effect may
be even more pronounced for other polymers. The displacement
controlled mode derives from a force measurement using a feed-
back system, which might result in an error and, therefore, leads
to the observed deviation between both modes. Furthermore, the
chosen silicon rubber’s adhesion is not very pronounced in nanoin-
dentation testing. For instance, the negative force at zero displace-
ment is very small compared to the maximum force. Hence, the
applied traction–separation adhesive contact model with either a
linear evolution law or an exponential evolution law for the adhe-
sive damage can be used to quantify the adhesion effects very well.
It is not clear if this is also the case for other polymers, like poly-
dimethylsiloxane, that show strong adhesion. This will be an-
swered in the upcoming studies. Finally, it is perceived that the
responses of the numerical simulation are closer to the experimen-
tal data in the unloading part than those in the loading and holding
parts. Many factors could contribute on this, e.g. thermal drift,
cracks in the polymer’s surface at the indentation sight or thermal
influences on the material properties. The inaccurate quantifica-
tion of the adhesion effects in the loading or holding stages may
be also a potential reason.
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a b s t r a c t

In the present study, macroindentation tests are performed by means of a spherical inden-
ter on silicone rubber. The load-depth curves during the indentation process reveal only
slightly viscous effects but main hyperelastic properties. The hyperelasticity is identified
from the load-depth data using an inverse method. The elastic modulus is calculated
according to the most often used Oliver and Pharr method in indentation from the unload
stage of the monitored load-depth data. The identified material parameters of the hyper-
elastic constitutive laws are firstly compared with the elastic modulus obtained from this
semi-analytical solution. In a second step, specimens of the considered silicone rubber are
also prepared for uniaxial and biaxial tensile tests, which are performed in order to com-
pare with the indentation. In the uniaxial tensile tests, the parameters of the three hyper-
elastic models: neo-Hooke, Mooney–Rivlin and Yeoh model are determined by fitting the
experimental tensile stress–strain data with an analytical solution. The correlation
between the identified results obtained from indentation tests and uniaxial tensile tests,
is investigated. Finally, the simulation of biaxial tensile tests is performed based on the
three chosen hyperelastic models and the identified parameters. Comparing the simulation
results with the experimental data validates the characterization of the hyperelasticity by
using macroindentation and tensile tests.

! 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Indentation testing is widely used to measure materials’
local response and to describe the gradient of physical
properties. Material behavior data is required to be ob-
tained directly from the product and not from laboratory
specimens in many industrial productions in order to ob-
tain a satisfactory design. Localized tests by indentation
could be used for this purpose as they could provide actual
mechanical properties in the test zone and surrounding
areas. High precision on force and displacement sensors
expanded the application field to the micro- and nano-
scales, which makes indentation testing become a main
testing technique for thin films or coatings and
nanocomposites.

The most common application for polymers is to mea-
sure a scalar value of hardness and modulus, based on Oli-
ver and Pharr method (1992, 2004), which can supply
access to useful qualitative information but can definitely
not be used to identify local constitutive models. These
constitutive models are definitely needed to describe the
complex thermo-mechanical behavior, including non-
linear elasticity and viscoelasticity in the numerical
simulations. The inverse analysis using the accurate
load–displacement data opens the way to obtain the local
constitutive models from the indentation. The first way
to perform this inverse analysis is based on analytical or
semi-analytical solutions for some respective constitutive
models. The model parameters are then obtained by fitting
the experimental load-depth data with the analytical func-
tions. Various types of viscoelastic analytical solutions
with respect to different indenter tips have been reported
in literature. For example, Cheng and Cheng (2006) derived
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a relationship between the initial unloading slope, contact
depth, and the instantaneous relaxation modulus for
indentation in linear viscoelastic solids by a rigid indenter
with an arbitrary axisymmetric smooth profile. The theo-
retical analysis results of frictionless and adhesionless con-
tact of flat surfaces by pyramid indenters such as the
Vickers, Berkovich and Knoop indenters were presented
by Giannakopoulos (2006). The materials of the contacting
solids were assumed to be homogeneous and isotropic, lin-
ear elastic, as well as linear viscoelastic. Cao et al. (2009)
developed analytical solutions of the flat punch indenta-
tion in the time and frequency domains to determine the
viscoelastic properties of a soft layer. The second way,
termed inverse method, is performed by combining finite
element modeling and numerical optimization. This meth-
od minimizes the difference between experimental and
numerical data, called objective function with respect to
the model parameters using the numerical optimization.
The parameters of the constitutive models are identified
as the optimized solution. This inverse method was firstly
applied to the indentation of metals by Huber et al. (2002),
Huber and Tyulyukovskiy (2004), Klötzer et al. (2006) and
Tyulyukovskiy and Huber (2006). The inverse method is
still a new topic in indentation problems of polymer mate-
rials, where time-dependent effects may have strong influ-
ence. Hartmann et al. (2006) identified the viscoplastic
model parameters with uniaxial tests and validated them
using indentation tests. Rauchs et al. (2010, 2011) em-
ployed a gradient-based numerical optimization method
to identify viscous hyperelastic and elasto-viscoplastic
material parameters. Guessasma et al. (2008) determined
viscoelastic properties of biopolymer composite materials
using the finite element calculation and the nanoindenta-
tion. Le Saux et al. (2011) identified the constitutive model
from micro-indentation tests for rubber elasticity. The in-
verse method is applied to re-identify the hyperelastic or
linear viscoelastic properties of polymers (Chen and Die-
bels, 2012, 2013) and to quantify the surface roughness
(Chen and Diebels, 2012) and adhesion effects (Chen
et al., 2013) in nanoindentation. Since the inverse method
allows us to handle any material models with non-linear
properties, it is a new but a main method to get the consti-
tutive models from the indentation.

Experimental as well as theoretical studies on indenta-
tion, in recent research papers, mainly deal with the
nano- or micro-scale rather than the macro-scale. The
indentation at macro-scale is rarely used in scientific re-
searches, even if it is preferable for bulk samples. Instead,
in some cases, nanoindentation is also applied to bulk sam-
ples with the risk of poor results due to the complex test-
ing procedure. In fact, the surface topography and surface
forces in nanoindentation could affect the evaluation of
bulk properties. The microindentation is generally used
to measure the microhardness, e.g. the measurement of
the Vickers and Knoop hardness of various polymers was
performed in Amitay-Sadovsky and Wagner (1998), Flores
et al. (1999) and Suwanprateeb (1998). However, macroin-
dentation is almost unexplored even though it could be
suitable to characterize bulk properties from small speci-
mens of finished products. Only a few published papers
are related to this topic. Benabdallah and Bui (2004) per-

formed the macroindentation on PA and PET using a device
developed for a typical universal tensile testing machine. A
range of indentation rates was considered together with
three different shapes of indenter: spherical, conical and
cylindrical. In 2006, a further effort in macroindentation
was made by Spinks et al. (2006) who studied the indenta-
tion testing of PS using a spherical indenter with 0.5 mm
radius. Afterwards, in 2008, Guglielmotti et al. (2008) per-
formed macroindentation tests by means of a flat cylindri-
cal indenter on HDPE and PA66. The effects of the tip
roundness on the response of elastic–plastic material in
macroindentation was analyzed in 2009 by Pulecio et al.
(2009). Recently, Lach et al. (2012) characterized the tem-
perature-dependent mechanical behavior (hardness, creep
and relaxation, etc.) of polymers by using a newly devel-
oped macroindentation testing machine with an innova-
tive cooling and heating device.

The tensile test is a common experiment to evaluate
the mechanical properties and to determine the material
parameters used in constitutive material laws. The defor-
mation states are distincted under indentation and tensile
conditions. Indentation deformations are maximized at
the contact range just under the tip and radially diminish
to zero with increasing distance from the contact center.
It is mainly multi-compressive by nature and it is a local-
ized deformation. Whereas, tensile-induced strains homo-
geneously extrude the sample which is stressed along the
tension direction. Therefore, it is interesting to probe the
correlation between the characterizations by instru-
mented indentation and tensile testing. Giannakopoulos
and Triantafyllou (2007) and Rauchs and Bardon (2011)
found that the constitutive parameters obtained from
microindentation measurement of rubber-like elastomers
were usually not suitable to describe the macroscopic
tensile tests. However, Le Saux et al. (2011) identified
the parameters of an Edwards–Vilgis hyperelastic model
of an unfilled natural rubber from microindentation. The
identified parameters are used to simulate tensile, com-
pression and pure shear tests. The agreement with the
experimental data is very good. The main reasons raised
in the literature are the different stress and strain states,
which are well known to be of primary influence (Rauchs
and Bardon, 2011; Le Saux et al., 2011; Drozdov et al.,
1996; Chevalier and Marco, 2002). The indentation test,
which is localized compressive deformation by nature,
does not yield the deformation modes necessary to cap-
ture the stiffening at high tensile strains. Secondly, the
strain level in indentation tests used to identify the mate-
rial behavior are not high enough (Rauchs and Bardon,
2011; Le Saux et al., 2011). Le Saux illustrated that these
difficulties are actually clearly met for filled materials but
do not seem to appear in the case of unfilled natural rub-
ber (Le Saux et al., 2011). Anyhow, it is well known that
experiments with different stress states may fit best with
different expressions of the hyperelastic models (Rauchs
and Bardon, 2011; Drozdov et al., 1996; Baaser and Noll,
2009; Johlitz and Diebels, 2011). It should also not be for-
gotten that the numerous error contributions in the com-
plicated nano- or microindentation experiments could
have a large influence on the identified constitutive
parameters.
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In the present study, it is our goal to investigate the
ability to identify the hyperelastic constitutive parameters
from load-depth curves obtained from indentation. Firstly,
the macroindentation which uses a spherical indenter with
a diameter of 5 mm is chosen to eliminate the error contri-
butions in nanoindentation, especially the surface effects.
In order to limit the microstructure and the viscous effects,
the considered material is an unfilled silicone rubber
which exhibits a behavior very close to hyperelasticity
(Johlitz and Diebels, 2011). Three hyperelastic models the
neo-Hooke, the Mooney–Rivlin and the Yeoh model are
considered to predict the finite elasticity of the rubber-like
elastomer. The inverse method deals with a finite element
simulation by Abaqus! combined with an optimization
procedure, which is used to identify the constitutive
parameters. Secondly, uniaxial tensile tests are performed
to compare with the indentation. The experimental
stress–strain curves are fitted with the analytical solutions
corresponding to the three hyperelastic potentials to ob-
tain the constitutive parameters. Thirdly, the constitutive
parameters obtained from the indentation are used in the
numerical prediction of uniaxial tensile tests and vise ver-
sa. Finally, the identified results are validated by the biaxial
tensile tests and the comparing results are discussed.

2. Macroindentation

2.1. Experimental device and specimens

The macroindentation experiments are performed
using a custom-made device, which was originally de-
signed to perform uniaxial tensile tests for polymers. De-
tails of the device and the testing method are described
in Koprowski-Theiss et al., 2011. The actuator Linos
LT50ST! is able to perform the tensile as well as the com-
pression procedure, thus it produces the compression ef-
fect required for indentation. The upper clamp in the
tensile device, shown as Fig. 4 in Koprowski-Theiss et al.
(2011), is replaced by a cylindrical metal rod, to which
the tip of the indentation is glued. The metal rod is screwed
into a central hole in the S-bracket force sensor from ME-
Messsysteme!. The spherical indenter tip consists of a
hardened bearing ball with a diameter of 5 mm. The flexi-
bility of this indentation device can be neglected with re-
spect to the compliance of the soft polymers. The
displacement of the indenter is controlled and measured
through the linear stage in a closed loop control of the
stepper motor. The position is supplied via the integrated
encoder by the number of steps of the stage. Loosing steps
yields an error message of the device. The maximum dis-
placement of 150 mm can be measured with a resolution
of 1 lm. In the meantime the reaction force is measured
via a sensor KD24s of ME-Messsysteme! in the range of
20 N and a linear accuracy of 0.1%. With a computer con-
trol, realized by LabVIEW!, both, the values of the force
sensor and the displacement signal of the linear stage
can be collected simultaneously. The experimental results
are comparable with the data obtained in the Leibniz Insti-
tute for New Materials (INM), Saarland University, using a

commercial macroindenter universal testing instrument Z
1446 produced by Zwick GmbH, Germany.

The investigated material is the silicone rubber ELASTO-
SIL! RT 625, produced by the WACKER Chemie GmbH, Ger-
many. It consists of pourable, addition-curing two
components that vulcanize at room temperature. The two
transparent and colorless components ELASTOSIL A and
ELASTOSIL B are mixed up with a weight ratio of 9:1 by
stirring. After degassing, the mixture is poured in a cylin-
drical mold and cured at room temperature for 24 h.1 The-
oretically, the silicone rubber can be assumed to be isotropic
and incompressible, what will be validated through the per-
formed experiments. Moreover softening effects like Mul-
lins-effect do not occur, which makes a preconditioning
unnecessary. The final specimen is of cylindrical shape with
a diameter of 25 mm and a thickness about 23 mm. Consid-
ering the size of the indenter as well as the maximum dis-
placement of 0.5 mm, the boundary effects and the
substrate influence can be neglected (Hay et al., 1998). The
specimen is positioned directly under the actuator on a flat
substrate of hard metal. The whole setup is located on an
assembling board which isolates from external vibrations.

2.2. Macroindentation testing protocol and results

The macroindentation testing is performed with dis-
placement control. The load is continuously monitored in
order to obtain the load–displacement curves. For each
testing, three experiments are performed at different posi-
tions on the sample surface. In a first step, a single step
relaxation is performed to investigate the viscous effects.
A displacement of 0.5 mm is applied to the indenter within
10 s. Afterwards, the indenter is hold at the maximum dis-
placement lasting for 500 s. The reaction force is moni-
tored to evaluate the relaxation behavior of the silicone
rubber. The reaction force along with the logarithm of real
testing time is plotted in Fig. 1. The relaxation during 200 s
is slight as shown in the semi-log plot. As a second step, a
cyclic test containing a loading and an unloading stage

1 The samples’ preparation by the Chair for Adhesion and Interphases in
Polymers at Saarland University is gratefully acknowleged.
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Fig. 1. Semi-log plot of a single step relaxation in macroindentation.
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with various rates is performed in order to investigate the
rate-dependent viscous hysteresis effects. Three different
rates 2.5 lm/s, 10 lm/s and 50 lm/s are chosen, cf. Fig. 2
(left). The force–displacement curves obtained from the
three rates are overlapping each other as shown in Fig. 2
(right). It is not possible to observe any hysteresis loop in
the loading and unloading process. In addition, in contrast
to the nanoindentation, there is no negative force when the
indenter completely withdrew from the sample. So the
adhesion effects are not observable in the macro-scale
indentation as expected.

It is important to note that the experimental scattering
is very low from one experiment to another (errorbars in
Fig. 1 and Fig. 2 (right) are very small), which confirms
the low influence of the inhomogeneity of the material.
Therefore, as a conclusion from the experiments, the cho-
sen material exhibits a behavior close to perfect isotropic
hyperelasticity. Furthermore, the effects of adhesion and
surface roughness, which are prominent in indentation at
the nano-scale, can be neglected at the macro-scale.

2.3. Analysis based on contact theory

The elastic contact theory, which plays a key role in the
analysis procedure, was originally considered in the late
19th century by Hertz (1881) and Boussinesq (1885). Hertz
analyzed the elastic contact between two spherical bodies
with different ratios and elastic constants. The Hertz con-
tact theory forms the basis of many experimental and the-
oretical work in the field of contact mechanics. Boussinesq
developed a method for computing the stress and displace-
ments in the contact between an elastic body and a rigid,
axisymmetric indenter. Based on this method, subse-
quently, Sneddon derived general relationships among
the load, the displacement and the contact area for any in-
denter which can be described as a solid of revolution of a
smooth function (Sneddon, 1965). Another major contribu-
tion was made by Oliver and Pharr. They developed a
method to measure hardness and elastic modulus by
instrumented indentation techniques (Oliver and Pharr,
1992; Oliver and Pharr, 2004). The Oliver & Pharr method
has widely been adopted in the determination of mechan-

ical behavior of materials at small scales and has become a
primary analysis technique in nanoindentation of thin
films and small structural features.

In this study, the Sneddon’s solution and the Oliver and
Pharr method are chosen to determine the elastic modulus
of a silicone rubber, which will be compared with the iden-
tified results using the inverse method. As a first step, the
uniaxial tests are used to prove the assumption of incom-
pressibility of the considered material. The volume strain
in terms of the Jacobian J can be computed from the
stretches k1; k2 and k3 by J ¼ detF ¼ k1 k2 k3. Therefore,
not only the elongation of the specimen but also the trans-
verse deformation has to be measured. The values of J at
different displacements for four individual tensile tests
are shown in Fig. 3. On average, the assumption of incom-
pressibility detF ¼ 1 is fulfilled quite well. Hence, the Pois-
son’s ratio m will be assumed as 0.5 in the following
analysis using the Sneddon’s solution and the Oliver and
Pharr method. The load–displacement curves containing
the load and unload parts in Fig. 2 are fitted with the Sned-
don’s solution (Please see Appendix A). The non-linear
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least squares regression is used to capture the Young’s
modulus E while the Poisson’s ratio m is defined to be 0.5.
As shown in Fig. 4 (left), the Young’s modulus is deter-
mined to be 0.9037 MPa for the used silicone rubber.

The Oliver and Pharr method (Please see Appendix B)
was developed to determine the hardness and elastic mod-
ulus of a material from indentation load–displacement
data obtained during one cycle of loading and unloading.
If this method is applied, attention should be paid on the
behavior of the material, which is limited to be described
as a semi-infinite, elastic–plastic half space. As shown in
Fig. 4 (right), the load–displacement curve in Fig. 2 is fitted
by a power law function Eq. (B.1). Since only the elastic dis-
placement can be read out of Fig. 2, hf is 0. The fitted expo-
nent m is close to 1.5, which is the value suggested by
Oliver and Pharr method for an indenter behaving more
like a paraboloid of revolution. The calculated parameters
and the measured elastic modulus from the Oliver and
Pharr method are listed in Table 1. Compared to Sneddon’s
solution the identified value of the Young’s modulus is 2.6%
larger.

3. FE simulation and inverse method

3.1. Hyperelastic constitutive model

First of all, in the framework of finite strain continuum
mechanics, constitutive models of a nearly incompressible
hyperelastic material will be recalled. The existence of the
Helmholtz free-energy or strain-energy function W is pos-
tulated for a so-called hyperelastic material. The nearly
incompressible hyperelastic behavior is treated by addi-
tively decomposing the Helmholtz free-energy function

W into the volumetric elastic part Wvol and the isochoric
elastic part Wiso. This type of formulation is very often used
if large elastic deformations of rubber or rubber-like mate-
rials are concerned, because of the advantages in the
numerical treatment of either incompressible or nearly
incompressible properties. There are numerous specific
forms of strain-energy functions to describe the hyperelas-
tic properties, whereas we only focus on three isotropic
and nearly incompressible hyperelastic models, namely
the neo-Hooke (NH), the Mooney–Rivlin (MR) and the
Yeoh form (YE):

WNH ¼ Wisoð!I1Þ þWvolðJÞ

¼ C10 ð!I1 % 3Þ þ 1
D1
½ðJ % 1Þ2 þ ðln JÞ2'=2; ð1Þ

WMR ¼ Wisoð!I1;!I2Þ þWvolðJÞ ¼ C10 ð!I1 % 3Þ þ C01 ð!I2 % 3Þ

þ
1

D1
½ðJ % 1Þ2 þ ðln JÞ2'=2; ð2Þ

WYE ¼ Wisoð!I1Þ þWvolðJÞ ¼ C10 ð!I1 % 3Þ þ C20 ð!I1 % 3Þ2

þ C30 ð!I1 % 3Þ3 þ 1
D1
½ðJ % 1Þ2 þ ðln JÞ2'=2: ð3Þ

In all cases the same volumetric part Wvol is chosen
depending on the Jacobian J and compressibility parameter
D1. These forms are often used in the literature to model
elastic properties of polymers. The isochoric part WNH in-
volves only one single parameter C10 and provides a math-
ematically simple and reliable constitutive model for the
non-linear deformation behavior of isotropic rubber-like
materials. It is physically-founded and includes typical ef-
fects known from non-linear elasticity within the small
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Fig. 4. The curve in Fig. 2 is fitted with the Sneddon’s solution (left) and the unloading part is fitted by a power law function (right) in the Oliver and Pharr
method.

Table 1
The parameters and measured elastic modulus from the Oliver and Pharr method.

Parameters a m S (N/mm) hs (mm) hc (mm) A (mm2) E( (MPa) E (MPa)

Values 2.543 1.501 2.697 0.2497 0.2503 3.735 1.237 0.9277
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strain domain (Holzapfel, 2001; Marckmann and Verron,
2005; Rivlin, 1948). The isochoric free energy function
WMR of the Mooney–Rivlin model is derived on the basis
of mathematical arguments with consideration of symme-
try (Mooney, 1940). It is often employed in the description
of the non-linear behavior of isotropic rubber-like materi-
als at moderate strain (Giannakopoulos and Triantafyllou,
2007; Holzapfel, 2001; Marckmann and Verron, 2005)
and depends on two constants C10 and C01.

The strain-energy function has to satisfy some physical
limit conditions (Doll and Schweizerhof, 2000). If the con-
tinuum is compressed to a single point, i.e. J ! þ0, the
strain energy tends to plus infinity and the volumetric
stress towards minus infinity. In the limit case if the con-
tinuum is stretched infinitely, one can obtain a plus infinite
strain energy as well as a plus infinite volumetric stress. In
the strainless initial state, i.e. !Ia ! 1 and J ! 1, it is a
stress-free condition and no strain energy is stored. The
initial shear modulus l0 and the initial compression mod-
ulus K0 are related to the coefficients in the following way:

l0 ¼ 2
@Wiso

@!Ia
j!Ia!1 ¼ 2ðC10 þ C01Þ;K0 ¼

@2Wvol

@J2 jJ!1 ¼
2

D1
:

ð4Þ

The compressibility parameter D1 can be interpreted as a
penalty parameter that enforces incompressibility if small
values of D1 are chosen.

3.2. FE model of macroindentation

Since the silicone rubber is isotropic and the spherical
indenter possesses rotational symmetry, an axisymmetric
2D modeling assumption is preferred to save the computa-
tional cost. The boundary value problem of macroindenta-
tion is modeled by using a finite element code, e.g.
ABAQUS! 6.11. The steel indenter can be assumed to be a
rigid body compared to the soft silicone rubber. The geo-
metrical size of the sample is 10 mm % 10 mm, which is
sufficiently large to obtain a homogeneous stress distribu-
tion at the bottom and on the side boundaries of the model.
For each studied configuration, the mesh convergence is
checked by more than 100,000 degrees of freedom. It
shows that a coarse mesh, consisting of at least 8000 de-
grees of freedom, can give converged results. To account
for the large localized deformation in contact, it is essential
that the density of nodes under the indentation tip is high
enough. The rigid tip is fixed in the horizontal direction
and a vertical displacement is applied to its reference
point. The bottom nodes of the mesh are fixed. Fig. 5 pre-
sents the geometry, boundary value problem and the mesh
of the FEM model of macroindentation.

Concerning the numerical treatment of the contact
problem, the indenter is defined as master surface while
the specimen is defined as slave surface, both forming a
contact pair. In the macroindentation experiment, the
maximum displacement is less than 5% of the specimen’s
thickness. In this case, the effects of the substrate and the
friction between the indenter and the polymer surface is
negligible according to Chen and Diebels (2012) and Chen
et al. (2011). A contact formulation of finite-sliding inter-

action between a deformable and a rigid body in ABA-
QUS!/Standard is used to establish the frictionless
contact model between indenter and specimen. In this
case, the formulation of the normal contact is used as a
constraint for non-penetration which treats the normal
contact as a unilateral constraint problem. The normal
contact pressure cannot be calculated from a contact con-
stitutive equation, but is then obtained as a reaction on
the contact surfaces, and hence can be deduced from
the constraint equations with the often used Lagrange
multiplier method or the Penalty method, for details
please see Wriggers (2006).

3.3. Numerical optimization procedure

The material parameters are obtained by inverse meth-
od dealing with numerical optimization. In the optimiza-
tion procedure, the vector of material parameters
j :¼ Cij; i ¼ 0;1; j ¼ 0;1;2;3

! "
has to be modified until a

close match between the experimental data and the pre-
diction of the numerical model is achieved. For that reason
the distance function f ðjÞ, which is called objective func-
tion of the least squares type has to be minimized to find
the optimal j

f ðjÞ :¼ kB
num & B̂expk
kB̂expk

&! Min ðf ðjÞÞ: ð5Þ

Herein

B̂exp ¼ PðBexpÞ ¼ ½Bexp
t1 ;B

exp
t2 ; B

exp
t3 ; . . .(T ð6Þ

is the vector of the experimental force or displacement
data Bexp at each time increment. It is an interpolation of
the experimental results by using the introduced projec-
tion operator P, for details please see Johlitz et al. (2007).
The force or displacement vectors, obtained from the mod-
els at the same time increments as the interpolated data
B̂exp with an arbitrary set of material parameters, are called

Bnum ¼ ½Bnum
t1 ;Bnum

t2 ;Bnum
t3 ; . . .(T : ð7Þ

The choice of the optimization-based method for mini-
mizing an objective function is a topic of interest. It is
generally advised to use globally convergent optimization
algorithms whenever possible. These algorithms are sim-
ulated annealing or genetic algorithms, such as evolution-
ary algorithms or deterministic algorithms like the
Simplex method. The gradient-based algorithm is full of
the troublesome gradient calculation and the further
drawback of local convergence. Genetic or evolutionary
algorithms are globally convergent and the only useful
choice in a multi-objective optimization. Therefore, to up-
date the initially guessed material parameter vector j,
the evolution strategy based on principles of biological
evolution, is employed. It works with a Genetic Algo-
rithm, more details have been explained in Beyer et al.
(2001).

The algorithm requires bounds for each parameters. The
computational cost can be reduced if narrow bounds are
chosen. In general, the choice of the bounds depends on
the problem and the experience of the user. Furthermore,
the choice of the initial values of the parameters has
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influence on the convergence speed to the optimal results.
In Table 2 the identified results as well as the set bounds
and the initial values are listed. Because of a negative value
of C20, the Yeoh form is able to describe the up-turn in the
stress–strain curve at large deformation. The comparison
between the experimental measurement and the numeri-
cal simulations using the identified parameters will be dis-
cussed in Section 5.

4. Tensile tests

In order to investigate the correlation of the character-
ization using different type of mechanical testing, both
uniaxial and biaxial tensile tests are performed for the con-
sidered silicone rubber.

4.1. Experimental setup

The device shown as Fig. 4 in Koprowski-Theiss et al.
(2011), is used to perform the uniaxial tensile tests. Dog-
bone specimens according to DIN EN ISO 527 are die cut
from the silicone rubber sheet with a thickness of about
2 mm. The deformation of the specimen is measured based
on an optical technique with a pixel size of 1024 ! 1024
pixels. More details about this tensile device and testing
methods are described in Koprowski-Theiss et al. (2011).
The stretches, not only in the tensile direction (k1) and
transverse direction (k2), but also in the thickness direction
(k3) can be measured optically. The isotropic assumption is
proved that there is no significant difference between the
measured values of k2 and k3. The incompressibility can
then be verified by the Jacobian J, which is computed by

Fig. 5. Sketch of the geometry, boundary value problem and the mesh of the FEM model of macroindentation.

Table 2
The identified parameters from macroindentation.

Models neo-Hooke Mooney–Rivlin Yeoh form

Parameters C10 C10 C01 C10 C20 C30

Bounds (0.0001;0.5) (0.0001;0.5) (0.0001;0.5) (0.0001;0.5) ("0.5;0) (0.0001;0.5)
Initial 0.05 0.05 0.05 0.05 "0.05 0.05

Identified 0.150 0.146 0.004 0.150 "0.004 0.004
f ðjÞ 0.00458 0.00463 0.00449
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J ¼ det F ¼ k1 k2 k3 ¼ k1 k2
2 and its value has been shown in

Fig. 3. The component of Cauchy stress T11 can be calcu-
lated from the force F1 and the stretch in tensile direction
k1 through T11 ¼ F1

A0
k1, wherein A0 stands for the initial

cross section of the specimen.
The biaxial tensile testing device consists of four actua-

tors driven by stepper motors MDrive34! of the company
Intelligent Motion Systems Inc.!, which are arranged in a
cruciform manner, see Fig. 6 (left). Both motors, which
form an axis, move ahead symmetrically as shown in
Fig. 6 (middle). The four arms of the specimen (see Fig. 6
(right)) are fixed in the clamps with a dimension of 12.5
mm " 12.5 mm. The symmetric motion ensures that the
center of the specimen does not move during the experi-
ment and stays stationary, which makes it possible to use
the optical method to measure the deformation in the cen-
ter (Johlitz and Diebels, 2011). The biaxial tensile device is
also performed by displacement control, with a resolution
of 1 lm and a maximum value of 300 mm. The force on
each axis is measured by an independent force sensors.
The whole device is computer controlled, realized by the
real-time system Compact Rio! of the company National
Instruments!. A high sampling rate (50 kS/s) allows to
average a bundle of force values immediately to reduce
the noise.

This biaxial tensile device was firstly used and de-
scribed in Johlitz and Diebels (2011). They used a cruci-
form specimen composed by two dogbone forms. A small
square mark of silk screen color was placed on the center
of the cruciform specimen like in the uniaxial tensile test.
Only the deformation of this square was measured using
an optical method. Problems were found during the exper-
iments that not enough homogeneous deformation in the
middle of the specimen as required was obtained. In addi-
tion to that, the deformation and force were measured at
different positions of the sample. Therefore, the geometri-
cal shape of the specimen is optimized to make the defor-
mation in the middle of the specimen as homogeneous as
possible. A specimen’s shape shown in Fig. 6 (right) with
a quite large radius from one axis to the other one is cho-
sen as an optimized geometry (Melchior, 2012). Specimens
of such a shape are die cut from the silicone rubber sheet
with a thickness of about 2 mm. The local deformation
measurement used in Johlitz and Diebels (2011) is re-
placed by a field measurement technique based on the

evaluation of speckle patterns. The sample is firstly marked
with a stochastic pattern by spraying color, see Fig. 7 (left).
A digital image correlation (DIC) is applied, with which the
displacement of the speckles over the whole specimen can
be measured. The pattern fields which are correlated in the
software Vic2D! have a size of 15 pixels " 15 pixels in this
case. Whereby, as presented in Fig. 7 (right), in each of
these fields at least 3 spraying dots have to be included.
Hence, during the experiment Vic2D! is able to calculate
the deformation at continuous level of the speckles based
on the correlated solutions obtained from DIC (Sutton
et al., 2009). Following (Johlitz and Diebels, 2011) the eval-
uation of the biaxial test is treated as an inverse problem, i.
e. in a numerical simulation of the test, the measured
forces are applied to the specimen. The resulting deforma-
tion in the center part is compared to the measured
deformation.

4.2. Fitting with analytical solutions

Similar to macroindentation test, firstly, a single step
relaxation testing is performed to display the viscous ef-
fects. A maximum displacement of 40 mm is applied to
the tensile tester within 10 s. Hereafter, the specimen is
hold at this maximum deformation lasting for 300 s. A
semi-log plot of the measured force along with testing
time is displayed in Fig. 8. Like in the macroindentation,
the silicone rubber behaves mainly in an elastic way.
Therefore, for the following analysis, the viscous part is
not taken into account. We focus only on the basic elastic-
ity. Four different maximum displacements of 10 mm,
20 mm, 30 mm and 40 mm are considered secondly in or-
der to represent a spectrum of stress–strain curves with
the maximum strains about 1.6, 2.3, 3.1, 4.1 as shown in
Fig. 9. For the homogeneous case of the uniaxial tensile
test, analytical solutions of the stress–strain relationship
can be derived for an incompressible material. In order to
be comparable with the macroindentation results, the
three classical models, neo-Hooke, Mooney–Rivlin and
Yeoh, are chosen in the uniaxial test, too. The analytical
solutions for the Cauchy stress component T11 in tensile
direction as function of the component B11 of the left Cau-
chy strain are shown in Appendix C. These analytical solu-
tions are fitted to the experimental T11 # B11 data using the
non-linear least squares regression. As can be seen in Fig. 9,

Fig. 6. Overview of the biaxial tensile test (left) with built-in specimen in detail (middle) and dimensions of specimen (right).
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the black points represent the experimental data and the
colored lines are the fits by different models. First of all,
the fitting curves of the neo-Hooke model and the Moo-
ney–Rivlin models overlap in every single case. This could
be explained by the fitted parameters listed in Table 3 the
parameter, i. e. C01 of the Mooney–Rivlin model is close to
zero, and the contribution made by the second invariant in
the Mooney–Rivlin model (cf. Eq. (2)) is negligible. Sec-
ondly, one should note that the difference of the three
models is detectable until the strain increases up to 3.
The Yeoh model is able to describe the elastic behavior in
the large strain domain precisely (Yeoh, 1990). As can be
seen in Table 3, if the strain B11 is larger than 3 (cf. of the
load cases u = 30 mm, u = 40 mm), the parameters C20

and C30 related with the second-order and the third-order
terms can be identified. The contribution due to these two
terms allows the Yeoh model to be able to describe the up-
turn in the stress–strain curve leading to a deviation from
the other two models at large deformations. In the first
case, cf. u = 10 mm, C20 is determined to be a larger value
but C10 is fitted with a much smaller value compared with

other cases. An explanation to these results could be the
parameters’ coupling, which is a typical problem in the
determination of the hyperelastic models’ parameters
(Rauchs et al., 2010; Giannakopoulos and Triantafyllou,
2007; Giannakopoulos and Panagiotopoulos, 2009).

5. Comparisons and discussion

5.1. Comparison of the obtained Young’s modulus

The Young’s modulus E is a measurement of the stiff-
ness of an elastic material and is an important quantity
used to characterize materials. As analyzed in Section 2.3,
the elastic modulus is able to be determined by the Sned-
don’s solution and the Oliver and Pharr method in the
instrumented indentation tests. Since the incompressibil-
ity of the used silicone rubber has been proven, the elastic
modulus can also be evaluated from the tensile measure-
ments. Table 4 contains the elastic modulus determined
from the macroindentation and the uniaxial tensile tests.
The elastic modulus evaluated from the three hyperelastic

Fig. 7. Left: stochastic pattern on the specimen; right: pattern recognition for different deformation levels.
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models are the same not only for the macroindentation but
also for the uniaxial tensile tests. In the macroindentation,
the elastic modulus determined by the Oliver & Pharr is
about 3% larger than the values calculated by the other
two methods. Such a deviation is really small and is
acceptable and arise because the loading part and the
unloading part of the same force–displacement curve mea-
sured from indentation are used in the Sneddon’s solution
and the Oliver and Pharr method, respectively. The reason
could be the slightly viscous effect in the unloading curve,
which leads to a slight larger contact stiffness. The elastic
modulus approximated from the fitted parameters in uni-
axial tensile tests are less than those values obtained from
macroindentation. This difference may be due to the differ-
ent stress and strain states between the indentation and
the tensile tests, which will be discussed further in the fol-
lowing section. Anyway, the differences between the mod-
ulus obtained by various methods are so small that the
deviation of the maximum and the minimum is less than
6.5%. Therefore, for the purpose of engineering application,

macroindentation can be used to get the elastic modulus of
the elastomers in service by the Sneddon’s solution as well
as the Oliver and Pharr method. Or the modulus could be
also approximated from the model parameters if the in-
verse method is used.

5.2. Comparison of macroindentation and uniaxial tensile
tests

Fig. 10 (left) presents the comparison between the
experimental force–displacement curve obtained from
macroindentation and the simulated ones using the
parameters (in Table 2) identified based on the indentation
response. The agreements of all three models are actually
perfect, which could be also judged according to the objec-
tive functions given in Table 2. Besides, the same experi-
mental force–displacement curve is compared to the
simulated one using the parameters (in Table 3) fitted by
the analytical constitutive solutions on the uniaxial tensile
measurements. The tensile responses of the considered

Table 3
The model parameters fitted from uniaxial tensile tests.

Models neo-Hooke Mooney–Rivlin Yeoh form

Parameters C10 C10 C01 C10 C20 C30

u = 10 mm, B11 ¼ 1:6 0.147 0.146 0.000 0.139 "0.038 0.000
u = 20 mm, B11 ¼ 2:3 0.146 0.146 0.000 0.147 "0.000 0.000
u = 30 mm, B11 ¼ 3:1 0.147 0.147 0.000 0.148 "0.007 0.004
u = 40 mm, B11 ¼ 4:1 0.146 0.146 0.000 0.148 "0.009 0.004

Table 4
Comparison of the determined Young’s modulus E.

Macroindentation Determined by uniaxial tensileb

Sneddon’s solution Oliver and Pharr Identified

0.90a 0.93a NH 0.90a NH 0.88a

MR 0.90a MR 0.88a

YE 0.90a YE 0.87a

a The standard deviation of the Young’s modulus E in this table is 0.0184.
b The average value of each model parameters in Table 3, taken from the four different displacements, is used to evaluate the elastic modulus.
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Fig. 10. Comparison of indentation experimental force–displacement curve with numerical simulations using obtained parameters: left, in Table 2
(macroindentation); right, in Table 3 (tensile).

120 Z. Chen et al. / Mechanics of Materials 64 (2013) 111–127



material at various displacements from 10 to 40 mm are
taken into account. The matches between the experiment
and the simulations are very good except the Yeoh model
with the parameters fitted at the displacement of 10 mm.
In order to shorten the paper, only the result which is ob-
tained with a displacement of 40 mm, is presented in
Fig. 10 (right).

In the following, the parameters identified from the
indentation tests will be used to predict the responses in
the uniaxial tensile tests. Fig. 11 illustrates the compari-
sons between the experimental stress–strain curves and
the one analytically evaluated using the constitutive func-
tions with the parameters given in Table 2. As can be seen
from Fig. 11, if the strain is in the range of 1 6 B11 6 3, the
analytical predictions of all the three models match the
experimental data as good as those with the parameters
obtained from the identical tests, which are shown in
Fig. 9. If the strain raises up to 4, the agreements of the
neo-Hooke and Mooney–Rivlin models are better com-
pared to Fig. 9. Hence, the prediction using the neo-Hooke
and Mooney–Rivlin models are closer to the responses in
uniaxial tensile tests with the parameters identified from
macroindentation than the evaluation with the parameters
obtained from the identical tests. However, it is not the
case for the Yeoh model. A pronounced gap appears and
raises up with the increment of the strain.

Summarizing, the correlation between the macroinden-
tation and the uniaxial tensile test depends not only on the
chosen hyperelastic model but also on the strain level. For
the one-order polynomial form, e.g. neo-Hooke and Moo-
ney–Rivlin models, the correlation obtained is very good.
It is validated that the parameters identified from macroin-
dentation can be relevant to predict the uniaxial tensile
behavior of unfilled silicone rubber and vice versa, even
for a wide range of strain, which can represent the one
encountered in most of the industrial application. These
partial results are similar to the findings in Le Saux et al.
(2011). However, it is not the case for higher order polyno-
mial forms, e.g. Yeoh model, which is motivated to simu-
late the mechanical behavior showing a typical stiffening
effect in the large strain domain. In the uniaxial tensile

tests, if the strain is smaller than 1.6, parameters of the
Yeoh model cannot be accurately identified. The parame-
ters identified in uniaxial tensile tests at larger strains
are able to describe the behavior in macroindentation in
this study. Conversely, the parameters identified in macro-
indentation are not able to simulate the tensile behavior at
large strain B11 P 3. A similar conclusion stated in Rauchs
and Bardon (2011) and Giannakopoulos and Triantafyllou
(2007) that the constitutive parameters obtained from
microindentation measurement of filled rubber-like elas-
tomers were usually not suitable to describe the macro-
scopic tensile tests. Le Saux et al. argued that the reasons
in Rauchs and Bardon (2011) and Giannakopoulos and Tri-
antafyllou (2007) could be the stiffening effect at large
strain for the filled rubber and the numerous error contri-
butions in the nano- or microindentation experiments (Le
Saux et al., 2011). These two aspects are avoided in our
study. Therefore, the different stress and strain state,
which are well known to be of primary influence, could
be the potential reason and will be further discussed.
Fig. 12 presents the obtained strain state from numerical
simulation of the macroindentation experiment in this
study at the maximum displacement of 0.5 mm. A Moo-
ney–Rivlin model with the parameters identified from
indentation is used. B11 represents the component of the
left Cauchy strain in the direction of indentation. The
strains are maximized at the contact range just under the
spherical tip and radially diminish to zero with increasing
distance from the contact center. The circular strain zones
with the various value shown in the color bar validate that
the deformation in indentation is mainly multi-axial and
locally compressive by nature. Only slight tensile effects
(B11 < 1) exist outside the contact zone. In addition to that,
the stress–strain behaviors in the uniaxial compression
and in tensile tests are compared in Fig. 13. The three mod-
els with the parameters identified on the response of
indentation and tensile tests at displacement of 40 mm
are taken into account. There is no difference in the five
curves if the strain is smaller than 3, which contains the
strain range in macroindentation as shown in Fig. 13. This
could be the most likely explanation that the models with
the identical parameters show the same behavior in inden-
tation but the Yeoh model shows higher stiffness in the
tensile response.

5.3. Further verification by biaxial tensile tests

A phenomenon can be seen in the identified results dis-
cussed above, that the parameter associated with the sec-
ond invariant of the Mooney–Rivlin cannot be absolutely
identified from uniaxial tensile tests but could be identi-
fied with a small value from macroindentation. Concerning
hyperelastic models, a well known explanation is that
experiments with different stress or strain states may fit
best with different expressions of the hyperelastic poten-
tial (Drozdov et al., 1996; Baaser and Noll, 2009; Johlitz
and Diebels, 2011). An invariant plane as presented in
Fig. 14, can be normally used to express the deformation
states for incompressible material behavior (Baaser and
Noll, 2009; Johlitz and Diebels, 2011; Treloar, 1975; Baaser
et al., 2013). It is recognized that the uniaxial tensile and
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Fig. 11. Comparisons between the experimental stress–strain curves in
uniaxial tensile tests and the analytical predictions with the parameters
obtained from macroindentation.
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compression tests as well as the shear test only represent
one curve in the invariant plane. The indentation test cov-
ers a small area close to the curve of compression in the
invariant plane taking into account different shapes of in-
denter. In the case of a spherical indenter, a stronger com-
pressive deformation phenomenon takes place, while the
shearing deformation state is more predominant with
sharper indenter. The biaxial tensile test is able to capture
a larger area in the invariant plane. Not only all deforma-
tion states contained in the testing types mentioned above
but also new states are possible in biaxial tensile test.
Hence, it is interesting to verify the characterization of
the silicone rubber using the uniaxial tensile test and
macroindentation by the biaxial tensile test. (see Fig. 13)

As a first step, the biaxial tensile test is performed on
the same material with the loading set presented in
Fig. 15 (left). The vertical arms are stretched 40 mm in
the x2-direction within 90 s and hold at this deformation.
Subsequently, the horizontal arms are stretched stepwisely
40 mm in the x1-direction including relaxation so that the
arms are stretched 1 mm within 20 s and are hold for
about 300 s at each step. The holding time is chosen in
such a way that the measured force achieves a stationary
value at the end of the step. The unloading is performed
for all arms in short time when a displacement of 40 mm
on both horizontal arms is reached. The numerical simula-
tion of the biaxial tensile experiments are done using a
similar loading set as shown in Fig. 15 (right). Because
the chosen three hyperelastic models are used, not a step-
wise but a ramp loading is used.

The verification is dealt by comparing the obtained
force from experiments and simulations. Firstly, a compar-
ison of the Lagrangian strain state is performed to guaran-
tee the suitable boundary condition and loading settings in
the FEM simulation. The Mooney–Rivlin model with the
identified parameters from macroindentation is used.
Fig. 16 presents the Lagrangian strain E11 in x1-direction
calculated by DIC at the step when the maximum displace-

ments in both directions is reached. The Lagrangian strain
in x1-direction at the same step calculated by FEM is
shown in Fig. 17 (left). It is recognized that the covered
range and the distribution of the Lagrangian strain in x1-
direction are almost the same in the experiment and in
the simulation. The slight difference of the strain state in
the middle and at the arms may be due to the used mate-
rial model that the second invariant makes only a slight
contribution. Besides, the applied DIC technique has a lim-
itation to measure the deformation of the fringes and of the
areas near the clamps, which could also make some differ-
ence compared to the numerical calculation. Furthermore,
the stress state as shown in Fig. 17 (right) makes a further
validation that, if such a geometrical shape (see Fig. 6
(right)) of specimen is used, a larger area in the middle
with homogeneous deformation can be obtained.

The reaction forces of the horizontal and the vertical
axes calculated by simulation, F1 and F2, are compared to
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Fig. 12. The strain state of the deformed specimen under macroindentation with maximum displacement of 0.5 mm.
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Fig. 13. The stress–strain curve of the used hyperelastic model with the
identified parameters in compression and tensile tests.
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the measurements at each axes, respectively. Both reaction
forces match the experimental measurements very well
using the neo-Hooke and Mooney–Rivlin models with
parameters identified from indentation and from uniaxial
tensile tests, as can be seen in Fig. 18. However, the one
calculated using Yeoh model presents deviations at larger
deformation, not depending on the parameters identified
by indentation or uniaxial tensile tests. It seems that the
second invariant in the biaxial test has only slight contri-
bution to the force–displacement behavior in this studied
case. The neo-Hooke model with only one parameter or
the Mooney–Rivlin model with a small coefficient associ-
ated with the second invariant, which can characterize
the indentation and uniaxial data very well, are still able
to describe the force–displacement behavior in the biaxial
test. It is also recognized that the Yeoh model shows larger
stiffness than the neo-Hooke and Mooney–Rivlin models,
but they present almost the same stiffness in the indenta-
tion and uniaxial tests. Therefore, it could be assumed that
the deformation in the biaxial test is much larger than the
one obtained in the indentation and uniaxial tests.

6. Conclusions

In the present study, we performed macroindentation
tests by means of a spherical indenter on silicone rubber
using a device originally developed for a typical universal
tensile testing machine. Specimens of the considered
material are also prepared for uniaxial and biaxial tensile
tests. The hyperelasticity is characterized by the inverse
method from the experimental data of indentation and
uniaxial tests and compared to each other. The character-
ization is then verified further by the biaxial test. Firstly,
it shows that the differences of the elastic modulus
approximated from the macroindentation and the uniaxial
test are so small that the maximum deviation is less than
6.5%. Therefore, for the purpose of engineering application,
macroindentation can be used to get the isotropic elastic
modulus of the elastomers in service by the Sneddon’s
solution as well as the Oliver and Pharr method. Secondly,
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Fig. 14. Deformation states of Uni/Biaxial tensile tests, shear test and
indentation tests described in the invariant plane for incompressible
material behavior.
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Fig. 15. The loading set of the biaxial tensile tests: Experiment (left); Simulation (right).

Fig. 16. Lagrangian strain in x1-direction calculated by DIC in biaxial
tensile test before unloading.
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if the unfilled isotropic polymer is characterized by a one-
order polynomial form, e.g. neo-Hooke and Mooney–Rivlin
models, the correlation between the macroindentation and
the uniaxial test is very good. However, for higher order
polynomial forms, e.g. the Yeoh model, which is character-
ized from macroindentation, it is not possible to reproduce
the uniaxial data at large strain B11 P 3. Thirdly, the neo-
Hooke model with only one parameter or the Mooney–
Rivlin model with a small coefficient associated with the
second invariant, which can characterize the indentation
and uniaxial data very well, are still able to describe the
force–displacement behavior in the biaxial test. It is also
recognized that the Yeoh model shows a larger stiffness
than the neo-Hooke and Mooney–Rivlin models, but they
present almost same stiffness in the indentation and uni-
axial tests.
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Appendix A. Sneddon’s solution

At the beginning, the Hertz theory of elastic contact will
be briefly reviewed. Hertz studied Newton’s optical inter-
ference fringes in the gap between two lenses and con-
cerned at the influence of the elastic deformation of the
surfaces of the lenses due to the contact pressure (Hertz,
1881). Guided by his observation of the interface during
experiments, Hertz first pointed out that the contact area
is in general elliptical. He then introduced the assumptions

Fig. 17. The visualized plots obtained from simulation of biaxial tensile test before unloading: Lagrangian strain in x1-direction (left); Von Mises stress
(right).

0

5

10

15

20

25

 Simu_YE_uni_U40mm
 Simu_YE_uni_U30mm

 Simu_YE_indent

F1
[N

]

Time [s]

 Experiment
 Simu_NH_indent
 Simu_MR_indent
 Simu_NHMR_uni_U40mm

0 3000 6000 9000 12000 0 3000 6000 9000 12000

0

5

10

15

20

25
F2

[N
]

Time [s]

 Experiment
 Simu_NH_indent
 Simu_MR_indent
 Simu_YE_indent
 Simu_NHMR_uni_U40mm
 Simu_YE_uni_U40mm
 Simu-YE_uni_U30mm

Fig. 18. Comparison of the obtained forces in x1- and x2-directions from experiments and simulations.
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for the purpose of calculating the local deformation (Hertz,
1881; Johnson et al., 1985):

1. Each solid in contact can be considered as an elastic
half-space;

2. The dimensions of the contact area must be small com-
pared with the dimensions of each solid body and the
relative radii of curvature of the surfaces;

3. The surfaces in contact are frictionless.

A distribution of pressure, proposed by Hertz based on the
assumptions above, leads to the displacement

p ¼ p0f1" ðr=aÞ2g
1=2
; ðA:1Þ

where p0 is the maximum pressure, r (0 6 r 6 a) is the lat-
eral coordinate along the contact area, as shown in Fig. A1.
The radius a of the contact circle is given by

a ¼ pp0R
2E%

: ðA:2Þ

The effective elastic modulus E% is defined as

1
E%
¼ ð1" m2

1Þ
E1

þ ð1" m2
2Þ

E2
; ðA:3Þ

E1; m1; E2; m2 are the Young’s modulus and the Poisson’s ra-
tio of the first and the second body, respectively. R is the
relative curvature, which is expressed by
1=R ¼ ð1=R1 þ 1=R2Þ. The mutual approach of correspond-
ing points, also called total displacement in the two bodies,
is formulated by

h ¼ pap0

2E%
: ðA:4Þ

The total load P compressing the solids is calculated from
the pressure by

P ¼
Z a

0
pðrÞ2pr dr ¼ 2

3
p0pa2: ðA:5Þ

The relationship between the total load and the displace-
ment can be written as

P ¼ 4
3

E%
ffiffiffi
R
p

h3=2
: ðA:6Þ

For the Boussinesq problem of a rigid axisymmetric body
indenting into a half-space composed of a homogeneous,
linearly elastic and isotropic material, Sneddon derived
an expression for the indentation load with an axisymmet-
ric indenter arbitrary shape f ðxÞ (Sneddon, 1965)

P ¼ 4la
1" m

Z 1

0

x2f 0ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1" x2
p dx; ðA:7Þ

where l is the shear modulus, m is the Poisson’s ratio of the
indented half-space and f ðxÞ is the smooth shape function
of the indenter with dimensionless coordinate
x ¼ r=a ð0 6 x 6 1), as defined in Fig. A1 (right). The Sned-
don’s solution of the displacement is given by

h ¼
Z 1

0

f 0ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1" x2
p dx: ðA:8Þ

For a spherical indenter, the shape function is
f ðxÞ ¼ ðaxÞ2=ð2RÞ under the assumption ax' R, The rela-
tionship between load and displacement can be derived as

P ¼ 4
3

E
1" m2

ffiffiffi
R
p

h3=2; ðA:9Þ

where the shear modulus l ¼ E
2ð1þmÞ is replaced by the

Young’s modulus E. Sneddon’s contact is a special case of
Hertz’s contact with further assumptions, as shown in
Fig. A1 (left), the upper spherical body is a rigid body with
a finite radius R1 as well as the lower half-space has an infi-
nite large radius R2. Therefore, the reduced modulus E% in
Eq. (A.6) is only related to the elastic constants of the lower
half-space E2 and m2, the relative curvature R is consistent
with R1. In this case, the relationships between the load
and the displacement expressed by Eq. (A.6) and (A.9) are
the same.

Appendix B. Oliver and Pharr method

The Oliver and Pharr method was developed to deter-
mine the hardness and elastic modulus of a material from
indentation load–displacement data obtained during one
cycle of loading and unloading. If this method is applied,
attention should be paid on the behavior of the material,
which is limited to be described as a semi-infinite, elas-
tic–plastic half space.

Fig. A1. Schematics of contact between two elastic deformable half-spaces (left) and indentation on a elastic half-space by a rigid spherical indenter (right).
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There are three important quantities that must be mea-
sured from the force–displacement curves, as defined in
Fig. A2 (left): the maximum load Pmax, the maximum dis-
placement hmax and the contact stiffness S ¼ dP

dh, which is de-
fined as the slope of the initial part of the unloading curve
during the first stage of unloading. Another important
quantity for the plastic behavior is the final depth hf , the
permanent depth of penetration after the indenter is fully
unloaded. With the assumption that during the unloading,
only the elastic displacements are recovered, the unloading
curves are usually well approximated by the power law
relation:

P ¼ aðh# hf Þ
m
; ðB:1Þ

where a and m are power laws fitting constants. The elastic
properties can be determined from the relationship be-
tween measured contact stiffness S and the contact area
A through the solution

S ¼ b
2ffiffiffiffi
p
p E%

ffiffiffi
A
p

: ðB:2Þ

Herein the effective elastic modulus E% as expressed in Eq.
(A.3) takes into account the elastic displacements that oc-
cur not only in the specimen, but also in the indenter. b is a
correction factor that accounts for deviations in stiffness
caused by the lack of axial symmetry for pyramidal inden-
ters. b plays an important role if accurate properties mea-
surements are desired. It is difficult to set a single preferred
value of b due to its dependence on many factors, e.g. the
indenter geometry, the radial displacements of the inden-
ter surface and the complex elastic–plastic deformation
with pyramidal indenters. The values obtained from exper-
iments and finite element simulations lie in the range of
1:0226 6 b 6 1:085 (Oliver and Pharr, 1992, 2004). For a
perfect spherical rigid indenter, b usually takes the value
of 1. The other tricky problem in the Oliver & Pharr method
is the determination of A which is the projected contact
area described using an area function given by Oliver and
Pharr (1992)

A ¼
X8

n¼0

CnðhcÞ2#n ¼ C0h2
c þ C1hc þ ' ' ' þ C8h1=128

c : ðB:3Þ

Eq. (B.3) is also called shape function of the indenter,
where C0 . . . C8 are constants determined by curve-fitting
in the instrumented indentation analysis procedure. A per-
fect spherical indenter of radius R is represented by the
first two terms with C0 ¼ #p and C1 ¼ 2pR. As defined in

Fig. A2 (right), hc is the depth along the contact line. hc is
defined in the Oliver & Pharr method with the assumption
that the pile-up is negligible. It accounts only the amount
of sink-in hs, as shown in Fig. A2,

hc ¼ hmax # hs ¼ hmax # !
Pmax

S
: ðB:4Þ

! is a constant that depends on the geometry of the inden-
ter. Again, with ! ¼ 0:75 for a spherical indenter with a
small indentation depth. In the course of an experimental
study, Oliver and Pharr found that the amount of pile-up
or sink-in depends on the ratio hf =hmax and the work-hard-
ening behavior. The pile-up is only large if hf =hmax is close
to 1 and the degree of the work-hardening is small. If
hf =hmax < 0:7, the pile-up is negligible and independent
from the work-hardening behavior of the material.

Appendix C. Constitutive analytical solutions

The analytical solutions for the Cauchy stress compo-
nent T11 in uniaxial tensile direction as function of the
component B11 of the left Cauchy strain are derived as Joh-
litz and Diebels (2011)

TNH
11 ¼ 2C10 B11 #

1ffiffiffiffiffiffiffi
B11
p

" #
; ðC:1Þ

TMR
11 ¼ 2C10 B11 #

1ffiffiffiffiffiffiffi
B11
p

" #
þ 2C01

ffiffiffiffiffiffiffi
B11

p
# 1

B11

" #
; ðC:2Þ

TYE
11¼ 2C10þ4C20 B11þ

2ffiffiffiffiffiffiffi
B11
p #3

" #
þ6C30 B11þ

2ffiffiffiffiffiffiffi
B11
p #3

" #2
 !

B11#
1ffiffiffiffiffiffiffi
B11
p

" #
:

ðC:3Þ
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